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T he printing of Vol. HI of this work was suspended for several years 
during the csompletion of some investigations which have necessitated 
the division of it into two parts and the carrying forward of some of the 
matter designed for it to a later volume. The only material change in Part I 
IS the expansion of a single chapter on commutants and invariant trans- 
formands into three chapters involving references to Part II, which will deal 
chiefly with structural matrices. Because Part I is issued in advance of 
Part n, it has been rendered complete in itself by the addition of § 241 and 
the appendices, except for some references to easily proved properties of ruled 
simple slopes which occur in § 248 The author has been much mdebted to 
the writings of E. Netto (Vorlesungen uber Algebra) and P. Muth {Theorie und 
Anwendung der Elementartheiler)\ and to the investigations of Weierstrass, 
Kroneoher and Frobenius relatmg chiefly to algebraic forms and therefore 
necessarily to matrices. His mdebtedness to Sylvester and Qayley, the pioneers 
of the Calculus of Matrices, — especially to the former, — is always to be under- 
stood. Some portions of Chapter XXVI are derived from N. Whitehead^s 
Universal Algebra, and some portions of the following three chapters from 
H. Hilton's Eomogeneous Linear Substitutions, Where abbreviated proofe are 
provisionally used to replace longer trains of reasoning, they can usually be 
attributed to Frobenius. Bibliographical references are few because it was 
not originally intended to tarry over the historical development of the subject, 
which has to be traced through a very large number of more or less relevant 
and more or less inter-related contributions by the investigators mentioned 
above and others such as H, J. 8. Smith, Eermite, Stiokelberger, S* Oantor and 
K, EenseL Writings which deal at all directly with matrices in general 
are few in number, the list of them being fairly complete when we have added 
Kronecker and Hensel's Theorie der Determinanten, some papers by Frobenius, 
and Bdeher's Introduction to Higher Algebra to the papers of Sylvester and 
Cayley. On the other hand writings which deal professedly with deter- 
minants, and therefore actually with squa/re matrices in a less general way, 
are very numerous; and of these a very complete account is contamed in 
Muir's History of the Theory of Determinants, The terms 'matrix,' ‘rank,' 
‘latent root' and ‘canonical square matrix' can most fitly be attributed to 
Cayley, Frobenius, Sylvester and Weierstrasa respectively, whilst the nota- 
tions D% and for a maximum and potent factor are reminiscent of 
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Kronecker’s ‘Determinantenteiler' and ‘Elementarteiler/ Sylvesters ‘nullity* 
has become the author’s ‘degeneracy*, and his ‘vacuity,* or total number of 
zero latent roots, is the excess of the order of a square matrix over that of 
its final transmutes. In fact much of Sylvester’s work is included in portions 
of Chapters Xin, XV and XXVI. 

The conception of a matrix as a single multiple or complex entity has 
been maintained throughout, and is the distinctive feature of this book. 
According to the notations which have been adopted, the first of the expressions 
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denotes a single matrix A having six elements which (ordinarily) are scalar 
numbers, whilst the second denotes a certain function of those elements, viz. 
the determinoid of A, The third expression does not occur because it has 
not been precisely defined, and is not adapted for manipulation; as ordinanly 
used it means some complete matrix of the simple minor determinants of A 
such as the 3-element matrix [6iCa— 6aCi, OiOa — CaOi, Gti6a — c&a6J. In thepwre 
calculus with which this book deals, the elements of a simple matrix are 
always scalar numbers. But it is always possible to introduce hyper-numbers 
satisfying special laws into the elements. For example if i, j, k are hyper- 
numbers satisfying the relations 

^■a—ja - ^ 


whilst Xj y, z, V) and x\ y\ z\ vJ are scalar numbers, then the equation 
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represents a development of the product qq' of the two quaternions 
q=tix +jy -^kz + w, = icf -h A/ + v/. 


Matrices whose elements are themselves matrices have already occurred, and 
will be discussed in Part II. 


Every physical entity, however complicated, can be represented mathe- 
matically by a set of two-dimensional tables giving the values of the parameters 
which determine its characters ; and no other ways of completely representing 
it are possible to us. Consequently every physical entity can be represented 
by a matrix (which may be a sequence), and every mathematical theorem 
can be reduced to a property of naatrices. The author is further of opinion 
that every special mathematical discipline (e.g. Analytical Solid Geometry, 
the Theory of Elasticity, the Theory of Groups) assumes its simplest aspect 
when it is treated as a branch of the Calculus of Matrices; ordinary Algebra 
in particular being the theory of one-element matrices, i.e. matrices of com- 
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plexity 0. The general principle underlying applications of the calculus is 
the separation of variables from constants by means of matrix products, so as 
to reduce each problem to the determination of a matrix or the solution of 
a matrix equation. In dealing with very simple entities or very simple 
aspects of entities the calculus can be dispensed with, though not advan- 
tageously. When highly complicated entities become the subjects of in- 
vestigation, the need for it becomes imperative, though at the same time 
a more precise acquaintance with it becomes necessary. Abundant evidence 
in support of these views will be forthcoming if it should be the author's 
good fortune to caiTy through this work from its present chrysalis state to its 
appointed end. The programme is substantially that of Sylvester, with en- 
largements which have been rendered possible by the labours of his successors, 

A few explanatory remarks concerning the ten chapters which are now 
issued may serve to make clear the order in which the subject is being 
developed. 

Chapters XX — XXII are purely algebraic and deal with rational integral 
functions of any number of variables, irresoluble and irreducible functions 
and factors, highest common factors, resultants, eliminants, discriminants 
and common roots. They are to a large extent based on Netto's invaluable 
Vorlesungen ilher Algebra] but the resultants and eliminants of general (non- 
homogeneous) functions have been derived from those of homogemous func- 
tions, the latter being regarded as the more fundamental. These chapters 
include most of the algebraical theorems needed in the treatment of rational 
integral functional matrices, and will also serve as an introduction to the 
elegant applications of matrices to Algebra, some first indications of which 
will be found at the end of Chapter XXI. They formed the subject-matter 
of a course of lectures delivered in Calcutta early in 1920, and were printed 
during the same year for the use of students under the title of 'Chapters on 
Algebra’ with a descriptive preface, some extracts from which are given below. 

The distinction drawn between resultants and eliminants is convenient, but not 
essential. The elimxnant of n funotions (of % variables) is a resultant of ?t+l functions 
of which one is linear, but it is a resultant of pre-eminent importance; it serves to deter- 
mine the exact number of the common roots of the n functions fiind the values of all 
symmetric fimotions of the common roots, and it serves the same purpose for the finite 
roots only and for the infinite roots only, , ., The distinction arises naturally in the deter- 
mination of the resultant of n funotions (of n—\ variables) for successively increasing 
values of n. Each stage of the process oommences with the speoial case in which one of 
the n funotions is linear, Le. with the determination of an ehminant; and from this 
special case we oan pass at onoe to the general oase by using the properties of symmetric 
funotions... . The evaluation of symmetric funotions of common roots has been simplified 
by the use of homogmeous monotypio symmetno funotions, which enables us to equate 
any monotypio symmetric function S of the oommon roots of a system of n hxymogeiMOUS 
functions (of w + 1 variables) to a rational vrUegral funotion H of the ooefi&oients. 

The operations of Algebra have been regarded as derived from practical operations 
fecilitating the process of oounting. If we put eat*** a \ 2?, making \ the symbol for 
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potentation, and if all letters denote natural numbers, we can define a counting opera- 
tion of the fourth stage as a chain of potentations (or counting operations of the third 
stage) by the equation 

a\a\a\a\. 

where there are p equal operands on the left, and where 

a\h\G=a\{h\o\ whilst (a\ 6)\ \ (£x o). 

Whereas chains of additions and chains of multiphoations are both commutative and 
associative, chains of potentations are m general not commutative and only associative 
with respect to final operands. It was estimated by Kronig (see H J. Klem^s Kosmolo- 
giscke Brief e) that if N is the fourth of the mtegers 

1\1 = 1, 2\2 = 4, 3 \ 3=7, 626 697, 484 987, 4\4 = W 

expressed in the ordinary decimal system of numeration, the prmting of W in the smallest 
legible type would require more prmting ink than would fiU a sphere havmg a radius 
equal to a qmntilhon of light-years. This estimate is inadequate ; for if a sphere havmg 
a radius equal to 10* light-years could contain sufficient ink for printing W, and if a cubic 
inch of ink cannot pnnt more than lO^ digits, where y could be taken to be 8, we should 
have 3.2;-|-y>8x 10^53, therefore certainly and not merely a? >30. The fourth 

counting operation has not been inta-oduced (except speculatively) because we have not 
yet had any practical dealings with such large numbers It should be observed however 
that chains of potentations do ooour m Algebra, and that the direct opei’ation a of 
the fourth stage is definable in Algebra whenever y? is a natural number, and therefore 
has a place m the Theory of Numbers 

Chapters XXIII and XXIV deal with potent divisors and equipotenb trms- 
formations. The general discussion of rational integral functional matrices is 
commenced in these chapters 5 but successive interpolations have created a 
wide gap between them and the chapter on primitive matrices (see Appendix C) 
in which the discussion will be resumed. The need for precision has led the 
author to define separately the ‘irresoluble and irreducible divisors,' the 
‘ maximum and potent factors,’ and the ' maximum and potent divisors ’ of a 
rational integral functional matnx. We shall chiefly be concerned with the 
potent divisors; and it is shown that the potent divisors of a compartite 
matrix are the potent divisors of its several parts. The term ‘potent divisor' 
replaces the terms ‘invariant factor’ and ‘Elementarteiler,’ neither of which 
is used. ‘For the sake of 'brevity the potent divisors of the characteristic 
matrix of a square matrix A (see § 222) are called the ‘characteristic potent 
divisors ’ of A When the domain of rationality is not specified, the potent 
divisors of a matrix are ordinarily understood to be those corresponding to 
its irresoluble divisors. Various reductions by equipotent transformations are 
described in Chapter XXIV, the most important of them being the reduction 
of an fl;-matrix A to a matrix whose non-zero elements are the potent 
factors of A. 

Chapter XXV on rational integral functions of a square matrix contains 
one of Cayley’s most important contributions to the Calculus of Matrices 
together with developments of it due chiefly to Frobenius. It introduces the 
laient roots and the cha/racteristic Tnatrias (or associated arbitrary linear 
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function) of a square matrix (f>, and includes the determination of all rational 
integral equations saAisfied by </>. It ends with a description of Frobenius's 
solutions of the matrix equation = when ^ is a given undegenerate 
square matrix with constant elements, these being rational integral functions 
of <f}. Appendix A and Ex. iv of § 228 are addenda to this chapter. The 
index will give references to other treatments of the subjects discussed. 

Chapter XXVI deals with equimutant and isomorphic transformations, 
i.e. equigradent transformations by mutually inverse undegenerate square 
matrices, and also with Weierstrass’s special reduction of a square matrix 
with constant elements to a ccmonical square matrix by isomorphic trans- 
formations. Necessary and suflGicient conditions are first obtained for the 
existence of an equimutant transformation between two square matrices with 
constant elements, and these lead to (bemg in fact equivalent to) the reduc- 
tion mentioned. This special reduction, which can be obtained in many ways 
(see Note 2 of § 240) besides those indicated in this chapter, is a focus of 
many converging and diverging investigations. It is included in the more 
general reductions descnbed in Appendix C, which will be established in due 
course. The determination of the rank of any rational integral function /((/>) 
of a square matnx generalises results given in Chapter XXV, where we 
were concerned with rational integral functions of zero rank, and the in- 
vestigations of § 236 are equivalent to the determination of all matrices 
normal to /(0). The introduction of the trayismutes of a square matrix 
connects the results of this chapter with those obtained in §§ 163 and 164, 
and explains the origin of the term 'equimutant.* It is shown that two 
square matrices with constant elements are connected by an equimutant 
transformation when and only when they have a first transmute in common, 
i.e. when and only when they have the same successive transmutes. Appendix C 
and Note 1 of § 246 are addenda to this chapter. 

Chapter XXVII deals with commutants and true oorrmuAmtal transforma- 
tions, a commutant Z = {A, 5} being defined to be a solution of the matrix 
equation AX = XB (in which A and B are necessarily square matrices). The 
general commutant X = {A, B] is either a zero matrix or a matrix having a 
determinate structure and a determinate rank, its elements being homo- 
geneous linear functions of a determinate number of independent arbitrary 
parameters, when the elements of A and B are constants, it is a non-zero 
matrix if and only if A and B have a latent root in common; when A and B 
are unilatent canonical square matrices having the same latent root, it is a 
general ruled compound slope. In ordinary Algebra, where every matrix is a 
single scalar number, the general commutant x = {a, 6} is obviously 0 or an 
arbitrary parameter according as a=j= 6 or a = 6. Special attention is paid to 
symmetric, skew-symmetric and undegenerate commutants; to the cases in 
which B — ±A or ± A', where A' is the conjugate of A , and to commutants 
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{A, A] which are rational integral functions of A, The chapter concludes 
with a discussion of the reduction and determination of commutantal trans- 
formations converting one commutant into another, with applications to 
symmetric and skew-symmetric matrices. Appendix B and § 253 are addenda 
to this chapter. 

In Chapter XXVIII a matrix which is a commutant of every commutant 
{Ay A] of a square matrix A is called a commutant of the commutants (or 
commutant of the commutant) of A. Methods of constructing such matnces 
are described, and it is shown that they are identifiable with rational integral 
functions of A. This chapter makes clear the structure of Frobenius*s solutions 
of the matrix equation 

Chapter XXIX deals with invariant transformands and the correspondmg 
hilinear and quadratic scalar invaria/ntSy an invariant transformand X = inv 
[Ay B] being defined to be a solution of the matrix equation AXB^X (in 
which A and B are necessarily square matrices). The general invariant 
transformand X = mv [Ay 5} is either a zero matrix or a matrix having a 
determinate structure and a determinate rank, its elements bemg homo- 
geneous linear functions of a determinate number of independent arbitrary 
parameters; when the elements of A and B are constants, it is a non-zero 
matrix if and only if there exist latent roots a, ^ oi A, B such that = 1 ; 
when A and B are unilatent bi-canonical square matrices whose latent roots 
satisfy this condition, it is a compound slope whose constituents have a 
certain common law of construction. In ordinary Algebra the general invariant 
transformand x = mv {a, &} is obviously 0 or an arbitrary parameter according 
as a6 =1= 1 or a6 = 1. Special attention is paid to symmetric, skew-symmetric 
and undegenerate invariant transformands, and to the cases in which B^±A 
or ± A\ where A' is the conjugate of A. 

It is my duty and pleasure to offer my sincere thanks to the authorities 
of the University of Calcutta for their generous help both in undertaking 
the publication of this volume and in furnishing facilities for the preparation 
of it ; also to thank the officials and staff of the Cambridge University Press 
for their patience and careful attention to the pnntmg. The appreciative and 
suggestive criticisms of such competent reviewers of the preceding volumes 
as Sir T. Muir, J. B. Shaw and Eai Bahadur A. C. Bose should receive 
acknowledgement, I can only put on record my special gratitude to the 
late Sir Asutosh Mookeqee whose •sympathetic interest and helpful advice 
will be sorely missed. 
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CHAPTEE XX 


THE IRKESOLUBLE AND IRREDIJOIBLE FACTORS OF RATIONAL 
INTEGRAL FUNCTIONS 

[The first three clmptei’s of this volume deal with rational integral functions of aovoral 
scalar variablca, and ai’o introductory to the succeeding chapters on funotioiial inatnoes 
We begin in § 184 with a brief survey of the immbora and operations and the domains of 
rationality of Algebra. In §§ 186 — 6 we define rational integral functions, irresolublo and 
iiToducihle factors, and highest oommon factors. The usual methods of rogiilansing tuid 
hoiiiogemsing rational integi'al functions are described in § 187; which deals generally 
with ordinary linear transformations of their variables. In § 188 we prove the existence 
of highest common factors, and the uniqueness of the resolution of a rational integral 
function into iri’esoliiblo or irreducible factors The lost two articles of this ohaiiter 
contain some useful miscellaneous theorems, and a description of the extension of a 
domain of rationality by adjunction.] 

§ 184. The numbers and operations of Algebra. 

1. Olassification of scdLa7' numhers. 

The word ' number usually means a ‘scalar number,’ which is tacitly 
assumed to be finite. It will always be clear from the context when it 
means a natural number or a positive integer. 

Scalar mimhei's are entities, including the natural numbers, with which all 
the fundamental opeiations of Algebra can be performed in accordance with 
the fundamental laws of Algebra, without any violation of those laws, and 
without the introduction of any new entities. Any entities which satisfy 
this definition are to be considered as scalar numbers in whatever way they 
are obtained. The most general conception of a scalar number has been 
evolved from that of a natural number by successive introductions of new 
numbers required for the performance of the operations of Algebra. 
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The fundimmntal operations of Algebra performable with any two ordinary 
scalar numbers a and b may be considered to be the three direct operations 
of the first, second and third stages and their inverses as shown in the table 
above, 

■ * 

Here potentation is the determination of a power, and has two operations 
inverse to it, viz. radication, by which we mean root-extraction, and expo- 
nentation, by which we mean the determination of a logarithm or exponent. 
The direct operations are derived from the processes of counting, and the 
inverse operations are those of solving the equations b + hxa) = a, 

6® = a. Each of the first three inverse operations is reducible to the 
corresponding direct operation after the introduction of the iiegativos and 
reciprocals of numbers. 

The rational op&i'ations of Algebra are addition, subtraction, multiplica- 
tion, and division by a number which is not 0 , i.e. they are the first two 
direct operations and their inverses, division by 0 being excluded. They 
are the operations which lead to results which are capable of only one 
interpretation. 

The fundamental laws of Algebra are the laws of the fundamental opera- 
tions for ordinary numbers together with the law of cancellation, the other 
special laws for the number 0, and the modified laws for infinite numbers. 
The most important laws are the commutative, associative and distributive 
laws for addition and multiplication. 

Note 1. The atrktly algebraic operatiom. Wo could define the fiuidamental opera- 
tions of Algebra to bo the rational operations together with root-extractions of the 
form where w is a natui-al number. We may call those tho strictly algebraic 
oporations, I'ogiii'ding tho other operations of the toxt as belonging to tho wider field 
of Algebraic Analysis. 

Noth 2. The algebraic law of cancellation. This law states that if a and h nro 
niunbera, and if «6=0, then at least one of the two numbers a and h must bo 0. Thus 
tho equation loads to 6=0 when and to a=0 when 64:0. It follows that if 
pa=ph, whero p4=0, wo must have a =6, even when p is infinite. 

The natural numbers are the numbers 1, 2, 3, ... of which no one is the 
greatest. They are derivable from the number 1 by repeated additions. 

By i^itegers wo mean the numbers +1, ±2, ±3,... together with the 
special number 0 ; the numbers 0, 1, 2, 3, . . . being positive integers^ and 1310 
numbers 0, — 1, — 2, — 3, ... being negative integers Integers can be formed 
from the natural numbers by the first fundamental operation and its inverse, 
i.e. by addition and subtraction. 

By rational numbers we mean all numbers expressible in the form ^ 
(i.e. all solutions of equations of the form quo = p), where p and q are integers. 
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and O' 4 0. A mtional number ia one which it is possiblo to derive from the 
natural numbers by a finite number of rational operations. 

An infinite number is one which is expressible in the form - (i.e. a solu- 
tion of an equation of the form 0 . a; = p), where p + of 

mfimte numbers is that of any two finite numbers proportional to them. 
Accordingly two infinite numbera whose difference is a finite number have 
a ratio of equality, and (in this sense) are regarded as equal. 

An ordinary number is one which is neither 0 nor infinite. 

We may interpret i^eal numbers to be all scalar numbors which can be 
derived from the natural numbers by mtional operations, the rational opera- 
tions being not restricted to be finite in number. 

By algebraic number's we mean the roots of all equations of the form 

4“ ^ 4" . . . “h 4" Ohh “ fii (1 ) 

where n is a natural number, the coeflBcicnts are rational 

numbers, and ao=|=0. The coefficients may without loss of generality be 
supposed to be integers. By a root of such an equation we here mean a 
scalar number which satisfies it. 

Every scalar number z cun be expressed in the form z — x + where 

X and y are real numbers, and is then called a complex number. All numbers 
expressible in this form are neccsstuily scalar numbers, and it can be shown 
to be a consequence of the law of Ciincellation that there are no other scalai- 
numbers. In the particular case when z is algebraic, the real numbers a 
and y arc also algebraic A non-zero number expressed in this form is real 
only when y = 0, imaginary when y 4= purely imaginary when x=0, 

The number 0 can be regarded as real, purely imaginary or complex. 

A scalar number which is not rational is called irrational, and a sctxlar 
number which is not algebraic is called transcendental. 

All integem arc rational numbers. All rational numbers are both real 
and algebraic. An irrational number may be either real or not real, and at 
the same time either algebraic or transcendental. A transcendental number 
is necessarily irrational, but it may be either real or not real. 

Ess. i. The number J —I algebraic ; the nuniboi's e and tt arc tronsooiidentoL 

Ejs. ii. If oj is a real algebi'aio immbor, it is known that : 

(1) is trauBoondoutal when fl?4=0 ; 

(2) loga^t/ is tianscendental when 

(3) sin ss, cos .v, tan ss are transcendental when x =|= 0. 

Ess, ui. If a and h 01*0 real and different, there always exist real transcendental 
numbers lying between a and b. 


1—2 
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N(yj:E 3. SupGi'-rational and auj^ea^-algtibraic numbers. If the numbers ay > tti > • ■ j ^ 
are all rational but not all 0, a root of an equation of the form (1) whioh is not rational 
will be (sailed mper-rational ; and if they are all olgebmic but not aU 0, a root of an equa- 
tion of the some form which is not algebraic will be called super-algebraic. Thus algebraic 
nuinbom consist of aU rational and super-rational numbers. 

We could (see Note in § 190) give wider meanings to these terms. 

Note 4 Number's which are not scalar. The word ‘ number ’ can be used in a wider 
sense, as whou it denotes a quatoi’nion, or when it denotes a quantity of the form 
^i<Ji+^afi 2 + •• where oti, .^' 2 , ... are any scalar numbers, and Si, ca? ••• 

given quantities subject to special laws, but not to all the laws of Algebra. 

2 Domains of rationality. 

An aggregate 11 of scalar numbers, not consisting of 0 only, is said to form 
a domain of rationality , or simply a domam^ when the performance of rational 
operations with any of them always produces a number belonging to the same 
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aggregate fl. The numbers which constitute a domain fl are called the 
elements of Xl. As illustrations of such domains we may cite : 

(1) The domain of all rational numbera, which will be denoted by fl (1) 

or fli. 

(2) The domain of all real algebraic niiinbevs. 

(3) The domain of all algebraic numberH 

(4) The domain of all real numbers. 

(5) The unrestricted domain, or the domain of all scalar numbers. 

In the figure the area of the large circle represents the domain (5) ; the 
areas of the two ellipses represent the domains (4) and (3) ; the area common 
to the two ellipses represents the domain (2) ; and the area of the small 
circle represents the domain (1) 

The smallest domain which contains given numboi's (a, &, c, ...) is denoted 
by XI (a, 6, c, . ..) or ila,h,o,. .• A domain which contains any non-zero number a 
necessarily contains the number 1, and a domain which contains 1 must 
contain all rational numbers. Consequently Xlj is the most restricted domain, 
and every domain must contain Xlj. 

A domain is algebraic or transcendental according as it does or does not 
lie in the domain of all algebraic numbers, and it is real or not real 
according as it does or does not he in the domain of all real nuiiibei’S. 

Ex, iv. If is a given irratioual number whose square is rational, and if x and y 
are any rational numbei's, all numbers of the form sfg constitute a domain of 
rationality. 

Ex, V. If X and y are any real numbers, all numbers of the form con- 

stitute the unrestricted domain 

Note 5. The zero doniain. The number 0 can bo regarded as fonning by itself a 
domain of rationality which is called the zero domain. In the definition of a domain given 
above the zero domain is excluded 

Noth 6, Dormine whose el&nimts are algehraio fawtioTis, There exist domains of 
rationality whose elements are algebraic fuuotifins. For example wo have : 

(1) The domain of aU rational funotious of x. 

(2) The domain of all functions of the form where A and B are any 

rational functions of and y is a given rational integral fimotion of x which 
IB not a perfect square. ^ 

In this volume a domain is always one whoso oloments are scalar numbers. 


§ 186. Rational integral functions of scalar variables. 

1. Rational vategral functions of a single variable. 

A rational integral function of a single scalar variable to is an expression 

of the form , . 

y=ao + ai®+ v.-*-/ 
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where r is a positive integer, where the coefficients ao, ai, 02 , ... are 
constant scalar numbers, and are all finite , and where w o. scalar number 
to which any value can bo ascribed. If the coefficients ao, Uy, ... a,, all lie 
in a domain of rationality fl, then the function / will be said to he m or to 
belong to fl, or to be a function in ft, and we C}ill/=0 the corresponding 
rational integral equation i7i ft. 

Any particular value of for which / vanishes is called a root of the 
function /or of the corresponding rational integral equation /= 0. 

The function / is said to vanish identically when the coefficients (to, 

Ua, .. a,, all have the value 0. This is the case when and only when f 
vanishes for all finite values of 

Two rational integral functions of x are identically equal wlion thoir 
differonco vanishes identically. If we secure the existence of corresponding 
terms in the two functions by supplying terms with zero coefficients where 
necessary, this is so when and only when the coefficients of the same powers 
of X m the two functions are equal. When / vanishes identically, it is 
identically equal to 0, and may be said simply to be 0. 

When f does not vanish identically, and is given in the form (1), the 
index r of the highest power of x which occurs in/ is the assigned degree of 
/ m fl;, even when Ur = 0 j and the index s of the highest power of x which 
occurs in (1) with a non-zero coefficient a^ is the actual degree of / in 
Bobh r and s are integers not less than 0, and we must have si^r. When 
terms with zero coefficients can be omitted or supplied as we ple^ise, a 
function whose actual degree is s can have any positive integral assigned 
degree which is not less than s. The function f is completely known when 
we know all its terms, including those with zero coefficients ; and it is also 
known when we know the terms with non-zero coefficients and the assigned 
degree. 

Ordinarily and throughout this chapter, when the terms of a non-zoro 
function/ are not shown, the assigned degree is supposed to be the same as 
the actual degree, and the degree of / means its ‘actual degree/ but at the 
same time has the natural meaning of ‘ assigned degree.' In this case a 
given ratipual integral function / of the single variable x which does not 
vanish identically and has degree r is one which can be expressed in the 
form (1), where Or + 0. When however the terms of / are shown, the 
‘ degree ' of / means its ‘ assigned degree ' ; m particular the degree of any 
term of/ is always its assigned degree, i.e. the index of in that term. 

Ex. i. A rational lutegral function of x which does not vanish identicfiJly has degree 0 
(actual or assigned) when and only when it is a non-vanishing constant. 
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Ex. n Degrees of a fiiiiGtion which vanishes idmtically. 

When / vanishes identically, its assigned degi'ee can be any positive integer, including 0 ; 
and it IS usually considered to have no actual degree When we give to it the assigned 
degree 0, wo are rogarding it as a iioi^o constant. 

If we make the conventional assertion (seo Note 2) that a rational integral fimotiou 
having a negative degroo (actual or assigned) is one which vanishes identically, wo cun 
say that : 

The rational intcg^'al function f vanishes identically if and only ij its actual degree is 
less than 0. 

If F and / are two given rational intogml functions of x which do not 
vanish identically, the degree of f being not greater than the degree of 
tliere always exists an identical equation of the form 

F=fQ + n, 

wliere Q and R are rational integral functions of a?, and where R is either 0, 
or does not vanish identically and has a lower degree m w than /. The 
functions Q and R are uniquely determinate and are called respectively the 
quotient and remainder' in the division of F by / When F and / both lie in 
a restricted domain of rationality il, the quotient Q and the remainder R 
also lie in fl. When the reinaindor R is 0, the function F is said to be 
divisible by /. In the particular case when / is a non- vanishing constant, we 
always have jR = 0, and F is necessarily divisible by / 

Again if # is a mtional integral fiinction of x which does not vanisli 
identically, and if there exists an identical equation of the fonn 

F=fg, 

where / and (j are rational integral functions of x, then F is said to be 
divisible by /, / is called a factor of F, and g is called the quotient m the 
division of ^by/. At the same time F is divisible by is a factor of F, 
and / is the quotient in the division of F by g. Neither of the funebionH / 
and g can vanish identically, and neither of them con have a greater degree 
in X than F\ in fact the sum of the degrees of /and g is equal to the degree 
of F. Hence this new definition of divisibility agrees with the former, and 
the term qicotient is used in the same sense as before. 

According to this definition of divisibility we see that : 

When the rational integral f motion f does not vanish identically ^ it is not 
divisible by 0. 

Note 1. DivisihUity of Fhy fwhen F vanishes identically. 

When F vanishes identically, we may still retain the second of the definitions of 
divisibility given above. Then in this special case F is divisible by every rational integral 
function / of a:, including 0 ; when f does not vanish identically, the quotient, by which F 
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muat also be divisible, is 0 ; and when f vanishes identically, the (j^iiotiont may be any 
rational integral function of !c whatever Accordingly we may say that 

The rational integral function F i& diviMhle hy 0, or has 0 as a factor^ whon a^id o??/?/ 
when it vanishes identically 

2. Rational integral functions of several vaHables. 

A rational integral function of several scalar variables /?•, y, z, is an 
expression of the form 

/=2atjj. ' ( 2 ) 

where i, A, ... oi-e positive integers, each of which may be 0, whose values 
are not all the same in any two terms of the sum; where the coefficients 
Oijii are constant scalar numbers, and are all finite ; and where /r, j/, z, ... 
are scalar numbers to which any values may be assigned. If the coeffi- 
cients a^jje all lie in a domam of rationality fi, then the function / will 
be said to he in or to belong to fi, or to be a function in H ; and we call 
y* = 0 the corresponding rational integral equation in fl. 

Any set of values of the vanables oo, y, z, ... for which f vanishes is 
called a root of the function / or of the con'espondmg rational integral 
equation /=0- 

The function / is said to vanish identically when the coefficients 
have the value 0. This is the case (see Ex. vii) when and only when f 
vanishes for all sets of finite values of the variables /r, ?/, Zy .... 

Two rational integral functions / and g of the same variables x,yy Zy... 
are identically equal when their difference vanishes identically. If wo write 

f=%ayk 

supplying terms with zero coefficients where necessary in order to ensure the 
existence of corresponding terms in both functions, this is the case when and 
only when 0 ^*.. = tij* . for all sets of values of j, A, . . ., i.e. when and only 
when the coefficients of corresponding terms in / and g are equal. When / 
vanishes identically, it is identically equal to 0, and may be said simply 
to be 0. 

When the function / does not vanish identically, and is given in the 
form (2), where terms with zero coefficients may or may not occur, let the 
sum i -hj + A + . .. of the indices of all the variables XyyyZ,... be formed for 
each separate term. Then the greatest value of this sum which occurs 
amongst all the terms of / is the assigned degree of f in all the variables 
Xy y, Zy OT the assigned total degree of f\ and the greatest value of this 
sum which occurs amongst all those terms of / which have non-zero coeffi- 
cients is the actual degree of f in all the variables XyyyZy ..., or the actual 
total degree of /. Also the greatest values of the index i of any one variable x 
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which occur amongst all the tenns of / and amongst those terms only of f 
which have non-zero coefficients are respectively the assigned degree and the 
actual degree of f in the single variable x. The assigned and actual degrees 
of/ in any niimbor of selected variables are similarly defined. If r and s are 
tlie assigned and actual total degrees of f both r and s are integers not less 
than 0, and we must have s r. When terms wdth zero coefficients can bo 
omitted or supplied as we please, a function whose actual total degree is s 
Ciin have any 2 )ositive integral jissigned degree which is not less than s. The 
function f is completely known when we know all its terms, including those 
with zero coefficients; and it is also known when we know the terms witli 
non-zero coefficients and the assigned total degree. 

Ordinarily and throughout this chapter, when the terms of a non-zero 
function / are not shown, the assigned degi’ees are supposed to be the same 
as the actual degrees, and the degrees of f mean its ' actual degi’ees,* but at 
the same time have the natuml meanings of ‘ assigned degrees.* In this case 
a given rational integral function/ of the variables which does not 

vanish identically and has the total degree r in all the variables is one which 
can be expressed in the form (2), where there is at least one term with 
a non-zero coefficient in which i+j -I- A + ... =r, but no term m which 
yjj -I- > 7 *. When however the terms off are shown, os in the 
general theorems of the next chapter, the ^ degrees * of / mean its ‘ assigned 
degi’ees * ; in particular the degrees of any term of / are always its assigned 
degrees as shown by the indices of the variables in that term. 

The most general rational mtegral function of n variables /To, ... 
whose assigned degree in all the variables is r contains f ^ ^ terms. 


A rational function of swilar variables is one of the form ^ , where F and 

0 are rational integral functions of the same variables, and 0 does not 
vanish identically. 

A’.r, lii. If/- + hx\i/ + + 0 . then / and g have the 

Bimie actual total dogreo C,‘l)ut their oaaigiicd total degrooH are reBpootively 7 and 5j also / 
and g have the mine actual degi’eo .3 in a*, but their osHiguod degrees in a; ai^e respectively 
4 and 3. 

Ex\ IV. A rational intogi’ttl function of aoveml vaa-iablos which does not vanish iden- 
tically has dogi’eo 0 (actual or ossigiied) in all the variabloB, or in every separate vai^iable, 
when and only when it is a non-vanishiug constant. 


Ex. V. Degrees of a function which vanishes identically. 

When f vanishes identically, its assigned total degree can be any positive integer, 
including 0; and it is usuaUy considered to have no actual degi’ee When we give to it 
the assigned total degree 0, we are regaiding it as a zero constant 
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[CH. XX 


If -we adopt the interpretations of Note 2, we can say that : 

A mtimial integi'dl function f mmahos idmtically when and otiLy whm its actual total 
degree is less than 0. 

Moreover we can then speak simply of the total * degree ’ of a fimotion which vanishes 
identically, interpreting this to he an integer r which is suhjeot solely to the condition 
r<0. 

Note 2, Rational integral f^tnctionH vnth negative degrees. 

Since a rational integral function which vanishes identically cannot have any posi- 
tive actual degrees, it la sometimes convenient, in order to extend the generality of our 
theorems, to r^ard it aa having negative degrees. This will be legitimate if we interpret 
a rational integral function whose total degree (actujil or assigned) in all the variables is 
negative to bo one which vanishes identically, and a rational integial function whose total 
degree (actual or assigned) in any selected voi-iables is negative to be one in which the 
terms involving tliose selected viuiables all vanish identically ; for these interpretations 
simply moan that such functiDns do not exist. 

When the rational integral function / does not vanish identically, it will 
be said to bo regular in any one voidable so when its actual degree in oo is 
the same as its assigned total degree in all the variables. This is the case 
when and only when f contains a tenn of the form clx^\ where v is the assigned 
total degree of /in all the variables, and a is a non- vanishing constant. 

Ex. vi. In the special case when / vamsh&s identically, it can he regarded as regular 
in any one or all the variables if and only if its assigned degi^ee in all the variables is less 
than 0. 

A rational integral function F of several variables which docs not vanish 
identically is said to be divisible by another rational integral function / when 
there exists an identical equation of the form 

F=f9> 

where g also is a rational integral function ; and g is then the quoti&iit in the 
division of F by / More generally when a rational integral function F 
which does not vanish identically can he expressed as a product of several 
rational integral functions /i,/, so that the equation 

is an identity in the variables, then each of the functions /i,/, .../m is called 
a factor of F, and F is divisible by each of the functions/,/,, .../«. 

According to this definition of divisibility we see that : 

A rational integral function F which does not vanish id&ntically is not 
divisible by 0. 

Note 3. Divisibility of a function which mnishes identically. 

If we still retain the dehrjition of divisibility given above when F vanishes identically, 
then F in this special case is divisible by every rational integral function f including 0 ; 
when /does not vanish identically, the quotient, by which .Pmust also be divisible, is Oj 
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and whon f vanishes identically, the quotient may be any rational integral funotion 
wliatever Accordingly we can make the following statement, which is equivalent t-o the 
intorpi’etatioii which must be given to ‘divisibihty by 0’ 

A rational ii\togritl function F is dirvahlc hy 0, nr hiu 0 a factor^ whm and onJly 
whm it vamshes ulmtically 

Wo have illustrations of this [irinciplo in the theoi*Gms of ^ 187 . 8. 

A mLional intcgi-al function of several variables which does not vanisli 
identically is said to be homogmeous m those variables when all its terms 
have the same total degree in all those variables. The actual total degree of 
such a function is necessarily the same as its assigned total degree, and 
cannot be less than 0. A rational integral function which vanishes iden- 
tically can be regarded either as homogeneous or os non-horaogeneous 
The most general liomogeneoiis rational integral function of n variables 

ii\y .. /r,t which lias degree?’ in all tlio vanablcs contains terms. 

In the examples which follow we regard properties of rational integral 
functions of a single variable as being known. 

F.v. vn. Iffn\a rational integral function of the n variables .Vi, .^*a, . . which does 
not Danish identically^ m can dctmmne sets of finite vahm of for which f does 

not Danish, 

Knowing that this theorem is true for functions nf a single vanable, we can show by 
induction that it is true gonerally. We will make the hypothesis that the theorem is true 
for functions of - 1 variables, and show that it must then bo true for every function of 
li variables such os/. 

If / is a non- vanishing constant, the theorem is obviously true. We may therefore 
suppose thfit f IS not merely a constant. In this ease the degree of/m some one X\ of the 
\'£Lrinblos must bo gi’cater than 0, and wo may suppose that 

/= + Ml X-f - 1 -I- . . . + M,. , (1 ) 

where I » whore Mq, mi, . Uj. are rational integral fimotions of ... only , and 

whei*e Mq does not vanish identically. By hypothesis we can assign such finite values 
Oa, ^ 3 , ... to .r^, . . .“r,, that i«o^=0; and j?i remaining arbitrary, the funotion / 

thou becomes 

/ (.'Ti) ADa?/ + ^ -I- , . . -i- a*i H- A ,, (2) 

whore do, di, ... A-^ are constants, and where dn=t>0. Sinoo /(^i) is a rational iutogral 
function of the single variable Xi which does not vanish identically, wo can fiu*ther assign 
suoh a finite value ai to Xx that / (^i) 4= 0. Then Oi , aa i finite values of , a? 2 , . . . x^ 

for which the funotion / does not vanish 

We conclude that ; 

A rational irUegral function f of the n variables Xu ^' 2 * -■ 'oanishes identically whm 
and only when it vanishes for all sets of finite values of the variables a*i, .. 

Ex viii, If fie a rcUional integral function of the n variables xi,x^^ ... x^^ which is not 
a nonrvanishing constant^ m can determine sets of fi/nite values of the vCiriahUs for which f 
vanishes, ie, there eanst finite roots of the funotion f and of the equation f^^. 
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Knowing that this tlioorom is true for functions of a single variable, we can show that 
it is true genemlly. 

If / viiniBlioH identically, the thooroiu is obviously true We may therefore suppose 
that f is not merely a constant. In this case the degree of / m some one Xi of the 
variables must bo greater than 0, and wo may suppose that f has the form (1) of Ex vii. 
Thini by E\. vii we can assign such liiiito values ^^3, ... to .?’2, ^3, .. x,, that ?to does 
not vanish ; aiul when remains arbitrary the fnnotion / becomes the function /(a7i) 
shown in (2) of Ex. vii. Since the rational integral function of the single vanable a?i, 
which is not merely a constant, him finite roots, wo can further ascribe such a finite value ai 
to a'l tliat/(.7J,) = 0 Then W’© a of finite values of Xi, , . Xn for which f 

vanishoa. 

Eir, ix. A ratwnul integral function f of the n mriables Xiy .C2, .. which does not 
vanish for any set of values of the mriahles must he a nmi^ vanishing constant. 

This follows immediately from E'c. viii. 

Alt’. X. Let f and g he two raturnal integral functions of the n variables x^^ x^^ ... x^. 
Then if the >produetfg vanishes identically and f doosswi vanish idiotically.^ g must vanish 
idmitimlly. 

This is true when / and ai’e constaiita or functions of a single variable We will 
make the hypotlicsis that it is true for fimctions of the ?i — 1 variables ^’2,^73, .. a’,*, and 
show that it must then bo true for f auctions of the n variables ^1, X2 ... 

where v^), v»i, ... are rational integral functions of X2, x^y . x,, only, and 

where docs not vanish identically. 

Then from the identity fg =0 we deduce the s + 1 idontioal equations 

tlio (i('+l)th of those equations being 

Wii^^jt+WiVfc^i-|-... 4 -?£jfcro =0 or •..+i^,.vjt-r=0 

HOcordiug as ^ :|> ?• or h > r. 

Applying the hypothesis it follows from these equations in succession that ... 

vanmh identically, and that therefore g vanishes identically. 

Thus if the prodmt fg vanishes idmitimdlyy one at least of the functions f and g must 
vanish idmtically. 

Ex. xi. /-rd^/i,/o, ... /„i he m ratiwial integral functions of the n variables Xi^x^y . x^. 
Then the produat i^=«/i/a.../,rt vanishes identically when and only when at least one of the 
funotwns fiyf^y ... /,h vanishes idmdically. 

This is immediately dediioible from Ex. x. 

Ex. xii. Let f he a rational integral fnnotion of the n variables .i 7 i, ^72, .. which does 
not vanish identioallyy and let g\ and he any two rational integral functions of the same 
variables. 

Thm iffgi^fg^ identioallyy we must have g\^g% identically. 

Eor if/(^i— =*0 identically, it follows by Ex. x that ,91 — ^2“ 0 identically 

Hence if a rational integral function F is divisible by a rational integral function f 
which does not vanish identioallyy the quotient is a uniquely detet'minate function. 
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Ex, xiii If f and g are mtiomd integral functiom of the n Dariables Xu . . J/'« 
iieU/i&r of lohic/i oamshcs identicallg, and if F=fg, th&n the degree of Fin all the vanahles 
is die sum of the degrees of f and g in all the mriahles. 

Lot tlic dogi’Gos of / and g in all tho vai’ia'blow be r and and let /' and g' be 
I'osjiectivoly the Hums of all the torms of / and g which have degi*Qoa r and a in all the 
vai'uiblod , also lot F' be tho sum of all the terms of F which have degree ?•+« in all the 
variables. Then since the equation F=fg is an identity, we have F'^f'g* identically. 
By hypothesis neither /' nor g' vanishes identically. Therefore by Ex. x tho function F' 
does not vanish identically, lo. F has terms of degree r+s in all the variables whose 
coefficients do not vanish. 

Farther the degree of F in any one mnahle rj the aiun of the degrees off and g in .Vp 

Lot the dogi-eos of / and g in Xi be r and «, and lot 

/= 1 + . . . + 14 ,. , ^ = ^^0 iPi" + ri , 

whore %, ... are rational integral functions of ... only, and 

whore uoithor ito vanishes identically. Then we have 

i7o V ■" “ + C^i a-V + ^ . H- + a, 

where ^ij ... bxo rational integral functions of a?a, A'3, ... only, and where 
By Ex. x the function Uq does not vanish identioally, 1.0 F hofl degree r+s 

in A‘i 

Ex, XIV. If fu fii > . /m ratwiial integral fmietiona of the n vanablea Xi^ x^, ,,,Xn 
•no one of which vanialm identioally^ and if i^=/i/a ../w) di&n the degree of F in all the 
mriahlea is the sum of the degrees of /ij/i, m all the variables^ also tfie degree of Fin 

any one nairiabU x^ is the sum of the degrees of fuf^, ••• fm 

Wo can prove this by repeated applications of Ex. xiii. 

Further iy/i/2.../m=fi> 0 is a Twm-uanishing constant^ thm each of the functions 

w a wm-vanishing constant 

For no one of the functions /i,/a, . -fm vanish identically, and if fufi^ ... ./m were 
not all constants, the product could not have degi’oe 0 111 all the vanablos. 

Ex, XV. Let /ij/a, .../«» be any m given ratio'nal integral functions of tJie n mriahles 
.?'i, 3 ?a, ... Xu which do not va/nish identioally; and let F he any rational integral function of 
the same variables. Then F vanishes identicdLly when and only when it vanishes for emy set 
of finite values of the variables which is not a root of any one of the fu 7 iction 8 /ij/a, ... fn. 

If F does not vanish identically, then by Ex. xi the product -Pyi/a.-./w does not vanish 
identically Therefore by Ex. vii we oaji determine sets of finite values of the variables 
for which Ffif<i>.>fm^^- Therefore i^’does not vanish for every set of finite values of tho 
variables which is not a root of any one of tho functions /i, /j, ... /,„. 

Conversely if F vanishes identically, then it vamshes for every set of finite values of the 
variables, and therefore vanishes for every set of finite values of the variables which is not 
a root of any one of tho fuuotions/i, /a, ... /m- 

Hence two rational integral functions F and 0 of the n variables x^] ... 447,^ oj-o 
idmticaUy equal when and only when they have equal values for every set of finite values 
of the vojriables which is 'not a root of any one of the furictiom f^^ • .. /?n. 

Ex, xvi. If the ^product of two rational integral functions f and g of the vaxidbles 
does Tiot vanish id&i\lioally and is homogeneous in the variables^ then both the 
functions f and g must be homogeneous in the vaHables, 
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Lot f ftiid f/ have degi’oes r and « in all tho vamibloa, whore Then we can write 

£7j-t“ id"-- d" l^d* 1^0 3 

wlicro and Vj aro hoinogoneouii rational integi’al functions of degrees i and^ in all the 
vanablos ; and wo have an identity of the form 

(C/J-d- t^r-ld* ..+ t^o)( I^ad- KB_i + ...d- Vi-^ 7o) = -£^r + aj 


wlioro Ily+g w a homogeiiooua rational integral fiuiction of degree rd-s m all the variables. 
No one of the funutioiiH ^^v+h vanishes identically. From this identity we deduce 

tho rd-«d-l identical equations 


6^)Fi)=*0, ... ^0 CTj . .,d- 1 Fid- F q= Oj 

... C/ibrH+ d- (78+fcFo=0, .. 
£^,-.+il^8d-£7.^,H.ji;-id-. .dC^r-iFo+t^Tl>0, ... U,.^xV,-hU^Vg.,=:0, 

where h roceivos tho values 5d*l, ^Jd-2, 

^Vo can write tho (id-l)th of those equations iu tho form 
2C^_^r^=0, where 

i.Q. whore /x receives all intogiul values consistent with the conditions 

IX -^8, 

Or wo can write tho (J d- l)th of those equations in tho form 

2£/xl’i_A=0, where \<t:0, \ 


i.o. wlioi’o \ i-eucivoM all integral values consistent with the conditious X-cfiO, 

If i7o, Ui^ ... do not all vanish identically, lot £/i be the first of them which does 
not vanish identically. Then the (id- l)th, (id-2)th, ... (i+3d'l)th of the above equations 
show ill HUGoosflioii that Foj Fi, ... Vg vanish identically. Since Vg does not vamsh 
identicjilly, wo ooucludo that i7o, Ui, .. all vanish identically. 

Again if F|,, Fi, ... Vg^^ do not all vamsh idoutically, lot Vj be the first of them which 
does not vanish identically. Then tho (yd-l)th, (yd-2)th, . (y+r-f l)th of the above 
equations show in siiooession that C/i,, f7,, . . Ur vanish identically. Smoe Uf. does not 
vanish identically, wo conclude that I'q, Ti, ... Ffl_j all vanish identically. 

Thus we havc/’« i/rj £/— F* ; i.o./iuid g wo homogeneous in the variables. 


Ea). xvii. If H is a homog&tiemis rational integi^al function of the variables a?, y, 2;, ... 
wkick does not oanisk idmtioally^ tium factor of H must he homogeneous in all the 
mriuhlos. 


This follows immediately from Ex. x\d. 


Ex. xviii. Let (®i , .. Xm ^w + 1) ^ homogeneous rational integral function of 

the jid - 1 variables .rg, .. ‘I'n-t-i) a, 7 id let 0) Ihe rational m^gral 

function of the n variables x^ ^'33 •^'a denoed from it by puUing where 0 m any 

finite non-mnishing constant. T/uin F vanishes identically when and ordy when f vanislm 
identically. 

For there is a one-one oorrespoiidonco between the terms of F and /, any two 
con-espouding terms T and t having the forms 




,Pn. 


and the coefiicieiit a vaiushes when and only when the coefficient ac*^»‘+i vanishes. Thus 
all tho coefficients in F vanish when and only when all the coefficients m f vamsh. 
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U follows that P vanishes idmitiGally if and oidy if it vanishes for all finite values of 
.t'i , , . . JO A whm 57, t +1=0. 

This result is goiioralisod m Ex. x of § 187 and Ex. vi of S 189 . 

In porticuhir F vanishes identically when and only when the rational mtogi’al function 
^27 •• 1) denvod from it by putting .r„+i = l vanishes ideutioolly; and 

therefore F vanishes identically if and only if it vanishes for all finite values of 57i, . 

57,1 when .^■u+l = l. 

Ex xix. Two homogoiiGous rational mtegi’al functions F and G of the a + 1 variables 
.ri, 5 'a, ... .^4+1 O'l’O ideiiticiilly equal when and only when the following two conditions ai'o 
satisfied 

(1) The functions F and Q have the same dogroo in all the viuiables. 

(2) The riitional integral functions of ... .v,, doi'ived from F and Q by putting 

■^4+1=07 whore o is any given finite non- vanishing constant, are ideutiooJly 
equal. 

The second condition is satisfied if and only if F and G are equal for all sets of finite 
values of the variables when 

Ex, XX. If f is a rational integral function of the n vcm.ahles ... 57„, a/nd if f 

vanishes for all seta of fi/nite values of x-^y a’g, .. lying in any assigned domain of 
rationality O, tlani it vanishes identically. 

This theorem is true for functions of a single variable x; for if any such f miction has 
degree r in 5? and vanishes for more than r different values of x, then it must vanish 
identically. 

Wc make the hypothesis that the theorem is true for all rational integral functions of 
the it - 1 variables X2t x^, ., Xn, and show that it is then also true for all rational integral 
functions of the n variables 5 ?i, 5:2, ... x,^. 

Lot f^ C/() 57 d'-h -P . .. + Uy^iXx + 

whore Uj), Ux ^ ... are rational integral functions of 572, 573, ... .i\ only. 

When we assign to 572, 573, ... Xn any particular values a^y 03, ... lying hi O, the 
function / becomes 

f (^i) “ ^ ■ +-^r-.l’*^l + >^1 »'7 

wliei’e Ai is the value assumed by Gi when x^, Xgj ... 57,1 have the values 03, ... 

If/ vanishes for all finite values of a?!, 5?2, ... Xn lying in then fixi) vanishos for more 
than r difterent values of xj, Thoi’efore f(xi) is a rational nitegi'al function of a7i which 
vanishes identically, and --Iq, Axj .. Aj. all vanish. This shows that 6^07 •• 

Z 7 +_i, Gr vanish for all finite values of 573, 573, ... 57, ^ lying in n. Therefore by the 
hypothesis the functions CTij, Eij ... Oj, all vanish identically, i.e. / vanishes 

identically. 

If once if f does not vanish id&ihticallyy there must e,mt sets of finite values of Xi^ .1/2, ... 
lying in any assigned domain 12 for which f does not vanish. 

Ex. xxi. i/^/i, A? .../w w rational integral functions of the nva/riahles , . 57 ,*, 

no one of which vanishes {denMoally, Then we can determine nets of finite valnes 0/ 57 i , 573, . .. 
Xn lying in am/y assigned domain of rationality 12 for which no one of the fmoHons A, A? 
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For by Ex. xi tlio producl ./iii does not vamah idonticoUy, and tliorefoi'e by 

Ex. XX there oxiat seta of fiuito valuoa of a!i, a’o, ... lying m Q for which F dooa not 
vanish. 

HeivoB as in Ex xv any rational integral function F of the n variables .r^, .fa, . 
vaimhjBS idmtically when and only when it vanishes for evmy set of Jinite values nf 
a)i, a? 2 j ••• ^ which is not a root of any one of the functions /j, /a, .../m 

Ex, xxii. Let F and f he rational integral functions of the n mriahles .Vo, . .fn 
which lie in any domain of rationality G and do not vanish identioally. Then if F is 
divisible by f the quotient must lie in the domain Q 

This theorem is true when F and / are constanta and when they are rational integral 
functionB of a single variable. We will malce tho liypotboaia that it is true for rational 
mtegi'al fimctious of the n—1 variables ^ 2 , iITgj • ■ show that it is then also true for 

rational integral functions of the n variables Xi, ... A’n 

If i?’ IB divisible by f and if g is the quotient, then by Ex. xiu tho sum of the degrees 
of / and g in a?i is equal to the degree of in , and if we denote the degrees of f g and 
i^in Xi by T, 8 and ?•+«, we can write 

where Wq, Wi, ..^ 'it,., «?o> ^’ii •• ^ij ••• C^r+« rational intogi’al functions of 

.-To, a? 3 , ... .r,* only, and whore 2 ^ 0 , do not vanish identically Then from tho 
identity F=fg we deduce the r+a+1 identical equations 

2£oVo=i7o, itijVi + WiVo=^ij ^^^a+WiVi+Wai;o= ^aj ••• 

Tho (l’+l)th of those equations is 

where fj.^0, fi^k-r, 

i.e. where receives all integral values consistent with the conditions /f 7 -/i<): 0 , 1;- ju :[>?•, 

Smoe Uq does not vanish identically, it follows by the hypothesis from tho first «+l of 
these equations taken in succeaaion that u,i lies in Q and that those of the functions 
Vi, Vg, . . % which do not vanish identically he in Q. 

The theorem obviously remains true when F^ hut not f vanishes identically. 

Ex. xxiii. Let F he a rational integral fumtion of the n variables x^ a/g, ... and let 
it he written in the form 

F= ?7o^i’‘+ 27ia;i’*”^ + .,.+ 27,., 

where R), C^i, ... C7, are rational integral functions of a^g, x^, . onhjj also let (ft he a 
ratiowl integral function of the n-1 variables x^, x^, x^ only which does not vanish 
identically. Than if F is divisible by <f>, each of the oo^cierUs Uq, C/j, Uy must he 
divisible hy (f>. 

For if .P IS divisible by (^, there exists on identical equation of the form 
^ 7 oAT’+ + ' •+ ( ^0^1'’+ + F,-), 
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whoi’o Hi, Ti, ... aro rational iiitogi’al fuiiotiona of a’2, ^3, . ^‘n from thia 

equation wo deduce the identities 

= Ur=cl,V, 

Thus (f) is a factor of every one of the coofficieuta Uq, C^i, ... C/", . 

If F does not vanish idsntkaJlly and la regular in haa the same degree in X\ 

aa in all the variahlea\ th&n every rational integral function (f) of ... Xn only by 

whiah F ia diniaihle la merely a eomtant 

For if F has degi-oe r in .I'l and 111 all the variables, cjb must be a factor of Uy) which is 
a non-vanishing constant. 

3. The highest coiumon factor of a nu'inher of rational integral fanctiom. 

/j,/a, .../m bo iiny m rational integral functions of the n variables 
.7'!, a-’j, ... Xn which do not all vanish identically. Then any rational integral 
function of ... x^y, which is a common factor of all the functions 

f\> /s) ••• /m (^tnd therefore does not vanish identically), and which is 
divisible by every common factor of these functions is called a highest 
common factor of /i,/a, ... /m- That such functions exist is shown in 
§ 188 . 

If h is a highest common factor of /j, /a, -..fni then any function which 
differa from h only by a non-vanishmg constant factor is clearly also a highest 
common factor of them. Convemely any two highest common factors of 
these functions must differ from one another only by a non-vanishing 
constant factor. For if h and k aro both highest common factors of 
/ii /u> ••• /m> then h must be divisible by A, and k must be divisible by h. 
Accordingly we have 

h = uk, k = vhj Ii = uvhj ww = 1 , 

whore u and v aro rational integral functions of x^ a'j, ... which do not 
vanish identically ; and from the equation uv = 1 it follows (see Ex. xiv) that u 
and V are non-vanishing constants. 

Thus a highest common factor of the functions /i, /i, .../w is uniquely 
determinate save for a non-vanishing constant factor to which any value 
may be ascribed ; and on this account we may speak of the highest common 
factor of /i, /a, this bemg a rational integral function of aii, ®aj ••• 

containing on arbitrary non-vanishing constant factor. 

For ‘ highest common factor ' the abbreviation H.o.F. will be used. 

Ex. xxiv If any one of the funutiona /i,/2, . ./m a non-vanislung constant, their 
H.G.P. is a non-vanishing constant, and may be taken to bo 1 

Ex. XXV. The hop. of the functions /i,/a, ... /m is the same as the h.o.p. of those of 
the functions which do not vanish identically. 

Ex. xxvi. If no one of the funotiona f, /g, . . /,« vanishes idmUiooZl/y, and if k ia the 
H.ay. off^J^y ... Uy then the h.o.p. off^ /i, is the h.o.p. of and h. 

0 . m. 
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For the cx)mmon factora of /i, /2, ... /m are the aame os the common faotora of/i and L 
Hence if h is the highest common factor of fn it must be a common factor of fi 

and Jc which la divisible by evei'y common factor of f\ and i.e it must bo a highest 
common factor of fx and k. 

Ex. xxvii. Whm the rational indegvul ftLnatio'iis /I, /a » ... fm uankh identically^ loo 
can define thdr n.a f. to he 0. 

This is the only possible intei’pretation of the H.a.F. if we consider that the definition 
given 111 the text still holds good in this special case, and if moreover wo regard 0 as 
a common factor of /I , /2, . . . /„t. 

For then 0 is a common factor of/\, /aj . . fuii divisible by every rational integral 
function which does not vanish identically, and therefore by ©very common factor of 
fu /s) • • fm other than 0 , and it is the only common factor of /i, /g, ... which can bo 
regarded as divisible by their common factor 0. 

§ 186. Irresoliible and irreducible functions, 

A rational integral function of a single scalar variable or of several scalar 
variables, which is not merely a constant, is said to be resolvhle or mesoluble 
according as it can or cannot be expressed as a product of factors each of 
which 18 a rational integral function of the same variable or variables, and is 
not merely a constant. 

Two irresoluble functions are distinct from one another when and only 
when they do not differ only by a constant factor, i.e. when neither of them 
is equal to the other multiplied by a non-vanishmg constant. 

If / is a rational integral function which is not merely a constant, any 
irresoluble rational integral function (not being merely a constant) which is 
a factor of / will be called on irresoluble factor of f If ^ is an irresoluble 
factor of /, and if rjf® is the highest power of g which is a factor of f then the 
irresoluble factor g will be said to bo repeated a times in /. When in 
particular a=l, gr is on imrepeated irresoluble factor of/. 

Clearly every rational integral function / which is not merely a constant 
can be expressed as a product of distinct irresoluble factors, unrepeated and 
repeated; and it will bo shown in Corollary 3 to Theorem III in § 188 
that it can be so expressed in only one way, save for a non- vanishing constant 
factor. 

Two rational integral functions of the same variables which do not vanish 
identically will be said to be prime to one another when they have no irre- 
solublo factor in common, i.e. when they have no factor in common other than 
a non-vamshmg constant. 

Ex. 1, A linear fmiotion, i.e. a rational integral function of the first degree in all the 
variables, is necessarily in’esoluble. 

Ex. ii. Irresoluhle factors of a function of a single variable 

All irresoluble factors of a rational integral function of a single vanable x are linear. 
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Ejo 111. Irresoluhle fwiton of a Jioinogomous fmction of two vaHahlos. 

All irresoliible fiictora of a homogoueoiia rational integral fmiotioii of two variables x 
and y are lioraogoneoiis and lincsar. 

Ex IV. A detm'^iRmoid with arbitrary ele^nmts is an vrasoluble funotion of its elements. 

Tliis follows from tlio fact that a detormiiioid coutams no term in which two elements 
belonging to the same horizontal row or the same vertical row are multiplied together. 

Let A = bo a matnx with arbiti-ary elements, and let A=(a)’|^= where u and v 
ai'o rational iiitogi*al functions of the elements of A. 

The olomoiit of A must ocoiu* (with a non-vanishing coeflicient) in one of the 
factors n and a Suppose that it occui's in u Then no clement of A belonging to the 
same horizontal row or the same vertical row as oiy can occur (with a uon-vaiiishing 
coefficient) in v Therefore every element of A belonging to the same horizontal row or 
the same vortical row as must occur m u. Therefore no element of A can occur in 
1.0. V must bo a non-vamshing constant. 

A rational integral function of a single scalar variable or of several scalar 
variables, which is not merely a constant, is said to be reducible or irreducible 
in any domain of rationality in which it lies according as it can or cannot 
be expressed as a product of factors each of which is a rational integral 
function of the same variable or variables lymg in the domain fl, and is not 
merely a constant. 

Two irreducible functions belonging to the same domain of rationality ft 
are distinct from one another when and only when they do not diflFer only by 
a constant factor, i.e. when neither of them is equal to the other multiplied 
by a non-vanishing constant (lying in ft). 

If / is a rational mtegi'al function which lies in any domain of rationality 
ft, and 13 not merely a constant, any rational integral function (not being 
merely a constant) which lies in ft, is irreducible in ft, and is a factor of /, 
will bo called an irreducible factor of /, or more precisely a factor of / irre- 
ducible in ft. If g is an irreducible factor of / and if is the highest 
power of g which is a factor of / then the irreducible factor g will be said 
to be repeated y9 times in /. When in particular ^ = 1, ^ is an unrepeated 
irreducible factor of /. 

Clearly every rational integral function f lying in a domain of rationality 
ft, which is not mcirely a constant, can be expressed as a product of distinct 
irreducible factors in ft, unrepeated and repeated ; and it will be shown in 
Corollary 2 to Theorem III in § 188 that it can be so expressed in only one 
way, save for a non-vanishing constant factor (lying in ft). 

Two rational integral functions of the same variables which lie in the 
same domain of rationality ft and do not vanish identically will be said to be 
prime to one anoth&i' in ft when they have no factor in common which is 
irreducible in ft. It will be shown in Corollary 3 to Theorem I in § 188 that 

2—2 
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this IS the case when and only when they have no iireaoluble factor in 
common, i.e. are prime to one another, i.e. have no factor in common other 
than a non-vanishing constant. 

An irreaoluble function is one which is irreducible in the domain of all 
scalar numbers. 

A rational integral equation /=0 is or is not resoluble or reducible 
according as the function / is or is not resoluble or reducible. 

V. The function is resoluble It la irreducible in the domain of all 

rational numbers ; but it is reducible in the domain of all real numbers, in the domain of 
all algebraic numbers, and in the domain of all scalar numbers 

Ex, VI. The fuuotion (A'+y)2-H2 is resoluble It is irreducible in the domain of all 
rational numbers and in the domain of all real numbers ; but it is reducible in the domain 
of all algebraic numbers, and in the domain of all scalai’ numbers. 

Ex, vii. The function is irrosoluble. It is irreducible even in the domain of 

all scalar numbers. 

Ex. vin Irredvmble factors of a function of a single 'oariuhle. 

In the domain of all scalar numbers all in’cducible factors of a rational integral 
function of a single variable x are linear. 

In the domain of all real numbers every irrcduoible factor of such a fimction is either 
linear or of the second degree. 

Ex. ix. The fimction a;® — 2 is irreducible in the domain O (1) of all rational numbers. 

Ex. X. In tJie domain G(l) of oil raticmal numhers there exist irreducible ratio7ial 
integral functions of x of degree n when n is any positive integ^. 

In fact if p is any prime number, and if a,,, ... are iniegera such that the first is 

not divisible by p, the rest are all divisible by p, and the last is not divisible by p\ then 
the rational integral fimotion 

IS irreducible in Si (1). This is Eisenstein's Theorem. 

Ex XI. If ^ is a prime number, and if q—p^“\ where tt is any non-zero positive 
integer, then the funotiona 

^p-i-|.^p- 2 ^ ..+^+1 and 

are irreducible in the domain 12 (1) of all rational nunibors. 

Ex. XII. More generally if m is any non-zero positive integer, and if (^(th) is the 
number of integers which are less than m and prime to it, then the primitive roots of 
the equation ^-1=0 are the roots of an irreduoible equation of degree 6(m) in the 
domain o (1). 

For example the primitive roots of the equation • 1=0 ai'e the roots of the rational 
integral equation 

a?® — + 57® — a;* + ^ 


which IS irreducible m Q (1). 
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Ex xiii A n ii'reduGible fmction of the single variable x cannot have a repeaied linear 
(or irresoluble) factor. 

Lot f(x) be any rational integral function of x in any domain 12 which is not merely a 
constant, and let/' (j;) be its first derived function Then if h (v) is the ti o.f. of f(x) and 
f (.r), we have a rational mtegi-al identity in 12 of the form 

f(x)=g(x).h(x) 

If f(x) has a liiieai’ factor t repeated ji; times, p being greater than 1, then h(x) is divisible 
by but not by , therefore g (x) is divisible by t (but not by i®), and cannot be merely 
a oonstaiit. Thus if /(.^’) has a repeated linear factor, it must bo reducible in 12. 

This theorem is generalised in Ex. xi of § 189. 

Ev. xiv. Irreducible factors of a honwgenooiis function of two variables 

In the domain of all scalar numbers all irreducible factors of a homogeneous rational 
integral function of two valuables .r and y are homogeneous and linear 

In the domain of all real numbei*s eveiy irreducible factor of such a function is either 
homogeneous and linear or homogeneous and of the second degi’ee. 


Ex, XV. The irreducible and irresolvhle factors of any homogene(yus rational irUegml 
function are all honiogefiieons. 

This follows from Ex xvii of 186. 


§ 187. Ordinary linear transformations of the variables in a 
rational integral fonction. 

1. Homogeneoiis linear tramformatioTiis of the vanables. 

n t ^ , 

Let [1] and L be two mutually inverse undegenerate square matnees 
with constant elements. 

Tke7i the tivo mutmUy inverse transformations or substitutions 

“» =[^]„ y > y = L ^ w 

establish a one-one correspondence between all seta of finite values of the 
variables /Kj, aia, ... and all sets of finite values of the variables 2 / 1 , yg, ... 2/»* 

Any two corresponding sets of finite values of the ay’s and y’s satisfy both 
the equations (A), and each set of values is uniquely detenninate when the 
other is given. 

Let Xj, homogeneous linear functions of £Ca, 

defined by the equations 

2, , . . 71 ), 
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SO that the equations 

z , 7 =[ifx (AO 

«— 'n 'h ■— 

and = ki Zi + Zg + . . + hn = "ij 2 , . ??), 

are identities in the aj’a. 


Also let Fi, Fa, ... Yn be the homogeneous linear functions of yi^ ij2t 
defined by the equations 

Yi ” ^ii 2/i "1“ ^ta 2(^2 "1“ • • "b yn j (l = 1, 2, . . . 7z), 

SO that the equations 

^ =m:7 . 7 = (A") 


' — ' u ' — ' u ' — ' 71 


and = Fi + A,, F, H- ... + in/ (i = 1 , 2 , ... ?i), 

are identities in the 2/*s. 


Then eveiy rational integi'al function of can be expressed in 

terms of the homogeneous linear functions Zj, Za, . . Z,^, and every rational 
integral function of yi, ya» ■ yn can be expressed in terms of the homogeneous 
linear functions Fi, Fg, ... Fn- 


Now let = .Zn^'‘ (a) 

be any rational integral function of the n variables ... We suppose 
that the indices pi,pa, ..p„ have not all the same value in any two terms of 
the first sum, and that the indices Ja, 9 ii have not all the same value in 
any two terms of the second sum. 

If we substitute for a’l, Xo, ... in every term of F their values given by 
the first of the equations (A), we convert F into the rational integral function 
0 of?/,, 2/a, ... y^ given by 

G = . . . 2/> = XaY,^^ F/^ . . . F/- , (a') 

for the effect of the transformation is to replace x^ by Yi and Z^ by y^. 

Conversely if G is any rational integral function of the n variables 
2/1, ya; ••• yn given by (a'), and if we substitute for yi, 2 /a, Vn iii eveiy term 
of G their values given by the second of the equations (A), we convert G into 
the rational integral function F of a)it x^, ... given by (a). 

Thus the two mutually inverse transfoo'mations (A) establish a one-one 
coiTespondence between all rational integral functions F of x^, ... x^ and 

all rational integral functions G of 2/1, ya, y^; ^0 such functions F a/nd G 
corresponding when and only wh&n they are convertible into one another by the 
transformations (A). 

Any two corresponding functions F and G can be expressed in the forms 
(a) and (a'), the first of the transformations (A) converts F into Q; the 
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second of the transformations (A) converts G into F, and each of the 
functions F and 0 is uniquely determinate when the other is given. The 
equation (a'), being an identity in the ifs, determines the coefficients b 
uniquely when the coefficients a aie given , and the equation (a), being an 
identity in the a’s, determines the coefficients a uniquely when the coeffi- 
cients b are given. Or to determine one set of constants when the other is 
given, we can regal’d (a) both as an identity in oiy, .. and as an 
identity in Xi, Xa, ... X,i, or we can regard (a') both as an identity in 
?/i> J/aj ••• 2/71, and OB an identity in Fi, 7 o, .. 3 ^,^. From the forms of F and Q 
we see that : 

If one of two cort^esponding functioois F and Q is hoviogeoieons in all the 
mmohleSy the other also is homog&neoiis in all the vaHables. 

Ex. 1 . OiiQ of tm comspondhig functiom F and G mnUJm idmitically whm mid only 
whm the oth&i' vanulm identically 

For a F vaniBhoa identically, all the oooffioient« a vanish, and therefor© Q vanishes 
identically; and if Q vanishes identically, all the coefficients h vanish, and therefore F 
vanishes identically 

E.%\ 11 Two correnponding functions F and G which do not mnisli identically have tlm 
same degree in all their variables 

Lot r be the degree of F in oil the variables a?i, ./'a, ... x,^ , and let s be the degi’oe of 0 
in all the variables yi, y^, . y,^. 

From (a') we see that 0 is the sum of a number of rational integi’al functions of 
2/i» ?/ 2 y such OH the function f coiTCspondiiig to the tonn 

of F. Since no row of is a row of O’h, the degi’oo of y' in 

yu yaj ••• yn is J3]+j92+.-.+J0n> i-o- it IS equal to tho degree in .ri, .. .r,i of the 
term f oi F whioli cannot exceed r Thus 0 is the siun of a number of rational 
integral functions of yj, y^, . y,!, no one of which has degi'oe greater than r in all 

those variables. Consequently the degree of G in all the variables yi, yjjj 2 /h cannot 
exceed r , 1.0. we have s :|> r. In the same way we sec from (a) that r :)> j? ; and it follows 
that 

Although a homogoucous linear transformation cannot raise (and therefore oannot 
depress) the degree of a rational integral function in all the variables, it can mise (and 
therefore can depress) the degrees of the function in individual vai’iables ; for it is clearly 
possible for the degree of G in y^ to exceed the degree of Fin 

Ex. iii. One of tm corresponding fimctions F and G is a noii’-vanishing constant c ichm 
and only when 

F^Q=c. 

Ex. iv. Two Qon'esponding functions F and G have equal values for corresponding sets 
of values of the variables. 

For if a?!, fl7a, ...x^ and yi, yai natisfy the equations (A), we have 

J =1/ , r = .r , 

'—'n •— 'n 


and therefore 


3-g, ... 1 / 3 , ... ?/„). 
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Ex. V. Tlw tramfo7'matioii8 (A) convert eD&nj root of F into a, root of the con^espondmg 
function Cr, and every root of O into a root of the corresponding function F 

For if .a;i, .ra, ... and ,yi, 2 ^ 2 } satiidfy the equations (A), wo have 

F{xux^, ..0 = 0 

when and only when y 2 j ■ • 0=0. 

Ex. VI. If /i, /a, /a, . . and g^y g^y .. are two seta of con’esponding rational 

integral fanotiona of xo, ... .r„ and ?/i, yo, . . y,,, then and • • 

are con»espoiid]iig functions. 

Ev vii If Fy fy fly f^y /fl , ... aTG Tationoi integral functimia of Xiy x^y ... Xy^y and 
0*, Qy g\y 9^y - ■ aro the correspondvng rational integral functions o/yi, y^y . . Vny 
we have 

'lohcfii and only when 0=gf'^ g^*‘^gf'^ . .. 

This follows from Ex, vi; for when F (or G) is given, there is only one function (J 
(or F) whicli ooi’i’esponds to it. 

Hence f is a factor of F when and only when g is a factor of G j and f is a factor of F 
repeated u times when and only when g is a factor of 0 repeated u times. 

Ex. viii. Two coi^respmiding functions F and U which do not vanish identically are 
cither both resoluble m* both irresoluhle. 

This follow’s from Ex. vii. 

Ex. IX. If/ 1 ,/ 2 , f\n 9u 9^y ••’9m two corresponding sets of rational integral 
fmiotions of Xxy x^y ... and yu yo, ••• y«j ‘then the ti’anaformatiomi (A) convert every 
highest common factor of either set of fiiuctions into a highest common factor f»f the other 
aet of functions. 

Ex. X. If ii?i, ^’as ••• and yi, y 2 j ••• y?i, are corresponding sets of finite values of the 
a'’b and y’s satisfying the equations (A), and if c is any given finite non -vanishing oonsbxiit, 
wo have 

+ + . . . + Ai7»-®h = c, ( 1 ) 

whon and only when yn=o 

Now let i^and G be two corresponding hornogeneous functions of the ^c’s and y’s. Then 
if F vanishes for all finite values of x^y x^y .. satisfying the equation (1), G vanishes for 
all finite values of yi , y 2 , . . . y^^.i when y„ = c Therefore by Ex. xviii of § 185 the function G 
vanishes identically, and it follows that the function F vanishes identically. 

We deduce the following result, which is a generalisation of Ex. xviii of § 185 

JM F he a homogemous rational integral fmoiion of the variables Xiy x^y ... x^; let 
ki, /raj «•’ finite constants which are not all zero ; and let 0 he a finite non-vanishing 
constant, Thm if F vanishes for all finite values of the variables which satisfy the equation 

^iiri-l-/-a.ra + ... + /r„a7,^=o, (2) 

it must vanish identically. 

This result is further generalised in Ex. vi of § 189. 

Hence two homogeneous rational integral functions .f^and G of the variables ... 
are idoutically equal when and only when they satisfy the following two conditions . 

(1) The functions F and G have the same degree in aU the variables. 

(2) The functions i^and G are equal for all fimte values of :ri, ^i72j -^n which satisfy 

the equation (2). 
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Note 1 Transformations in £l 

If tho matrices [Z]” and L he in any roiatriotod domain of rationality 12, i.e. if all the 

olements of one (and tlieroforo of both) lio m Q, y.ic transform atioim (A) aro oalled 
transformations in 12 

In tins case they establish in the same way a onc-ono correspondence between all seta 
of hnite values of the variables .ri, .-I'a, . . lying in 12 and all sets of finite values of the 
variables y-j, .. .y« lying in 12. Also tlioy establish a one-one corrospondeiico of the 
same character as before between all mtional integral functions in 12 of .-Ui, 
all rational integral functions m 12 of yi, ^ 2 ) • t/n- Two corresponding functions F and G 
which lie in 12 and do not vanish identically are either both reducible or both iiTediiciblo 
in 12 


2 Regidavisatim of a numh&i' of rational integral fwmtio'ns. 

Let /i, /a, ••• /w be any m given rational integral functions of the 
n variables ... Xn which do not vanish identically ; and let ... gm 

be the rational integral functions of the n variables j/i, y^ into which 

they are converted by the homogeneous linear transformation a? =[i]” 2/ > 
where [Z]^ is an undegenorate square matrix with constant elements. Then 
we will prove tho following result : 

It is poss-ihle to ohoose the undegenerate niatnc [Z]“ so tlmt it lies in any 

assigned domain of rationality H, and so that ths fancUons g^ g^y ••• gm 
regular in each one of the vaHables yi, y^, ... yit, vjhere h has any one of the 
values 1, 2, ... ?i. 


Let the degrees of/i, /u, ... fm in all the variables rci, ... Xn (which ai’e 
also the degi'ces of yi,ya, .. y 7 »in all the variables yi, y^, ... y^) be ?’a» 
and let * 

+ r.j + . . + Vfn. — 'f'j fifi ' ••fm ^ I gi Oi gm — 

Also let F' = . . . z/', , 

be the sum of those terms of F which have degree r in all the variables 
iCii a'u, ..a Xjif so that 

ffi + aa + ...+0fn = i8i + ^aH- = r ; 

and let be the sum of those terms of G which have degree r in all the 
variables yu ya^ ••• Vm so that 

&' = a Fi** 7^^... F„““ + h F/i Y.f * . . . F/‘ + . . . , 

where F» = kyi + liaya + ...+ knyn, (i = 1, 2, .. . n). 


Further let Ai, A A^ be tho coefficients of y/, yf, ... yjf in 0. 

Because these are also the coeflScients of yf^ yf, yjf in Q\ we have 


A. 


-tti Ct2 7^® 


• 
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and because a, 6, ... do not all vanish, it follows that Ai, . .. -4;b as well as 
(1)’' are rational integral functions of the elements of [^]" 'which do not vanish 
identically. Hence by Ex. xx of § 185 it is possible to choose the elements of 
[/]” so that they all he in and so that the product 

(iy^A,A,,..A, + 0. 

When this is done the square matrix [Z]” is undegenerate and lies in fl, 

and the functions ffj, ... ffj,i are all regular in each one of the variables 
2 /i, ya> yjfcj which may be considered to be any /c of the variables 
2^1, 2/a* S/n- 

If/i, /a, ... all he in any domain of rationality fi, we can choose [Z]” so 

as to lie in the same domain fl ; and then ffjj ... also lie in the same 
domain XI. 

The one-one correspondence between the functions /i,/ 2 , -••/m and the 
regulaidsed functions ffi, .. gm. has the character described in sub-article 1. 

jEa?. XI. The properties of the factors of m rational integral functions lying in any 
domain of rationality Q can bo deduced from the properties of m corresponding rational 
integral functions which he in Q and are regular in all or any number of the variables. 


3. Somogenisaiim of a rational integral function hy a linear ti'ansforma- 
tion of the variables. 

71+1 

^ mutually inverse undegeneratc square 

matrices with constant elements. 

Then the two mutually inverse transformations or substitutions 


1 

•— 'fl.i 


=[i] 


71+1 ' 1 

«+i 


71+1 



I |W+1 

= L 


■— '«+! 



.(B) 


establish a one-one oori'espondmice between all sets of finite values of the 
n variables ... ocn and all sets of finite values of the 7i + l variables 

2/i 7 2/a, ... 2/n, 2/n+i Satisfying the equation 

^«+i,i2/i “h ^n+i,a2/a + • • ■ + ^7i+i,n2/n “h ^+i,fi+i2/M+i — 1 (3) 

Any two corresponding sets of finite values of the a;*8 and y*B satisfy both 
the equations (B), and each set of values is uniquely determinate when the 
other set is given. 

Let Xu Xi, ... Xn+i be the linear functions of ociy ... Xn defined by the 
equations 

Xi = Li%Xi + L^X^ + . . . + LnifPPn + -^7i+i|t, (j* ”1, 2, ... 71 4- 1), 
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HO that the equations 


.Y = L 


n»+l 


rt+1 


J«+l 


X 

1 


*■ *^»+l I 


.(B') 


■'»+! 


and 


J/;.! 

Xi = A I + "f* ■ ■ • 4" an-i (i =1, 2, ... /?.), 

^11+1,1 A.1 + Zh+Ij-j Art 4“ ... + ^n+1, 71+1 -^71+1 = 1, 


.(<t) 


are identities in Xu ••• 

Also let Fi, Fj, ... F 71+1 be the homogeneous linear functions of ?/], j/a> 
defined by the equations 

Fi = Zti^i + ••• + Zj,7i+i2/7i+ii (^ = Ij 2, ... a + 1), 


HO that the equations ' 

[--1 
Y 


W rtH'i * * 

V 

«+l ^rt+1 


"I? 

y = L Y , 

' — 'm+I ' — 'ji+1 ' — 'h+1 


.(B'O 


and yi = Lj, Fi + iaiFj + • - • 4- Ai+i.i Fi+i, (z — 1, 2, . . n 4- l)j 


are identities in 2 / 1 , ya, ... 2/n+i* 

Then every rational integral function of the which docs not vanish 
identically and has degree s in all the variables can with the aid of (4) be 
expressed as a homogeneous rational integral function of the functions 
Zi, ATa, ... Xh+i of degi'ee s, and every homogeneous rational integral 
function of the y’^ which docs not vanish identically and has degi'ee s in 
all the variables can be expressed as a homogeneous rational integral 
function of the functions F 3 , ... Yn+i of degree s. 

First let F be any rational integral function of the ?i variables . 7 ;i, ... XJ^ 

which does not vanish identically and has degree s in all the variables. Then 
we can write 

F = . . x^^‘^ = Stwof 2 ^ . . . . 1 ^ 


= Sbzf (b) 

where the coefficients a and b in the various terms of these sums are non- 
vanishing constants, and where in the various terms pi, ... pn> l>n+i and 
?i> ffa» ? 7 i+i o.re positive integers such that 

Pi4-J>a4- ... 4-jPit ^ s, Pi+ft+- • 4-pji 4-ii,i+i = s, (/i 4-ga4- . .. 4-?n+i = 

There are terms of the first sum in which ji^i 4- pa 4- ••• = s, and there- 

fore there are terms of the second sum in which pn^i = 0 We assume as usual 
that pi,p 3 , ... Pm have not all the same values in any two terms of the first 
sum, and that ji, ja, ... ?»+! have not all the same values in any two terms 
of the third sum. We can obtain the third sum in (b) from the second by 
substituting for «?i, ^a, . . . 1 in each term the expressions identically equal to 
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them which are given by the second of the equations (B'). There cannot be 
two different expressions for F which ore homogeneous rational intogriil 
functions of the same degree of the functions Xy, .. For any 

two such expressions would necessarily be equal for all finite values of 
Xg, ••• -3r«+i satisfying the equation (4), and therefore by Ex. x would be 
identically equal functions of Xj, Xg, ... X„+i. Accordingly the coeflficionts h 
are uniquely determinate when the coefficients a are known ; and clearly the 
coefficients a ai'e uniquely determinate when the coefficients h are known. 

By substituting for ... 1 the values given by the first of the 

equations (B), i.e. by making the substitutions 

= hil/i + hsy2 + . . + (i = 1, 2, . . . ??), 

1 — + ^71+1,2^2 + ■ ■ . + Z71+:,71+1?/71+1, 

we can derive from F the homogeneous rational integral function 0 of 

3/a, Vn+i given by 

= = (b') 

which does not vanish identically and has degree s in all the variables. The 
second expression in (b') is derived m this way from the second expression 
in (b). The first expression in (b') is derived m this way from the third 
expression in (b) when we write X^ in the form 

Xi = LiiXi + L^X^, H- . . . + L^^Xn + -E’n+1,1 • 1» 
and Xi, Xa, ... X,i+i in similar forms. 

There cannot be two different homogeneous rational integral functions of 
2/n+i into which F can be converted by these substitutions For if 
and were any two such functions, then both and F, and and X, 

would have equal values for corresponding sets of finite values of the 
and x*B ; therefore and would be equal for all finite values of yi, ya* ■ ■ • ynn-i 
satisfying the equation (3); therefore by Ex. x they would bo identically 
equal functions of yi, ya, ... yn+i- In particular the two expressions for Q 
in (V) are identically equal functions of yi, ya, ... y^j. Accordingly the 
function Q given by (b') is the only homogeneous rational integral function 
of Vu Vn^i of degree s into which F can be converted by the first of the 
substitutions (B). 

If for a moment we regard 0 as a function (?' of Fi, Fg, ... F„+i, we see 
from the second sum in (b'), which contains terms m which = 0, that 
is not divisible by F,i+i. Smee Q and ff ' are convertible into one another by 
the two mutually inverse homogeneous Imear transformations (B"), it follows 
by sub-article 1 that the function © of yj, ya, ... y„+i is not divisible by the 
homogeneous linear (and ir resoluble) function 

F9i.f.l = ^71+1,1 Vl “h ^7»H-l,2j/a + ■ .. 4 ^71+1,71+1 2^71+1 • 


,( 6 ) 
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Next let G be any hotnogencous rational integral function of the n + l 
variables yn+i which does not vanish identically, has dcgi’ce s in all 

the variables, and is not divisible by the linear (or irresoluble) function 
Then we ctin express 0 in the forms (V), where the coefficients a and b in the 
various terms are non-vanishing constants, and where 

ffi + ?fl + • + Qn-ri = + Pfl + . . . + + jPn+i = s (6) 

The coefficients b are uniquely determinate when the coefficients a ai’e 
known. Also by sub-iU’ticle 1 the coefficients a are uniquely determinate 
when the coefficients b arc known, and the second expression, regarded as 
a function Q' of Fj, F^, .. F,i^.j, is not divisible by Fi+i Consequently 
there are terms of the second sum in which = 0, pj + p^-\- ■{>p^^=ss 

By substitiitiug for ?/i, ... y^+i the values given by the second of the 

equations (B), i.e by making the substitutions 

yi = + . . + Lnl^n + (^ = 1 , 2 , ... 91 + 1 ), 

we can convert G into the rational integral function F of a?i, ocq, . . given 

(^)» which does not vamsh identically, the first and third expressions for F 
being obtained respectively from the second and first expressions for 0. 

There cannot be two different rational integiul functions of iTu, ... Xn 
into which 0 can be converted by these substitutions, for any two such 
functions would necessarily he equal for all finite values of a;,, a'n, .. and 
must therefore be identically equal. In poiiiicular the first and third expres- 
sions for F are identically equal functions of ... Xn Accordingly the 

function F given by (b) is the only rational integral function of a?n, ... x^ 
into which G can be converted by the second of the substitutions (B). 

Since there are terms of the first expression for F in which 

wo see that F has degree s in all the variables x^, Xq, ... 

In the particular case when F vanishes identically, any function into 
which it is converted by the first of the substitutions (B) must vanish 
identically; iuid conversely when G vanishes identically, any function into 
which it is converted by the second of the substitutions (B) must vanish 
identically. 

Thus the two mutually iaver'se transformations (B) establish a one-one 
correspondence between 

' (1) all rational integral function F of the n mriahles x^ ... 

(2) all those homogeneous rational integral functions 0 of the th- 1 
variables y^ j/a, ... ^n+i 'xhioh are not divisible hy the homo- 
geneous linear function F„+i; 

two corresponding functions F and Q having the same degree in all their 
va/riablesj and being convertible into one another by the subsUtutiom (B). 
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Any two correspondiDg functions F and G can be expressed in the forms 
(b) and (b'); the first of the transformations (B) converts F into (?, tho 
second of the transformations (B) converts Q into F ^ and each of tho 
functions F and 0 is uniquely determinate when the other is given. In 
particular one of the two functions vanishes identically when and only 
when the other vanishes identically. 

We call G the homogenised function (of the same degree as F) corre- 
sponding to F, 

Ex. xii. Two corrospondiiig functions F and 9 have equal valuoa for oorrowpouding 
seta of finite values of the vanables. 

Ex. Mil. The transformations (B) convert every finite root of F into a fiinto root of G 
satisfying tho equation (3), and every finite root of Q aatiafying the equation (3) into a 
finite root of F. 


Ex. XIV. If F., /, /i, /2, and (7, <7i, ^'7/1 two sets of oorrowpoiidiiig 

functions which do not vanish identically (no function of tho second set being divisible by 
the homogeneous linear function then 

(1) Tho products and are mutually corresponding 

functions of x^, x,, and yi, ... y„+i. 

(2) Wo have when and only when 

(3) The function f is a factor of F (repeated u times) when and only when tlio 

function y is a factor of G (repeated u times). 

(4) The two corresponding functions F and 0 are either both roauluble or lK)tli 

irreaoluble 

(6) The firat of the transformations (B) coiiveits every highest common factor of 

/ij/27 /?u 111 to a highest common factor of yi, y2» ••• ^7711 and the second of 

the transformations (B) converts every highest common factor of yi, y«, .. y,,^ 
into a highest common factor of f^. 


Ex XV Corresponding seta of values of the mnahles which are not finite. 

If the equations (B) are satisfied and at least one of the is infinite, then at least one 
of the ya is infinite ; also if at least one of the y^a is infinite, then at least one of tho is 
infinite In such oases we can write 


[a;i fa- [^1^2- y/t+i]=o'hi jja-.-Vn+i]) 

where p and o- are infinite scalar quantities, and where the f’s are finite quantities which 
do not all vanish and also the arc finite quantities which do not all vanish. Tho 
equations (B) are then satisfied when and only when 


P 



= a-ra 


»i+i ^ 

»l+l i-Lh+i ’ 


(T rj 
'—'71+1 


I — iJi+l 

‘P L 



.(7) 


Since tho f s do not all vanish and the t/’s do not all vanish, the equations (7) cannot 
be satisfied when either of the ratios p . o- and o- . p vanishes. Hence we musb have 
p=rA, (r=Thj where r is an infinite scalar quantity, and A and k are finite scalar 
quantities neither of which vanishes; and in (7) we can replace p and o- by the finite 
non-zero quantities h and Jc which ore proportional to them 
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AVo observe that the 77 ’s must always satisfy the equation 

^H + l,l^l + ^*».+l.‘i»?3+ +^iH-I,iH-1’7jj+i = 0» (3') 


which 18 the limiting form assumed by the equation (3) when some of the y’s are infinite. 
Note 2. Tmmfnrmations in Q. 

When the matrices and L lie m any restricted domain of rationality Q, the 

w+l 

transformations (B), which are then transformations 111 Q, also establish a one-one corre- 
spondence between all sets of finite values of the w vanablos a?!, ^ 2 , . lying in H and 
all sets of finite values of the 71 + 1 variables yi, which lie in i 2 and satisfy the 

equation (3). 

Moreover they also establish a ono-one correspondenco between 

(1) all rational integral fiuictions in Q of the n variables .??j, .t'a, . 

(2) all those homogeneous rational integral functions in Q of the n-\-\ vaiiablos 

l/ii y 2 » which are not divisible by the homogeneous linear function 

two corresponding fimotioua F and G having the same degree in all their variables, and 
being convertible into one another by the substitutions (B) 

Two coiTespoudiiig funotions F and 0 of the same degree lying in ii have the same 
properties jih before One of them vanishes identically when and only when the other 
vomBhcH identically. When they do not vanish identically, they iU’O oitliei* both reducible 
m il or both irreducible 111 Q, 


Note 3. Eomogcniaation with change of degree. 

If [2]”'!'! and T are two given mutually invei-so undogenerato square matrices in 

<— «ji+i 

the domain of rationality Q, and if r and i ore any two given positive integers such that 
wo see in the same way that ■ 


T//ii two mutually iiiverm transformations (13) establish a one-one eorrespondmcc hetwemi 

(1) tdl rational integral functions in of degree s of the n variables ,Vi, a?a, . . , 1 ?^; 

(2) all t/iose homogeneous rational integral functions in i2 of degree r of the 71 -I-I 

variables yi, ya, ... yu+i which an'e divisible by J and are not dioisihle by 
any higfier 'powcfi' of 

two s:mh functions F and G* of degrees s and r of the x's a)id fs corrospondvng whm and 
only when they are oonvertihle into one another by the transformations (B) 


In this case any two corresponding functions F and Q‘ of degrees s and r have 
the foims 


F= 




nPi ..Pa 






(b,) 

.. (b,') 

where the ooefiicients a and h are constants in O, and where 

+ ' ■+Pn+Pn+l“^j + + +yn+l=»’* 
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One of the functioiia F and vaniBhea identically when and only whou tbo other 
vanishes identically When F and G' do not vanish identically, theie ai’o terms in the 
first expression for F with non -vanishing coefficients in which + 

there are terms in the second expression for G' with non- vanishing coefficients in which 

1 = r-8^ but no such terms in which p,n. i > r - 8, The first of the transformations (B) 
converts F into G * , and the second of the transformations (B) conveits O' into F. 
When F is given, there cannot be two difierent homogeneous rational integral functions 
of • y»+i of ^^0 same degree which ai‘6 derived from F by the first of the 

transformations (B); and when O' is given, there cannot bo two difierent rational uitogral 
functions of .. which are denved fi.’om 0' by the second of the trausfornititions (B). 

Consequently each of the two corresponding functions F and G' is ^uniquely determinate 
when the othei* is given 

We call G' the hoinogouised function of degree r oorieaponding to F 

Two coiTespondiiig functions F and G' of degrees s and r have equal vtilues for 
oon'espouding sots of finite values of the and ys satisfymg the equations (3) 

If O IS the homogenised function of the same degree s F which corresponds to F^ 
and 18 obtoiued os in the test, so that 0 is not divisible by we have 

and 0 is iiTeduoible in G (or irresoluble) when and only when F is iiTeduciblo in Q (or 
irresoluble). 

If ... are latioiial inLegral functions of Xi, a' 2 , .. and if ^i, </ 2 , i/w 

the oorrespouding homogenised rational integral functions of yi, .. of tho same 
degrees, obtained os in the text, which are not divisible by we have 

•/””* wh^u and only when 6^'= 

aud here yi, y 2 » irreducible functions in SI distinct from one another and distinct 

from Tn+i (or irresoluble funotions distinct from one another and distinct from Pii+i) 
when and only when fi^ fm distinct irreducible functions in £2 (or distinct 

irroaolublo fauctions). 

If whoro «i+« 2 +-- we have 

^' = (2n+i.i y\ +--- + ^ft+i.7i+i yn+i)’ “ • 

i' = (^«+i. i A'l + a ira+ ... + . .. . 

4. Homogenisation of a rational integral function by the introduotion of 
a new variable. 

In the particular case when mutually inverse 

transformations (B) of sub-article 8 become respectively 

[iCi fl7a • • • % 11 “ [.!/i ^714-]] j Ij/i 2^2 • • • 2/n ^ 71 + 1 ] “ [^'1 !]• 

In this case we have 

[Xi Xi . . . X n -3 l«+i] = [fl?! ^ . . . a?n 1] J I^a • • • 1^71 ~ [2/i 2^2 • • ■ ^ 71 + 1 ] * 

and the coefficients b are the same as the coefficients a. 
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If m the homogenised function 0 we replace j/i, ... 
asn+ii the substitutions which convert F into G and G into F are respectively 

1 = = 1 (C) 


Let F be any rational integral function of the n vai'iables Xj, a?a, ... 
which docs not vanish identically and has degree s m all the variables, 
so that 


F = xl\,. xl- = Saaif xf... (c) 


where Pi+p^-^ +Pn'^s, ... +pn+pn^i- 8, there beiug terms in F 

with non- vanishing coefficients in which jia -I- ... +Pn = ^> a-ud therefore 
^in+i = 0. Then the first of the substitutions (C) converts F into the 
homogeneous rational integral function 0 of degree s of the ?i + 1 variables 
x., ... Xn, given by 


G = 2a®f . . a:J|“ , 


(cO 


and this function G does not vanish identically, and is not divisible by 
Also the second of the substitutions (C) re-converts G into F. Again the 
function F given by (c) vanishes identically when and only when the function 
G given by (c') vanishes identically. 


Thm the two mutually inverse transformations (C) establish a one-one 
correspondence between 

(1) all rational integral functions F of the n vanables a?i, ... Xn; 

(2) all those homogeneous rational integral functions Q of the n-^1 

variables x^, ... £»n+i which a7^e not divisible by a^n+i/ 

two oort'eaponding functions F and G having the sa^ne degree in all the 
variables^ and being convertible into one another by the substitutions (C). 

Any two corresponding functions F and Q of the same degree have the 
forms shown in (c) and (c') ; the first of the substitutions (C) converts F into 
G ; and the second of the substitutions (C) converts 0 into F. One of the 
two corresponding functions F and G vanishes identically when and only 
when the other vanishes identically; and each of them is uniquely deter- 
minate when the other is given. 

We call G the homogenised function of the same degree as F formed by 
the introduction of the new variable 


Ex. xvi. To oaoh set of values rii, of the n variables a?!, A’a, ... there 

corresponds the set of values Oi, « 2 » ■ • «ii» 1 of the oi+l variables Xi, ... Xnj x^+ii and 
two corresponding functions F and G have equal values for corresponding sets of finite 
values of the variables. 


Ex. xvii. If one of two con-esponding funotions F and G lies in a restricted domain of 
rationality n, the other also lies in Q. 




^ ^ V 


uy 


G. III. 
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Ex. xviu If /i, /a, . and G, g, ... are two sets of corresponding 

functions which do not vanish identicallj (no function of the second set being divisible by 
then 

(1) The products /“’/g* corresponding functions, 

(2) We have when and only when G^g^^' g^^ 

(3) The function / is a factor of F (repeated u times) when and only when the 

function ^ is a factor of G (repeated u times). 

(4) Two corresponding functions F and G are either both resoluble or both irre- 

Boluble; also they are either both reducible in Q or both irreducible in Q 

(6) The highest common factors of /ij/g, .../^ and of yi, 5^3, .. gm are con’esponding 
functions of the ^s and ys of the same degrees convertible into one another by 
the substitutions (C). 


Note 4 ffomogeniaation with clhange of degree. 

If r and a are any two given positive integers such that r<t:a, we see in the same 
way that 

The two mutually inverse tramformatioTis (C) establish a one-one correspondence between 

(1) aU rational integral functions F of degree s of the n variables Xu ‘V3, ... 

(2) all those homogeneous rational integral functions O' of degree r of the 71+1 variables 

^3) which are divisible by and are not divisible by any 

higher powen* of iWn+i/ 

two corresponding functions F and G' of degrees a and r being convertible into one aivither 
by the transformations (G). 

In this case any two corresponding functions F and G' of degrees a and r have the 
forma 


J'=Saji:P' iof . .. sf," . 1 ^*+1, 


(Cl) 


G' 




Jl.^1 

» »+l I 


•(OlO 


where Pi+J02+ . ^-pn ^ + • +P11+P11+1 Each of the two functions F and O' 

is uniquely determinate when the other is given, and each of them vamshea identically 
when and only when the other vanishes identically. When F and G' do not vanish 
identically, there are terms in F with non-vanishing coefficients in which 

Pl+f 32 +- 

and there are terms in G' with non- vanishing coefficients in which Pjn-i^r-a, but no such 
terms in which > r — a. 

We call G' the homogenised function of degi^ee r con’esponding to F and formed by 
the introduction of the new variable , and if O' is the homogenised function of 
degree a correaponduig to F^ which is not divisible by .77,1+1, we have 

If/n/2j ••• /m rational integral functions of the n variables a?!, a’a, .. a?,* which do 
not vanish identically, and if fl^n ^Ta, ... ®^re the corresponding homogemsed rational 
integral functions of the same degrees of the 7i+l variables a?!, 073, ... 37,1+1, oJie of 

which is divisible by 37,1+1, we have 

and only when G'^x' : 
m n+l^l ^2 ifin ’ 
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and here </i, are irreducible functions m Q distinct from one another and distinct 

from when and only when ... /,n arc distinct iii'ediiciblo functions m Q. 


5. Non-homo ffeneom linear transformations of the variables. 

An ordinary linear transformation from one set of n variables to another 
IS given by n equations of the form 

= ^11 yi "h "h * • + "h 

= IssiVi + ^aaya + . . . + l^yn + ®3i» 


“ hiiVi + + . . . + InnVn + j 

■where [Z]^^ is an undegenerate square matrix with constant elements, and 

where the e a ore any constants. If the e’s all vanish, it is the homogeneous 
transformation considered in sub-article 1. When the e’s do not all vanish, 
it is non-hoinogeneous. The matrix equations of this transformation and its 
inverse are 


^ = r * ^ 1 y y E X 

1 [o, ij 1 ’ 1 0, 1 1 ’ 

•— 'n.l J71.1 >— 'w.l I '»,! 


(D) 


where L is the undegenerate square matrix inverse to [Z]’\ and where 

'tt 


E 

1 — 1 — I., 



The two mutually inverse iraifisformations or substitutions (D) establish a 
one-one oorrespond&nce between all sets of finite values of the n vamables 
Xu ... Xn and all sets of finite values of the n variables j/i, ... Any 
two com'esponding sets of finite values of the x*s and ys satisfy both the 
equations (D), and eaoh set is uniquely determinate when the other is given. 

Let Xi, Za, ... Xn and Yi, Fg, ... F„ be the linear functions of the w's 
and y'a respectively defined by the equations 

Xi = ZjiXi + iai^'2 4- . . . + EniXfi + 


Fi = liiyi + Zi^ya + . .. + linyn + 
so that the two pairs of equations 

I 


X 

■•ihi I 1 

‘p^ r / _ ^ 


z 


11. 1 I 


-71. 1 


Z __L, E X X _ r ^ e" 

1 “ 0, 1 1 ’ 1 “ Lo. 1. 

— '*>,1 I 1,. — 'it,l ' — 'n, 1 


r” _ L, E V 

1 [o, ij 1 ’ 1 0 , 1 1 

— '«! 1 ^ ' — ’w, 1 ■- -- t , ' — 1 

n, 1 


.(D') 


..(D") 

3 -? 



36 the ibhesoluble and irreducible factors [ch. Jtx 

are identities in the cos and ys respectively, and therefore the equations 

-f + linXn + ^1, 

yi = I^ii 3^1 + + . . . + Lni^n "t 

are identities in the xs and ys respeotively Then every rational integral 
function F of a7g, . . can he expressed as a rational integial function of 
the linear functions Zi, Zg, ... Z^; and this can be done in only one way, 
for if ffi(Zi, Za, ... Xn) and G 2 (Zi, Za, ... Z^) were two such expressions 
for F, then 0^ and would be identically equal functions of the it-’s; there- 
fore they would be equal for all finite values of (Tj, ... Xnl therefore they 
would be equal for all finite values of Zi, Zg, ... Xn when these are regarded 
as variables; i.e. they would be identically equal functions of Z,, A^, ... Xn^ 
Similarly every rational integral function 0 of j/j, j/g, ... can bo expressed 
in one and only one way as a rational integral function of the linear functions 
^li zi, ... 

Proceeding now as in sub-article 1 we can show that * 

The two mutually inverse transformations (D) establish a one-one corre- 
spondence between all rational integral functions F of the n variables a?i, ... 
Xn and all rational integral functions G of the n variables ?/i, yu, ... two 
such functions cori'esponding when and only when they are conv&i'tihle into 
one another by the transformations (D) ; a'iid any two such corresponding 
functions F and G can be eapressed in the forms 

F^tax,^^xfK..ccf-^^bX,^^X,^K. Z>, (d) 

. (? = S 6 y.^^y^h . . . = S a . . . Yf- (d') 

For if F is any given rational integral function of the xe, it can be 
expressed as in (d), the coefficients h being uniquely determinate ; the first 
of the substitutions (D) then converts it into the function Q given in (d') ; 
and the second of the substitutions (D) re-converts Q into F. Again if G is 
fuiy given rational integral function of the y’s, it can be expressed as in (d'), 
the coefficients a being uniquely determinate ; the second of the substitu- 
tions (D) then converts it into the function F given in (d) ; and the first of 
the substitutions (D) re-converts F into 

Most of the properties of two corresponding functions obtained in sub- 
article 1 remain true for the more general transformations (D), the proofs 
being similar The essential properties which remain true are summarised 
in the examples which follow. 

Ex. xax. If F&nd G are two oorresponding rational integral funotions of the x'b and 
y’s, then : 

(1) Each of them has the same degree in all its vanables os the other; but their 
degrees m the individual vanables need not be the same. In particular each 
of them vanishes identically when and only when the other vanishes identically. 
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(2) They have equal values for corresponding seta of finite values of the variables, 
(loiiaeqiiently the transformations (D) convert every finite root of either of 
them into a finite root of the other. 


Ex XX. If . ./,n and (7, 17, „ are two seta of cori'caponding 

rational integi'al functions of the and ^a, then • 

(1) The products and are corresponding functions of 

the a’’a and ?/a 

(2) We have when and only when 

(3) The function /is a highest common factor of/1,/2, when and only when the 

corresponding function ^ is a highest common factor of ^1, g ^^ . . g^. 

Ex. XXI. If ^1, ^’2, . . and yi, y2» values of the variables which satisfy the 

equations (D) and are not all finite, wo can wi’ite 

•v«]=pKi?o [yi,y2---i^«]=’0-[77i772. 77 , J, 

whore p aaid o- are infinite, the f’s are all finite and do not all vanish, and the 7;’a ore all 
finite and do not all vanish ; and we can then replace the equations (D) by 


=PJ"7 , 

lIi,* *• -'n 


I — I 1—1 

h -q ^ L ^ , 

>— »n >— fn •— '« 


where h and k are finite non-zero numbers, and lik—l. 


§ 188 . General properties of the factors of rational integral 
functions. 

We will now enunciate three important theorems and deduce horn them 
certain other theorems which will be regarded as corollaries. The general 
proofs of the three fundamental theorems will be deferred to the latter 
portion of the present article We shall there prove the three theorems 
by induction. We shall assume it to be known that they are true for 
functions of a single variable; and we shall show that if they are true 
generally for functions of 71 — 1 variables, then they must be true generally 
for functions of n variables. It will then follow that they and their corollaries 
arc true whatever the number of variables may be. 

We use the definition of a highest common factor given in § 186. s. 

Theorem I. Let fi and /« be two rational integral funotione of the 
n mriahles .. lying in any domain of rationality 12, neither of 

which vanishes identically. Then f and f have a highest common factor h 
which has the following properties: 

(1) It is a rational integral function of ajj, ... lying in H. 

(2) It differs by a non-vanishing constant factor only from the product 

of all the distinct irreducible factors (unrepeated and repeated) 
common to and f. 

(3) It differs by a non-vanishing constant factor only from the product 

of all the distinct m'esolvhle factors (unrepeated and repeated) 
common to f and f 
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It 13 to be understood that m the products mentioned in (2) and (3) each 
distinct iiTeducible (or irresoluble) factor occiu’s just as many times as it is 
repeated in both /i and /a. If it is repeated r times in fi and s times in /q, 
then m the product mentioned in (2) or (3) it is repeated r times or s times 
according as r :(> s or s In the particular case when one of the functions /i 
and ^2 IS a non- vanishing constant, each of the products mentioned in (2) and 
(3) is interpreted to be a non-vanishing constant or to be 1. Thus each of 
those two products is determinate save for a non-vanishing constant factor. 

Let ^ 1 , tj, .. tr be all the distmct irresoluble factors common to fi and /a; 
and let Ti, Tn, ... be all the distinct factors common to /i and /a which lie 

in fl and are iiTeducible in fi. Let ... be the highest powers 

oi tu Ui • ’ U respectively which are factors of both fi and /a, and let 

T/S ... be the highest powers of Tj, jTa, ... Tg respectively which 
are factors of both and /g. 

Then by the theorem we have 

h = c . . . . . . Tf’, 

where c and G are non-vanishmg constants. 

From Theorem I we can deduce the corollaries which follow. 

Corollary 1. Iffi "is imducihU in O, then eitlysr or a constant is a highest common 
factor of f I andf^. 

For the highest common factor h of Theorem I lies in and is a factor of tho 
irreducible function /a* It must therefore be either /a or a constant. 

Corollary 2 Let he irreducible in Q. hit resoluble. Thm if f {'iDhich lies in Si) in 
divisible by any factor of f^ ukich is not m&rely a constant^ it must be dividble by f^. 

Let (jf) be a factor of /a which is not merely a constant. Then if is also a factor 
of /i, h must he divisible by (/> and cannot be a constant. Therefore by Corollary 1 the 
function /a is a highest oommou factor of/i ond/g Consequently /g is ti factor of/j. 

Corollary 3. If f and /g have no irreducible factor in common^ then they have no 
irresoluhlo factor in common. 

For in this case k must be a constant, and therefore oveiy common factor of f and ft 
must be a constant 

Corollary 4. Let f^^ .•.frr^be rational integral functions of the variables 
lying in any domain U, nc one of which vanishes idmticolly ; and let « 2 > 
distinct iiresoluble factors and 7i, ••• all the distinct iiTedudble factors which are 

common to all the functions f^^ .../«»• •• /m have a highest common factor h 

which lies in O amd is such that 

whei'c c and 0 are non-vanishing constants^ is the highest power of ti which is a factor' of 

every one of the functions w the highest power of Tj which is a factor 

of every one of the functions f , /g , . 


1 
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We can prove thiB corollary by induction. Aesuming it to be true for the m-1 
functions / 2 , /a, .../w, it follows from Ex. xxvi of § 185 that it is true for the m functions 

• /irt* 

Theorem II. Let /i, /a and g he rational integral functions of the 
n mriohles ... domain of rationality no one of 

which vanishes identically. Then if the product ff is divisible by g, and 
if g and f are prime to one anoih&t' in H {i,e, have no m'ediicible factor 
in common\ f must be divisible by g. 

From Theorem II we can deduce the corollaries which follow. 

Corollary 1. If fifi is divisible by and if g and f are prime to one another 
(ie have no iiresoluble factor in common)^ then /g must he divisible by g 

For we can take G m the theorem to be the domain of all algebraic numbers 

Using CoroUaiy 3 to Theorem I, we can deduce Theorem II from that particular case 
of it contained in the present corollary. For if f and f^ have no irreducible factor in 
common) then they have no irreaoluble factor in common. 

Corollary 2. If f is an vreducible rational integral function of a‘ 2 , ... 
belonging to the domain O, no powifi' of f can have any iireduoihle factor distinct from f 

Let g be any iiTodiiciblo rational integral function of Xi, .ra, . Xn belonging to the 
domain £2 which is a factor of /”». Then by the theorem g must be a factor of 
if therefore a factor of if m>2, . and finally a factor of /, i e. is not 

diatmct from / 

Corollary 3. Let f he a rational integral function of the n variables x ^, ... x ^ 
which lies in the domain of rationality £2 and does not vanish identically ; let ^a» ... T^ 
he all the distinct iiTeducible factors of fin £2 ; and let ij, . t^ be all the distinct im'esoluhle 

factor off. AUo let T^\ Ti\ .. t/‘ be the Ugliest powers of Tu T's, T, respeotively 

which are factors of f i and let i!i \ 112 '**) • .t^^ be the highest pow&i's of t\^ t^^ , . respectively 
which are factors off Thmf differs by a non-vanishing constant factor only from each of 
the products 

It will be sufficient to prove tho first result, the second result being a particular case of 
the first 

Since T^\ Ti\ ... are factors of /and are the highest powers of .. 

which are factors of f we can write 

whei*e /i is a rational integiul fimotion lying in £2 which does not vanish identically and is 
not divisible by If t is any one of the integers 2, 3, ...» we see from Corollary 2 that 

Ti^ and Ti^ have no irreducible factor in common. Therefore by the theorem Ti^ is a 
factor of / 2 , and it is necessarily the highest power of Ti which is a factor of f^. 
Accordingly ... are factors of / 2 , and they ore the highest powers of 

T 2 , ^Ts, ... Tg which are factors of f^. 

If » <1; 2, it follows that wo oan write 

fi=Tf\A, f=T,^'Ti'fs, 
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where /s ia a rational integral function lying m Q which does not vanish identically and im 
divisible neither by Ti nor by If i is any one of the integoi's 3, 4, ... it, thou and 

have no irreducible factor in common. Thoi’efore by the theorem is a factor of /j, 
and it ia necessarily the highest power of Ti which is a factor of Accordingly T^ , T4 

. . T/" are factors of/3, and they are the highest powers of ... which are factors 

of /a. 

If s 3 , it follows tliat we can write 

whei'0/4 is a rational integral function lying in Q which does not vanish identically and is 
not divisible by any one of the fimctiona T^\ and we can show as before that 

... Tg^ are factors of and that they ore the highest powei-s of .. Tg 

which are factors of/4. 

Proceeding in this way we see that 

m / 7 T Pb X 

/ *= -‘I •'2 ... “^ fl /fl + 1) 

where is a rational integral function lying in B which does not vanish identically, and 
which is not divisible by any one of the functions . . Tg» 

Since /has no irreducible factors distinct from Ta, ... therefore /i+i (which lies 

in fl) has no irreducible factors, i.e. /+! is a constant lying in Q. 

The theorem embodied in this corollary can be regarded os included in Corollary 4 to 
Theorem I. 

Tlieorera III. Let /i, /a and g be rational integral fmictio^ia of the 
n variables Wi, ... lying in any domain of rationality fl, no one 

of which vanishes identically ; and let g be irreducible in fl. Then if the 
prodwt /i/a is divisible by g, at least one of the functions f and f must 
be divisible by g. 

From Theorem III we can deduce the corollaries which follow. 

Corollary 1. Let and g he rational integral finotions of a’i, 

lying in any domain of rationdliiy Q.^ no one of wMoh vanishes identically , and let g he 
irredudhle in £ 2 . Thm\, if the product fif2,..f^^ is divuihle hy at least one of the fuTUStioiis 
/ij/a? • . fm 'iriust he divisible hy g. 

For if /i is not dmsible by then by the theorem the lU'oduot /^/j .../^ must be 
divisible by If in addition /a is not divisible by g^ then the product /ii/4 .../^ must be 
divisible g\ and so on. Finally if do one of the functions /i, /j, is divisible 

by g^ then/rt must be divisible by g. 

Corollary 2. Iff is a rational integral function of the n variahlee ... which 

lies in any domain of rationality £2 and is not merely a constant j then f oan he expressed in 
only one way as a product of distinct factors {wnrepeated and repeated) which are irreducible 
in £2. 

Let /= Wi Ms . • • Wr = ^3 . . . Va , 

where and where -Mj, tig, ... Vi, '^3, ... Vg are rational integral functions of 

iTa, ... which he in £2 and are irreducible in £2, no one of them being merely 
a constant 
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By Corollary 1 tlio fuuctiou muat Ijo a factor of oiio at least of the funotioiia 
Vi, t’ 2 > • • which wo may suppose to ho v^. Then since Ui and vi are both irreducible 
in O, we have 

iti—CiVu and therefoi’o 

whore is a non-vonishiug constant lying in R. 

From the last equation we see that must be a factor of at least one of the fnnotions 
'i^ 3 j ^’ 3 > •• which we may suppose to be i; 2 ; and we then have 

Ui=CiV 2 i and therefore CiC 2 ihUi,..Uy^i^v^..,Vg, 
where is a non- vanishing constant lying in Q 

Proceeding in this way we have -finally 

CiC^,..Cr^lUr=VyVr^l,„Va, 

where Oi, C 2 , ... c,_i are non -vanishing constants lying in 12. 

Since is irroducible in i2, we must have 

where is a non-vanishing constant lying in Q. 

Thus the irreducible factors oooumng in the second expression for / are not distinct 
from those occumng in the first expression. 

Corollary 3. Iffis a rational integral function of the n variables a?i, a?a, .. wliioh 
is not Tnerely a constant^ then f can he expressed in only one way as a pi'oduct of distinct 
irresoluhle factors {unrepeated and repeated). 

We deduce this result from OoroUary 2 by taking SI to be the domain of all algebraic 
numbers. 

Corollary 4. Iffis a rational integral function of the n variables a?a, ... which 
lies in any domain of rationality Si and is not merely a eoTistant, then emy irresoluhle 
factor of f 23 a factor of one and only one of the disHnot irreducible factors of /. 

Let where Uu Wa? irreducible rational integral functions of 

.-Cl, . Xu belonging to the domain 12; and let g ho an irresoluhle rational integral 

function of a?i, 3?2, ... 3?^. Then by Corollary 1 if ^ is a factor of /, it must be a factor of 
at least one of the functions .. Wm. Moreover if ^ is a factor of two of these 

fuuotions Ui and ujy then by Corollary 2 to Theorem I each of these two functions is 
a factor of the other, i.e they are not distinct from ono another. 

Theorems II and III con be regarded as equivalent to one another, for, 
as is shown in Exs. i and ii below, each of them can be deduced from the 
other. 

Ex 1 , Deduction of Theormn III from Theorem IL 

Let /j, fr and g he rational integral functions of X\, ... Xn lying in O, no one of 

which vanishes identically; and let g be irreducible in Si. Further let the product / 1/2 be 
divisible by g. 

Then if g ib not a factor of fr, g and fr have no irreducible factor in common, and it 
follows from Theorem II that g must be a factor of /j. Thus g must be a factor of at 
least ono of the functions fi and /a; and this is Theorem TIT. 
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n. Dediwtion of Theorem II from Theorem III 

Let/i, f^ and g bo rational integral functions of a?!, ^21 m Q, no one of 

which vanishes identically, and let g and fi be prime to one another 111 II. Further lot the 
product /i/a be divisible by g. 

5' = '“l’^-"Wj-, ./i/2 = ^«^=Z^W2 

where are rational integral functions of /Pj, which lie in li and are 

irreducible in O, and where -y is a rational integral function of .rj, a?2, ... lying in Q. 

Since Ml is a factor of/1/2 not a factor of/j, therefore by Theoi’em III it is a factor 
of/21 we have 

fi=uigi, and therefore figi=V2n^ 
where gi is a rational integral function of a?i, a?2, ... lying in D. 

Again since itg ia a factor of f^gi and not a factor of/i, we have 

and therefore fig2=U3Ui...UyV^ 

whore g^ is a rational integiul function of .'Pi, ^21 ••• lying in Q. 

Proceeding in this way we see that 

/2=wi^c2. 

where g, is a mtional integral function of a?i, a'2, . . x^ lying in Q. 

Thus/j is divisible by and this is Theorem II, 

The following lemmas are properties of functions of the n variables 
Wj, flja, ... asn which are immediate consequences of Theorems I — III. But 
in proving them we shall only assume Theorems I — III to be true for 
functions of the n — 1 variables rcg, ... From the way in which 
they are proved it follows that they can be used in the geneml proofs by 
induction of Theorems I — III, and on this account they are called lemmas. 

Lemma A. Let f he a rational integral function of the n variables Xi^ ... which 
lies in a domain of rationality n and does not vanish identically* Then f can always he 
expressed in the form 

f=g<l>y 

w/iere ^ is a rational integral function of the n-l variables ^2, ^s, only lying in G, 
and where g is a rational integral function of ... lying in G lohioh is not dMsihle 

by any rational integral function 0/^73, 573, . . only* 

It is assumed that n 2. 

/= Wo Xif + + . . . + A'l + M,., 

where Mq, Mi, ... Uy are rational integral functions of x^^ x^y .. .'17,1 only lying in G ; and lot 
</) bo the H.o.F. of UQyUiy . .v^. By Theorem I (for 1 variables) we can choose 0 so 
that it lies in G. We then have/=^0, where ^ is a rational integral function of x^y ... 
Xn lying in G which by Ex. xxiii of § 186 is not divisible by any rational integral function 
of ^3, .^3, ... .^^7T^only. 

Lemma B. Let f and g he rational integral functions of the n variables Xu x^y ... Xy^ 
lying in a domain of rationality G, neith&t' of which vanishes identically ; and let <l> he a 
rOftioTial irUegral function of the n—\ variables <373, x^, **.x^ only which lies in G and is 
irreducible in G. Then if the product fg is divisible by 0, cm at least of the functions f and 
g is divisihle hy cj). 
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Lot + + y = i’n + '^'1^1+ 

whore '«t)j %, .. , i’o, v^, ... are rational integral functions of 572, ^’oi ••• only 

lying in il ; and let the product/^ be divisible by </>. 

Now suppose that neither of the functions / and ff is divisible by 

Tlion by Ex xxiii of § 185 tlicre is at least one of the functions ^«oi 
least one of the functions Vq, vj, t'a, .. which is not divisible by (j). Let iii be the first of 
the functions Wi» • • Q-od Vj be the firat of the functions Oq, vi, V2, ... which is not 
divisible by (/>. Then in the identical equation 

= (?4i57i^ + -Ui + + . . .) (VjXi^ + Vy + 1 + . .) 

the expression on the left is divisible by ; therefore the expression on the right is also 
divisible by <j > ; therefore by Ex. xxiii of § 185 the product UiVj is divisible by <^. By 
Theorem III (for n — l vanables) this is impossible, since neither Ui nor Vj is divisible 
by <#). 

Hence it is impossible that neither of the functions / and g shall bo divisible by 0 

Lemma 0 . Let F and fhe rational integral functwna oftJie n 'oanoLblca jti, 5:2, ... 57 „, 
neither of which vanishes id&nticallg ; and let <f> ho a rational integral function of the 
w -1 mriahles 5,’2, 573, .. 57, ^ only which does not vanish identically. Then if f is not 
divisible by any rational integral function 0/572, 573, ... 5r„ only {other than a constant) 
and is a factor of F^, it must he a factor of F. 

Let F^—fg^ where y is a rational integral function of 57i, 573, ... 57,1. Then if is any 
irresoluhle factor of not merely a constant, it must he a factor of fg^ and therefore by 
Lemma B a factor of either f or g. It cannot be a factor of f since it is a funotion of 
572, 57a, . . 57„ oiily. Aocordiiigly it is a factor of and can be cancelled on both sides of 
the equation F^^fg If the resulting equation is F^x^fgx^ this can be treated in the 
same way; and after a succession of such oaucoUations the equation F^=ifg is reduced to 
F^ffy where is a rational integral funotion of 57 i, 5/2, . This shows that / must 

be a factor of F 

Ex iii. Let jP,/i,/2 he rational integral functions of the n vaiiahles 57 i, 572, ... x^y no 
one of which vanishes identically ; and let <j)i and (^2 rational iiUegral functions of the 
n-1 variables 573, 573, ... 5?h only^ neither of which vanishes identically. Then if F can he 
expressed in the form 

h 

< 1)1 02* 

where f^ and 0^ have no factor in common other than a constant^ and f^ and 02 have no 
factor m common other than a constanty f^ must he divisible by 02, and f^ must be divisible 

This can be proved in the same way as Lemma 0 when wo observe that f^f^ is divisible 
by 0102 Writing /i«Wi02, /a=^ 0 i, we obtain 

F^Ullt^y 

where % and are rational integral functions of .^i, x^y . , 57„ lying m the same domain as 

Lonxma D. Let fi and f 2 be rational integral functions of the n variables 57i, 572, ... 57, „ 
neither of them vanishing identically^ which lie in any domain of rationality O and are 
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regular in T/ien fi and /a have a highest conunon factor h which has the following 
properties : 

(1) It is a rational integral function of 

(2) It differs hy anon-vanishing constant factor only from the •product of all irreducible 

factors {unrepeated and repeated) common to f and fr 

(3) It differs hy a non-vanishing constant factor only from the product of all irrcsoluhle 

foxtails {unrepeated and repeated) common to fi and f 2 

(4) It satisfies an equation of the form 

+ = 

where ^ is a rationed integred function of .273, . which lies in Q and 

does not vanish identically^ and where and P9 are rational integral functions 
ofxi, X 2 j .. lying in Q. 

It ia to be imderstood that in the products mentioned in (2) and (3) each irreduoible or 
irrcsoluhle factor occiu’S just as many tunes as it is repeated in both f and /i. In the 
particular case when f or /a is merely a constant we interpret each of the products 
mentioned m (2) and (3) to be a non- vanishing constant or to be 1. Thus each of those 
products IS determinate save for a non-vamshing constant factor. 

We will suppose that the degree of /a in all the variables, 1 e. in x^^ is not greater than 
that of f , 

When /i is divisible by /g, we have where j is a rational integ:i’al function of 

^1, ara, . x^ lymg in O whose degree m xi is less than that of f In this particular case 
Lemma D is clearly true when we take A to be /g * and there exists an equation of the form 
(A) in which P 2 ^'^ and (/> = 1. 

In all other coses thei’e exist rational integral equations in O of the forma 
/i = ?2/a + Wo^, ^^3/2= $'3/3+ 2^4/4? «^i-l/<-l = yi./i+“<+l/i!+l, 

.. “Wr— 2/r— 2 = l./r— 1 + '*^r-l/r— 1 = S'r/rj • ••• (^) 

where A, /a,/3, .. fr are rational integral functions of X 2 ^ ... x^ which lie in Q. and do 
not vanish identically, each function after the second having a lower degree in x^ than the 
pmceding function, and no one of these functions being divisible by any rational mtegral 
fimction o( X 2 , Xs, Xn only other than a constant, where $'2» ... are rational integral 

functions in Q of Xi, X 2 ^ ,,,Xn which do not vanish identically , and where Uq, Ui, ... Uj. and 
V 2 i Vq, ...Vr -I are rational integral functions of ^8> -®n only which he in Q, and do not 

vanish identically. 

We can obtain such equations by dividing in succession A by/gj/g by /a, by 

arranging the dividend and divisor in deacendmg powers of Xi, and performing the division 
as if Xi were the only variable. If fr has a factor which is a rational mtegral function of 
X 2 , Xs, ... Xn only, then by Lemma A we can put fs^frw^i where is a rational integral 
function of a’g, Xz^ ... only lying in Q, and where f^ is a rational integral fimction of 
^1, ... .tffl lymg in £2 which is not divisible by any rational integral function of ^g, a7g, ... 

only other than a constant; and we can then replace u^fr by u^fz^ where 
Similar reasoning applies to /4, /g, . . A. Thus /a,/#, ... A can always be so determined 
that no one of the functions /i, /g, ... A is divisible by any rational integral function 
of iTg, a?3, ... only other than a constant 

We will now show that all the conditions of Lemma D are satisfied when we take 
h to be /, . 

We first observe that every rational integral factor common to f and /g must be a 
fiiotor of %/3, and therefore by Lemma 0 a factor of/g. Being a common factor of A and 
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/3, it must in tho same way bo a factor of /4, aud similarly a factor of /sj/q, .../r. By 
similai* I’easoning /,. (and every rational integral factor of/.) must be a factor of/^_i,/y_2j 
/aj/i, aud therefore a common factor of /^ and Thus is a common factor of fi 
and /2 which is divisible by every common factor of / and f 2 \ i.e. /J is a highest common 
factor of /i and /g, and moreover it lies in 12. 

To show that the condition (2) of the lemma is also satisfied when /i=/r, let . . 

yj/g be the distinct irreducible factors common to /i and /a, each irreducible factor occurring 
just as many times as it is repeated in both fi and /g, and let Then ^|r^y 

being a common factor of /^ and/y, is a factor of each one of tho functions /i,/3, ... /,., and 
can be canoollod in all the equations (B). We can write 

aud after canoollation of tho factor yjri wo obtam a new sot of equations of the same 
forms as tho equations (B) in which /i, /a, .. /r are replaced by Since by 

Lemma B the fhnctiou is a common factor of aud ^3, these new equations show that 
IS a factor of oach one of the functions ffi, • ffn we can write 

so that aud is divisible by Cancelling yjr^ throughout in this 

second sot of equations, wo obtain a third sot of equations of the same forms as the 
equations (B) in winch /i, /a, .../,. are roplaoeil by Aj, / 12 , . . /ir* Since by Lemma B 
the function yj/g is a common factor of /ii and /i^j these new equations show that is ^ 
factor of each one of tho functions /ii, //g, ... //p, and that therefore /p is divisible by 
Proceeding in this way, we see that is divisible by ••• i-©* 

Now every common factor of /i and /g, wliou expressed as a product of irreducible 
factors, must be a product of a certain number of the fimotioos yfAj, yj/^y ... and a 
constant, and must tberefoi*o be a factor of yj/'. Hence /p, which is a common factor of /i 
and /a, must bo a factor of yj^. 

Smeo is a factor of /p, and / is a factor of /, can only differ from by a constant 
factor. For if wo write /p=X^, ^//‘=/i/p, whore X and ^ are rational integral funotione, we 
have X/xt=l, and therefore X and /x are constants. 

Thus the ooiiditious (1) and (2) of Lemma D are both satisfied when /i=/p; and the 
condition (3) is also satisfied, as we see by taking a to bo the domain of all algebraic 
numbers. 

To show that the condition (4) of Lemma D is also satisfied when 4=/p, wo observe 


that finm the successive equations (B) wo can deduoo tho successive equations 

?zyi4. .'*^./i*Xi/i+/A</2, (^’“3, 4, . r), (0) 

whoro X3, X4, . Xp and /xg, /xy, jui, ... /xp are tho rational integral fimobions of a?i, a’ 2, ... a?u 
lying in Q which are defined by 

X3=.l, X4«“<7y, (i + ]=6, 6, ... 0; (1) 


/am= 1, (z-j-l=4, 6, ... r); (2) 

so that /X4 = «3 ^2 + ja 93 • 

The first two of the equations (B) show that (0) is true when ?;=3 or 4. Again if /{; is 
any integer such that ^<(13, i;+ 2 :(>?’, and if (0) is true when i=k and we see 

from (B) that 

WaW4 . . . Wjb+ 2 ./fr+2= ^3144 . . . Wfc+i ltjfc+2/fc+2 = Wg W4 . . . Wjt+i . (Vj,/*, — 9*+lA-hl) 

= (Xjfc/i +/Ajt/a) — 9jb+i (Xjb+x/i + /^jb+1/2) “ X)|.+2/i+ /iit+2/3 1 
i.e. (C) is true when i=/i;+2. Thus (C) is true generally 
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The last of the equations (0), obtained by giving to i the value r, is an equation of the 
form (A) in which A =/» , =\., Thus all four of the conditions in 

Lemma D are satisfied when we take /i to be/.. 

We have now completely proved Lemma D on the assumptions that Theorems I, II and 
III are true for fiuictiona of the n — l variables a;2, Xq, . 

Bx.iv. Degrees in of the fu 7 ictions fi, </2) Sa? • (//• 

Wo will denote the degi’ees of /i,/, . ./ m by pi, p2, p,. These are a senes of 

positive integeis, csaoh one after the second being loss than the preceding, and the second 
being either less than or equal to the fii*st. Unless f and / are both constants only the 
last number p, can have the value 0 

The dogi’ees in Xi of the functions y2> ■ S'* can be seen from the equations (B). 

Since the degree in Xi of/+i is less than that of /_i, the equation ii<-x/i,i = g'</i4-Wi+i/i+i 
shows that qif has the same degree m aa/^i. 

Hence the degree ofq^ in is pi-i — pi, and the degrees of q^, .. in Xi are positive 

integers^ of which no one except the first can have the value 0 

Ex. V Degrees in Xi of the functions Xg, ^4, ... X^ otiic? /xs, p-i, . pr 

The degrees of X3, X4, ... X,. in Xi can be seen from the equations ( 1 ) 

If r>3, it follows from the first two of these equations tliat the degree in Xi of X4 
es coeds that of X3, being equal to the degree of Xag^s. 

If i> 3 and r > i, it follows from the equation X^+i = iX{-i - g^<Xi that if the degree 
in Xi of Xi exceeds that of Xi_i, then the degree in Xi of Xi+i exceeds that of Xi, being equal 
to the degree of Xig^i- 

From these two results it follows that the degi’ees in .^’l of X3, X4, . .X, are constantly 
increasing quantities, the degree of being always equal to the degree of X^j^i 

From the equations (2) we see in a similar way that the degrees m Xi of /xg, /i4, ... pr 
are constantly inoi’eaaing quantities, the degree of pi+j being always equal to the degree 
of 

If now we denote the degree of Xi+i m by o-i+i, we have 

o‘i+i-o-i = Pi-i-p<, «ri-o-i_i=pi_ 2 -Pi-i, . o^4‘-«r3=p2-p8> 0 - 3 = 0 , 

and therefore o-i + 1 = pg — pi . 

And if we denote the degree of pi+i in Xi by 0-4+1, have 

O-i+l-0-i=Pi-i“Pi, 0-i‘-0‘i_i = pi_ 3 -pi_i, . . 0-3— 0-3= Pi -p2, 0*2 = 0 , 

and therefore Ui+i ~pi- pt. 

Thus the degrees o/Xi+i and pi+i in Xi are respectively pg— pi and pi- pi. 

Ex vi. Degrees in Xi of the fmictions Pi and P^ in Lemma D 

If the degrees of /, h in Xi are pi, pg, p, then the functions Pi o/nd P^ can always he 
so chosen that their degrees in Xi do not exceed p2 — p and pi — p respectively ; and when f\ is 
not divmhle hy f%, they can he so chosen that their degrees in Xi are less than p2-p and pi - p 
respectively. 
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For we have /o=pr, and when we take Pi and to be the functions X,. and given 
by (1) and (2), the degi-ees of Pj and Pg in ore pa - p,.«i and pi - p, . We always have 

Pa - Pv-i ^ Pa “ Pi > Pi - pr-i ^ pi- Pi- ; 
and if Pa“‘P}--i=P3“Pi' nr Pi “Pj'-i=Pi“Pj'i 

wo must have p, =p,— i, which is only possible when r=% i e. when/i is divisible by /y. 

Wlien/i is divisible by /a, we have r=2, /i=/a, and we can pat Pi=0, Pjeal, 0 = 1. 

Ex. vii. If /a IS not divisiblo by /i, so that r > 2, and if is any one of the funotions 
/a* /^i ■ /r» we see from (C) that (when /i and /a are regular in j;i) thei’e exists an 

identical equation of the form 

<?i/i + Sa/a=/i0i, 

where is a rational integral function of jjyi only lying in Q which 

does not vanish identically, and where and Qa ai’o rational lutegi’al functions of 
^1} 

If the degrees of in Xi are pi, py, pf, then the degrees m of Qi and §a» when 

they are the funotions and jn of the equation (C), are respectively less than pa — pi and 
Pi“Pi- 

Ex. viii Whm fi and /a are two rational integral functions in 12 of X2, ... 
neither of thetn mnUhing identically^ which are both regular in a’i, and which have no 
m^educible {or no irreeoluhle) factor in common^ the equation (A) aseumes the form 

A/l + i^3/3 = 0, (AO 

where 0 is a rational integral function o/'.ra, ^3, ... a;,* which does not vanish identically y and 
where Pi and Pa are rational integral functions of a-’i, ^’0, . A',i. 

The funotions Pi and Pa can always be so chosen that their degrees in Xi do not exceed 
the degrees of /a and f in Xi , and when neither of the functions f and /a is divisible by 
the other, i.o. when neither of them is a niei'e constant, the funotions Pi and Pa can be so 
chosen that their degrees in X\ are less respectively than the degrees of /i and f in Xi . 

Ex ix. Simplified forms of the equati<yns (B) in Lemma B. 

The functions ^3, W4, ... ?«,. and ra, ... v,._i can bo so chosen that the two functions 
in eooh of the pairs (va, ^4), (^3, Wa), ... (Vr-a» have no irreducible factor in common, in 
whioh case by Oorolloi'y 3 to Theorem I (for ?i - 1 variables) they have no mi’esoluble factor 
in common and are prime to one another. For if V(_i and w^+i have on irreducible factor 0 
ill common, then in the equation Vj-i/i-i^g^i/i+Wi+i/i+i the function 0 must be a factor 
of qifiy and therefore by Lemma B it must be a factor of qi. Wo can then cancel tho 
factor 0 in Vi^u ^ succession of such caiioellations we obtain a set of 

equations still of tho form (B) in which the new additional conditions are satisfied. 

Ex. X. From the equations (1) and (2) it follows that 

^ + 1 Pi " ^/4+i = ( "• I )* “W* • • • • Wi ■ • ■ 1 • 

Ex. XI. Solving for /i and /a the equation (0) and the equation derived from it by 
replacing i by i+l, and making use of Ex. x, we obtain the identical equations 

Da i;s . . . . /i = ( - - W“i+i/i+i)> 

Da Da ®i-i ■/s = ( - 1 )* (^<+1/4 
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We are now in a position to give the general proofs by induction of 
Theorems I— IIL We assume that they are true generally for functions 
of 71 — 1 variables, and show that they must then be true generally for 
functions of the n variables Xu ^n* 

Proof of Theorem I, Referring to sub-articles 1 and 2 of § 187, we 
see that Theorem I will be true for the functions /i and /a of a?!, fl?a, ... Xn if 
and only if it is true for the functions gi and of j/i, ... yn formed by 
regularising fi and /a with respect to all or any number of the variables. 
Hence Theorem I will be true generally if it is true in the particular case 
when both and are regular with respect to From Lemma D we see 
that Theorem I is true in this particular case. Therefore Theorem I is true 
generally. 

Proof of Theorem II. Theorem II will be true if and only if it is true 
in the particular cose when /i, and g are all regular in x^. In this 
particular case we see from Ex xxiii of § 185 that no one of the functions 
and g is divisible by any rational integral function of a?;,, ... Xn only 
other than a constant. Further if g and /i have no irreducible factor in 
common, we see from Lemma D that the H.c.F of g and fi is a constant, and 
that there exist identical equations of the forma 

iyi + Q^ = c#>, (D) 

where (/) is a rational integral function of x^,x^, .. Xn only lying m Lt which 
does not vanish identically, and whore P and Q are rational integral functions 
of a?!, flJa, ... Xn lying in fl. 

The second of the equations (D) shows that if /,/j is divisible by g^ then 
(^/g is divisible by and it follows from Lemma C that /g is divisible by g. 
Thus Theorem II is true in the particular case when /i, /g and g are all 
regular in ajj, and is therefore true generally. 

Proof of Theorem III. Theorem III follows from Theorem II as has 
been shown in Ex. i. Let ^ be on irreducible function belonging to the 
domain fl in which /i and /g lie, and let /i/g be divisible by g. Then if fi 
IB not divisible by g, the functions /] and g have no irreducible factor in 
common, and therefore by Theorem II the function /g is divisible by g. 
Consequently one at least of the functions /i and /g is divisible by g. 

Ex, xii. Let /i, /»» ••• rational integral functions of the n variables 

^ 2 , ... Xm no o'ne of them vanishing identically^ which lie in any domain of rationality X2 
and are vegidar in Wi, Then they have a highest common factor h which lies in Q and 
satisfies an equation of the form 

A/l + AM- +^in/m=^0, (E) 

where <j) is a rational integi'cd function of Xs, ^ . x^only which lies in Q and does not 
vanish identically, and where Pi, Pt, . are rational irUcgral functions of 
lying in Q 
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Asfliiming this to be true for any functions leas than m in number, wo can show that it 
IB true for any m functions 

For thon/i, /y, have an h c f h lying in Q such that 

7i/i+(?2/3+ 

and k and /„4 ha\G an H u f k lying in a such that 

Pl^ + P 2 fm=h 

lloro yj/- and x rational integi’al funotions of .I'y, ... only which lie in fl and do 
nut vanish identically; and .. are rational integral functions of 

a*i, a-y, ... lying in 12. 

By E\. \xvi of § 186 the function /i is an h c.f of ... /mt when we eliminate 
from the above two eiiuatioiia, we obtain an equation of the form (E) in which 

AV. xiii. ///i,/s, . 

• .Ail tiJ'ti any ni vaiioHal integroL fibnationa of the variahlea a'l, ag, ... 
no o/ir of t/u:m oaQiislung idonticMy^ which he in any domain of rationality 12, there 
alwaya ejdat rational integral idmitities in 12 of the fom 

■^1 /i + + • . . + Aii/fli = 0 (F) 

Wo obtain an identity of this form when A=/a, Pg= -/i, p 3 =P 4 =... = ZAh= 0 ; and 
also (see Note f3 of g 130 a) when 



where is any skew -symmetric matrix of order m whose elements are rational integral 
functions in 12 of the variables aii, a-g, ... a;, 4. 

It can be showu that for funotions f of tho most general form an identity of the 
form (F) i.s true when and only when tho i^’s are given by some identical equation of the 
form (3) 

g 189. Mlsoellaneous properties of rational integn^al funotions. 

In tho following examples 12 denotes any domain of rationality. Tho o.\amples are 
deduced from the resiiltH obtained 111 tho foregoing artioloa. 

Ex. i. Let f and /g he two rational integral fumtiona in 12 of the n mnahlea a?i, A*a, ... 
Thm a neoeaaary and aufanent condition that f and /g shall have no finite cennmon root 
M the cA^tence of an identical equation of the form 

A/l + P3/2=i, (A) 

where Pi ami Pg are rational integral functions in 12 of the aame variaUea 

There will be no loss of generality in suppoBiiig that/i and /a ore both ragiUar in a;|. 

Firat mppoae that there exiata an identical equation of the fomn (A). 

Then clearly /j aud/g have no finite oommon root. 

Next awppoac that the fumtionafi and /g have no finite common root 

Then if one of them vanishes identically, the other must be a non-vauishing constant, 
and we clearly have a relation of the form (A). In the general case when neither uor/j, 
vanishes identically, /i and f\ have no common factor other than a 11 011- vanishing constant. 


and by Lemma D of § IBS wo have 

ZVi + ^i/a=0i (A') 

0 . m. 4 
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whei’e 7*1, cf) ai'e rational integiul funotiona in il ; (/) la a function of A’y, j’j, .v,^ only 
which does not vaniah identically , and the degi^eea in of and Pg are lesa resiiectively 
than those of/g and/i. 

If (/) ]B not merely a conaUut, we can ascribe such parbicnlai* linito values to Ji-’a, .. 
that (/) = 0. The equation (A') thou bocomoa 

^ “■^a(^i)/a (‘^'i)} (■^") 

whore Pi (a;i), i*a /i (a‘i), /j, (. 5i?i) are functioua of only Since the coofiicioiita of the 
highest power’s of Xi m fi and /g are non-vamshing constants, the functions fi (xi) anti 
/g(a'i) have the same degi'ees in ,vi as/i and/g Consequently in (A") the degree of 2 \ (.vi) 
IS less than the degree of fi (xi). It follows that fi (xi) has a factor in common with /a(A’i) 
which 18 not merely a constant We can therefore ascribe such a finite value to Xi that 
fi (xi) and /g (a7i) both vanish ; i.e. /j and /g have a finite common root, which is contrary 
to the hypothesis 

We conclude that (/> in the equation (A') must be a noii-vauishing constant lying in 12 ; 
and thei’efore (A') can be put into the form (A). 

Kx li. Iffi a 7 idf 2 are rational integral fiinctioTis in 12 of tJie n variables a-j, a-g, ... .v,i, 
there alwags exist identical equations of the form 

Pi/i+i’2^=0, (B) 

whore Pi and Pg are rational mtegral functions in Q. of the same variables^ and do not both 
vanish identioally. 

This is obviously the case when both the funotions f and /g vanish identically ; and 
when they do not both vanish identically, the identical equation /g/i-/i/2=0 has the 
form (B). 

When neither of the functions /i,/a vanishes identically^ then neither of the funotions 
Pi, Pg vanishes identically {except when they both vanish identioally). 

For if Pg=0, we have Pi/i=0, and therefore Pi=0 

If neither of the functions /i, /g and neither of the functions Aj ^2 vanishes identically^ 
and if the funotions fi^ /g have no iireduoible factor in common and also the functions A.-p* 
hace no irredneible factor in common^ then the equation (B) must he 

/2/1-/1/2-O (BO 

For the equation Pi/i = -P2/2 shows that Pi aud /g have the same irreducible factors, 
and that Pg and /i have the same irreducible factors ; and these two sets of irreducible 
factors have no iiTeduoible factor m oommou. Therefore by Corollary 2 to Theorem III 
in § 188 the functions Pi and /g differ by a constant factor only, and the funotions Pg and 
/i differ by a constant ffliotor only. It follows that we must have Pi=c/g, Pg^ -c/i, whore 
c IS a non-vanishiug constant lying in 12 

Ex. iii Let fi and /g he rational integral funotio^is of Xi^ x^, ... 07,1, neither of which 
vanishes identically ; let h he their b.o.f ; and let the degrees o/Zu/g, k in all the variables 
{or in any one varixshle xf) be pi, pg, p Then in every identical relation of the form (B) in 
which Pi and Pg do not vanish identically^ the degrees of Pi and Pg in all the variables {or 
in .^i) cannot be less than p2“ p Pi ’' 9 respectively. 

Lot ff be the h.o.f. of Pi and Pg Then we can write 
/i“%i, /2=Va; 


1 
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whoro luid have no iiTeduciblo factor in common, and Qi and have no in’eduoihlo 
factor 111 common ; and we have 

+ 62^2=0* 

It followa from E\ 11 that Qi^cg^, whore c is a non-vamshiug constant. 

TlniH <^i and have tbo same degrees pg-p and pi -p as f/g and f/i ; and the dogi-oea of Pj 
and Pg cixnnot bo less than the degrees of and Qo. 

hh •particular ?//i and have no iireducible (w no irresoluhlo) factor in cominon^ the 
degi'ees of 1 \ and Pg cannot be less than the degrees of fo and f respectively, 

Kv, IV. Let fi and /a be rational integral functions of Xu ••• lohich have no 
irresoliible factor m common. Then if there exists an id&ntical equation of the form (B) in 
lohich J\ and Pg do not both vanish identically^ and if eitlKM' 1 \ has a loimr degree than /a 
or Pg has a lower degree than fi in all the variables or in any one of the variables^ at least 
one of the functions f andf^ must vanish identically 

This follows from Ex. lii. 

Ex, V. Let g be an irreducible rational integi*al function in 12 of the vanables Xi, x^, ... 

, and let f be any rational integral function in 12 of the same variables Then g is a factor 
0} f whim and only lohmif vanishes for all finite roots of g 

If g IS a factor of/, then clearly / vanishes for all finite roots of ^ We have therefore 
only to prove that if/ vanishes for all finite roots of g, it must be divisible by g. 

If f vanishes identically, tins is obviously true. We may therefore suppose that / does 
not \aiiish ideiiti cully ; and there will bo no loss of geuorahty in assuming that / and g 
are both regular in Xi, 

Then if / is not divisible by//, the of / and ^ is a iiou-vauishing constant, and 
wo have 

whore P, Q, <j) aixi rational uitogral functions in O, and whei*o <;(> is a fimction of a/g, x^, , 
only which does not vanish identically. In this case we can (see Ex. xxi of § 186) choose 
the values of a?a, a'o, .. so that </> docs not vanish, and the coefficient of the highest 
power of Xi in g does not vanish, and we oan further choose the value of Xj^ so that g= 0 . 
Wo then have 

(jb=l=0, g-Oj P/+0, /=1=0 

Thus if / iH not divisible by then / does not vanish for every finite root of g ; and 
therefore if / vanishes for all finite roots of it must he divisible by g. 

From Corollary 2 to Theorem I in § 188 we deduce the following result : 

Ifg is irredueihle in i2 but rosolvhle^ and if fi^wkich lies in i2) vanishes for all finite roots 
of any foMo)' of g^ then %t •must be divisible by g. 

Ex, vi. Let f he a homogeneous rational integral f^unotion in i2 of the variables a’g, ... 
Xn^ a'nvd let g he a non-homogeneous irreducible rational integral funetion vn C of the same 
variables. Them %f f vanishes for all finite roots of g^ it must vanish identically. 

For if /does not vanish identically, then by Ex v it must have the non-homogen ecus 
factor //, and by Ex. xvii of § 185 this is impossible. 

Poi’ticular cases of this theorem are given in Ex. xviii of § 186 and Ex. x of § 187. 

4r-2 
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Kt, vu. Let g he an in'cducible rational integral function in Q of the vaiiahles a;i, .Hj, 
. . .i-v ; and let gu g^n. he any iinmhei' of ir reducible functions in a of the same vai iahles^ 
meh of which is distinct from g {and does not mnish identically). Thorn thei'o always exist 
finite roots of g for lohioh no one of the functions vanishes 

For if the iirodiict yig^. g-^^v vmiiahod for all hiute roots of thou by Ex. v tho 
fuuctiou g would be a factor of that product Thoroforo by Corollary 1 to Theorem III of 
S 188 , g would be a factor of one of tho I'nnctiona gri, ^o, . . <7^, which is impoBSiblo ; or by 
Corollary 2 to tho same theorem, g would bo one of the function a g\^ g^^ ••• gm^ which is 
impossible. 

Esi viii. Let E he a rational integral funetion in of the variables .^i, J 7 a, .I’ni lot g 
he an imducihle function m Q of the same variables ; and let gx^ ^2j ^0 any nvmibcr 

of irrediiGihle functions vn Q of the same variablss^ each of which is distinct from g Then g 
is a factor of F whm and only whm F vanishes for all those finite roots of g for which no 
one of the functions ^1,^2, ... vaniskos. 

This theorem is obvioualy true when F vaiiibhcs identically Wo will therefore 
suppose that F does not vanish identically. 

Let the distinct irreducible factors of F' be /i, /2, . fr. 

If g is not a factor of F^ then every one of the functions /i,/2, ••• /? , •• is 

distinct from g^ and therefore by Ex v there exist finite roots of g for which 

A/a-- f^gig^ ■ gin^o, 

or for which F^Q and gig^. .^m=l= 0 . Consequently F does not vanish for all those finite 
roots of g for which <73 • • • g^ =t= 0 - 

Aiid if ^ IS a factor of F^ then F vanishes fur all finite roots of and theroforo 
vanishes for all those finite roots of g for which 

Ex. ix. Let g he an irreducible rational integral function in Q of the vandbles Xi^ . 
and let Fx, F^y . . F^y^ he any rational integral functions in Q. of the same vaHahleSy no 
one of whioh vanishes identically y and no one of which is divisible hy g. Thrni there always 
exist fimte roots of g for which no one of the functions Fiy F^^ ... Fy^, vanishes 

This theorem is obviously true when Fxy F^y ... F^^ ore (non- vanishing) constants. 
When they are not all constants, let the various distinct irreducible factors of all these 
functions be gxy g^y ... g^.. By Ex. vii there exist finite roots of g for which no one of tho 
functions gxy g^, ... g^ vanishes ; and for such roots no one of the functions Fu F„ ... 
vanishes ; for each of these functions is tho product of a non-vanishing constant and 
cei’tain powers of gxy g^y ... gr. 

This theorom remains true when g is any irresoluble rational integral fimotiou, as wo 
see by talang Q, to be tho domain of all scalar numbers. 

Ex X, Ifioi-Ex IX w any other rational integral function in Q of the same vmdahlesy 
tlimi g u a factoi' of F when and only when F mnishes for all those finite roots of g for whioh 
no one of the functions Fxy F^y . vanishes. 

Ex. XI. An irredudhle rational integral function of several variables ca/nnot have a 
repeated irresoluble factor 

Let Q be any domain of rationality, let / be any rational integral function in of tho 
ii variables ^1, x^y . . and let / be expressed os a product of its distinct irresoluble 
factors ^1, iJg, ^3, ... in the form 
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where a, ft y, ... ai^o poaitivo intogcra nob Iohs tluiii 1. Wo may aiippoao that .7*1, 
all actually occur m /, and we will write for the values 1, 2, ... n of i. 

Since IS cci’tainly divisible by when confcams and by when ti does not 
contain wo see that /i,/2, ... /n ai’e all divisible by 

If contains then is divisible by ^1“"^ but not by and since ti contains at 
least one of the variables .. we conclude that at least one of the functions 

.Aj/s) •• /» ^ not divisible by ii®. 

From these two results it follows that is the highest powei' of ti winch is a 
common factor of/,/1,/2, • -/n; a-od applying the same argument to ^2) ^3? ••• we conclude 
that 

is a highest common factor of /,/i,/2, and lies in fl. Honce if 

wo have/=^/i , and (j and h ixvq both rational intogml functions in 12. 

Now if a>l, i.e. if is a repeated irresoluble factor of /, then both g and h are divisible 
by ^1 ; therefore neither of them is merely a oonatant, and / is reducible m fl We conclude 
that if/ has any rei>eated irresoluble factor, it cannot bo irreducible in 12 

£x, xii. Let (j) and t/t be rational integral functions of several variables winch do not 
vanish identically, and lot 



Thou if / is finite for all finite roots of ^|r, it must be a rational integi'ol function, i.e. (/> 
must be divisible by ^ ; and if / is finite and diifereiit from 0 for all finite roots of 0 and 
it must be a finite non-zero constant 

This is Qindeiit when we express (p and ^|r as products of their irresoluble factors. 


§ 190. Extension of a domain by adjunction. 


1 . J djunation of any soalar numhor q. 

Lot n be iuiy domain of rationality, and lot g' bo a scailar number which does not lie 
in a. Then if G' is the smallest possible domain of rationahty which contains g as well as 
all the elements of 0, wo say that G' is formed from G by the adjunction of q^ and wo will 
denote it by (O, q). Cleoi'ly the elements of (G, q) consist of all numbers of the form 


e 



( 1 ) 


wlicre (j) {x) and ■v/^(.r) arc rational integral functions in O of the variable .7’, and (^)“l=0, 
or in other words . 


The elements o/^(G, q) comiat of all rational functio^ia in Q of the nunih&i' q. 

If n, ft y, ... are sovoral difiorent numbers not lying in G, and if wo denote by 
(G, a, /3, y, ...) tlie extended domain formed from G by the successive adjunction of 
a, ft y, ...» then clearly: 

demenU of (G, a, j9, y, ,.,) consist of all rational funotioiM in G of the numbers 
ft Vj (^> Oj ft y» • 0 ^ independent of the order of arrarig&ment o/a, ft y, .... 
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Kv 1 If y IS a immbor lying in a, the domain (12, q) is identical with the domain D 
Ea: ii If O and q both lie in a domain i2', then (U, q) lies in Q'. 

Ex ni. The unrestricted domain is formed from the domain of all iml nuinlierH by 
the adjunction of - 1 . 


2. Adjunction of a number q immediately over 12 

A number immediately over 12 is ono which is a root of a rational integral function (or 
equation) in G, but does not lie in Q. Thus super-rational numbers, as defined in Note 3 
of § 184, are numbers immediately over the domain Gi of all rational numbers. Wlien q 
IS a number immediately over 12, we can suppose it to be a root of an equation 


/W=o, 


( 2 ) 


where /(a?) is an iri’educible rational integral function in G of some finite degree p. 
Since (see Comllary 2 to Theorem I of § 188) two irreducible functions in Q of the single 
variable m which both have j as a root must be divisible by one another, the function /(.v) 
is uniquely determmate except for an oi-bitrai’y finite non-zero numerical fiwjtov, and q 
cannot satisfy any rational integral equation in G of degree lower than p. 

Let 6 be any element of (G, q)y and lot it be given by (1) If ^ {.v) were not prime to 
c/)(.r), it would bo divisible by /(a-), and we should have V'(</)=0, which is not the case. 
Consequently the functions /(.r) and -v/r (x) are prime to one another, and therefore thoi’e 
exists an identity of the form 

h {X) . (J7) + )^^(.^’) ./(.17) = I, 

where h{v) and k (x) are mtional integral functions in Q ; and by putting we see that 

e=/i (?).•>/' (S’), 

SO that 0 is now a rational mtegred function of q in G. 

Thus in this oaae the elements of (Q, q) consist of all rational integral functions in G 
of the number' q. 

Accordingly the gonei’Jl formula for an element of (G, q) is now 

(10 

where x is any rational integral function in G of the variable x. When we divide x (‘'^O 
by /(a?), we obtain an identity of the form 

x{«)=f{x).Q{x)+R{x), 

whei*e Q {x) and R (x) are rational integral functions in G, the degree of R (x) being not 
greater than p-l] and when in this identity we put x^q^ we see that e=R{q), We 
conclude that : 


The elements o/(G, q) consist of all numbers ofthefoi'm 

0 = (3) 

where Od, «,)-i are any mimhers lying in G. 

The number e given by (3) is 0 when and only when the coefficients oqj < 3 ^i> ... 

all vanish; as otherwise q would satisfy a rational integral equation in G of degree lower 
than p. Consequently if 


d =h^’\'b\q + b%q ^’\' i 
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IS ulso an element of (12, r/), wo have e' = e when and only when 

h‘^=a 2 , .. = 

If e=fx (^)> ^ in (IOj liny element of (Q, q), and if q, qi, q>2, ... q^^i are the p roots of 
tho equation (2), then o is a root of the equation 

(S')} {^'-x (sa)} ... {^-xi%-i)}=o. 

Because the coeffloients of the various powers of O! on the left are all symmeti’ic functions 
of the roots of (2), this is a rational integral equation in Q of degi’ee p; and we con- 
clude that • 

If q 18 a numhor immediatoly ove/i^ i2, thm eveay element of the domain (0, q)i 8 a mmbm' 
in or immediately o\m 12 ; and if the irvedunhle function in 12 of which qua root has 
degree p, then eveiy elemmt of (12, q) is a root of a rational integral function in 12 of 
degree p^ which may of course he reducible. 

Under those ciroumstancea we call (12, q) a domain of degree p immediately over 12 

En\ IV. The domain of all scalar numbers has no number over it, 

3 . ^ci^’w7io^io7i of several numbers immediately ov&i' 12. 

• If a, j 9 , y, ... are several difl'erent numbors not lying ni 12 which oi’e roots of rational 
integral functions (or equations) m 12, wo see from sub-article 2 that the elements of 
(12, a, ft y, ...) consist of all rational integral functions in 12 of tho numbers a, ft y, .... 
Wo will now prove tho following theorem . 

Theorem, a, ft y, . . . are r different numha's immediately over 12, and if o! is the 
domain formed from 12 by the adjunction of a, ft y, . , then we can fmmi 12' from 12 by the 
adjwnction of a single numhoj- q immediately oves* 12, q being a root of an irreducible 
function in 12 of finite degree. 

Let the in*educiblo equations in 12 satisfied by a, ft y, ... roapeotivoly bo 


A (®) = 0 . /a (®) = 0 , /a («) = 0 , /r (a;) =0 ; ( 4 ) 

where /j, /a, ... are iiTeduoihle rational integral functions in 12 of finite degrees 

jPi.f’ai and let 

q=aa+h^+oy\- ( 6 ) 

whero a, b,o,,., are arbitrary uumbora lying in a. Aluo let 

^'{se) = (x-q) (»-g') (x-q") (6) 


where <7, q\ q‘\ are the pip^., Pr numbers obtained from q when a is either unaltered 
or replaced by another root of fi (a?), /3 is either unaltered or replaced by another root of 
fi (^)) so on. Since E(s;) is a function of ^ in which the coefficients are symmetric in 
the roots of every one of tho functions /, it is a rational integral fiuiotion of ^ in 12 of 
degree pip2 •••pri because q satisfies the equation it is a number imme- 

diately over 12, and there must exist an irreducible function in 12 of finite degree which has 
^ os a root 

Now by Ex. xiii of § 186 or Ex. xi of § 189 no one of the equations ( 4 ) has a repeated 
root. Therefore when we regard q, <7", .. as homogeneous linear functions of a, &, c, , 
no two of them are identically equal, and no one of the differences q-q'j .«• 

vanishess identically, Consequently we can assign such particular values to a, &, c, ... that 
unequal This having been done, let e be any number in 12', i.e. any 
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ratioiifil integral function in SI of a, jS, y, . ; let the Hubatitutionn which convert tj into 
q\ . . convert o into e", . . ; and let 

G(x) = F{!r) +_?L + _£!L+ I (7) 

' l.i? - y x^q - q’ J 

Since O (a’) is a rational integral function in Q of x and the roots of the oqiiations (4) which 
is symmetnc in the roots of eveiy one of those equations, therefore 6^ (.v) as well as /^(x) is 
a rational integral function in a of the variable x Putting .i 7 =g^ in (7), we see that 

where (a?) is the fli-st derivative of and because (^)=t=0, it follows that e (which 

is any number in is a rational function in S2 of the number q^ i.e. it is a number lying 
in the domain (fl, q) Conversely every iiumbei’ lying m (a, q) clearly lies m SI'. Con- 
sequently Si' is identical with the domain (Q, q) formed by the adjunction of g to 12, when 
the numbers n, 6, c, . in (6) are siutably oliosen. 

A domain 'ip/tM contaim SI will be called a domain immediately over SI when all its 
elements are lumibers in or immediately over SI, i e. when every niimbei' in it is a root of 
a rational integral function m SI. Fi’om the above theorem it follows that such a domain 
is one which can bo formed from G by the adjunction of numbei’s immediately over G. 
A domain immediately over Gi is an algebraic domain, and every algebraic domain can be 
formed by the adjunction of algebraic numbeis to G^, 

Me. V. All numliei's in and immediately over G form a domain the oleincnta of which 
lU’e the roots of all rational integral functions ni G. In particular all numbers in and 
immediately over Gj form the domain of all algebraic niimboi^. 

Mx vL Let a, b, c, ... and a\ b', o', ... be two finite sets of algebraic numbere ; let G he 
any domain of rationality in which a, b, c, . . aU lie, and let O' he the smallest domain of 
rationality which contains G and also all the numbers a', b',cf, .... 

Then rf G' u not the same as Si, lue can form it from G by the adjunction of a number q, 
not lying in Si, whicJi is a root of an irreducible function in Si of finite degree. 

For we can certainly foim G' by the adjunction to G of a finite number of algebraic 
numbers which, being roots of irreducible functions in Q,, are necessarily roots of 
diicible functions in Si. 

Note Domains and numbers ov&r G. 

A number over G is usually understood to he a number immediately over G, and a 
domain over G to be a domain immediately over G. 

If however G' is a domain immediately over G, G" a domain immediately over G', 
G'" a domain immediately over G", and so on, we might fitly call all such domains as 
G', G", a'", ... domains over G, a domain over G lieiiig then one which can be formed from 
G by HUQcoHsive adjunctions each of which is the adjimction to a domain of a number 
immediately over it When the teim ‘over’ is used in this wider sense, all domains 
fomed from Si^ by such successive adjunctions might be called super-rational domains, 
and all domains fomed from the domain of all algebraic numbers by such successive 
adjunctions might be called super -algebraic domains \ and super-raiional and mpcr-algehraic 
number's would have corresponding widei' meanings. 



CHAPTER XXI 

KESULTANTS AND ELIMINANTS ON RATIONAL INTEGRAL FUNCTIONS 

[In §§ 191 and 192 precifie deflnitioiiB are given of the roots of a rational integral 
function of any number of variables, of infinite roots; of repeated roots; of general, 
special and porticuloi* fnnctioim; of the weights of the coefficients of a function, and of 
ordinary values of the variables or coefficients of a function. The next two articles deal 
with the resultants of rational intogi*al functions, in § 193 we surainorise in the form of 
two theorems the fmidameiital properties of a resultant of general functions , and m § 194 
we consider the resultants of specialised fhnctions. The remaining two oi’ticlos deal with 
the common roots and the eliminants of rational integral functions; in § 196 wo prove 
certain lemmas regarding the existence of common roots in which partial resultants and 
ohminants are used; and in 196 we sumnianse in the form of two theorems the funda- 
mental preperties of a complete ohmiiiont of general functions, from which the exact 
number of common roots is deduced. Some attention is devoted to the discriminant of 
a single function in 194, and to the diacnminant of a set of functions in § 196. The 
final proof of the theorems of §§ 193 and 19G, based on the properties of symmotne 
functions, is given m § 200 at the end of the next chapter ] 

§ 191. Roots of rational integral functions and equations. 

The roots of any rational integi'al function / and the roots of the con’e- 
sponding rational integral equation / = 0 will be defined to be identical. We 
shall usually apeak of them as the roots of the function /. 

1. Roots of a homogemoihs rational integral function. 

Let /(iTi, ,,, be a homogeneous rational integral function of the 
n variables •• of non-zero degree r whose coefficients are finite 

numerical constants which are not all zero. We will define its roots with 
greater precision than before. It will be convenient to denote them by 
matrices. 

The function /always has the zero root 

[a:i/ra...a^] = 0 (a) 

If ai, ••• ofn aro finite numbers which arc not all zero, the function/ 
has a finite non-zero root given by [®ia’g ... = [exj ofu «n] if and only if 

/(oi, ttfl, ... ofn) = 0. When this condition is satisfied, it has finite non-zero 
roots given by [a-j oig [ofi «a .•• ««], where k is any finite non-zero 

number. We shall usually make no distinction between these roots and say 
that / has a finite non-zero root given by 

[^1 073 ... %] = [«! aa ««] (b) 

if and only if /(«!, ofa, ... ofn) = 0, the sign = indicating as usual that the 
matrices on the two sides of (b) dififer only by a finite non-zero scalar factor. 
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If [ai ttg . . . Oti] are numbers which are not all finite, we can put 

where p is an infinite scalar number and oti, ofg, ... of,i are all finite but not all 
zero ; and we shall then say that /has an infinite root given by 

aja .. = [uj Ug .. . = p [ffli ofa . .. a„] 

if and only if /(fli, Ofo. - • 0 = 0* We shall however usually identify this 
root with that given by (b) , and when this is done, the distinction between 
infinite roots and finite non-zero roots disappears, and all infinite roots can be 
left out of account. 

Accordingly we define the roots of the functimif or the equation f— 0 to he 

(1) the zero root given by (a); 

(2) the vo7i-zei'o 7'oots given by congi'nences of the form (b) in which the as 

are all finite hut not all zero, and /(«], ffg, .. of„) = 0 (A) 

A root given by a congruence of the form (b) is supposed to be known 
when the ratios ofi • ofg ■ ■ • • ’ Qn known Every finite root in which =(= 0 
may be supposed to be given by a congruence of the fomi 

[x^ ajg . . . = [flfj Ofa . . . CLn-i 1] , 

where ofi, n.re finite nurabera, every one of which may bo 0, and 

/(ofi, tfa, ... Qfn-I, 1) = 0. 

Notk 1. Repeated roote of the homogeneous fimctioii f. 

Eepeated roots are best regarded in the fii*st instance from a geometrical standpoint. 
We oan mgard the roots of the function / or the equation /=0 as the ‘points* of a 

‘ surface f defined by the equation /— 0, a ix)int A defined by the congruonco s T* 

' — 'fj *^11 

lying on the surface / if and only if the function / has a corresponding root a defined by 
the equivalent oongruence [a'i . .. .i? J s [aj ay . , . a,J . It is shown below that every straight 
line of homogeneous {71 - l)-way space has exactly r i)Oiiits of intersection with the surface/ 
of degree r If i of these points coincide with A for even/ straight lino drawn through A, 
we call a a root of/ repeated i times \ and if % is the greatest integer for which this is time, 
we say that n is a root, of / 7'epeixted exactly i tm.es, and call A an ?'-fo]d point of the 
surface / 

Let A and B be any two distinct points defined by the congruences ^ s 7 ^ . 

‘■—'71 ' — 'n ‘—'11 '—'11 

Then the points of the straight line A B are given by the expheit congimence 


‘'T’l " 

" 01 ft “ 


■ft" 


A'.j 

S 

"2 ft 

C;]-^ : 

^ ft 
+ 11 . , . 

0) 

_ 

_“n ft_ 


_ft_ 



where X and /i are arbitroi'y finite parameters which ore not both zero. There is one and 
only one point on the straaght line cori'esponding to each distinct non-zei*o value of [Xfi], 
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the jjoiut A being given by ;i=0 or [X, 0 ], and the point 5 by X =0 or [X, /i]=[ 0 , 1 ]. 

The pointa of mterseotiou of the straight line with the surface are given by the nou>zero 
roots [X fi] of the function 

ff (X, /i) =/ (Xnj + , X ciy + , . . Xrt,i H- fi^n) (2) 

=X’’ /(n„ a„ u„) + X’-V- A/(aii a^, ... a„) + i X’-=^® . Ay(ai, at, ... n„) + ... 

+X’-V'. Ay(ni, ca, ... n..) + . ft, ...ft), ...(3) 

" 1 ..™ + 

We can express g (X, /i) os a product of linear foctoi’s in tlie form 

g{\iix)= (X/ij - /iXi) (X/ig - /iXg) . . (X/t^ - yiXy), (4) 

and identify the roots of g with the roots [X/i]=[Xi^i], [^ 2 i^ 3 ]» • • of its lineai* 

factors , then g (X, /i) has always exactly r non-zero roots, and thei’efore the straight line 
AB always intei*sects the surface / in exactly r points. Tliere will be i of these points 
which coincide with A if i of the roots of g are given by [X /a]s [1 0], i e. if i of the factoi-s 
in (4) are equal to i.e. if g (X, g) is divisible by g\ i.e. if the first i - 1 terms of the 
expansion (3) vanish This will be the case for every straight line drawn through A if 
and only if the first i-l terms of the expansion (3) vanish idouticiilly when /3i, jSg, . . 
are variables. If wo underatand a o^epeated root to be one which is repeated more than 
once, and make use of Eulei’’s theorems regarding homogonooua functions, we conclude 
tliat : 

( 1 ) The function f hoc a repeated root given hy [.ri .a?g . .r, J s [a^ o.^ . . . «, J whm and only 

when the n first derioativefi of fi vis. ^ ^ 

All 02} ... Aft O^^l, ... 

( 2 ) It has a root [^i^g...A’,i]=[ai Ag...aJ repeated i times wheni and only when all the 
d&lvatives of f of ordeir z -1 vanish for the values ai, og, ... 0,4 of 

.z?!, xg, ... and this o'oot is repeated exactly % times when and only when tlio 

deHvatives of f of order % do not also all vavuh for those values o/^Ti, a’g, ... 

(3) The fmiction f of degree r cannot have a root repeated more than 0 * times unless it 

vanishes identically. 

Strictly speaking ‘root’ must hero mean ‘non-zei'o root,* but this i*ostriction can bo 
removed by talcing the first two of the above results as analytioal definitions. It will be 
observed that, liecauso/is homogeneous, the vanishing of all the derivatives of / of order 
z — 1 IS a necessary and sufficient condition for the vanishing of /and all its derivatives of 
orders 1 , 2 , The third result follows from the fact that the derivatives of /of 

oi'der r are the coefficients of / multiplied by non-zero nuineneal Constanta. 

In the equations ( 1 ), ( 2 ), (3), (4) we can replace [X^] by [1 p] whore p is an arbitrary 
parameter which is not necessarily finite.^ pt=0 giving the point A, and p = oo giving the 
point B. Then [a;ia?g...j 7 j 3 [aia 2 ...a„] is a root repeated i times if the expansion (3) in 
powers of p contains only terms divisible by p^. 

If .4 is a point for which aj,i=at»=t= 0 , we can always find one and only one point on the 
straight line AB for which Xn^Oj and take that for the point B. Hence in this case we 
can without loss of generality suppose that in ( 1 ) we have a„«=l, 13^—0 



. ^ j all vanish for the values 
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The i-esultant of the n first derivatives J-, ... la called (see S 193. s) the 

oJfi 0 Sj2 

disGriminant of/ Its vanishing is the necessaiy and sufficient condition that f shall have 
at least one repented non-zero root. 

It should be observed that i oonsecutive or coincident roots do not ordinarily foi*in a 
root repeated i times. 

Ex 1 . The function / has the root [.ri^g....r„]=[aia 2 - -Oji] repeated i times, where 
i :j>y, when and only when the expansion of / in powers of Xi - ai, — ag, . contains 

no term having total degree less than % in those quantities, and has thei’efore the form 

, +X,., 

where is a homogeneous rational integral function of Xi - oi , 572 ~ a 2 » • • - "n oi degroo s. 

This IS the case when and only when/(ai+pSi, ag-l-pggj ■ • ^n+p^u) is divisible by p*. 

E.r n. The zero root [xi .r2,...r,J=0 of tbe function /is repeated exactly r times. 


Ea\ lii. If i j|> and if we expi’eaa / in the form 

(h) 

where is a homogeneous rational integral function of ^ 1 , of degree /i, then 

[,ria?a ..^„-i.rJ = [00 01] (6) 

is a root off repeated i times if and only if 27i, . all vanish identically, so that/ 
has the form 


f=Uy + .r,iUr,i-\-x^Ur^^+.. 'Ui. 


...{&) 


The root (6) is repeated exactly i times when and only when /has the form (6') and U^ 
does not vanish identically, 1 e. when i is the lowest degree which a non-zero term of / can 
have 111 A'l, .ro, . 


Ex. IV. If the coefficients of /are rational integral functions of an arbitrary parameter 1 ^, 
then in oiNier that/ may have a ixiot of the form 

[iCi-Vo .B,., .r„] = [fni, fas, ... 1] (7) 

repeated i times, whore the are given tinite constants and it is a necessaiy 

condition that/ itself shall have the fomi 

The coefficients of 27,, 27,._i, ... Ui in (7') may be any given constants, and (7) will 
then bo a root of (7') repeated i times if the coefficients of Ui- 2 ^ • • 0»ro suitably 

determined rational integral functions of t of degree r-i 

Ex. V Let the coeffioients of all the C-^s in (7') be given finite numbers. Then if ^ is 
sufficiently small but not 0, (7) is a root of (70 when and only when the finite quantities 
ftij «a) • satisfy the non-homogenoous equation of degree ?, 

+ . .+ 27o=0 (8) 

We conclude that when n > 2, the function (70 has in general an infinite nmnber of 
roots of the form (7) in which the n’s are functions of t which ore finite when ^=0 ; and 
that when ??=2 it has not more than i and m general exactly i such roots. For ordinary 
values of the coefficients of the functions 27 none of the a’s vanish with L 

The same conclusion remains valid when the coefficients of the 27*8 ore rational integral 
functions of t, and none of the are divisible by t. 
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Ex. VI If t la fui arbitrary parameter which is finite and not 0, and if the coefticientH 
of the are finite oonatants, the roots of the fiiiiotioii 

f— Uq 

ill winch .r, 4--|=0 ai’o ^nveii by 

[.'6’l X'l . • 1 A'nJ — 1 > » • • • - 1 » ) 

where ^Vn-i] huite root of the iion-liomo^'enooiiH equation 

^ r+ C-V-i + ■ • + » 

and the roots of fin which ^',^=0 are given by the honiogoiiooim equation f/, = 0 

Ex. vii. The homogoiieoiiH fuiiotion /‘given by (6) has a non-zero root in which Xh=0, 
1 e. one of the fomi 

[u?i X‘2 . . _ 1 ,t*„] = [ai a.j . rt,i - 1 0] , (9) 

where the are hiiito, when and only when (ai, wjj, an.-.i) = 0, and if it haa 
the root (0) repeated i times when and only when 

all the denvatiVGS of tv(ni, of order z — 1 vanish, 

all the derivatives of (ai, ag, ... a„_i) of order z-2 vanish, 


aU the derivatives of ^7y„<+2(aij aa) ••• Older 1 vanish, 

27i.-i+i(ai» «a» • • On-i) vanishes 

Equivalent conditions are that ay, . a,i_i) and all its donvativos of oidors 

1, 2, ... yfc — 1 must vanish for the values 1, 2, ... i of X’. 

Ex. viii. Let 

y = { fj,. -h 1 + Cfj— 2 +•••+%’’ ^o} (1^) 

bo a homogeneous rational lutogi-al fiiiiotiou of xi^ i' 3 , ., x\ of degree which is 
divisible by j?,/, the U^b being homogeneous rational iiitogi*al functioiiB of .Vi, I'a, . 
whoso dogroofl are indicated by th6ir sufl5^os. Then if i:t>r, this function / htua the root 
(9) repeated « + i times when and only when the conditions of Ex. vii are satisfied. It 
always has this root repeated at least 8 times. 

Ill this cose the roots of / are the roots of its two faetoi-s ; and the roots of the ffictor 
Xn* given by all soquouces of the form (9), every one of them being repeated exactly 
8 times. 

2. Boots of a non-komogeneoits rationed integral function. 

Let /(®i, ... te a given non-homogeneous rational integral func- 

tion of the n-1 variables eci, iCai ••• of non-zero degree r in -which the 
coefficients are finite numerical constants which are not all zero, and lot the 
function obtained when we homogenise / without change of degree by the 
introduction of an additional variable a;„ be 

g — g (u?!, ®Bi ... 1 ’ ®n) 

=s Ur iSfiU f—i + . . . -t- ffifi’’”' Ui + ffln’ ^0, 


( 11 ') 
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where V, = TJ, (co^, ... aWi) is a homogeneous rational integral function of 

degree s of the a — 1 variables iPi, ... Xji — j, so that the given function is 


~ ^ (jSij x^f ... j) Q (^i» ^2 1 * • ij 

= t7, + tr,_a+ .. + u, + u, ( 11 ) 

If Ha, flj. Oji-i a>re numbers, the function / given by (11) has a 

finite root given by 

(aTj X^ . . . ““ fla • • • • (d) 


if and only if /(a,, a„ . an-i) = g(au «a. 1) = 0; and this is the case 

if and only if the homogenised function g given by (11') has a finite non-zero 
root in which 0 given by 

[^1 X^ ... iTji— 1 Xj^ = [Ui Ofa > « ■ OtjL—i 1] (l^ ) 

Thus in this case the function / has a root given by (d) if and only if finite 
numbers proportional to Q], Oa, ... «n-i, 1 satisfy the equation g = 0. 

If Hi , Oa, .. . On-i are numbers which are not all finite, we can put 

[Ui tta . . . a„_,] = p [«! Ha • • ■ i] 3 . . • ■ (12) 

where p is infinite and the a’s are all finite but not all zero. Regarding the 
present case as a limit of the previous case, we will assert that / has an 
infinite root given by 

[a-'i i] = [cLi cTq . . . i] (13) 

if and only if finite numbers proportional to Oi, Oa, 1 satisfy the 

equation p = 0, i.e. if and only if p has a finite non-zero root in which + 0 


given by 

[zCi = [ttiOta . . . a,i_a 0] , (c') 

and this is so if and only if 

C7,.(ai, Dfa, ... Ofn-i) = 0 (14) 


Notb 2 When ai, ag, .. o^-i are not all finite and are I'epresented as in (12), we see 
from (11) that we cannot liave/(ai, ag, ... <»n-i)=0 imlesa the condition (14) is satisfied. 
Consequently (14) is a necessary condition that / shall have an infinite root given by (13). 
Our assertion makes this condition sufficient as well as necessary. 

It follows that when / has the mfinite root given by (13), it has infinite 
toots given by [a?i£Ca.-. where k is any finite non- 
zero number. We shall usually make no distinction between these roots, and 
say that / has an infinite root given by 

[a;ia;2...«Jn-i] = p[aiaa..-«n-i ]3 or [/»! a?2 . .. = [a^ Og ... otn-i] . ..(e) 

(where the a's are all finite hut not all zero), if and only if the condition (14) 
is satisfied, i.e. if and only if ^cw-i] s [etj Oa . . . ot^i] is a root of the 
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homogeneous function formed by the terms of highest degree in /, this being 
so if and only if g has a finite non-zero root in which + 0 given by (e'). 
In the first of the formulae (e) the sign = has its usual significance, p being 
infinite, in the second formula it is used in a special sense which is suffi- 
ciently indicated by calling the root ‘ infinite.' 

Accordingly we define the roots of the non-homogeneous function f given by 
(11), or the roots of the corresponding equation /= 0 to be 

(1) the finite roots given by equations of the form (d) , 

(2) the infinite roots given by congi'ueiices of the forin (e), where the as are 

all finite hut not all zero, and Ur{aiy ofu, ... a,i„i) = 0 (B) 

Every root, whether finite or infinite, is represented by a finite matrix. 

Notk 3. Homogonaovs wnd non-hoviogenoous variahles. 

The terras ‘homogeneous^ and ‘ non-homogoneous ’ can be applied to the variables 
instead of the functions. In a non -homogeneous fimction / the variables ai-e necesaarily 
non-homogeneoua , and the roots of / are defined as above In a homogeneous function / 
we can regard the variables eithei* as homogeneous or os non-homogenoous. In the former 
oose the roots of / are defined as in sub-article 1, the zero root being excluded; in the 
latter case the roots of/oi’o defined as in the present sub-ai*ticlG When we speak of the 
zero root of a homogeneous function, wo arc regarding the vanables as non -homogeneous; 
and when wo speak of the common roots of a system of ecLuatioiis which ai*e not all homo- 
gouoous, wo must regard the variables as non-homogeneous. 

In Analytical Geometry the equation represents a pair of points in 

a 1-way space when the variables are homogeneous, no meaning being attached to the 
zero root [.»y]=0; and it represents a imir of straight linos m a 2-way space when the 
vanables are nou-homogouoous, the zero root corresponding to the origin Again the 
equation =0 represents a pair of straight lines in a 2-way 

space when the vanables are homogonoous, no meaning being attached to the zero root 
\xyz\^Q, and it represents a quadric cone when the vanables are non-homogonoous, the 
zero root oorrosponding to the origin. 

3. Gorrespondences between the roots of a non-homogeneoujs function f and 
the homogenised function g. 

As in (11) let /(iPi, a?a, ... ocn-i) be a non-homogeneous rational integral 
function of degree r, and as in (11') let it be converted without change of 
degree into the homogeneous function g(xi, fljg, ... Xn) by the introduction 
of the additional variable i.e. by the substitution 1 =Xn, Then from sub- 
article 2 wd see that : 

Thet'e is a one-one correspondence between the finite roots of f and those 
(finite) non-zero roots of g in which a?«=|= 0, every two such corresponding roots 
having the forms 

[fl?! 0^ . . . = [oti (Vg . . . [^1 ^ . . . 1 ®n] = [tti tta . . . 0(n-i 1] j 
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also there is a one-one ooiTespondenoe between the infinite roots of f and those 
{finite) non-zero 7'oots of g in which a?7i=0, every two such corresponding 
roots having the forms 

[a?i a :^ . . = p [a^ a.j . . . a^-i ] , [^i • ■ ocn-i ^n] h [ofi aj . . . a„ 0] , 

where p is infinite, and the as ai'o all fi^iite hut not all zero (A') 

The function / 1ms no other roots , the function g has only one other 
distinct (finite) root, viz. the zero root [«■] /Tg . . su^] = 0, which is repeated 
r times 


More generally let be an imdegcnerate square matrix with constant 

elements, and let f{aoi, be converted without change of degi'cc 

into the homogeneous function g {y^, ^a, . . . yn -^ , by the linear substitution 


X 

1 

' — 'n-l. I 



(16) 


We can replace the substitution (15) by the successive substitutions 

1“^ n 

1 = rCji, = [Z] y , and when we do this, we see that : 

I — In ^ I — In 


There is a one-one correspondence between the finite roots of f and those 
{finite) non-zero roots of g which satisfy the equation 

ImVi + + ■ • . + InnVn = 1^ 

every tioo mch coiresponding roots having the forms 

[a, Ofa ... a:n-i] = K Wa .. «»-]], [yi ya ... H [;9j /3a ... /3„], 


whefre _ = R] ; 

1 » L- J,i 

' 

also thet^e is a one-one coirespondence between the infinite I'oots of f wnd those 
{finite) non-zet'o roote ofg which satisfy the equation 

-b . . . + ZftnJ/n = 0, 

every ttoo such corresponding 7Vot8 having the forms 

[a*! iUg . . . /a77i_i] S p Ofg . . . , [yi J/a • • • 2/n] = [A > 

where p is injmite and 


a 

0 


= [Ca 


(B') 


The function / has no other roots , the function g has only one other 
distinct (finite) root, viz. the zero root [yij/a.. yn] = 0, which is repeated 
r times. 
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The fii-st part of thia theorem was proved directly in § 187.3, and the 
second part can be deduced from the first by an assertion similar to that 
made in sub-article 2, i.c. by regaining an infinite root of / as the limit of a 
finite root. 


Note 4 Ri^peatad roots of the noti-homocimoous funotionf 
The noil -horn ogonooiia funytiou /given by (11) has the finite root 

A’o = ag . . Oji—i] 

roiioatod i times wliou and only when the honiogeniaed function g given by (IT) has the 
coiTespondmg root [oi «2 • a»-i 1] lopoiited i times; and it has the 

infinite root [ai oa .. a,i_i] repented i times when and onlj^ when g has 

the ooiresponding root [x!\X 2 * ng ... 0] repeated i times The dis- 

ciimuiniit of / IS the same ns the discriniiiiaiit of and its vanishing is the necessary 
and sufficient condition that /shall have at least one I’epeated root, finite or infinite. 

Note 6. Roots of a rational integ^'ol funoUon which has infinite coefficients. 

In speaking of a rational integral function / of degree r it is usually assumed that the 
sequence [etj flts ...] of its coefficients is a finite non-zero matrix When this is not the 
case, we dotemnne if possible numhera &i, &a» propoiiiional to ai, Og, ^3, ... which are 
all finite and not all zero ; then if g is the fuiiotion of degree r formed from / when we 
replace the cooflicionts cui, (23, ... by Z>3, we define the roots of / to bo the 

roots of g. 

If son 10 or all the cooffioieiits aj, ttg, 6^3, ... of/ai’o mtinito, we can put 

[aiaaa3...]=:p[&i 5aZ»3...], 

where p is infinite and 5i, finite and not all zei'o; and the roots of / aM 

the roots of the function g formed in the mannei* just dosoribed. If p is very great hut not 
infinite, then the roots of g ore first approximations to the roots of /. Thus if / is the 
homogeiioous fimction 

/— a,’® + -P + X^ys^ + SX&i;’^ + 

then when X is mtinito, the roots of / are the roots of the function 

which is the cooffioionb of the highest power of X ooouri’ing iu /. Those roots (see Ex. vii) 
include roots in which ;0=O repeated twice. If X is a veiy largo number but not infinite, 
the roots of g 01*0 first approximations to the roots off. Again if / is the noii-homogeneous 
function 

/ea ^ + 2Xy3 -I- + 2X^ -I- X^ H- X*, 

then when X is infinite, the roots of / ore the roots of the function of degree 3 

which include infinite roots repeated twice. 

Note 6. Roots of a r(Xtional integral function which vanishes identically. 

When a rational integral function / vanishes identically, we must consider that every 
set of values of the variables is a root of /. The coefficients oq, Og, as, of / all have the 
value 0 in this case, the ratios ai : : 03 . .4. bemg indeterminate. 


a iiL 


5 
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If however the coefficients ai, Oa, 03, ... of a rational integral function / are all non- 
zero vanishing quantities, and if we can put 

[«! Oa ^ •••]—« [^1 ^ ^ •■’]» 

where 61, 6a, &3, . . 01*0 all finite and not all zero, then the roots of /must bo defined as in 
Note 6. 

The following examples on non-homogeneous functions correspond to and 
can be deduced from Exs. m — viii. 

Ek\), ix. The iioii-homogoiieous function / of /Paj ••• given by 

/=i7, + u;^i+.. (16) 

where is a homogeneous rational integral function of degree s, has the zero root 
... J7n-i]=0 repeated i times, where when and only when Ui), Z7i, ... all 
vanish identically, 1 e. when and only when / contains no term whose degree in all the 
vanablea is leas than or has the foim 

/=Cr,+ U,_i+... + Cr, (17) 

Ex. X. If the coefficients of the non-homogeneous function / are rational integral 
fimctions of an arbitraiy parameter then in order that /may have a root of the form 

[Xi .-172 ... An-i]=^ [ai 02 a«-l] (18) 

repeated i times, where the a’s are finite constants, and i 4> r, it is a necessary condition 
that /itself shall have the form 

/aa Z7 ,.-b + (180 

The coefficients of U,., 27,._i, ... Ui in (18') may be any given constants, and (18) will 
then be a root of (18') repeated i times if the coefficients of £7i_2, ... Uq are suitably 
determined rational integral functions of t of degree r-i. 

When the ooefiicients of all the JPb m (18') are finite constants, and t is sufficiently 
small but not 0, the function (18') has roots of the form (18) in whioh the 0’s are any finite 


quantities satisfying the equation 

C^i+Cri-i+... + C^o=0 (19) 

Ex. xi. If the function /given by (16) has the infinite root 

[a7i^2...-a7n-i]sp [aiaa...att_i] (20) 

when and only when (flij 02? a»-i)=0 ; and it has the infimte root (20) repeated 

i times, where i :(>r, when and only when the conditions of Ex. vii are satisfied. 

Ex. xii. Let 

/=a0-|-0H-..,-f- Z7,.-l- -I- ,„+ Ujj (21) 


be a rational integral function of x^^ , 1 of assigned degree r-f-a in whioh the terms 

of degi’eoB r-f-1, r+2, ...r-i-a all vanish identically, being homogeneous of degree s. 
Then if f :|>r, we see from Ex. viii that this function / has the mfinite root (20) repeated 
8 -\-i times when and only when the conditions of Ex. vii ore satisfied. It always has this 
root repeated at least a times. 

In this case the roots of / are the roots of the function Crr+^^r-t + .-+ in 

addition every mfinite root of the form (20) repeated exactly s times. 


i 
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S 192. General, special and particular rational Inte^nt^al functions. 


1. Ddfinitiom of g&nei'cd^ special and parti<yidar functioiis. 

A 1‘fttioiial iutogrul fiiuotioii f of the n variablew .2?3, ... havmg degi’eo r in all tho 
vanabloa is called a general function of degree r when ovoiy possible toim of degree not 

gi'Oiitei- than r 000111*3 111 it and the coefficients of all the terms are arbitrary 

IJiiramotora to winch any paiticiilar values whatever oan be ascribed. We specialise the 
fiiiiotioii/ when we give particular numerical values to some of the ooeffioients and leave 
the rest of them arbitroiy, or when wo replace some or all the coefficients by rational 
integral functions of a limited number of oi’bitrary poi’amoters ; and a function g denvod 
from the general funotion /in tins way is called a special function of degree r. 

We particular m tlio funotion / w'hou we give particular numerical values to all its 
cooffioionts, and a function g denvod from / m this way is eddied a particular fa^iction of 
degree r. The actual degree of a special or particular function of degree r, i.e. the highest 
dogi’ce of a term having a non-zero ooeffioientj may be less than r. 


A liomogonoous rational integral function / of tho n + l variables a?!, .^a, ... is 

called a gen&'al homogeneous function of degree r when every possible term of degree r 

( n f'N 

J terms are arbitrary parametena to which 


any particular values whatever can be ascribed. By specialising or particularising the 
coefficients as before wo obtain special and partiaidar homogeneous fiinctimis of degree ?■. 
Tho actual degree of a special or pai'tioulor homogeneous funotion of degree r which does 
not vanish identically is iieoossarily equal to r. 


Ex. 1. If a, Cy /, gy /i, X, p are arbitrary poramotors, tho functions 

+h7/^+ ^gx -f 2^ 0 , 
a (572 3) + (oja + 2 ,) a- (y + 1 ), 

3a724-6ity-j.7^+2 , 

are rospeotivoly a general function and a spooial and particular function of dogmo 2 of tho 
voi’iablos X and y ; and tho functions 

ax^ 4- ^ ^ ^2fyz + %gzx + 2/«;y, 

X ( A*® -I- y 2 -i- z^) + (X + 2/i) (ys + za; + ^), 

3a-'2+2y2 

arc resiioctivoly a general homogeneous function and a special and partioulai’ homogeneous 
funotion of dograe 2 of tho variables Xy y, z. 


2. Weights of the ooeffioients of a rational integral funotion. 

When / is a general homogeneous rational integi’al function of degi’eo r of the ?i+l 
variables a;i, ... Xn, wo will ascribe weights to tho ooeffioients of tho various terms 
with reepoct to x^, X2y tho weight with respect to x^ of the coefficient of any 

toim being the index of tho power of oocuiTing in that term. These weights con bo 
indicated by suffixes attached to the letters denoting the coefficients. Thus iff is expressed 
in the form 

/=2«p,,.j . (Pj+P2 + .-+iJn+Pn+l=»’) (1) 

and if w IS any one of the integers 1, 2, ... w, n+ 1 , then is the weight of the ooeffioient 
^iPa- PnPn+i respect to x^. With this notation adl the coefficients of / and the 

5—2 
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weights of every coefficient with respect to ... 37^1 are shown without any 

lunlngiiity. The weight of a product of any number of the coefficients with respect to 
IB the sum of the weights of its factors with respect to 

When / is a gcruyi'al rational integral function of degi^ee r of the n variables a’j, a'o, ... 
wo will asonbe weights to the coefficients of the various terms with I’espect to the vanahlos 
A’l, a’a, ... .r^ and a variable x^+i which will render* / homogeneous of degi*eo r when wo 
apply to it the substitution these weights being defined as before Wo will call 

the ‘absent variable’ or the ‘homogenising vanablo.’ We generally express / in 
the form 

+ i (^^i+?^a+ = 0 (2) 

Then if u is any one of the integers 1, 2, ... ?i, is the weight of the coefficient 

3»tir,fc+i I'ospect to a'„, and jD^+i is the weight of that coefficient with respect to 
the absent variable Wo obtain (2) from (1) by the substitution ^71+1= 1, and (1) 

from (2) by the homogenising substitution 

We could of course ascribe any weights we jilease to the various coefficients of any 
mtional integral fimotioii without using any special notation to indicate the weights, the 
weight of a product of any number of coefficients being always the sum of the weights 
attached to its factors. But it will usually be understood that the weights arc those 
defined above. 


3. Ordinary values of vcunahles and coeffioients. 

By ovdvnai'y 'oalues of the variables a?!, 373, ... we shall mean particular finite 
nnmeriool values for which ^i=l=0, 5'a=t=0j <73=1=0, ..., where ^1, ^2 j i/sj certain rational 

integral functions, finite in number, of the variables ^1, 073, ... which do not vanish 
identically. Wo may speak of ordinary valuBB of the variables even when the functions 
a-re not specified if we know that it is possible to specify them in at least one 
way. Ordinary values of the arbitrary coefficients of general or special rational integral 
fuuotions /i, /a, ... defined in the sajoae way, ^1, being now rational 

iiitegi'al functions of those arbitrary coefficients. By ordinaiy roots of a rational intogi’ol 
fimction /(JOi, ^*2, ... with numencal coefficients we shall mean those finite roots 
[.-Pi for which j^a+O, ^a=l=0, ..., whore ^1, g^^ ^3, ... are rational integral 

functions of .t7i, a?2> ••• ‘which do not vanish for all finite roots of /, the lost condition 
l>oiiig nocessary in oi*der that there may be oi’dinary roots. 

A scalar number which is neither zero nor infinite will sometimes bo called on ordinary 
nurfiber or an ordinary scalar constant 

Ex, ii. If a rational integral function of ^1, ^73, ... vanishes for all ordinary values 
of the variables, then it vanishes identically. 

If two rational integral functions of a?i, .i?2i ... are equal for all ordinary values of 
the variables, then they are identically equd. 

If two rational integral functions of the coefficients of the general rational integral 
functions /i,/a, .../m equal for all ordinary values of the coefficients, then they ore 
identically equal. 

These theorems have been proved in Ex. xv of § 186. 

Ex, in. If a rational integral function E vanishes for all ordinary roots of an irresoluble 
function g, then it is divisible by g Here ordinary roots are those for which gi^O, ^24*0) 
P^a40, where gu ^2, ffsy ... are not divisible by g. 
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If a rational integral function F lying in a domain of rationality Q vanishes for aU 
ordinaiy roots of an reducible fimotion then it is divisible by g. Hei-e ordinEtiy roots 
may be those for which 5^1 =#0, ya+Oj .<734=0, , where ^1, g^^ <73, • . he in 12 and are not 
divisible by g. 

These theoroms have been proved in Exs. viii and x of 8 180. 

J£'^^ iv. ^1, a?2, w a rational integral function of ,,, x^x W«cA zs 

dividhle hy /o?* all (yrdinaiy partmdar valuea of the then it is divisihU by ^ when 
2, Xi, ... Xxx are all arbitrary. 

Here ordinary values of the ix?^ may be defined to be those for whicli g-^ J?u) 4= 0, 

.72(^1) ^2) ^•,i)^=0, ..., where the are given rational integral fimotions which do not 

vanish identically. 

Let sfl bo the highest power of z which is a factor of / when s, .rg, ... are all 
arbitrary, and lot g'+a be the actual degree of / in z. Then there exists an identity in 
fi, ^1, 372, ... of the form 

/=s® {2» Uq 4-s *- 1 i7i + . . . +2 + ct;}, 

where the U'a are rational integral functions of the only, and whei'e and do not 
vanish identically. 

Now let such ordinary particular values be given to the a/s that Ug^Q. Then ^ is the 
highast power of z which is a factor of /. Since by hyiiothesis is now a factor of /, wo 
must have p, and this establishes the theorem. 

Ex, V. Let 3?!, a7a, •• arici? yi, ya, ... two seta of mriahlcSy the sfs aiui y’s; and let 
/(^'i> '^’2 1 *..) be an mesolubla function of the a^a. Then if F(xi^ .i7a, .. yi, ya, . ) w « 
rational integral function of tlw tda and 3/s which is divisible by f for all ordinary particular 
values of the y*«, it is diviaihle by f when the sfa and fs are all arbitrary. 

We may suppose ordinary values of the ys to bo those finite values for which 
yi(yi»y2» "0=1=0, yaCyiiyai "0=1=0, ..., 

where yi, ^2, ••• rational integi’ol functions of the y’s which do not vanish identically. 
If vanishes identically for all finite roots of /, it must clearly be divisible by /; for if we 
express it in the form 

Fijvu ,572, ... yi,y2, ..0=sZ7p^ (37i, 372, ..O-yW-* 
each of the tPn must in this case bo divisible by/. 

Now suppose that F is not divisible by / when the 3/s and 3/8 are all arbitrary. Then 
we can determine a finite root [371 372...] = [ai 02...] of / for which F^ regarded as a funotioii 
of the y\ does not vanish identically , and when we substitute ai, ng, ... for 3'i, 372, ... we 
can determine such particular fimto values of the 3/s that i^=i=0, yi4=0, ^2^=0, .... When 
we give those ordinoi-y particular values to the y’s, F does not vanish for all finite roots 
of /, and is not divisible by /. This is contrary to the hypothesis that F is divisible by / 
for all ordinary particular values of the y^s. 

It follows that F must bo divisible by/ when the .z/s and ys are all arbitrary. 

Further i/^(37i, 372, ... yi, y2, ...) is divisible by f^ for all ordinary particular values of 
ike yh^ it is divisible by f^ when the sds and fs are all arbitrary. 

For since F is divisible by /, wo have F^fFy^ where Fi is divisible by /P“^ for all 
ordinary particular values of the y^s, if 1, is divisible by /, and we have 
F™pF^^ where F% is divisible by /P“® for all ordinary jiarticular values of the ys; 
if jo >2, F2 is divisible by/, and we have ^2«/i^8, F=pF^\ and so on. 
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The above theormia remain true wlmx f is an irroducihle function in Q, and F is any 
vaitonul intecfral function of the ids and y^s which lies in the same domain of rationality Q.. 

Ex, vi HilhGuds Theor&ai gcim^alised If 9/1, ?/2j -••) is a-n irresoluble 

rational integral function of two sots of vaiMablas, tlie. 9 ?’s and the ?/s, then for all oi’dinary 
ptirticiilar valuGH of the t/’h it w an irroHolublo fnnction of the 


§ 193. Resultants of rational integral functions. 


1. Remdtant of n gmernl homogenous funotions of n mriahles. 
Let fi (®,, aia, ... <8,,) = 


P\V-i‘ 7hi~iPn^l ^2 ’ 


.(1) 


(i^i+P2+...+i)n-i'+JPn = n; i=l, 2, 


bo n gcnoml homogeneous rational integral functions of the n variables 
fl^a, ... a\i whose dcgi-ees in all the variables are r*a, ... these 
being all different from 0, and let 


fi Ca?i, . ^r„_„ 1) = , 


.( 2 ) 


(i^i + 15fl + -.-+l?7i-]+i^n = n; i = 2 , ... ii\ 


bo the functions derived from them by the substitution x^=^l\ so that the 
functions (2) aro n general rational integral functions of the w — 1 variables 
.rj, of degrees rj, ... rn which will be re-converted into the 

71 functions (1) when we homogenise cacli of them without change of degree 
by the substitution 1 = ««,. Also let 

r = rj?-a...r2i; = (i = 1, 2, ... n), (3) 

SO that 7’ is the product of the degrees of all the n functions in either set, and 
8i is the product of the degrees of all the functions except in either set. 

"When the ?i general homogeneous functions (1) are particularised by 
assigning particular numerical values to their coefficients, they will not 
usually have a iion-zeiu root in common ; but the particular values can be 
HO chosen that they do have at least one non-zero root in common. We 
will define a resultant R of these n functions (or of the correaponding 
uijuatioim /i = 0, /a =• 0, . . . /n = 0) to be a rational integral function of 
their coefficients of the lowest possible total degree the vanishing of which 
JH a necessary and sufficient condition that the n functions shall have 
at least one non-zer'o root in conwion. By this we mean that when the 
functions are particularised by assigning any particular values to their 
coefficients, the particularised functions will always have a non-zero root in 
common if and only if R vanishes for those particular values of the coeffi- 
cients. The process of determining a resultant R is called the elimination 
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of the variahles Wu oo^j ... from the functions /i, /a, .../m; and we may 
also call R the complete eliminat of the n functions / or the corresponding 
n equations. 

Similarly when the n general functions ( 2 ) are particularised by assigning 
particulai* numerical values to their coefficienbs, they will not usually have a 
common root, but the particular values can be so chosen that they do have 
at least one root (finite or infinite) in common. We will define a resultant of 
these n functions (or of the corresponding equations /i = 0 , 0 , .../« = 0 ) 

to be a rational integral function of their coefficients of the lowest possible 
total degree the vanishing of which is a necessary and siiflBcient condition 
that the n functions shall have at least one root (finite or infinite) in common, 
this to be the case whatever particular values are given to the coefficients. 

Fi-om § 191 we see that the n functions ( 2 ) have at least one root (finite 
or infinite) in common when and only when the n functions ( 1 ) have at least 
one non-zero root in common. Consequently every resultant of either of the 
two sets of functions ( 1 ) and ( 2 ) is also a resultant of the other set. For 
such a common resultant of the n general homogeneous functions ( 1 ) and the 
n general functions ( 2 ) we shall generally use the notation R (/i,/a, .•-/«), it 
being immaterial which set of functions /i,^, .../^ are supposed to be. 

If 9i> ffsj ••• dn axe n special or particular functions derived from the 
general (or general homogeneous) functions fi, fi, by substituting 

special or particular values for some or all of their coefficients, the function 
into which J? (/i, /a, .../ 71 ) is converted when the same substitutions are 
made in it will be denoted by i 2 (gfi, ... this being a rational integral 
function of the arbitrary parameters occurring in the coefficients of g^, ... 

which will be called (sec § 194) the mireduced resultant of the special 
functions gu ••• gn- It will be a mere number when there are no arbitrary 
parameters in the coefficients of the ^*s. To avoid ambiguity when dealing 
with special functions, it will sometimes be advisable to use the fuller nota- 
tions Rr,r^ rn(/i> /»»•••/«)» the resultauts, the 

degrees to be attributed to the functions being indicated by the suffixes of jR. 

The fundamental properties of resultants are summarisod in Theorems I 
and II of this article. In proving these theorems for n functions we in the 
first place make the provisional hypothesis that they and the two theorems 
of § 190 regarding elimiuants are true generally for functions loss than n in 
number. The general proof of the two seta of theorems is completed by 
induction in § 200 . 

lifi is any one of the n functions / given by ( 1 ), and if X is the homo- 
geneous linear function 


X. ™ K^co^ “H * ■ « H" 


,( 4 ) 
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where the ks are arbitraiy parameters, we will denote the X-eliminant (as 
defined in Theorem I of § 196) of the remaining — 1 functions /i, 

/i+ii •• -/n of n variables ^ 9 , ... by 

Ei{Ku ••• fCn) = l^il 

and we will suppose that some fixed value has been given to the arbitrary 
numerical factor in so that Ei is a homogeneous rational integral function 
of the K& of degree Si whose coefficients are completely known rational integral 
functions of the coefficients of /i, Further we will define 

Pii7 P‘1^9 ••• Piji ••• pin ....(B) 

to be the eoefiicients of /Ci^i, ic^i, . . ... in Ei, so that they are the 

resultants of the n sets of n — 1 general homogeneous functions of 71 — 1 
variables formed from the functions /i, .../c-i, /i+i, .../n by putting = 
flja = 0, ... iCj = 0, ... 0 in turn when suitably chosen fixed values have 

been given to the arbitrary numerical factors in those resultants. 

For the sake of brevity of expression the coefficients of the n functions f 
given by (1) or (2) will be called the a*B. 

Theorem I. If the n general liortiogeMoiLs functions f, /a, .../« of the 
7? vaHables oo^, iCg, ... osn given by (1) have any non-zero degrees ... 
then they have aresultant ii(/i,/ 3 , ...fn), independent of the order ofan^ange- 
ment of f, f^, ...fn uniquely determinate except for an arbitrary finite 
non-zero numerical factor, which can be defined by the following propet'ties : 

(a) It is a rational integral function of the coefficients a of the n functions 

f which, for all particular finite values of the a's, vanishes when 
and only when the n fmctions f have a non-zero root in common. 

(b) It has the lowest total degree in all the a*s which is possible for any 

function having the propeHies {a). 

Moreover it is an irresolvble function of the a!s when these are all arbitrary, 
and it has the following farther' properties : 

(a*) Its own coefficients are rational numbers which we may suppose to be 
integeft's. 

ifl) It is homogeneous in the coefficients of each one of the n functions f 
its degree in the eoefiicients of any one function f being — = 

Vi 

i.e. being the product of the degrees of the other' n — 1 functions. 
It is therefore isobaric of weight r with respect to all the variables 
a?,, a? 9 , ... in ike eoefiicients of each one of the functions f when 
the weights of the eoefiicients are defined os § 192 .a. 
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(o') It is isohamo of weight r with respect to each one of the mriahles 
A'a, ... in the coefficients of aU the n functions f; ^.o. m every 
term of R the sum of the weights mth respect to Wj (or the sum of 
the sufixes pf) of all the a!s which occur in it is equal to r ; j being 
amy one of the integei^s 1, 2, ... 


id') 


If fi is any one of the n fmctions f and if ... Aij^ ... Ain 

are the coefficients of w/i, ... xfi , ... in f, then the coeffi- 
cients of -dJJ, 4^, ..., ... A^jI in R are respectively 


P'lv P'l 




pZ> 


m 


provided only that Ute arbit/i'my numerical factor in R is suitably 
chosen. 


(e*) If fi is any one of the n fimcUons f and if (when Ei does not vanish 
identically) 

[a?i flJa . . . = 1, 2, . . , ^ ^ , (6) 

are the Si non-m^o common roots of the other n—\ functions when 
the absolute values of their elements are so chosen that 

ntasi 

n (ctulfCi “h Ofita/ta + . • . + = Ei (/Cl , /Cq) ... /c^i), (7) 

u=i 

then for all ordinary particular values of the coefficients of the 
% - 1 functions /i , ... /i_i , , . . . /n , viz, those for which 

ATa, ... fCn) 

does not varnish identically ^ the equation 

"'./ii)” ^ fi(^%ii Otjtai ••• (.A.) 

is time and is an identity in the coefficients of the function f; 
provided only that the arbitrary numerical factor in R is switably 
chosen, 

if) V fr> ^^2/ ^ functions f is specialised i/nto g ^ , where g^ is 

the homogeneous function of degree r,f formed by the product of two 
general homogeneous functions '^t of non-zero degrees p, g, 
that 

S'T = <^V"r, pH-9 = n, (8) 

then the equation 

= ii ... <f>r, i2 ... t., .../n) (B) 
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is an identity in the coefficients of /t+i» •••/tu 

provided only that the arbitrary nmn&t'ioal factors in the three 
fancUo^is R are snitobly chosen ; the coefficients of being in this 
case functions of the arbitrary coefficients of yfrr which are 

homogeneous and linear in both those sets of coefficients. 

It should be observed that R (/n/a, .../m), which is irresoluble when the 
coefficients of all the functions f are arbitraiy, need not be irresoluble when 
the coefficients of some of the functions axe specialised, as in the case with fr 
in (B). 

The restriction imposed on the absolute values of the elements of the 


non-zero common roots of the — 1 functions 

/i, /i+n, .../n (9) 

in (d) will always be observed, because it serves to simplify the proofs. 
Wlien it is removed, we must replace (7) and (A) by 

k. n + a,a«a+ ••• + («i, *2, ••• «»). O') 

Ok^i , n yi (ctm, Wiw) “ di {fly f^j * • , fn) s (*^i) 


and when any ordinary particular values are given to the coefficients of the 
functions (9), there exist equations of the forms (70 and (Ai) in which k and 
G are some finite non-zero numbers, the equation (70 being an identity in 
the K% and the equation (Ai) being an identity in the coefficients of f. 
Wlioii the arbitrary numerical factors in Ex and R are given, the value of the 
numerical factor k deponds on the particular values given to the coefficients 
of the functions (9) and on the values given to the arbitrary numerical factors 
ill tho non-zero common roots, whilst 0 is an invariable constant independent 
of tho particular values given to the coefficients of the functions (9). Thus 
tho essential fact represented by the equation (A) is that the expressions 
on its two sides are rational integral functions of the coefficients of the 
function fx which differ only by an ordinary numerical factor, or that the 
coefficients of the various terms of the function on the left bear to one 
another the same ratios as the coefficients of the corresponding terms of the 
function on the right. 

Since the absolute values of the as are always at our disposal, we can so 
choose thorn in every case that k m (7') or in (Ai) has any invariable 
value we please. In (s') we choose them so that k is always 1. We could 
further make 0=1 for all values of i by suitably choosing the arbitrary 
numerical factors in Eiy ... En and IL From the fundamental property 
of the eliminant represented by (7') we see that the sole restriction actually 
imposed on the a's is that two corresponding non-vanishing terms of the 



193] 


OF RATIONAL INTEGRAL FUNCTIONS 


75 


rational integral functions of the on the two sides of (7) shall always have 
equal values, or that some one of the elementary symmetric functions of the 
non-zero common roots shall be equal to a corresponding definite function of 
the coefficients of the functions (9). 

It will be shown in § 200 that when the coeflScienta of the functions (9) 
have such particular values that vanishes identically, and in no other case, 
iJ becomes a function of the coefficients of fi wliich vanishes identically. In 
this case the functions (9) have an infinite number of common roots, and 
they have a root in common with ft for all particular finite values of the 
coefficients of fi. 

In the notes which follow we assume that the above theorem and also 
Theorem I of § 196 are true generally for functions less than n in number, 
and suppose that the n given functions /i,/a, . . ./» are arranged in a definite 
order. From Note 5 we see that in proving the above theorem on the same 
assumptions in § 200 we shall only need to show that for each of the values 
1, 2, ... n of i and for all non-zero values of ?’g, ... there exist functions 
(/n/a> ••■/«) which have the property (e') and the properties (a), (a'), (V), 
(cf) of the theorem. 

Noib 1. If for all non-zero values of ri, rg, ... there exists a rational integral 
function R{fu f^, --/n) o/ a’a wldok has the property (e') of Theorem I for any 
particular vaUie of then it mivst Itavc the property (f*) for all non-zero values of . 

r^ and all the values 1, 2, ... o/r. 

For the sake of brevity wo will use the notations 

Oit = [flttl 0142 • • • 0«fl] ) fi (Ok) =fi (a,4i , a«2 , . . . Oun)) 

/2C<7T)=i2(/i,/2, 

Firat suppose that r—i, so that in (8) we have 

(S') 

Then when the arbitrary numorioal factors in i2(/i,/2, -••/«), ^ suitably 
chosen, the equations 

1t=l U=S1 «“! 

ore tme for all ordinary particular values of the coefficients of the 1 functions 

fli ••• fl^li fi + lf ••• fnt ....(9) 

and for all valnos of the coefficients of (pi and ypi ; and since 

ffi («it) ■ < (««) 

for all the values 1, 2, ... «< of ?4, it follows that the equation 

is true for all ordinal^ particular values of the coeffioients of /i , . . . /I _ i , + 1 , . . . f,, , 

and must be an identity in them. 
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Next suppose that T=#t. In this case let J^ 2 j -^n — 2 he the tz- — 2 funotions which 

remain when we omit and fr from the n funotions /i , /a, . . . /„ ; let iSi («i , . ,c„) be 

the unreduced ehminant of F^, ... gr\ let EI{ku Kg, ... <0 he the elimmant of 
F^^ c^t; let Ei{Kii k 2 i ^fn) he the elimmant of F^^ F^, ... ^r; let 

(see Theorem I of g 196) the arbitrary constants in Ei, E/^ Ei* have fixed values so 
chosen that 

Ei=Ei'Ei"; (10) 

and let ordinary values of the coefiScients of F^^ F ^^ ... 0t, be those for which 

neither of the elimmants Ei, E^' vanishes identically. Further let /c = — be the t P roduct 
of the degrees of F^^ F ^^ ... F^^^\ and let 7i=jcp, h^^Kq, so that 


i7+g=rr, hJtk=^=8i. 

Then for all ordinary values of the coefficients the common roots a^, a^, ... of the 
91-1 functions (9) can be divided into two groups, viz. Xi, Xa, ... X^ which are roots of 
and /i 2 ) ... /i]b which are roots of yJ/jy this being the case even when some of the roots a 
are common to and ; and when the Vs and /x’s are chosen in the proscribed manner, 
and the arbitraiy numerical factors in E (/i, /g, .../„), E ((p^), R (f ^) are suitably chosen, 
the equations 

R ((]bT)= nV* (Xu), ft “5* fi (n), R (S'.) = “n* /, (X.) . n" /, w 

tt=l Ijel w=l 1,=al 

are true for all ordinary values of the coefficients of i'2j < 7 ) 7 , and for all 

values of the coefficients of/*. It foUows that the equation 

R{gr)-F (<7)t) • (^t) 

is true for all ordinary values of the coefficients of /i, / t_i, (prx ypn /r + it /u? and 
must therefore be an identity in them. 

We can also prove the propei*ty (/') by using the property (d') in place of the 
equation (10), 


Noth 2. (/ij/g, ... A) w aratioiml integral function of the Juiving the property 

(Z)') of Theorem /, md also having the property {d) for any particular value ofiy th&n it must 
have the property {d') for thai particular value of i 

If S is the coefficient of .4^ in iZ, then by the property (h') it is a rational integi-al 
function of the coefficients of the n-l functions (9). For all ordinary values of the 
oooffioients of the w-1 functions (9) the equation (A) is an identity in the coefficients 
of fiy and the equation C?) is an identity in the ic’s. When we equate the coefficients of 
on both aides of (A) and the coefficients of on both sides of (7), we obtain 

)S'= (ay rtg; . . . y ay ... - py . 

Therefore the equation 


is true for all ordinary values of the coefficients of the functions (9), and is therefore an 
identity in them ; provided only that the arbitrary numerical factor in R has been suitably 
chosen. 
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Note 3. If for all no7i-£ero values of ri, rj, ... r,i there exists a ratiorml integral 
/ unetion (/ij/i, .../n) of the a?s whioh has the property (5') of Theorem /, a'iid which also 
has the property (o') for some particvlar value of i^ them %t must be irresoluhle for all non-zero 
rttlues ofri, 7\j, 

By Note 1 tlio function H .../J has the property (/') of Theorem I for all the 

valuoH 1, 2, ... % of T. 

Wo will make the hypothoaifi that in the equation (B), which is an identity in the 
coofficionts of/i, . (j[)T, ^/^T, /t + 1 , . ft, the two functions on the right ai-e irresoluhle 

whilst (/ij/j) ... / t, . ./n) IS resoluble, and show that this is impossible. In proving 
this lot the £«*s moim the coefficients of all the functions / except f . , let the coefficients of 
fr be called 6’s ; and lot the coefficients of </>tj be called respectively (fs, a’s and jSfs, 
the tj’s being fimotions of the a’s and /S^s which are homogeneous and linear in both sets of 
quantities. 

Regarding Id(fi, .../^, .../J, 2£(fi , ... <^r, ... .../«) as functions of 

the a’s and 6 ’b, of the a’s and a’s, and of the &’s and ^8 respectively, wo will write 

= &). ^(/l,...S^T, .. fn) = F{a,c\ 

F (/i, ... = (a, a)i F (/i, ... yfrr, .../n) = i^" («, /3). 

Here F(a, c) is a rational integral function of the a*s and (fa which is homogenenus of 
degree ^=St in the 0 ’s. When we substitute for the tfs their values m terms of the a’s 

and /3 ’h, it booomes a function of the a’s, a’s and id’s which is homogeneous of degree Sj both 
in the a’s and in the ffa ; and when it is so expressed, wo can wnte 

i^(a, c) = G{a^ o, 3). 

The identity (B) is thou 

a{a,a,fi)^r{a,a).F"(a,fi) (11) 

By bypothesis the two functions on the nght in (11) are both irresoluhle. Therefore 
(11) is the only way in whioh (7 (a, a, j9) can be expressed as a product of two lationol 
integral factors neither of which is merely a numerical constant. Also by hypothesis 
F(a, h) is resoluble. Therefore it and F(a, c) can be expressed as products of two rational 
integral factors, neither of whioh is merely a numerical constant, in the forms 
F{a, h)=f(a, h).f"(a, 6), F(a, c)=f{a, c).r(a, c\ 

and wo have 

0{a,a,p)=f{a,o).r(a,c) (HO 

this equation l>oing an identity in the a’s, a?B and ffa when we give to the efa their values 
in terms of the a’s and Smoo the two factors 011 the right must l)e the some in (ir) 
os in (11), wo may suppose that 

/’(a, o)«i^'(a, a), /"(a, o)=F" (a, ft (12) 

The 6 '’h must actually ocom* m one at least of the two functions /' (a, c), f" (a, c), 
because the &’s octuaUy occur in F{a, 6), We may therefore suppose that they actually 
occur in/' (a, 0 ). Then f (a, 0 ) is a function of the a’s, a’s and ^’s in which both the o’s 
and the ffa actually occur, and the first of the equations (12) is impossible, because none 
of the jS’s occur on the right. 

Thus the hypothesis which we have made is impossible. 

We conclude that if the two functions R (/i, ... ... /n) and R (/i, ... .-/n) are 

both irresoluhle, then R (A, ... A, ... /n) is irresoluhle. 
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Hence if iZ (/p /j, is in'osoliible wbou the goiicml homogeneous functions 
/ 2 > --‘/n have non-zero degrees ra? --i?) and also when they have non-zero 

degi*ees rj, rg, ... y, then it is also in’esolublo when they have non-zero degi’eos 
’’ij ^8) — ’n By repeated applications of tins result it follows that if 

^(/l,/2,. fn) 

is iiTesoluble when the general homogeneous fmictions ■ fn non-zero degrees 

Pu '• Pn^ ^Ben they have non-zoro degimi < 71 , r/g, . . then it is also 

irresoluble when they have degrees Pi+gp ••• ?’ 7 i+{Zh- 

Now by Ex. lii in sub-article 2 the function -■/«) la iioooHsarily irresoluble 

when the general homogeneous functions .. fn have degrees 1, 1, ... 1 ; for lu this 
case the only rational integral function of the a’s which can have the property (('') for any 
one value of i is the determinant of the coefficients of /g, . which is an irro- 
Boluble function. It follows therefore by repeated apphcjations of the lost result that 
R (/i> / 2 » • • fn) is irresoluble when /p/j, .../„ are general homogeneous functions having 
tiny non-zero degrees r,, rg, .. 

Note 4. If a fwTiotion R (/p /g, ... f^) liarmg tJw proportias {a) of Thooram I is 
in*e8olvhle^ tkm: 

(1) It also has the pro^&inj (6) of tho theorefni^ and m therefore hy definition a rmiltant 

of the n fimoUons f 

(2) Every rational integral function of tU a!s which has the properties {a) and (6) of 

the theorem^ % e, emy rosvltant of the n functions f differs froin R only hy an 
o^'dinai'y nu7aerical fQct(»', 

Let R' be any rational integral fuuotion of the a’s which has the property (a) of the 
theorem. When the a’s are regarded as variables, R‘ vanishes for all finite roots of the 
irresoluble function R and for no other finite non-zero values of the vanablea. Therefore 
it is divisible by R, has no iiTesoluble factor distinct from R, and must have tho form 

R'=cBP, (13) 

whore 0 is an ordiuaiy numerical factor and ^ is a non-zero positive integer. It follows 
that R' cannot have a lower total degree than R,\e.R has tho property (6), and is 
a resultant. 

Again if R‘ has tho property (fi) as well as the property (a), its total degree cannot 
exceed that of /i, and therefore in (13) we must have 

Every rational integral fiinction of the (X*8 which vanishes whenever the n functions f 
have a common root must clearly bo divisible by R, 

Noth 6. If for all mnrzero values of r^ rg, ... r^ there emst functions A (/p/a, .. /„), 
--/n)! ••• Rnifuh^ .../,i) wAioA have the property {d) of Theorem I for the values 
Ip 2, ... n o/i respectively, and which also have the properties (a), (a'), (R), {</) of the theorem, 
ihen^ for aU non-zero values of rp rg, ... these n functions Ri, R^, ... all differ hy 
oi'dinary nwnerical factors only from an irresoluhle finoiion R (/, /g, .../„) whwh has all 
the p^'operties of the theorem and is a resultant of the n functions f; and every resultant of 
tho n functions f differs from R only hy an ordinary nv/mencaZ factor 

By Note 1 each of the functions i2p R ^, ... has the property (/') ; by Note 3 each 
of them is irresoluble; and it therefore follows from Note 4 that each of them has tho 
property (6) and is a resultant, that they differ from one another by ordmary numerical 
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fiwtorrt only, and that every resultant differs from each of them by an ordinary numerical 
factor only. Honoo wo can write 

whore c^, c.j, .. 6’,^ are ordinary numerical factors, and where R is an in*esolublo function 
and a resultant having the propei^tics (a), (6), (a'), (&'), ), (/') of the theorem. Because 

i?!, 72^, ... Rh have the property (o') for the values 1, 2, . w of ^ respectively, therefore R 
has the property (o') for all the values 1, 2, ... of 2 !, and therefore by Note 2 it has the 
property (d') for all the values 1, 2, .. n of i Thus (/j, /g, . /„) is independent of the 
oidoi- of aiTangemont of /i, /a, .. fm aJid is a resultant having all the properties of 
Theoinm I, 


Note 6. Fropm'ties of the resvltaiit R (/^ , /j, . . for partkular values of tlui a's which 
are 'not all finite^ 

When the pai’ticulor values given to the coefficients a are not all finite we replace the 
coefficients a of each sepai'ato function by corresponding proportional finite coefficients a 
which are not all zero, and the n functions / have a non-zero common root if and only if 
(/u/ai ■••/») vanishes when the a’s ore substituted for the a’s, i.e. if and only if the a’s 
constitute a root of the equation (/i, /y, .../n)=0 when the a’s are regarded os variables. 


Note 7. Partial deduction of the property (cJ') of Theorem. I from the properties (a) 
and {hi) 

Wo will here define pij to be the resultant of the n general homogeneous functions 


/tl, ... Ih^U + • • iht (9') 

of 7 i - 1 variables obtained by putting Xj=0 in the n- \ functions 

/i, -./i-iT/i + i, -A, (0) 


and to bo the term of / 2 (/i,/ 2 , ..-A) which contains no coefficient of /i except .4^, 
whore is the ooeffioieiit of m Then Ti^ can bo obtained by putting all the 
coefficients of A except Atj equal to 0 in iZ, and is the unreduced resultant of the 
n fmiotions 

fu ■ ■ A-i, A+n - A (14) 


From the property (&') wo see that 

whore >S' is a rational integral function of the coefficients of the n - 1 ftinotions (0) which is 
homogeneous of degree Sj—— in the coefficients of A when r=t=i. From the projiGrty [d) 

we BOO that wo could also define Tij to be the term of R which has weight r with respect 
to Xj in the coeffioients of A, or weight 0 with respect to Xj in the aoefficionts of the 
11 - 1 functions (0). 

By the property (a) the vanishing of Tij is the necessary and sufficient condition that 
the n functions (14) shall have a non-zero common root, and the vanishing of py is the 
necessary and sufficient condition that the n-1 functions (9') shall have a non-zero 
common root. 

Now suppose that 41^ 4=0. Then, the n functions (14) have a non-zero common root 
when and only when <S*=0, and they cannot have a non-zero common root in which ^^4=0. 
Therefore for all partioulor values of the coefficients of the n- \ functions (9) we have 
>Sf=0 when and only when the functions (9) have a non-zero common root in which 37^=0, 
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].e. when and only when the - 1 fiuiotioiin (9') hii\ e a nou-zero common root, i.o. when 
and only when p^=0. Since iH irreaoluble, it follows that wo must have 

S^Gpl 

where (7 is an ordinaiy miraoi'ical factor, and X is a j^iositivo intogoi' ; and bocaiiso pfj and S 

have deffrees and — in the ooefiBcionts of fn when wq must have Thus 

^ nrr Tr 

wo have 

where C is an oidinai’y nmnoi'ical ftictoi’. 

We know that G has tho same value for all values of j when the arbitrary niimorioal 
factors in the p’s ai^o chosen as m (5) \ but the above ai'giimont does not show this. 


2. Resultant of n general fimotians of /i — 1 variMes. 

Let = ^ 

and (2) 

be the functions defined in sub-article 1 , let/J./a, be now the n general 
functions (2) , and if f is any one of them, let the functions obtained when 
we retam only the temis of highest degree in each of the remaining n — 1 
functions 

fii ••'fi—i> •••fn (9) 

bo denoted by 

hij ... hi—i, Ai-i-i, fhit (9) 


so that (9') are a — I genei-al homogeneous rational integral functions of tho 
?z — 1 variables a?i, ... Also let he the resultant of tho n—1 

functions (9')- Further let 

A-i Kij K.2t • * * {f) = 

be the A^-elirninaut (as defined in Theorem II of § 196) of tho ?i - 1 functions 
(9) when 

X. = -h KiODi “f* “b . . . “h 1 J 

where the /c’s are arbitrary parameters, the coeflEcient of in Ei being pin, 
and let the coefficient of tefx in Ei be 

Then we have the following second theorem : 

Theorem IL If the n general functions ... /n of the n — \ variables 
oig, ... aon^i given by (2) have any non-zero degrees ... r«, thm they 

have a resultant Bifu /j, fn), independent of the order of arrangement of 
fu / 2 » •••/«» uniqvsly dderminate eacept for an arbitrary finite non-zero 
numerical factor j which can be defined by the following properties: 

(a) It is a rational integral function of the coefficients a of then functions 
f which, for all particular finite values of these coefficients, vanishes 
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wluiii and onhj when the n funchons have a root {finite or infinite) 
in commoiu 

(6) It has the lowest total degree in the coefficients a of all the n functions 
fiuhich is possible for any function having the properties {a). 

This resultant R{fi^ f ,, . ./n) is identical with the resiilta^nl desmbed in 
Theorem L It is thei^efore an ii^esoluble function having the prop&tiies (a'), 
(6'), (o'), (d') of Theorem I when Xn is the absent or homogenising variable, and 
it also has the following properties : 

{e) If fi is any one of the n functions f if — is the product of the 

ri 

degrees of the other n—1 functions ( 9 ), and if {when pin^O) 

= (it = l, 2, ... s,) (6') 

are the common roots of the other n — l functions (9), then for 
all ordinary pavticidai values of the coefficients of the functions 
. /i> ■■■ fi-\i /i+u fn those for which pin does not vanish, 

i.e. for which these n — 1 functions have no infinite oonimon root) 
the equation 

^ (/*!» ./t3> ■ • * y«) ^ ^ f'l (®^ll ^U3} ■ • • Otfi.ll— Ij 1) (-A. ) 

M = 1 

is true, and is an identity in the coeffiyyients of f, provided only 
that the arbitrary numerical factors in R and p^ are suitably 
chosen. 

{f) Iffn any one of the n functions f, is specialised into g^, where g^ is 
the function of degree Vr formed by the product of tiuo general 
functions ofnon-z&ro degrees p, q, so that 

gr ” ^t'^T9 P 3 = 

then the equation 
^ fl^T> ••• ff^ 

= {flifi ••• fn) • R* (fifij ••• “^T) fn) (B ) 

is an identity in the coefficients of fi, ... (^t> /t+i, -./n, 

provided only that the arbitrary numerical factors in the three 
functions R are suitably chosen; the coefficients of gr being in this 
case functions of the arbitrary coefficients of which are 

Jiomogeneous and linear in both those sets of coefficients. 

There is no need to give a separate proof of Theorem II, as it follows 
immediately from Theorem I when we apply the substitution Xn = l and 
put Kn = e- In fact the only essential difference between the two theorems 
0 . in. 6 
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is that the property (e') of the first theorem is replaced by a less general 
property m the second theorem. We can always homogenise the functions (2) 
and use Theorem I in place of Theorem II. 

In the special case when /Oxn=l=0 the functions (9) of Theorem I have no 
common roots in which = 0, and the functions (9) of Theorem II have no 
infimte common roots. In this case the condition (7) of Theorem I is 
satisfied if we choose the absolute values of the elements of the non-zero 
common roots so that 


0^171 — pin i 

and if we then put 

[ofwi • • • 0^e,n— 1 Of-itn] ~ ^un [^wi Aw • • • 2, . . . 

the equation (A) is equivalent to 

IttJj Pu.lV-li 1)3 


i.e to the equation (A'). Or again we can in this case choose the absolute 
values of the non-zero common roots in Theorem I so that 

and then in the equations (7') and (Ai) we have k = i-c. the equation (Ai) 
becomes (A')- 


Note 8. Direct p'oof ofTkcor&nilL 

Notes 1, 3 and 4 are applicable to Theorem II, and when these have beou proved, we 
can establish the theorem by showing (as in § 200) that for each of the values 1, 2, ... n 
of i and all uon-zei’o values of rj, j'a, th6i*G exist functions (/i,/a, ... ^u) having the 
property (e') and the properties (tf), (a'), (6'), (o'), (d') of Theorem II. There will be some 
changes iu the proof of Note 1 due to the change in the property (d) ; ordinary values of 
the coellicieuts of the fimotiona (9) must be those for which pin=l=0 ; and in the second coso, 
when T=t=i, WQ must replace (10) by the identity 

Pin^P 

whoi’e Pin, p'^iti are the resultants of the three sets of homogeneous functions formed 
by the terms of lughest degrees in 

••• ffT) 2} -^a? • • -^n-a* ^T) 

the first of these resultants bemg unieduced. The other changes are only trivial. The 
proofs of Notes 3 and 4 will be exactly as before. 

D.V. i Theoranu I and II are ohvioudy true in the specied case wh&ti 1. 

For if a is an arbitrary parameter, a single general homogeneous function f(x) of 
non-zero degree r of the single variable;!!? and a single general function /(I) of nou-zoi’o 
degi'eo r without any variable have respectively the forms 

/(l)=a. 

In both caaes we can take the resultant to be 
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Ex, 11 . The theorems are iiot completelif true whm any one of tfie fiinctiom hue degree 0 

If /i only has dogi’ce 0, wo have fi = a, whore a is an arbitrary parameter, and by 
Lemmas A and B of § 1 95 for % — l funotious a necessary and sufficient condition that the 
n genorjil homogoiieoua (or n general) functions shall have a noii-zoro root (or a root) in 
common is a=0. A resultant having the dimensional properties of the theorems could 
only be 11 = whore and is resoluble. 

If •••/< only have degree 0, whoi*e 1, we have /i=ai,/ 3 =aa, .. /<=«{, whore 
the a’s are arbitrary paramoteis Necessary and sufficient conditions for the existence of 
a common non-zero root (or a common root) are ai=0, a 2 = 0 , ... a^—O. If there woi’e 
a resultant having the dimensional propei’ties of the theorem, it could only bo R=N^ 
whoi'o iV is a finite non-zero number. 

Ex, 111 . Speoial ease when eomj fmmilon hm degree 1. 

If R IS the resultant of the n general linear functions 
f\ =ttua;i4-ai2‘‘i?a+- - + ^i, 


fn = <h).\ + %2 -'*'‘2 + ■ • • + “n, H - 1 - 1 + ^ an » 

or of the coiTesponding n general homogoneous hiiear functions of o/j, A-g, ... it is 

the determinant of their coefficients given by 

R={a)'\ 

This doterniinant is (see Ex. iv of § 186) an irrosolublo function of the a\ and has all 
the properties of the theorems. Moreover every func?tioii which has the properties (J/\ (o') 
of Theorem I can olotu-ly only diftbi' from this determinant by an oidinary numoriail 
factor. 

Ex, iv Speoial ease wh&n n=2. 

The proof of Theorems I and II for this special case is mcludod in the gouei'al proof. 
It is however a well-known fact that if m and 7i are non-zero positive integers, the 
resultant R (/, ^)“yif of the two homogeneous functions 


is the detei'minant 

A= 





of the matrix 






“Oo 

0 

... 0 

bo 

0 

.. 0 " 

flti 

Oi) 

... 0 

w 

h 

.. 0 

p Ll«. ^ 

•• 

di 

... 0 

h 

h 

.. 0 






a,- 

1 

,3 ... Ctg _ 


^B-2 

• ^a-n» 

_0 

0 . 

... Offi 

0 

0 

_ 


whose elements 01*0 given by with the understanding that 

ajb=0 when ^<0 or h>m^ when ^<0 or h>?i. 


6—2 
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The succesflivo eleniouts of the j tli vertical row of the first ooiistituont of oi form the 
sequence [a^ preceded by j - 1 zeros and followed by n -j zeros ; and the vertical 

i*ows of the second constituent am formed in a similar way. 

From the identity 

.. 

...^““^., 7 ] .. . .(16) 

we SCO that whenever (for particular values of their ooofficionts) the functions / and </ 
have a non -zero root in common, there must be a conuection between the horizontal rows 
of 0 ), and we must have A = 0 Therefore the vanishing of A is a necessary condition for 
the existence of a non-zero common root It follows that the resultant R must be a factor 
of A , and because A has the same dimensions as Rj it must be R 

Fi’om Ex. ii of § 189 we see that whenever / and g have no linear factor in common, 
the only homogeneous rational intogrol identities in and y of the form 

Pf+Qg^o ( 16 ) 

in which P and Q do not both vanish identically ai'O those in which 

P=Mg, 

where if is a homogeneous rational integral function which does not vanish identically, 
and that there is therefore no such identity in which P and Q have lower degrees than 71 
and w respectively Now when over A vanishes, there exists a connection between the 
vortical rows of © of tlio form 

^0 


[a,&] 


n,wi 



=* 0 , 


and from (15) it follows that there exists an identity of the form (16) in which 

consequently /and g must have a linear factor and a non-zero root in common. 

We have thus shown, independently of the general theorems, that the vanishing of A is 
both a necessary and a sufficient condition that f and g shall have a non-zero root in 
common. 

The corresponding non-homogeueous functions 

/(^')«ao.t?”‘+ai^““^ + ... + <aE»n, (y)=6oa:“+6i:*?"”^+... +&» 

have of courao the same resultant R{f^ 5 ')=A, and if ai, o^, ... a,» and /Sj, jQg, ... /6n are 
their roots in a?, then for all ordinary values of the coeffioients we have 

R^a^pg (ai) g (am)s6o’V'(W/035!)»-/(^n)3ao"&o”'n (oi-/^). 

Ex, V. By Ex. iv the values of R (/, g) for the four pairs of general functions given by 
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are respectively 

or according to the dofimtion used; 

ii:=aZ?2-U2? + &A2; 

/ 2 =a 27 j 2 _ aliBH-\-{abn^^^ahA B] - b/iA 
=(o7?- hAf-{aE^kA) {hB^ hH ) ; 

/i= a?B^ - aViBQ^a {a&Q^ _ ^ahBP + h^BP] [ahAB - ahPQ - hU B} 
^h{ahP^^^ahAQ-\-Ii^A Q} - bViA , 

whore the terms arc arranged according to tlioir weights in tho two Hots of cooflicients with 
respect to .v and tho homogenising variable. 

E.r, VI. For tho two general homogenoous functions 
we have 

(/> ~ ^2(»®®ll^U3^ia4“0^20 {<3^20^03^12^” 2^20 Cl02 ^03^81 ^21} 

— Ctii {ct2n <3^02 &13 ^21 “ <3^20 ^*02 ^80 + ^*11^ ^03 &3u} 

+ <% {<3t2u<*oa ^21^ “ 2a2oGt()3 &3n ^la + ®ii^ ^ ^12} ” <%s^ ®ii ^30 &31 + <^03^ ^30^* 

This example illustrates the properties (P), {(/), (d') of Theorem I. 
jEi?. vii. If /=(aa;-\-a)(hv+^), ff=>(h'-^X) (p.'v^+^,v+r\ 
then R (f, g) = {a\ — Zn) (&X - 10) {pa^ - qua + ra®) {p0^ — qb0 + ri®). 

Wo can obtain this expi'ession for R by successive applications of the formula (B') of 
Thcomm II. 

Ex. viii. Special <me m which eaoh of the n /iinotiom f is a product of homogmeous 
linear factors. 

Wo will suppose that /i, /a, ... /„ have non-zero dogi*eos 7 * 1 , rg, . but are special 
functions of tho forms 

/i=A''ii jTia... Xir^, .../<= Z<iAr<a .../ii=«X„iA'',43...A'nr,^, (17) 

whore the A’’h are general homogeneous linear funotions of Xi^ .. Then if Ui is any 
element of tho sequence [1 2...ri], ... any element of tho Hoqnonce [1 2...ri], ... any 
element of the sequence [1 2 . r„], so that ATj*,^, . . are any linear factors of 
/i»/ 2 j •••A respectively, there are exactly r distinct values of the sequence [wiifg- -wj, 
where r=rir 2 .. and by repeated applications of the formula (B) of Theorem I we see 
that 

R{fu h ... A'^,^, ... a;„j (IB) 

where there are r factors in the protliict on the right, each factor being the resultant of 
n homogeneous linear fiuictKuis. For a given set of values of «i, ... wo can (see 

Ex. iii) write 

Xi 

=W“ ? . =(«);; (19) 

where (a)” is a matrix with constant elements. 

' 'n 
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Thus in this case i2(/i,/2, . Q is the product of the r determinants of the type 
(a)“, each determinant being the resultant of n of the linear factors of /i, /a, one and 
only one factor being selected from each function 

Ex IX. Theorem. If linear 

mh^titvtion 

w 

converts the general homogeneom funciixms fi, /g, . . of ... x„ of degrees ?•, , rg, ... 9 ’h 
i7ito the honwge7mm functions gi, ... g^^ of iju y2> • • Vn, thm 

^(^1) ./^j 

Let the coefficients of the functions / and g be oalled respectively a’s and h% the 
elements of the matrix [Z]^ being called Z*s; so that the 6’s ore functions of the a*s and Z’s ; 
and let ordinary values of the Z’s be those for which A=}=0 It is to be imderstood that 
£^2, ... 9n) IS the same function of the Z>*b that .. /«) is of the a\ but is 

regarded as a function of the a’s and Z’s. 

We assume till the conclusion of the argument that a fixed set of ordinary particulai’ 
values have been ascribed to the Z’s. 


For all particular values of the ct^Q the functions g have a non-zero common root when 
and only when the funotious f have a non -zero common root. Hence when the are 
regarded as variables, It (^i, 92^ . * 5^?*) Js o* function of the a’s which vanishes for all roots 
of the irresoluble function -Z2 (/i,/2, . and is therefore divisible by it. Since the two 
functions R are homogeneous of equal degi*ees in the a% it follows that 

^ 2 , ...^0=^ ^(/i, /2, .../n) (21) 

where X is a numerical constant depending only on the values of the 1% the equation (21) 
being an identity in the a’s. We will determine X by speciahsing the functions/ 

... /n bo the special funetionB of Ex. viii, so that 

^ ni • • • ......(17^) 

where the 7's are the homogeneous hneor functions of 3/3, . .. y,, into which the Z’s are 
converted by the substitution (20). Then corresponding to the equation (18) we have 

(£fi. 92. ... ^«)-n7e(7i,^, ... (180 

and corresponding to the equations (19) we have 


=m: f 


)=w“ (19') 


and thoreforo R ... P„„^)=A . R ... Z„^). 

Thus in this special omq each of the r factors of ... g„) is a times the 

corresponding factor of R (/j, /j, . . /„), and therefore in (21) we have 


L=iT. 
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It follows tliftt (0) is an identity in the whicli is true for all ordinary values of the 
Z’h; and it is therefore an identity m tlio aVs and Z’h when b()ih sets of quantities are 
arbiti-oi’y. 

Ex. X. If /i,/a, . are oi general functions of the variables Xi, X 2 , .. .fu-i nf 
non-zero degrees ... ?•„, and if, when wo hnmogeiiiso each of them without change of 
degi’ee by the linear substitution 



they become the n homogeneous functions ffu g^j •••ffu • ?/in thou 

.92. ■ ^(/» fii — (O') 

whei’e A=s(Z)]‘, and o\P=rir2...9\. 

This follows from Ex ix. 

Ex. XI If the functions /^yi, . . /« of Ex ix or Ex. x become g^i 
substitute X.r^ for tiny one of the variables whore X is an arbitrary parameter, then 

^ 2 , /a, .,./«) (C") 

This is a particular case of the preceding theorems, and is equivalent to tbo fact tbab 
the resultant has weight r with respect, to Xi in the coofhcieiits of all the functione. 

Ex. XU If •• U O'^lj • ^0 

are n general lioniogouoous funotioiis of the n variables ...x,^ of nnn-zoro dogrocH 

... r,i, so that .?v=t=0, and if 

^’21 • • 0, 2, . . n) 

are the n funotions of the «-l voi'iables x^^ .. dorivod from them when we 
BuUstitute the arbitrary parameter t for .r,*, thou 

... Q (<'") 

This follows from Ex. xi. 

Ex. xiii. special ccLse in which n homogeneous functiom of a\, x ^, . . x^^ 

which all have the same degree a and co^iiam no product imm. 

Let A and lot /I, /a, .../„ ho the n functions given by 

O^l, 2, . n) (22) 

By Ex. iii these functions have a non-zero common root wl ion and only when ^=0. 
Therefore i2(/i, /21 .-.A) taken to bo a power of the irrosolublo function A ; and 

since its degree in the coefficients of ft is wo then have 

i2(/i,/2,.- (23) 

Ev. xiv. Theorem. If the n general homogmoous functinm /i,/s, ... /« of the 
11 vuriahleit .ri, A’ 2 , ... fl'u (o?* the n general functions /i, /a, ... A n—\ vciruihles 

Xi, X 2 , ... all have the same total degree and if gi^ ...g^ are the nfunctioTis of die 
same variahles defirnd by the equation 



i2(5’i. S' 2 . ■»fl'n)=A*’‘"' W(/i, /2, where £^=(.1)1 (D) 


then 
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We will suppoae that the functions are homogenoons, and define the a’a, 6’s, and 
the ordinary values of the Z’s as in Ex ix. We tigain assume till the conolusion of the 
argument that a fixed set of ordinary imiiiiculnr values have been ascribed to the Z*e 

Then for all particular values nf the a’s the functions g all vanish simultaneously when 
and only when the fimctions/ all vanish simultaneously Therefore any common rout of 
ono set of functions is also a common root of the other set, and as in Ex. ix we have 

i/2) ■ • j^i)j 

whore Z is a numerical constant depending only on the values of the Z’s, the equation (25) 
being an identity m the a’s We will determine Z by specialising the functions f. 


- Let ^ cmd let/j, / 2 , . . bo the functions of Ex. xiii, so that 

+ + (^= 1 » 2 , . . n\ ( 22 ') 

where 

Then corresponding to the equation (26) we have 

.. fl(/„ ... A) (26') 


It follows that in this special case, and therefore in all cases, we have 

Thus the equation (D) is an identity in the a*s which is true for all ordinary values 
of the Z’s, and is thei’ofore an identity in the a^s and Z’s when both sots of quantities 
are arbitrary. 

^ 194 . Unreduced and reduced resultants of specialised rational 
integral functions. 

It is assumed throughout this article that the theorems of §§ 193 and 196 
have been proved. The remarks of sub-articles 1 and 2 apply to eliminants 
wlien these are regarded as resultants. 

1. Unreduced and reduced resultants. 

The assigned degree of a special or particular function which is not 
homogeneous is often not evident from the form in which it is written 
because terms with zero coefficients are omitted, and a resultant of such a 
function IS not completely determinate unless the degree to be attributed to 
it is specified. 

Let /i, /a, ... A bo n general rational integral functions of the n — 1 
variables a?i, aJa» ••• whoso degrees in all the variables are pi, pai Pn> 
and let their resultant be denoted by Pn(A^ /»’ •*•/«)* certain 

specialisations of the coefficients convert the general functions /i, /a, .../« 
into the special or particular functions ••• function into which 

converted by the same specialisations will be 

denoted by 


( 1 ) 
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whatever the actual degrees of •• • 9n be ; and this is the definition 
of the function (1). Accordingly, when we disregard the arbitrary numerical 
factor, (1) IS an unambiguous rational integral function of the arbitrary para- 
meters occuiTing in the coefficients of ... it clearly lies in any 

domain of rationality il m which g^, ... g<^^ all he, its vanishing is a 
necessary and sufficient condition that < 71 , 5^31 •• 9n have a common root, 
whatever particular values are ascribed to the arbitraiy parameters ; but it is 
not necessarily irreducible, it may have repeated irreducible factora, and it 
may vanish identically. When g^, g^, .. arc particular functions, it is 
merely a numerical constant. We call it the 'unreduced resultant of the special 
or particular functions gfQ, ... gn regarded as having degi^ees Pi> ••• Pn> 
even when the actual degiees o^gu thanpi, ^ 2 ^ Vn- 

When the function (1) does not vanish identically, let a product be 
formed of all its distinct irreducible factors in which no one of these factors 
IS repeated, and let this product be denoted by 

• (1 ) 

and when the function (1) vanishes identically, let the function (!') also 
vanish identically. Then the function (!') has equally with the function (1) 
the property that for all particular values of the parameters its vanishing is 
a necessary and sufficient condition that the ?? functions g shall have a 
common root; and we can clearly define (1^) to be a rational integral 
function of the parameters wliich has the lowest possible total degree con- 
sistent with its having this property ; for this definition renders the function 
(!') uniquely determinate except for an arbitrary finite non-zero numerical 
factor which can be so chosen that the function lies in f). We call (!') the 
redmed resultant of the special or particular functions g^, g.^, ... regam'ded 
as having degrees pi, pa, . . . 

The above definitions remain valid when are n general homo- 

geneous fdnctioTis of the n variables ^1, atb, ... of degrees pi, pg, ... p„, 
provided that we replace ‘ common root * by * non-zero common root.' But in 
this case it is unnecessary to attach suffixes to R to indicate the assigned 
degrees ; for the degrees are unambiguous except when one of the functions 
vanishes identically, and in that case the resultant vamshes identically. 

2. Unreduced and reduced actual resultants. 

Let gfi, ^a, ,,,gn be any n given special or particular rational integral 
functions of the 11 -1 variables £Ci, ojg, asn-i in which terms with zero 
coefficients are omitted, and let their actual degrees in all the variables be 
, ra , . . . rft respectively, these being all different from 0. Also let pi , pa, - • p« 
and gi, ga. *wo sets of positive integers such that no element of the 

sequence [giga-.^n] is 1 ®sb than the corresponding element of the sequence 
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and no element of the sequence is less than the 

corresponding element of the sequence [gi^g. 5n]. So far as the forms of 
fl^ 2 i Qii are concerned; we can regard them as functions of degrees 
Pi, paj or of degrees g.j, ... or of degrees ... and so form 

the resultants 


/7a J ••• /7»)» •** 9n)j ffid» 

( 2 ) 

and the corresponding functions 

( 2 ') 


which are respectively the unreduced and reduced resultants of gri, ••• ffn 
when their assigned degrees are pup^j ...pn, or gi, gai ••• ?«> or ?’i, ra, ... r^, 
and which are all unambiguous rational integral functions of the arbitraiy 
parameters occurnng in the coefficients of gug^, • • gn- The three functions 
(2) may be all different, and the three functions (2') may be all different. 
We call ... g,,) and ,.„(gri, gg, ... g,,) respectively the 

unreduced actual resultant and the reduced actual resultant of gi, 
because in forming them the degrees attributed to g^^ ... arc their 
actual degrees. From Ex. v {d) we see that both in (2) and in (2') the 
second function is divisible by the third, and the first by the second. From 
Ex. v (c) we see that both and R'p^p^, p^ vanish identically when- 

ever two of the differences Pi — gi are diffei’ent from 0, and that Rq^q^ 
and R'q^q^, q^ vanish identically whenever two of the differences qi — r^ are 
different from 0. 


If gu g^y ••• 9n nro n given special or particular homogeneous rational 
integral functions of the n variables ... having actual non-aiero 

degrees rj, then (except when one of them vanishes identically) we 

can only regard them os specialisations of general homogeneous functions of 
degrees r*!, r-g, ... and as before 

Rr^r^ ,Tni9ii 9^y ••• 9^ ri rg... rn (fl^i ? ••• /?») 

are their unreduced and reduced actual resultants. 


We shall generally understand that the symbol R denotes an unreduced 
resultant, the suffixes which indicate the degrees to be attributed to the 
functions being suppressed when the degrees are so precisely stated that 
no ambiguity is possible. Some examples on resultants of special functions 
have already been given in § 193. 

Note. The term ‘resultant’ is sometimea used to mean only the ‘reduced actual 
resultant ’ of functions which do not vanish identically. It is then unambiguous. 
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Ex i. If /■=a;c+6, g=pa?+qx, then: 

^13(/. (/, 11) = («“<?+ ^'*P) 

If wo regivrd / and g as fiinotious of degroOH 2 and 3, fclioy have an infinite root in 
common when jD=0, and a zero root in common whon ft=0 

Ex, ii. If f^nx- 1, ^=a(A’2+l)-2, and if R stands for R (/, g\ then 

R^^=a{a-\)\ R^^=R^^=a^{a-‘l)\ {a - \y\ .. ; y? 23 = 0 . 

The reduced actual resultant is a (a - 1). 

Ex, in. If f=ax— 1, ^=(a-+ 1) :i 7 - 2, and if R stands for R (/, g\ then : 

/?ii==(a-l)3, i2ia=a(a-l)a 

R^=Q; i?3i=(a3 + l)(a-l)^ i^ai=(«'' + l)“(a-l)^ -• 

The reduced actual resultant is a - 1. 


Ex. iv. Let /i, /a, ... fn be n special homogeneous rational integral functions of the 
n vanables .^1,^173, .. .r„ having non-zero dogi-ees ?’i, r-j, . . and let be the unreduced 
resultant of the n—l homogeneous fimctions of n — \ variables obtained by putting 
in the n-l functions /i, .. .. /«, whei‘ey is any one of the mtegei*a 1, 2, ... w 

If in this cose R=R^^ (/, , /j, . /„), wo have the following results 

(a) If any one of the functions f vmmhcB idonticMly^ then R mniBlm identically. 

{h) If any two of the functions f have a common faotoi' which u not merely a constant^ 
then R vanishes identically. 

r 

{ 0 ) If fi =s A.vfi, where A is a constant, and if Si^—=r <^ . . ?'i+ 1 . . then 

R=AHpifi\ (3) 

in particular if ft, then R=pifi. 

{d) If fi w dwmhle hy then R is dwisihle hy pif; and if in this case where 

gi is a hoimgeneous Junction hauing degree q such that p-\-q=ri, then 

-^1 (? (/i> ••• .^) W 

(fl) If any tioo of the fanctimis fare dimsihle hy Xj, then R vanishes identically. 

The first result is obvious, beoauso R is homogeneous in the ooeffioients of each one of 
the functions /. If f vanishes identically, the common roots of the n funotions ai’o those 
of the remaining w-1 functions, and by Lemma A of § 195 or Theorem I of § 196 for 
n — \ functions these always have a non-zero common root. 

To prove the second result, suppose that and f^ have a common factor g. Then as 
above the w-1 functions S', /a >.•./« always have a non-zoro common root, which must 
also be a common root of /i , /g, . . . /n Therefore the resultant of , /2, . . . /,» must always 
vanish. 

The third result -has been proved in Note 7 of § 193. By a similar method we can 
obtain oorresponding results when any number of the functions f have forms similar to 
that given to f. 



92 


RESULTANTS AND ELIMINANTS 


[CII. XXI 


I 


I 


f 


The fourth result is equivalent to the third when When p <ri^ let 

where gi is a homogeneous function having degree q such that p-\-q=ri Then, using the 
third result in formula (B) of Theorem I in § 193, we have 

.../i, ../n) = ^(/l, . ./n).i?(/’l, .A) 

=Pii^'R^fu '"Qu • •/«)• 

The fifth result is a iiarticular case of the second 


Ex. V Let /i,y 2 > •• U special rational integi'al functions of the w-l variables 
a'l, j 72, ... having the assigned iiou-zoro degi'ees r^, ?* 2 , . . jv, which may be greater 
than the actual degrees ; and let R^Rr^ (/i, /g, . . /„). Tu this case all the results of 
Ex. IV remain true wheii^ is any one of the integers 1, 2, ... — 1, and py is defined tf) bo 
the unreduced resultant of the functions of n-2 vanables of degrees j'l, ... 

^<+i» obtained by putting 57^=0 in the % - 1 functions /i, 

If we further define pi=pin to be the uni*educed resultant of the n — l homogeneous 
functions of w-l variables of degrees Tj, ... .. r,* obtained by retaimng only 

the terms of those highest degrees in /i, ... /„ respectively, wo have the 

following results : 


(a) If fi— A ^ lohe^'e A is a constant^ cmd if then 


.(3') 


R=A^ipfi; 

inpariioular then R—pf'i. 

(ft) If all the tmifis of the p highest degrees in f vanish identioalli/, then R is divisihle hy 
pf^; and if in this ease q-^-fi—py then 

■^1 ’’i* ‘ •■•/»)=’ Pi*’ • (7 '"fu •••./n) •(‘^) 

(c) If the degrees attnhuied to any tm of the functions f are greatei' than their actual 
degreesy tlim R vanishes identically. 


{d) -5^ O'!, g' 2 > ••• 2'rt 'positive integers not less than rg, ... respectkely {or not less 

than the actual degrees of fxy f^y . /n), and if PiyP^y p^ are positive integers 

not less tluin ^i, S'b) ••• respectively y tli&n 

RpiVi P„(/i) /a. -/n) M divisibu hy 5,,,, (/i, /j, ... /.) (6) 


The results (a), (6), (o) correspond to and can be deduced from the results (c), (rf), (e) of 
Ex. iv wheny=^i, and is regarded as a homogemsiug variable 

In proving the fourth result we first observe that if there are any two of the differences 
Pi—qi which do not vanish, it follows from the third result that vanishes 

identically; and that if all the differences pi—qt vamsh, then Z^pjpg is the same 
function os Rq^q^ We need therefore only consider the case in which ;?i- ji=X>0, 

and pi=qi for the values 2, 3, ... % of i. In this case all the terms of fi of the X highest 
degrees vanish identically, and from (4') we see that 

RpiPi /aj 8,1 (/i» fsi •••/«)• 

E/r vi. From Ex. v of § 193 we obtain the resultant R^ (/, g) of the fiuictions 

f=a+hx,+ caPi A + + 


IT J 1 i < B 


If * 
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111 illuatnitioii of tho foimiila (49 of Ex. v we observe that in this case 

(1) if i)=0 , then R.^^c{a^G'^^ahBC^(acB^-^acAC’\-lfiAG)-^hoAB^-cU^], 

(2) if i?=C7=0 , then {aB'^-hAB’\-cA\ 

(3) if Z)=:U=5=0, thou 7223=0®^!^. 


Ex. vii Resultant of the n special homogeneous functMns /i , /a , . . fi of degrees ?’i , ra, . . . 
gioon hy 


where t is an arhitmi'y parameter^ Xu •• positive integers n/)t greater than J’l, ... 

i\ respectivdy^ and the V^s are geftieral homogeneous rational integ^'al functions of .«i, . . 

*^H-i '^hose degrees are indicated by their suffixes. 


Let 7*ir2...r„==r, W...\=\, i\r.^. XjXa.. Xh-i==/^/» Ou •• the 

n general functions of .^'a, given by 

gd^u ... ^»-i)=<’+t^i;li+.. (»=1, 2. ... «); (7) 

and lot any oi’dinavy particulai* values bo oaenbed to tho coofiicionts of all tho 27’s Then if 

\XiWa. ■ Oh 2"* (?fi“=lj 2j (®) 

are tho s^^ non-isoro common roots of tho n-l functions /i, /a, • -/n-i, wo can wiito 


(/l> /ai • • /«)= fn («?il Own) (^) 

«=i 

Whon moreovci ' t is suflBciontly small, wo soo from Ex. v of § 191 and Theorem I of § 190 
for w - 1 fimctions that the w - 1 functions , /,*_! have common roots given by 

= 1]> 2, ... ftn.)j (1^) 

wheix) tho /9 ^b ajo finite constants, such that 

[a’l a?2... a7n_i]=[^i^ /^i)> 


are tho fin common roots of the functions I^j 'wlicn t is sufficiently small, 

[otti aMa---«Tin] is ftRy ouQ of tho common roots (10), ovoiy term of /„(a„i, n,ia, . a,m) w 
divisible by in fact wo have /,i(a„i, ... av.n) = ^'' •ffni^vu ^wai ••• ^t^.^i.-O+toms 

involving higher powora of i Consequently, whon t is sufficioutly small, pn factors 

oil the right in (9) are divisible by and thorofore R is divisible by , the quotient 

R . . 

being finite. Thus i2 is a rational integral fimotion of t such that is finite for all small 

t 

values of i ; and it follows that is a factor of It when t is arbitrary. 

Since tho result just obtomod is true for all ordinary pai-ticulor values of tho coefficients 
of the 27*8, we conclude that : 

The resultant R,{fufi , .../») of the n fmietionsf given by (0) is divisible by ^ wAc« t and 
the coeffiloients of ih functions U are arhtrary 

By considering special cases, os in Ex. x of § 196, it can bo shown that there is no 
higher power of t which is always a factor of R (/ii/ai • ■ /»)* 

If the expansion of R in ascending powers of t is 

RUuh , ... 
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it will 'bo clear fi-om the above argument that la divisible by R (//i, <72, ... <7ri)i i-O- the 
fii*8t term 111 the expaiiBioii is divisible by the resultant of the n functions /tj, ... A,, 
given by 


A*=£7<f 


for when t is amall the n fuuotiona f have a common root oon'esiionding to each coinnioii 
root of the % functions g. 


Ex. viii. If the expansion in ascending powers of t of the resultant of the two 
functions 

(7= +...4- + ^ + + &o» 

-Po=-fl(/i,^i).-K(/2,5^2), 

3. The dis(yriminant of a rational integral funotion. 

0^23 - is a general homogeneous rational integral function 
of the n variables £c^, 00 ^, ... of degree r in all the variables, we sec from 
Note 1 of § 191 that the repeated roots of jfaro, for all particular finite values 
of the coefficients, the common roots of its n first derivatives 

y 9/ V 

da)i* dok" ■" doGn' 

If D{f) = D IS the resultant of these n first derivatives when the coeffi- 
cients of f are m'bitrai'y, then i) is a homogeneous rational integral function 
of the coefficients of f such that, for all particular finite values of those 
coefficients, the vanishing of il is a necessary and sufficient condition that at 
least one of the non-zero roots of / shall be repeated. The function D (/) is 
called after Sylvester the discrimimnt of the function f If the general 
homogeneous function f is converted into a special homogeneous function g 
by certain specialisations of its coefficients, then the function D{g) into 
which D (f) IS converted by the same specialisations is' the unreduced dis- 
criminant of g. The discriminant of g can be reduced like other resultants. 

The discriminant of a non-homogen eous function is the discriminant of 
the corresponding homogenised function of the same degree formed by the 
introduction of a new variable. Thus if / is a general rational integral 
function of the n — 1 variables aui, its discriminant is the resultant 

of its n first derivatives (12) with respect to the actual variables a?i, 

and the homogenising variable In this case the vanishing of the 
discriminant is, for all particular finite values of the coefficients of /, a 
necessary and sufficient condition that f shall have at least one repeated root, 
finite or infinite. 


is 

thou 

whore 
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Eaj. i\. If /=/ .Vy, ...A'J is a gonoml homogonoous rational integKLl function of 
tho n variables a*i, a*^, . . of dogi'ce ?*, its disoriminaut /) ( / ) is 

(1) homogoiicoiia of dogi'oe n{r- 1)”'"^ m the coofficieiits of /, 

(2) iBobano of weight r(7'-l)""i with I’ospcct to each one of tho valuables m the 

coofficionts of /, 

(3) either iiTosolublo or a product of uuropoatod irresolublo factors. 

Ej). 5 If the function /of Ex. ix is ooii verted into tho fuuotioii g=g{i/uy%^ •• yO ^7 
tho homogonoous linear substitution 



and if D {jj) is tho uni-oducod diBoiiminant of g when we rogtird g as a fmietion of the 
y\ then 

whoi'o A=(i!)|‘ 

Edj, xi. Lot 

/ (a-, jj) = a„oa“+ «H_i. i »’>- V + • • + «i, + «ti»y ‘ 

bo a goiioral homogonooiia rational iutogral function of dogroo n of the two vwiabloa ji and 
y, and lot [.r'/]s[aift], [a./8»], . .fn„/9n] be its n roots when the absolute values of tho o’s 
and |8’s ai'e so chosoii that 

iilso lot /I (», y)=^. fi ^)=^- 

Then for i\ll oidinary pai'fciciilai’ values of tho cooffioionts of /wo have 

/i (“n /^i) fi (”ai /^li) ••• A (^113 ^ ( /)> 

/a (“u ft) /a (^a) ft) • • A (”»j 

provided that tho ai-biti'ary numerical factor in D{f) is suitably choson, tho first formula 
being true whenever t6,io=t=0, and tho second whenever a(),i=t=0. At tho same time we have 

Z)(/)«(-l)iM«-i)A9 

whore (if i<f) 

... i 

A=n(a,-ft)= ■ 

Ejs. xii. Lot — 

be a general rational uitogral function of degi'co n of tho smglo vaidnblo x\ and lot a'=a'i, 
Ajj, . . a 7 „ bo its n roots ; also let f (^)=^ • Then for all ordinoiy pai*tioulaj values of tho 
coefficients of /, viz. whonovor ^(,40, wo have 

/? ( /)=ao»‘- V' W /' (^a) W, 

provided that the aibitrary numerical factor lu j 0(/) is suitably chosen. At the same 
time we have 




9 
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where (if i<j) 






t 

1 

.. 1 





A = n {Xi — 

ij)= 


... 1^0, 1 







IJJ 71 “'2 

*^ 7 i j '^n j 

... 1 



Ex. xiii. The discnmiuants of the general quadratic, oubio and quartic fuiicLions 


+ 4^3 tlf + 0^ 

are the dotormiiianta 










CLl) 

0 0 

0 

0 



Uu 0 


0 3ai 

tty 0 

Oi 

0 


ttl) 0>\ 

i(Xi\ tty 


etj 3tZy 

3^1 tt„ 303 

30.2 

Oi 


ill aa 

<Zo 2 cK[ 

<h 

2^2 ^ 


303 

Soa 



0 0.2 

0 


3^2 0 

04 

303 





0 

0 Ojj 0 

0 

04 


Ex XIV. If f and g are two general homogeneous fimctiuns of the two variables x and 
g (or two genei'al functions of the single vanable x) of degrees m and and if R (/, g) and 
D {fg) are respectively the unreduced resultant of the two functions / and g and the 
unreduced disoiiminant of the product /y, then 


§ 195. Existence of commoii roots of rational integral functions. 

In this article wo assiuae that the theorems of § 106 are true generally for fiuictions 
loss than n in number, and that the theorems of § 193 ore ti’ue generally for functions not 
more than n in number; and wo deduce certain other properties of n fiinotions That 
these properties are true generally for all values of n will be known when we have 
completed the general proofs of the above-mentioned theorems in § 200. 


Lot 




.Pi 


and 


/,(*!, at, ... 

^,(*■1, Xt, ... 1) “a 


a?! ... X 


Pn A.Pn+1 




n n+l 
Pn 

-n ’ 


.( 1 ) 

.( 2 ) 


(Pi+Pa+---+jpn+Pft+i=ri; z=l, 2, . . n), 


bo rospootivoly 7b general homogeneous rational integral functions of the ?^-hl variabloH 
j?i, iPa, ... J>’n, and n general rational mtegral functions of the n variables 
having nou-zoi'o degrees n, ... in all the variables; and let 


(^=l, 2,...n) (3) 

Also lot the I'esultants of the u -1-1 sets of n general homogeneous functions of n vai-iablea 
obtained by putting a7i«=0, a?a=0, .. in turn in the functions (1) bo denoted by 

Pl> p2) • P»1+1, (4) 

bo that pn+i IB also the resultant of the 7i general homogeneous functions obtained by 
retaining only the terms of highest degrees m each of the functions (2), and p* for the 
values 1, 2, . 7^ of t is also the resultant of the n general functions obtained by putting 
d7i=0 in the ti functions (2). 
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111 preptti’ation for the next article we will whow iii two lemmas that on the asaumptions 
mentioned above there always exist non-zero common roots of the n functions (1), and 
common roots of the n fimctions (2), when any paiticulor finite values whatever are 
ascribed to their ooefficionts In proving the lommna wo shall assume that 4 3, as they 
are known to bo true when = 1 or 2. 


Lemma A. ^ tha n yen&ral iLomog&iioons functions /i,/23 .../n ••• •’'n+i 

given hg ( 1 ) luive any non-zero degrees rj, . , r„j tlien ii\j&y have a'lion-zero common root for 
all particular finite values of their eoefiiGmits, For oi'diivary values of their coefiidents they 
have at least r distinct non-zovo common roots^ hut no mn-z&ro common root in ivhich any 
clement is 0 , and certaMy not more than r" distinct non-zen'o common roots. 


LaiF,,F,,, bo the n special (non-homogenooiis) fuiiotioiis of the n—1 variables 
a’l, ‘^tt-i which arc derived from the n fiuiotions /ij/j, given by (1) when wc 
substitute for a?,* and the arbitrary parauietei's u and v, so tliat 

J'n. -^n+l). • ■ ■»»-!, ». «) (fi) 


Those n functions F expressed in the foim of general functions are 

+ - + 1=1,2, 

whei'o the ooefiioionts are rational integral functions of the paramotei’S u and v and the 
cooflicioiits of the n functions / given by 


iW 

Vn-iQn 




.( 6 ) 


and by Theoi’om II of § 193 they have an uiircducod rcsultiuit It ••• which we 

will now denote by 

y)=^(w, (7) 


If wo moan by the a’s the cocfl&oientH of the n functions / in (1), and by the id's the 
coefficients of the n functions i?^ni (U), then li {u, v) is a rational integral function of the 
having the properties desonbod in the theorems of g 193, and by means of the equa- 
tions (6) it CMin be expressed as a rational integral fimctiou of v and the a’s. When we 
regard R (w, v) as a function of the ^Ps, each term being a product of certain of the it 
follows from the property {d) of Theorem II in g 193 that in every term wo have 




Hence when wo express it as a function of % v and the a% each teim being a product of 
certain footers each of which is a term of a senes hko that on the right in (6), it follows 
from (6) that in oveiy term wo have 

(B) 


being the total index of and being the total index of v. Consequently R (?&, v) 
is homogeneous of degree r m and p, and has the form 


^n + lC^j + + (9) 

where the P’s are rational integral funotions of the a*s only. The coefficients and 
are the values of R v) when w=l, 2 ;— 0 and when w*=0, v=l respectively. But we see 
from (6) that when «=!, w=:0, we have 


Pa .-3371-1 ffn 23 iP|..P 7 iO» 


(Pn= 




PiPa • 33n0‘"l ‘"2 » 


0 . IIL 


?n; P1+P-1+- 

(Pl +?>2 + — + P»-l + Pn+ 0 =»•<). 


7 
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so that m this case Fi beoomea the function derived from fi by putting and 

therefore i^2> • * ^n) becomes p^+i Similarly when u=Oy i; = l, Ft becomes the 

function deriv^ from /* by puttmg d7n=0, a7^+i=l, and therefore /Z (2^i, -P2, ^n) 

becomes p„. Accordingly m (9) we have 

-^0”P«+1» -^r—pn ....(10) 

For all particulai* finite values of u, v and the a’s the vanishing of R (Uy v) is a necessary 
and sufficient condition that the n functions F shall have a common root, finite or infinite ; 
and for all particular finite values of the a’s the vamsbmg of pn (or p„+i) la a necessary 
and sufficient condition that the n functions/ shall have a non-zero common root in which 
(or a7n+i=0). Let any particular finite values be asonbed to the a’s If then the 
functions F have an infinite common root 


[^1 p [ai 02 .. On-Jj 

where p is infinite and the a’s are all finite hub not all zero, we have 


2A 




PiPa 13»0 


„V\ „'P^ ^ ^ Vi 


"n-1 


for the values 1, 2, . ?i of i , consequently the n functions / have the non-zero common root 

[j?i a/2 . 02 ... On.i 0 0] 


in which both a/n^O and Xy^^l=0, and this is impossible unless both p^ and p,j+i vanish. 
Wo conclude that when either or p^+i does not vanish, and u and v are finite, the 
n fanctions F have no infinite common root. 


In all the above and may be any two of the vaiiables Xi, X 2 , . .Xn^i Wo can 
therefore put the results obtained mto a more general form. 

Let i and j be any two of the integers 1, 2, . . w-l- 1 ; let Oi, O^, . C^n the n special 
(non-homogoneous) functions derived from /i, /i, .../„ when we substitute for Xi and xj the 


arbitrary parameters u and v , and let 

(7') 

be the unreduced resultant of 6^2, ... (?„ when we treat them as general fhnotions of the 
n - 1 variables a/xi — which remain when we omit Xt and Xj from Xi, x%y ... Then 

iZy has the form 

Rii^Uy + (9') 

where the 0*8 are rational integral functions of the a’s, and where in particular 

So = Pii §r=PiJ (10') 


and when we ascribe imrticulai* finite values to the a’s such that either p<=t=0 or py=hO, and 
particular finite values to u and v, the n functions O cannot have an infinite common root. 

From the properties of the resultants p^, py it follows that : 

If we ascribe to the ds airyy poA'ticidar JmUe values siioh that pi^=0, than : 

(1) FiiiUyV) has exactly/ r non- zero roots [m v], mt necessarily all distinoty amd in all of 

them we hme u^Q. 

(2) In all the non-zero common roots of the n ho^nogeneotbs functions f we must have 

Xi^O 

(3) The distinct values of \xiXj\ which ocawr in the non-zero common roots of the 

n functions f are the same as the distinct valms of \uv\ which occur in the non- 
zero roots of 
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Tho firai two rosults beiug obvious, we will prove tho third I’oflulfc only Fii*st let 
[w tf]s[airv] iiiiy non-zero root of i£y, in which of course Oi 4=0 and both and are 
finite. When we put w=ai, «;&«!,, the n fimctions G whose resultant vanishes certainly 
have some common root ]= [“a “/*•••]) which is necessarily finite because p<4=0; 

and ■3^«+i]-[cii aa---a,i+i] is then n non-zero common root of the n functions / in 

which [a!i3aj]s[aiaj]. Next lot — [aiUi*"fli*+i] be a non-zero common root of 

the n funotioiis / in which [A’ia7js[aiay], where of course £ii4=0 because pt=^0. Then tho 
71 functions G have the common root ]=[aA®/i*”] when u^ai and and 

therefore /iy has the non-zero root \il y]s[aia_/]. 

Now lot such particular finite values be ascribed to tho a’s that no one of the functions 
Pi) />2i •• pn+i vanishes. Then m all tho non-zero roots of ... *nd in 

all the iiou-zoro common roots of the a functions / every element is diliei’ent from 0. 
Therefore tho non-zero common roots of the 7i functions f can all be expressed in tbe form 

[^'1 = [til . • Uji 1] » (1-T-) 

tho noii-zoro roots of » + 1 j + 1 , . . ii,,, „ + 1 reapoctivoly can all he oxpi’essed in tho forms 

1 ], 1 ], . . 1 ], ( 12 ) 

whore each t has r possible values, not necessarily all distinct, and tbe distinct values of 
«i ) 1*2 ) • ttfi the same respectively as the distinct values of ti , Since each of tho 

a’s has a number of distinct values not less than 1 and not greater than ?*, the number of 
distinct uou-zero common roots of the 7i functions / is not less than 1 and not greater 
than j-*' 

To complete tho proof of Lemma A, it only romaiiis to show that for oi*diuary values of 
the a’s tho n functions / have at least r distinct non-zero common roots. To show this 
wo define 

^ii ( 13 ) 

to bo tho disoriramant of tho function v), i and j being any two of the integers 

1, 2, ... 71+1 Then cry is a rational integral funotion of the a’s the vanishing of which is 
a necessary and suffioioiit condition that /fy shall have a repeated non-zero root, and 
from Ex. i or Ex ii we see that o-y does not vaiusli identically. If wo add cry 4=0 to the 
conditions to bo satisfied by tho particular values given to tho a’s, then i2y bos r distinct 
non-zoro roots ; therefore has ?' distinct non-zero values in tho nou-zoro common 

roots of tho 7b functions /, and there must be at least ?• distinct non-zero common roots. 

Thus L&mna A U comploielT/ true lohon we define 07'dvmry valuer of the a's to he Ji<iiite 
values fo7' which no7be of the fuTiotious pi, pa, .. p,t+i vanish^ a7id at least one of tho dis- 
trminanta cry does 7iot vanish 

Noth 1. SimultaTfieovs values of the variables in the com7no7i roots. 

It will he shown in § 196 that for ordinary values of the a’s tho 7b homogeneous 
functions f can never have more than r distinct non-zoro common roots, and have in 
general exactly ;■ such distinct common roots. Now for ordinary values (suitably defined) 
of tho a’s each of the functions ffy has exactly r distinct non-zero roots in all of which 
both the elements are different from 0, and the values of aU tho i’s in (12) are r"- distmot 
numbers. With those fn wo can form exactly 7-’^ distinct values of the matnx 

[^i^a*"^wl] (14) 

Since only r of these can be common roots of the n functions /, it appears that if i 
and j are any two of the integers 1, 2, ... ti, then in the non-zero oommon roots of the 
n fimotions/, which aU have the form (14), each of tho r values of ^ is assooiated with one 
and only one of the values of tj. 


7-2 
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I^OTB 2. The (iFi, Xj)-resultant of the n ]iomoge 7 i£QUs functions (1), 

The function v) defined m Lemma A will be called the (a\, x^yresvltant of the 

% general homogeneous functions / given by (1). We shall frequently use the notation 
R {xu Xj) for the function denved from i?y (w, v) wheu we replace u and x by x^ and Xj^ and 
call Xj) the {X{^ xf)-resvltant of the n functions/ Then R{Xi^ xfj is the resultant 

of / 2 , . ./t when these are regarded as non-homogeneous functions of the remaining 
n—\ variables, and Xi and xj are regarded as arbitrary parameters. For oi’dinary values 
of the a’s (see also Note 4) the roots of R {Xi^ .ij) give the values of the ratio xi . x^ which 
occur in the non-zero common roots of the n functions /. 

Ex, 1 . Specud case in which fi^ /j, ... /n respectively ‘products of ri, rj, . . gmemt 
homogeneous linear functions. 

/l” A^ll /b“'‘^ 3I ■^82"- '^21'ai • • • /n “ -^nl ^n2 • • ■ j (i^) 

where the A'^s ai’e general homogeneous huear functions of ... A’a+i whose cooffi- 

oieiits oi’e distinct arbitrary parameters, and for eonh of the values 1, 2, ... w of i let 
Ui^ViyWy^ ..be elements of the sequence [1 2 . rj. By selecting one factor X fe'om each 
of the n functions / we can form exactly r distinct sets of n factors When all these sets 
have been formed and ajTanged in some definite order, let the z^th z;th, wih , ... sets bo 






Ait0, 



r ,n+l 

c= [flt] X , 

'■ ^n+1 


PT.,n+l f"' 

= [&] X ' , 


II 

t 

+ 





_^nwn_ 

(16) 


so that [uxU 2 ,. biVg. v,J, zoj, ... are distinct sequences, any two of which 

may have some but not all their corresponding elements equal, and 


[«]„ . . W„ . 


are r distinct matnoes in any two of which some but not all of the correspoiiding hori- 
zontal rows may be the same. Then [xix^.. a7-,i+i]E[ai a 2 ...a,»+]] is a non -zero common 
root of the n functions / if and only if it is a non-zero common root of one of these r sets 
of linear factors, i.e. a non-zero root of one of the r matrix equations 


.(17) 


=0, =0, =0, 

'■ ^»+l ” + l " ‘-^n + 1 

Let (Ai, Aa, . An+O be the affected simple minor determinants of the matrix 
fonned by striking out its Ist, 2nd, ... (w4 l)th vertical rows m turn, and let 

(Aj -fis) -®n+l)> (^li ••• •“ 


be similarly defined. Also let i and j be any two different integers selected from 
1, 2, ... n+l, 

Smoe Ai, Bj, AiBj — AjBi are functions of the coefficients of the factoiB X which do 
not vanish identically, we can assign such particular values to the coefficients of those 
faotoi’S that as many of these expressions as we please do not vanish identically If 

Ai=#0, the matrix is undegenerate, and the n linear factors of the idih set have one 

and only one non-zero common root given by [^i A3... A,n.i], this being 
also a common root of the n functions/. If i3y=|=0, the n hnear factors of the 3;th set have 
one and only one non-zero common i*oot given by 
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being also a common root of the n functions /. If the wth and vth. seta 

of linear factors have each only one non-zero common root, and the ratio must have 
different values in these two common roots of the n functions /. 

If there is at least one determinant m each of the r sets 

(Al, ^2, . . -4n+l)j (-^Ij A* • ^n + l)j •. 

which does not vanish, then each of the r sots of linear factors has one and only one non- 
zero common root, and therefore the n functions / cannot have more than r distinct 
non-zero common roots. If for a given pair of values of i and y none of the exprosaiona 
AiBj— AjBi vanish, then the ratio ssi • Xj cannot have the same value in the non-zero 
common roots of any two of the r sets of linear factors, and the n functions / have exactly 
r distinct non-zero common roots If no one of the determinants A^y ^n+i)j 
{^ 1 , B^y ... -Bn+i), . . vanishes, then in oil the non-zero common roots of the n functions 
/ every element is different from 0 

TJviis when we choose the particular •mines of the ooejicienis of the factors X of tlte 
functions f so that a finite number of eoapressiom do not vanish, the n functions f will have 
exactly r distinct non-zefio common roots, the ratio Xi . x^ will ham r distinct vclLugs in these 
common roots, and no non-zero root will contain a zero element. 

We conclude that it is possible to ascribe such particular values to the coefficients of 
the n general homogeneous functions (1) of w+l variables that the discnminants of 
Lemma A do not vanish, and that therefore these discriminants ore functions of the 
coefficients which do not vanish identically 

It is easily seen that for the special functions (15) we bxve 

pi=AiBiGi..., (f factors), 

Rij = {uAj -vA^{ uBj - vB^ *(uGj — v <7<) . . . , (r factors), 

= {^i^j - AjBi)^ ( Cj - Aj Oi)^ [Bi Cj - Bj Gi )^ . . , (Jt’ (r - 1) factors), 

and that the symmetric functions of the coefficients of the linear factors of /i, / 2 > 
which occur are expressible as rational integral functions of the coefficients of 
themselves. 

The general theory of I’esultants and elimmaiits can be baaed on this special case (see 
also Ex. viii of § 193 and Exa. v and vi of § 19G) when we regard the general homogeneous 
function /< os a product of homogeneous hueai’ frwtors with ‘ umbral ’ cooffioients. 


Ex. ii. Common roots of the n special homog&imus functions of degrees ri, 

in which a is an arbitrary non-zero parameter, and ..r,^=t=0. 

These functions can be replaced by the n non-horn ogeiieous funotionH of Ex. iv. They 
have exactly r distinct non-zero common roots given by 

\XiX^. .a?„.ia7,^^„ + l]3[a)V« »’n, fljr.r* 1]^ 

where 6) is any one of the r roots of the equation G)’’=a. Exactly r distinct values of the 
ratio x^ : occur in these common roots. The (^7,^, a’ft+i)-resultant is 

•Hn. n+l («.»)=■«'- or ^ (*... «»+ 1) = 0!«r« + 1 , 

and the corresponding disoriminant is 
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In this case («, being bnear in a, is an irresoluble function of w, v and the 

arbitrary parameter a, and the disonmmant o-,^,n+i does not vanish identically. It 
follows that o-n,,t+i does not vanish identically when /i, /gj ■ -/« general homogoneous 
functions, and that therefore the discnminants o-y of Lemma A do not vanish identically. 

Ex. lii. The remltants Rij{n^ n)) of Lemma A are m'emluhle fmetione of % r and the 
coefficients of fu U, ^ /n- 

It wiU be sufficient to show that 'o) is iiTesoluble This function cannot 

liavo a factor independent of u and which is not merely a numerical constant ; for from 
(9) and (10) we see that every such factor would be a common factor of the two distinct 
irresoluble functions and p„+i. Hence if it were resoluble, it would have a footer which 
is a rational integi’al function of v and the coefficients of the n functions f and is 
homogeneous of degree less than r m u and v, and this would always be true when the 
functions / are specialised- Smee no such factor exists in the special ease of Ex. ii, we 
conclude that y^n,w+i(^> is in'esolublc for general homogeneous functions. 

Lemma B. If the n general functions /i, /a, . /« of a 7 i, ^2? ••• ( 2 ) 

any non-?eTo degrees Tj, ra, ... ?•«, then they have a commo 7 i root, finite or infinite, fw aU 
parti(fidar finite values of their coefficients. Fm' ordinary values of their coefficients they 
have at least r distinct common roots, hut no common root in which cmy element is zero or 
infinite, and certainly not more than f" distinct common roots. 

We deduce Lemma B from Lemma A when we employ the substitution .“rji+issl and 
put u^t, v=l. 

It Fi, F^, . . F^ are the n special functions formed from the n general funotions 
/ij /aj •••/« replace by the arbitrary parameter t, the unreduced rosultani. 

R{Fi, F ^, .. F^ is the function i)- More generally if ^ is any one of 

the integers 1, 2, ... w, and if Qi, 6^3, ... are the n special funotions formed from the 
n gener^ functions f, /«, .. f^ when we replace Xi by the arbitrai’y parameter t, the 
unreduced resultant E (^1, 6^3, ... is the function 

Ri(t)^Ri,n+i(t, 1), 

which can be expressed in the form 

^ (0 = 60 + 61 + ' • • + 9 »*-i ^ + Sr j 

where the Q’s are rational integral functions of the a*a, and where in particular 

So^Pn+lj 6r=Pi* 

When Pi and ore not both 0, the distinct roots of the equation 7 ij(i )=0 are the 
distinct values which Xi can have in the common roots of the n functions f. 

The discriminant of Mi (f) is the function 

and Lemma B is true when ordinary values of the a’s are defined to be finite values for 
which none of the functions pi, p2, ... pn+i vanish, and one at least of the discriminants Oi 
does not vanish. 

When none of the p’s vanish, the common roots of the n functions /all have the form 

[®i j;s. ..*„]=[«! <a. ■•<»], 
where <j, <s, ... are respectively roots of Bs{t ), ... 
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NTotb 3. The sCi’^esultant of the % gefrieral fimotiom (2). 

The function Ri (^) defined in Lemma B will be called the x^^rndtant of the n general 
functions / given by (2). We shall frequently use the notation R (^<) for the function 
derived from R^ (^) when we replace t by /r*, and call R [Xi) the Xi-^esvltaifit of the 
n functions /. Then R{pi^ is the resultant of /i, / 2 , . ./« when these are regarded as 
functions of the remainmg n-l variables, and Xi is regarded as an arbitrary parameter 
For oidinary values of the a’s (see also Note 6) the roots of R {x^) ore the values of Xi 
which occur in the common roots of the n functions /. 

Ex iv. CoTTinmi ovots of the n epedal fimictiom of degrees rj, ?*.>, . 

in which a is an arlntrary non-eero parameter^ and r=rir 2 ...r^=|= 0 . 

These functions have exactly r distinct common roots given by 

[a7i^a...L'C„_ia?n] = [o)’*a’’3 ’’n, 0)’'a’'4 ’’w, ... a)’*n, qj], 

where ca is any one of the r roots of the equation There are exa.ctly r distinct 

values of x,^ which occur in the common roots , the ic„-resultant is 

or R(Xn)=Xn^-a, 

and the con'capoiiding disorimmant is 

In this case R^ {t)^ being linear m a, is an irresoluble function of the arbitrary para- 
meters t and a, and the discriminant (t^ does not vanish. 

Ex, V. If ri, .. are non-zero positive mtegers, and r=^rir^. .?V, the n functions 

/l = 57l’’i 1, y2“^2^“"“Ij . • 1 

have exactly r distinct common roots, and the values of each variable which occur in these 
common roots are all finite and all different from 0 

In this case we have pi=pa=*-.'=Ptt+i=l) unreduced 57i-resultant is 

’■n, or ^n. 

The coefficients have not ordinary values, os defined in Lemma B, and the discriminants 
0 - 1 , 0 - 2 , ... fTn all vanish. 

Ex. vi. The remltants Ri (i) of Lemma B are irresohihlo functioiie of t and the coefficients 
o//ll /«.-/»• 

This follows from Ex, lii, and can bo deduced from Ex. iv in the same way. 

Note 4. Information yielded hy the (/c*, Xjyremltant of the % homogemous functions (1). 

We will anticipate the final proof of Theorem I of § 196 in order to give here a more 
complete account of the properties of the partial resultfuit R^ («, -w). Wo will define 

Eu . F,, 

to be the non-homogeneous functions of ti— 1 variables into which the homogeneous 
functions /i, /a, of ^ 2 , ... ai’® converted when we replace Xi and by the 
arbitrary parameters u and Vy and 

hly h%y ... h^ 

to be the homogeneous functions of ti-I variables derived from /i,/aj .--/n by putting 
Xi^Xj^Oy or from Fi, F%y ... l^»by putting ws=tj=0; and we wUl regard a root repeated 
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V times os r roots. In general the n functions K will have no non-zero root in common. 
For particular values of the a’s the w functions / will have a non- zero common root in 
which [^ia:yj=[0 0] when and only when the n homogeneous functions h have a non -zero 
conomon root, i.e when and only when the % non-homogeneous functions F have an infinite 
common root for all finite values of v, and , and this cannot be the case unless Ri^ v) 
vanishes identically. 

If F(ki, Kg, . . K,i+i) IS the JT-ehminant of the n homogeneous functions /as defined in 
Theorem I of § 196, we obtain Rijiu, v) from E by making the substitutions 

and putting the other k’s equal to 0; in other words i£y(w, v) is the Z-olimmant 
when X=iLXj - If for any particular finite values of the coefficients of the n functions 
/ we have 


Jl=7 

*=2) ••• '^71+0= n (OfliKi-l-aggKa-l-.. +nfl,H + iK*t+i) (1^) 

then for the same values of the coefficients we can wnte 

a-T 8-T 

Rij{u^ v)== n -fl(av, ^y)= U asitCj\ (19) 

«=1 H =1 


and the roots of R^^ are the roots of its t factors. There are three possible cases. 

Case L WJim R^j does riot vanish identically. 

In this case has exactly r finite non-zero roots [wv], and these are the values of 
which occur in tliB r finite rwn-zero common roots of the n functions /. The n fu/UQtiQns f ham 
no Tion-sero common root in which [xtXj] = [0 0] 

This follows from the one-one correspondence between the linear factors in the products 
(18) and (19). 

When [ 2 ^ 1 ;] =[0 0], the n non-homogeneous functions F have only zero roots m common ; 
when [wi/]=[a,ifly], they have only finite i*oota in common ; consequently they cannot have 
infinite common roots for any finite values of u and v. 

Case 71. When R^ vanishes identically^ hut E does not vanish id&ntically. 

In this case the n functions f must have at least one fmite nm-zero common root in which 
[57^a7y]=[0 0]. This is the only conclusion that can he drawn from the identical vanishing 
ofB^. 

For E is expressible in the form (18), and R^ vanishes ideutically if and only if one of 
its linear factors in (19) vanishes identically. 

When [«^q;]=[ 0 0], the n non-homogeneous functions must have (in addition to their 
zero common root or roots) a fimte non-zero common root. When any particular finite 
values whatever are given to u and v, the n functions F always have an infimte root in 
common ; if they have a fimte root m common, the n functions f must have a corre- 
sponding non-zero common root, or [uv] must be a root of one of the factors m (19). 

Case III, When E vomiahes identiccdly. 

In this ease 7?^ vanishes identically^ hut all our informaiwn is drawn from the vanishing 
of E. 

The 71 funotions f may or may not have a finite non-zero common root in which 
[av^i]=[0 0], They always have a finite non-zero common root in which the ratio Xi : x^ 
has any prescribed value, but it may happen that in all such common roots [a?ia:y]«[00]. 


'll 
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When any particular finite values are ascribed to u and % the n functions F must have 
a common root ; to each of their finite oommou roots there coiranponds a finite non-zero 
common root of the n functions /, to each of their infinite common roots there corresponds 
a finite non-zero oommou root of the n functions /m which [ia;<Ay]=[0 0]; if all tlieir 
common roots are infinite, thou in all the finite non-zero common roots of the n functions / 
in which a.\ . w : v wo liave [ay ay]=[0 0], 

Illustrations of these results ai*e given in Exs, xvii — xx of § 196 

Note 6. Biformaiion yielded hy the x^Temkant of the % genercd Junctio'iis (2). 

We here anticipate the final proof of Theorem II of § 190. If E{si\ ki , k 2 ) .. kn) is the 
JiT-oliminant of the ?i genei’ol functions /i, /g, .../„ of Xi, X 2 , . x^ as defined in that 
theorem, we obtain Jii (t) from E(s) by making the substitutions £f= 1, and putting 

all the other k*s equal to 0 ; in other words Fi (t) is the X-ehmmant when X-Xi-^t, 

If for any partioular values of the coefficients of the n functions / we have 

»=r-a «=fl 

E{z)= n (^oiKi-l-^taK2+... + 3wiK,j). n (2+a,tiKi-ba„aK2+... + a„»K»), 
u=l «=! 

then for the same values of the coefficients we can write 

Ri{t)=B, n n {Xi-a^i\ 

1t=l «=l 

where 

and where Hi (^) is to be regarded as havmg degree r. 

When (0 does not vanish identically, its t roots (finite and infinite) are the r values 
of Xi which ooour in the r common roots of the n functions / When H{(t) vanishes 
identically and E(e) does not vamsh identically, thq ?i functions / liave at least one 
infinite common root in which Xi is finite. When F (jg) vanishes identically, the n functions 
/ have an infiiute number of common roots ; fiu’ther they always have a common root in 
which Xi has any assigned value, but it may happen that every such common root is 
infinite. 


§ 196. Eliminants of rational integral functions. 

1. Eliminant of n genmil homogmeovs fwncUons 0/71 + 1 variables. 


Let 


and 


fi cr^, ... a„, 3) = 


®1 ®8 ‘^n+l > 



(iJi+jP!+-'-+Pn+p«+, =n; i = i. 2 , ... n), 


be respectively n general homogeneous rational integral fonctions of the »+ 1 
variables tCi, iSi, ... «», and n general rational integral functions of the 
n variables Wi, a,, ... having in each case non-zero degrees r^, rj, ... r„ in all 
the variables ; and let 


r 


nra-.-rn; 



(i = l, 2, ... n). 


(3) 
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As in § 196 let the resultants of the n-\-l sets of n general homogeneous 
functions of n variables obtained by putting = 0, a ?2 = 0, . . . oon+i = 0 in turn 
in the n functions (1) be denoted by 

Pu Pa, ••• W 

so that IS also the resultant of the n general homogeneous functions of 
n variables obtained when we retain only the terms of highest degree in each 
of the functions (2), and pi for the values 1, 2, ... ?i of i is also the resultant of 
the n general functions obtained by putting = 0 in the n functions (2). 

A complete eliminant of either set of n functions could be loosely defined 
to be a rational integral ftinctiou of a single variable (or a homogeneous 
rational integral function of two variables) the determination of whose roots 
will yield all the common roots of the n functions, and a partial eliminant to 
be a similar function the determination of whose roots will yield all the 
simultaneous values which some of the variables can have in the common 
roots of the n functions. The eliminants precisely defined in Theorems I 
and n may be called Poisson* s eliminants. It will be shown m § 199 that a 
knowledge of the complete eliminant of n - 1 general homogeneous functions 
of n variables (or — 1 general functions of — 1 variables) enables us to 
eliminate all the vanables from n general homogeneous functions of n vari- 
ables (or n general functions of ?i — 1 variables) and form their complete 
resultant or eliminat 

The fundamental properties of elimmants, by which we mean Poisson’s 
eliminants, are summarised in the two theorems of this article. In proving 
these theorems for n functions we in the first place make the provisional 
hypothesis that they are true generally for functions not more than w — I in 
number and that the two theorems of § 193 are true generally for functions 
not more than n in number. The general proof of both sets of theorems is 
completed by induction in § 200. 

By the a’s we shall mean the coefficients of the n functions (1) or (2), 
and by the /c’e in Theorem I we shall mean the coefficients of the homogene- 
ous linear function (!'). The weights of the coefficients with respect to 
ccu Wi, ... ccn+i will be defined as in § 192. a. The weights of the a’s are 
indicated by their suffixes. The weights of the kb are not indicated in this 
way, but by the definition Ki has weight 1 with respect to the variable osi and 
weight 0 with respect to each of the other variables. 

A ' common root ’ of the n functions (1) always means one whose elements 
are all finite. 

Theorem I. Let the n general homogeneous functions fi, fa, •-•fi of the 
n + 1 variables a^n+i given hy (1) have any non-zero degrees ri, r,, . . . 
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let Ki, *a. ••• ««n-i ’1 + 1 OMxiliary arbitrary parameters; and let X be the 

general homogeneous Umar function 

( 1 ') 

Thm the n functions f have an X-eliminant E{ki, /c^, ... = y/n/iquely 

determinate except for an arbitrary finite non-zero numerical factor, which can 
he defvned by the following properties : 

(a) It is a rational integral function of the as and ks which is homo- 

geneous of degree r in the ks, 

(b) When any particular finite values are asct'ibed to the a^s which do not 

cause it to vanish identically, it becomes a function of the ks only 
which can be expressed as a product of homogeneous linear factors 
in the form 

u^v 

E (^Ki, K^, ... = n (ottti H" H" • . . H+i •••(■^) 

(c) Under the cvi'cumstances descHbed in (Z>), i,e, when E does not vanish 

identically, 

= (^) 

is a non-zero common root of the n functions f if and only if 

®i^i H" • “1“ ^«+i (^) 

is one of the linear factors of E. 

(d) It has the lowest total degree which is possible for any rational 

integral fmction of the a!s and k's having the property (c). 

Moreover it is an irresoluble function of the cds and ks when these are 
arbitrary; it is the resultant of the w + l general homogeneous functions 
/i , /a , . . . /j , X ; and it has the following further properties : 

(a') Its own coefficients are rational numbers luhich we may suppose to be 
integers, 

(6') It is homogenecm in the coefficients of each one of the n functions f 

r 

its degree in the coefficients of any one fmction f being = ” > 

i,e. being the product of the degrees of the other n — 1 functions, 

(c') It is isobamc of weight r with respect to each one of the variables 
flji, Ofl, ... Wn^i in the coefficients of all the functions ftf , ... 

X ; i,e, ifj is any one of the integers 1, 2, . . . + 1, then in every 
term of E the mm of the weights of all the coefficients a in that 
term with respect to Xj {which is the sum of their suffixes pj) and 
the index of Kj in tlfut term is equal to r. 
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(df) The ooeffidenta of k^, k{, ... /c/, ... K'n+i in E are respectively 

pi, p^, - Pj, Pui+ly 

provided mly that the arbitrary numeHcal factors in all the 
functions p are suitably chosen, 

{e) When&uei' the as have such paHioiila/r values that /cg, ... 

vanishes identically, we can always determine a non-z&t'o co^nmon 
root of the n functions f whose elements satisfy the equation 

Aqfl/i + /[?2^2 + . . “f" ^ 

in which ki, k^, ... k^+i a/re cmy given finite nwiibei's, i.e, we can 
det&i^ine a non-zero co^nmonroot of the n-\-l functions /i,/a) ••• 
/ft, X when any particular finite values whatever are ascnhed to 
the KS, 

(/') Iffy cL'^y one of the n functions f is specialised into whei'e g^ is 
a homogeneous function of degree r^foimed by the product of two 
general homogeneous fiurwtions ^ry of ,,, x^^i of non-zero 

degrees p, q, so that 

gr=^(l>r‘^Ty + ( 8 ) 

and if E, E\ are respectively the X-eliminants of the three sets 
ofn homogeneous fundions 

fufi, ••• 9r, /l, /a, ^r. fufi, ••• ■fr. 

the first eliminant being unreduced, then the eqvbation 
E(ku •• = fCa, ... fCn^i) , E" (ki, /Ca, ... /c„+i) 

(B) 

is true, amd is an identity in the ks and the coefficients of the 
?2 + 1 general homogeneous functions f, .../r-i, '^ryf+iy --./n) 
provided only that the arbitrary numerical factors in E, E\ E" 
are suitably chosen. 

Two important corollaries are added. 

Corollary 1. When we asciibe to the a!s any particular finite values 
which do not cause E{ki, k^, ... to va/nish identically, the n functions f 

have exactly r non-zero common roots corresponding one by one to the r linear 
factors of E in such a manner that {b) is a non-zero common root repeated 
exactly h times if and only if {fi) is a linear fcwtor of E repeated exactly 
k times. 

Corollary 2. When the ols have such particular finite values that 
E K2, fCn+i) vanishes identically, the n functions f hare an infinite 
number of non-zero common roots; and if Xi and Xj are cmy two of the 
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variables, they have a noii-zero common root in which the ratio : Xj has any 
assigned value, though it may happen that in every such common root we have 

[®ia|,] = [00] 

A knowledge of the -X’-eliminant E reduces the determination of the 
common roots of the n functions f, whenever the aa have such particular 
values that E does not vamsh identically, to the solution of equations in a 
single variable ; for we can determine those linear factors of E in which 
actually occurs by solving the equation E=0, regarding Ki as the only 
variable. If the highest power of Ky, which actually occurs in E is where 
p < 7', then tho coefficient of is necessarily a factor of E, and wo have 
E = E'E", where E' and E" are respectively the products of all those linear 
factors m which actually occura and does not actually occur. Thus we can 
by inspection express E in the form 

E = EiE^E ^ . . . , 

where E^, E^, E^, ... are regular in all the xa which occur m them, and 
then all the linear factors of E, and therefore all the common roots of the 
n functions/, are found by solving the equations £^i = 0, E^^^, J ?3 = 0, .. , 
each of them being treated as an equation in a single variable. 

If in E we put all the xa equal to 0 except k^, x.^, ... x^ we obtain a 
partial eliminant which serves to determine all the sets of simultaneous 
values which tro, ... Xy, can have in the common roots of the n functions /. 

In the notes which follow it is assumed that Theorem I just given is true 
generally for functions not more than u - 1 in number, and that Theorem I 
of § 193 is true generally for functions not more than n in number. From 
Note 6 it follows that in proving the above theorem for n functions on the 
same assumption in § 200 we shall only need to show that for every set of 
non-zero values of 7’i, 7 \, ... 7\ there exists a function E {x^, «g, . . . having 
the properties (a), (6), (c), (a'), {h% (o'), (d')i ifi*) theorem. 

From Note 4 it will be clear that the properties (c) and (d) alone ore 
sufficient to define the function E. 

Corollary 1, as shown in Note 7, is equivalent to a definition of ‘repeated 
common roots.^ Corollary 2 is proved in Note 8. 

Note 1. Eo raiioiiaX integral fwnctwn E of the and having a lower degree timi r 

in the k^s could ham the property (c) of Theorefm L 

For when ordintiry particular values are ascribed to the a’s, wo see from Lemma A of 
§ 196 that the n functions/ have at least r distinct non-zero common roots, and therefore 
E must have at least r distinct linear factors 

Note 2. If for all non-zero values of fi, r 2 , ... th&i*e exuts an ^X-ehmiinanV E whwh 
is defined to he a rational integral fmetion of the a’a and k^s having the properties {a), {h\ 
(o), {d’) of Theorem 7, th&n it must also hme ths property (/') for all noTi-zero vodues of 



110 


■ RESULTANTS’ AND ELIMINANTS 


[CH. XXI 


Let E\ E* be the ‘ A'-elimmaats’ of the three sots of homogenooiis fimotious 

fl) fii d'Ti ftti fli fii ••• fnt /l> yij ••• ^Tj ... /nj (®) 

« 

the first elimiuant being unreduced, i a being demed from the ‘ JT-ehmiiiant * of/i,/a, ... 
/t, . . /n by replacing the coefficients of fr by the coefficients of gr^ let r, A, k be tho 
products of the degrees of these three sets of functions, so that 

A + = r ; 

and lot pi, Pi, Pi' be the resultants of tho three sets of n homogeneous functions of 
n variables obtained from the three successive sets of fimctions (9) by putting ^7^=0, the 
first resultant being unreduced, and i being any one of the integers 1, 2, . 7i + l. Using 
the property (d') of tho theorem we will suppose that the arbitrary iiumencal constants in 
the functions p, p\ p" have been so chosen that for all values of ^ tho coeffioionts of Ki**, 
k/' m E, E\ j®" are pi, pi, p/', the numerical factors in the E^s remaining arbitrary. By 
Theorem I of § 193 we then have 

pi = Clpi'p2", p2—(iiP2p2\ Pn+l = Ctt+lPH+ip\+i, (10) 

where the c^s ai*G ordinary numerical constants, independent of the a’s, which depend only 
on the volu^ of the arbitrary numerical factors in E, E\ E'\ 

From Ex. i of § 106 it will be oloai‘ that we can dehno oi’dinaiy values of the coefficients 
of the n-\-l functions 

fu ••• fr—U ^T» ^Tj /t + 1j ... fn ...(11) 

to be those for which the functions /i, /ij .. /» have exactly h distinct noii-zero 

common roots in all of which eveiy element is different from 0, tho functions /i, /a, 

have exactly k distinct non- zero common roots in all of which every element is 
different from 0, and no non-zero root is common to both these sets of functions. For 
such ordinary values the functions p, p\ p" are all different from 0, and the n functions 
forming the first set in (9) have exactly r distinct non-zero common roots, those being the A 
distinct non-zero common roots of the second sot of functions and the k distinct non-zero 
common roots of the third set of functions. 

Let any such ordinary particular values be ascribed to the coefficients of tho fuiictions 
(11) Then from the properties (6), (c) of the theorem it follows that wo can express E' 
and E" as products of liuoar factors in the forms 

«=/i «=t 

E'= n (AiuKi + X„a^ca+ ••• + ^u.n+lKH+l)i E”= n (pwlKi + PD2K3+**' + Pu,ii+lKn+l)> 

1t«=l 1>=3l 

where the r linear factors of E' and E'\ coiTesponding to the non-zero common roots of 
the second and third set of functions in (9), are distinct. Since these r factors corre- 
spond to the T distinct non -zero common roots of /i, /a, it follows from the 

properties (6), (c) that we must have 

E=^A, n (X„iKi-l-X„aK 2 +* •+Xtt,n+i#Cn+i) . n (p»lKi + p«;a«3+-..+/Aa.n+lKn+l), 

«ol «=1 

and therefore E=A E'E'\ v(12) 

where A is, for tho particular values ascribed to the (z*s, an ordinary numerical constant 
independent of the k’s, the equation (12) being an identity in the k*8. 

Equating the coefficients of Kf on both aides of (12) for all values of i, we see that 

0i=5C2=...=(^^1 = ^. 
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It follows that A has the aamo value for all values of the a’s, and is an absolute constant 
which is independent of the a’s and k’b, and depends only on the values of the arbiti’ary 
numerical factors m jE, E\ E*' Thus the equation (12) is au identity in the k’s which is 
true for all ordinary values of the a’s, and it is therefore an identity m the a’s and k’s when 
both sots of quantities are arbitrary. When the arbitrary numerical factors in E^ E\ E” 
arc suitably chosen, we have A = l\ aud then the equation 

E=E'E" (13) 

IS an identity in the a’s and k’s. 

Note 3. If for all non-zero valiiea o/? i, rg, . . t/iere ei/Jiats a ratio?ial mtegral fwnotion 
E{ku K2, . . K„+i) of the a’a and k’s hamng ths propei'ties (a), (6), (o), (6')j (ti') of Th&oft'&in /, 
then it must he iiresoluhle for aU non-zero values rj, ... ?■„. 

When we use Ex li of sub-article 2 the proof is the same as that of Note 3 to 
Theorem I in § 103 ; for by Note 2 the function E has the property (/') for all uoii-zero 
values of ^‘a, ... 

Note 4. If for any given no^i-zm'o values o/ j'l, ... tke7'e exists an irrcsoiuhlo 
fvmtion f! having the properties (a), (6), (c) of Tiieorem /, then: 

(1) It miist also have the property (o^). 

(2) Ev&i'y rational integrcd fmctwn of the a’s and k’s which has t/ic propm'iies (c), (rf) 

differs from E only hy an ordinary ivim&i'ioal factor. 

Let E' he any rational integral function of the a’s and k’b which has the propei’ty (c). 
Then for all ordinary values of the a’s all the linear factoi’s of E are linear factors of E** 
Therefore when the a’s and k’b ore regained os variables, vanishes for all oi-duiary roots 
of the iiTesoluble function E^ and must be divisible by E, Thus E' cannot have a lower 
total degree than E^ i.e Ehaa the property (rf). 

Again if E\ which cannot vanish identically, has the property {d\ it cannot have a 
lower degree than E. Since it is divisible by E, it can only differ from E hj an ordinary 
numerical factor. 

Note 6 If for am/y given non-zero values of ri, ^ 2 ) ••• thare exists an iiresoluhlo 
fmotionE{Ku «a, ^n+i) havimg the properties (a), (&), (o), (a') of Theorem I, then it must 

he a resvltant of the w-H 1 functions /i, /», . . /», X, 

Let any particular finite values bo ascribed to the a’s, the k’b remaining lu-bitraiy. 

First HuppoHo that those particular values are such that E^ regarded as a fimotion of 
the k’s, does not vanish identioally, and lot E be expressed in the form (A), Then when 
any particular values are given to the k’b, it follows from the properties (6), (o) that E will 
vanish if and only if one of its linear factors, say ai ki -f- 02 k 2 + . . . -H + 1 + 1 » vanishes, i.o. if 

and only if the n functions / have a non-zero common root + a 2 ...a,i+i] 

which satisfies the equation Jr=0, i.e. if and only if /j, f^, ... /n, X have a non-zero 
common root 

Next suppose that the particular values given to the a’s are such that A’, regarded as 
a funotion of the k’b, vanishes identioally. Then when any poi-ticular finite values what- 
ever are given to the k’s, the function E vanishes, and from the property (e') it follows 
that the Ti-f 1 functions /i, /a, ... /n, A” have a non-zero common root. 

Thus for all particular finite values of the a’s and k’b the 91 - 4 - 1 funotions /i, /j, AT 
have a non- zero common root when and only when E vanishes. Since E is irresoluble, it 
follows as in Note 4 to Theorem I m § 193 that is a resultant of those n-f 1 functions. 





112 


RESULTANTS AND EL1M.INANTS 


[CH. XXI 


' I ' i 
' i I ' 


I 


I 


1 ' I 
i J ' 

i , 

i i " 





Note 6 If/o?* all /ton-zei^o valines of ri, r^j 9‘n oJt^^lsis a function 

E (ki, K2j -- '^n+l) 

having the prop&i'txes («), (6), (c), (a')> (^*)> (^) f th&n fov all noi^z&t'o 

values of fu ^ 2 > * ^n» function is irresoluble and has all the properties of the theorem; 
and every function havixig the properties (a), (6), (c) can only differ' from it by an ordinary 
numei'ioal factor. 

It follows from Note 2 that E has the property (/') ; from Note 3 that it is iiTcsoluble ; 
from Note 4 that it has the property (d), and that ovei*y function having the properties 
(a), (6), (o), (d) dififei's from it only by an ordinary niitncrical fiiotor ; and from Note 5 that 
it 18 a resultant of the functions /i» /a, . ./lu A'. Thus it luia iill the properties 
mentioned in Theoi’em I 

Noth 7. Repeated common roots. 

When the ct^s have such pai’ticuloi* valuas that the JT-olmiinant E does not vanish 
identically, Theorem I states that 

[iB, aa . 1] = [“I 02 • • • 0» + 1] (S) 

is a non-zei’o common root of the n functions f if and only if 

«iKi + “2K3+'” + att+i'«7» + i 

is a linear factor of We define (6) to bo a common root repeated exactly k times 
when (6) is a linear factor of ^repeated exactly h times Then, since E is always a product 
of r linear factors, Corollary 1 is neceasanly true. Thus Coi*ollary J can lie interpreted to 
bo a definition of ‘repeated common i*oots’ of the n functions/. 

A ‘ repeated common root ’ of the n fimotions /, as thus defined, m necessarily a root of 
every individual function /, but it is not oitiiiiaiTly a ‘ repeated root ’ of jmy one of them. 
On the other hand if a common root of the n functions / is a ‘repeated root* of any one of 
them, it is necessarily a ‘repeated oommon root’ of all of them. In fact the following 
thooi-em is true whenever E does not vanish identically. 

If (5) is a root offi repeated ewaody Xi timeSy a root of f^ repeated exactly \3 timos^ ... 
a root of fn repeated exactly tmes^ and if X=Xi Xa . .X^, then (fi) w a common root of the 
n functions f repeated erf least X times^ and ordinarily exactly X times ; i,e, (6) is a linear 
facten' of ErepecUed at least X times^ and oxdinardy BAiactly X times. 

This theorem is obviously true when any one of the lutegcvrs Xi, X^, ... X,^ is 0. Wo may 
therefore suppose them to be non-zoro jioBitivQ integers not greater than Vi, ra, ... 
respectively. From Ex. xiii of sub-article 2 wo soo that to prove the theoroin, it is 
sufficient to show that if 

[a;ja;3...ava7,>+i]B[0 0..,01] 

is a root of /i,/a, ... repeated exactly Xi, Xa, ... X^ times rospootivoly, then E is divisible 
by K^n+ij not ordinarily by any higher power of k„+i. Accordingly. Exs, x and xi 
serve to establish the theorem for any non-zero root, 

Notsi 8. Gases in which E vanishes identically. 

Let the a’s have such partioular values that E^ legoi'dod as a function of the ic’s, 
vanishes identically. Then from the property (o') we see that if we write down any 
homogeneous linear equation 

... + <T,+ia!n+ 1=0, 
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where the it’s ai*e given finite numbors, we can detenniuo a non-zero common root of the 
n funotiona/ which satisfies it; or in every plane there lies at least one non-zero common 
root Since wo cjan always oonatruct a plane which contains no one of a given finite 
uuiuher of points, there must be an infinite number of non-zero common loots. Putting 
all the A’s equal to 0 except hi and ity, wo see that wo ctin always deternimo a non-zero 
common root J with finite elements suoh that 

whatever particular finite numbers ki and kj may ba Therefore, as stated iii Corollary 2, 
wo can determine one m which the ratio Xi : xj has any nasigned value 

We shall not discuss these cases at present, but merely remark that all common roots 
are given by formulae of the form 

[^1 (^Ij hi •••)» 02(^11 -■•)» • • ^M + l(^l) hi ‘‘OJi 

where the i’s are arbitrary porametens, and the 0’s are definite functions, some of which 
may be O’s or absolute constants; there being p iiaramctors t when the olimniaiits of 
every set of functions (treated as non-homogenoous functions of of the 

variables) which we can form from the n functions /all vanish identically, and there being 
some such formulae in which p porametoi’S actually occur. If we take such a formula 
and substitute for the ay’s their values in terms of the i’s in any rational intogi’al equation 
^ 2 ) ^*?i+i)“0> it muBt be possible to determino the i’s so that this equation is 

satisfiocl We conclude that : 

When E vanishes identkally^ it is always possihU to detei’miTie noii-scro common roots 
of the n functions f which are also rqots of (my other given ratio^ial integral function of the 
same variables. 

In the special case when there are only two functions wo have the theorem given in 
Ex. xxi. 

Note 9 Discinminant of a system of n homogeneous fumtions variables. 

Wo may define the diflcrimiuant of the n general homogeneous functions / given by (i) 
to bo a rational integral function of their coefficients a of the lowest possible total degree 
the vanishing of which is, for aU particular finite values of the a’s, a necessary and sufficient 
condition that the n functions / shall have a repeated non-zoro coDiuion root. It is 
entirely distinct from the discriminant of a single fhiiotion defined in § 1 94. a except iu tlio 
special case when 7i»f. If we can find a rational integral function S of the a’s which is 
either irresoluble or a product of unrepeated irresoluble factors when the a’s are arbitrary, 
and which, for all ordinary particular values of the a% vanishes when and only when the 
n functions / have a repeated non-zero common root, i.e. when and only when E has a 
repeated linear factor, then S is necessarily the disoriminajit ; for it and the discriminant 
must have the same irresoluble factors. In this we may suppose ordinary values of the 
a’s to be those for which E does not vanish identically, but they may be defined in any 
way we please. 

Let A, for each of the values 1, 2, ... n-^\ of t, be the discriminant of the single 
fmotion E{kx^ ... as defined iu § 194.8 when we treat it as a general fimotiun 
^(Ki) of the single variable so that A is a rational integral function of the other 
n parameters k in which the ooeffioients are rational integral functions of the a’s. When- 
ever the cz’s have suoh particular values that we can find all the linear factors of E 
by solving the equation i?(K<)=0 for and for all such particular values of the a’s the 

0 . in. 8 
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identical vauisbing of is a ueceasary and sufiicieut condition that £1 shall have a 
repeated linear factor. It can bo shown that for all voluoa of i 


Di-a-i8^ 


where or, is homogeneous m ki, .. *f + i> •* '^n+n aS' is a function of the a’s only 
which IS tho same for all the and it can be shown moi’eovor that o-i, (Ta, ... 0 -^ 4 . i 
cannot all vanish identically unless E vanishes identically. The function if it has no 
repeated irresoluble factors, as is actually the case, must be tho discriminant of the 
n functions /. 

Another method of determining the discriminant can be denvod from geometrical 
considerations Let (^ 1 , *’ 3 , . . i.i) bo the Jacobian of tho n functions/ with respect 
to tho n vai’iablofl a’i, ... ... A^+ii particular 






A). 

^Ilj 


If + 1 ] s [ai og . a,j 4 ] ] is a common root a of the n functions / in which 4 * 0, and 

if W 0 regard it as a point of mterfaeotion A of tho corresponding n surfaces /, it follows 
from Note 1 of § 191 that we can draw a stmight lino through A which will meet all the 
Bui’faaes a second time at the same point A if and only if (rti, 03 , .. art+i)= 0 ; and this 
is tho condition that a shall bo a repeated common root. Now suppose that the fimotion. E 
is given, and let 

[^1 C^Hl ■** ®«iTi + l]> (^=I> 2, 

be the r non-zero common roots of tho n fuiiotioiis f when the absolute values of their 
elements oro so chosen that tho equation (A) of Theorem 1 ia true. Then it can be shown, 
by evaluating tho symmetric function of the common roots on tho left, that for all ordinary 
vuluGS of the o’a the equation 


14=J* 




IS true, whore pi is the coefficient of Kf in Ej and is a rational integral function of the a% 
tho same for all values of i The vanishing of S is always a sufficient condition, and for 
ordinary values of tho a’s a necessary condition, that at least one of the noii-zoro common 
roots shall bo repeated. Hence if, as is actually the case, S has no repeated irresoluble 
factors when tho are arbitrary, it must be the discriminant of tho n functions /. 


Tlio 7mreduocd and reduced dutyriminanU of n special homogeneous functions are 
defined in the same way els unreduced and reduced resultants in § 194. 


2. EUminmt of n general functions of n mriables. 

Let fM, ... = .-(I) 


and esa, ... 1) 

(Pi +pa + . .. + 2 )„ +i)»+i ; t = L 2, . . . n), 


■(2) 


be the jfunotions defined in sub-article 1. By employing the substitution 
jjOyi+a = 1 and replacing the parameter hy z m Theorem I we deduce from 
it the second theorem which follows. 
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Theorem II, Let the n general functions f, of the n vamables 

.X’], -r.j, .. given by (2) have any non-zei'o degrees . ?v; let /Cj, . , 

2 be ?i4-l arbitrary finite parameters, and let X be the general linear 
function 

X = /CiiCi -h + . . . + K,,a)n + z (2') 

lyien the n functions f have an X-ehminant E{z, Ki, k^, ... Kn) = E{z) — E, 
luiiqnely detmmnate except for an arbitrary finite non-zero numencal factor, 
^uhich can he defined by the following properties: 

(a.) It is a rational integral function of the a's, the ks and z luhiclt is 
homogeneous of degree r in z and the ks, and therefore has the 
form 

E {z) = P nZ'' + P iZ^'~'^ + ... + Pr-8^ + ... + Pi-i2 + P, , ...(15) 

where Pg is a homogemous rational integral function of the ks 
of degree s whose coefficients are rational integral functions of 
the ds. 

(6) Whoi any particular finite values are ascribed to the ds which do not 
cause E to vanish identically, it becomes a function of z xvJtose 
coefficients are homogeneous functions of the ks, and it can be 
eoDpressed as a product of factors homogeneous and linear in z and 
the KS in the form 

E{z)^P^^s{i^i, K^, ... Kn)^E^(z) 

= «*=» 

n (0+a«i«i + «,i3Ka+ • • • + “««««). 

-0 = 1 « = 1 

(A') 

where s is its actual degree in z , Py^g being the product of all the 
linear factors ufhich do not contain z, and E^ {z) being the product 
of all the linear factors which do contain z ; and consequently all 
the roots of E{z), both finite and infinite, are homogeneous linear 
functions of the ks. 

In the ci'dinary case when Pq =|= 0 we have s = r, and the 
equation (A') is 

Zt = 1' 

E{z) = l\. n (^' + a«iA:i + a„a *2 + ••• + ««»«!») (A") 

(o) Under the circumstances described in (6), i.e. when E does not vanish 
identically, 

[*1 aij . . . a;„] = [«! Oa • • «»! (6') 

8—2 
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is a finite common root of the n functions f if and only if 
-s 4*0(1 /Cl + e3C2A:, + ... 4 - 0(^/0^ and z = - H-o!,j/cJ 

(60 

are respectiuely a linear factor and a finite root of E{z) , and 

[fl^'i = [A ^a** - /^ii] j ('5 ) 

where the /8’s are finite^ is an infinite common root of the n functions 
f if and only if 

^i/ffi 4 -A^a 4 -... 4 'i 8 ^«:„ and ^? = -(/ 8 i/Ci 4 - 4 - AiO 

(6'0 

are respectively a linear factoi' and an infinite root of E{z), 

{d) The function E has the lowest total degree ivhioh is j)ossible for any 
rational integral function of the as, the ks and z having the 
prop&ii}y (c). 

Moreover E %s an irresoluble function of the a}s, the ks and z when these 
are all arbitrary; it is the resultant of the n+l general functions ... 

X , it is the eliminant of Theorem I in luhich is replaced by z ; and it 
has the following furthei' propei'ties : 

{a') Its own coefficients are rational numbers which we may suppose to be 
integer's. 

Q)') It is homogeneous in the coefficients of each of the n functions /, its 
degree in the coefficients of any one function f being = 7 . 

I'i 

(o') It IS isobaiic of weight r with res2')eot to each one of the variables 
(Vi, a?3, ... arid also with respect to the homogenising variable 
i^H+i l^he coefficients of all the ?i4-l functions f, fa, •../»» X* 
Consequently in eve)*y term of E the sum of the sujffimes pj of the 
a's in that term and the index of Xj in that term is equal to r 
when j^n + 1 ; also in every term of E the sum of the suffixes 
jPfl+i 0/ a!s in that term and the index of z in that term is 
equal to r. 

(d') When the p's are defined as in ( 4 )j the coefficients of kI, ... 

in E are respectively pi, pg, ... provided only that the 

arbitrary numerical factors in all the functions p are suitably 
chosen ; in particular we have in ( 16 ) 

•P 0 = /Jn+i* 


( 16 ) 
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(e') Whenever the a's have such particular values that E ( 2 ; , . k^) 

vanishes identically, we can always determine a common root 
{finite or infinite) of the 7i + l functiom f, fi, ... A"" when 

liny particular finite values whatever are ascrihed to z and 
the /c’s. 

(.D If fry one of the n functions f is speaialised into where is 

a function of degree formed hy the product of two general 
^functions (^r, '^r ^Pi 3 i ••• si-it of non-zero degrees p, q, so that 

= p+q^rr, ( 8 ') 

and if E, E', E" are respectively the X-eliminants of the three sets 
of n fmvcUons 

fly fy ••• fi\ fl y fiy * • • fi ] fy fiy • • • '^^ry • •• fu) 

W 

the first of these eliminants being unreduced, then the equation 
E {z , /C], /Cg, /c,j) ^ E {z , /f], K^y - fC,l) . E {2 f K]y /Tq, . . 

(BO 

is true, and is an identity in z, the k*s and the coefiicieids of the 
?i + 1 general functions f, ... fr-i, J^r+i, ■■ /n, provided 

only that the arbitrary numerical factors in E, E\ E*' are suitably 
chosen. 

We add two corollaries corresponding to those of Theorem I, Oorollary 1 
being equivalent to a definition of repeated common rooiH. 

Corollary 1. Wh&n the tv's have any particular values which do not 
cause E{z\ /c,i) vanish identically, the n functions f have emotly 

r common roots, finite and infinite; and if E is expressed in the form (AO, 
then (50 is a finite common root repeated exactly k times if and only if the 
first expression in (60 is a linear factor of E repeated exactly k times, and (6'0 
is an infinite common root repeated exactly k times if and only if the first 
expression in {&') is a linear factor of E repeated exactly k times. 

Corollary 2 When the a's have such particular values that 

E(z, Ki, /Ca, /Cn) 

vanishes identically, them the n functions f have an infinite number of 
common roots ; moreov&i' if xi and are any two of the vaiiables, they have 
a common root {finite or infinite) vn which Xi has any assigned value, and 
also a common root {finite or infinite) in which the ratio Xi : xj has any 
assigned value. 
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Theorem II can be proved directly by tlio methods used in the proof of 
Theorem I, but it; is more convenient to deduce it from Theorem I. 

A factor of in (A') winch does not contrain ^ is regarded as having 
the foi-m 0.;s + i8i/CiH-/i8aACj+ ... so that Jii {z) has on infinite root 

z-B + iSaA^a + . .. + corresponding to it. Wo can describe E {z) as 

a function of js: whoso roots, when it does not vanish identically, are the values 
which the expression 

2 = - (j-i /tfi + + . . . -f 

can have when [.^1 is a coimnon root, finite or infinite, of the 

n functions/. By changing the sign of z m E {z) we obtain the Jf-ehminont 
when 

X = Z — KxSS-i — “ . . . — 

This is a function of z whose roots, when it does not vanish identically, 
are the values which the expression 

z = XilCx + + • - . + ^'n^u 

can have when [fl’iflJa.. //?,*] is a common root, finite or infinite, of the 
n functions /. 

Since in general wo know all the common roots of the n functions / when 
the roots of E (z) are liiiown, E (z) is a oom^ylete elimmant. If in E (z) we 
put all the /c’s equal to 0 except aci, /r.j, ... aci, we obtain a partial eliininant 
which serves to determine all tho simultaneous values which og^ can 

have m tho common roots of the n functions /. 

The properties (c) and (d) alone are sufficient to define the function E (js). 

The reinark.M of § 194 apply to elimiiimits as well as resultants, and we 
may therefore speak of unreduced and reduced elvtninants of special functions 
without further defining them. 

Tho dwcnmmayit of the u .general functions (2) is the simplest function 
whuae vanishing is, for all ordinmy particular values of their coefficients, 
a necessary and sufficient condition that they shall have a repeated common 
root, ordinary values of tho coofficients being those for which E does not 
vanish identically. It is the same as tho discriminant of the corresponding 
general homogeneous functions (1) which is defined in Note 9. 

Most of the following examples could be derived from tho examples of 
§§ 193 and 194 by regardnig the JC-eliminant ^ as a resultant, so that 

In Exs. xiv and xv we have the simplest illustrations of Theorems I and II 
which are possible when there is more than one function and the degrees of 
the functions are not all equal to 1. 
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Ex. 1 . TheoTQms I aiid II are obviomly in the special case whm = 1. 

For a single general homogeneona function /=/(.Vi, of two variables of non-zero 
degi*ee r we have • 

■^=/(fca, -Ki) when 

and for a single general function/^'/ (. t, 1) of n single variable x we have 

E=f(z^ -k) when Jr=K.u+s:, k) when A’'=C'-K.'i7 


Ex. 11 Speceial case in which the n functions f are all linear. 

If /], /j, . . /„ ai’e the n general homogeneous linear functions given by 


•-7 r tu+i ^ 

f = [a] X 


u + 1 


the ALeliminant of Theorem I is clearly the determinant 


Ki Kii 


a^i tti2 

E^ 72 ( A , /i , /a , , /„) =s 


'^n + l 
^1, n + 1 

ajl,« + l =-^l'^l + ^l2'«a+ • + -^ln + l«n + l» 


^1*1 ^143 • • + l 

where /li, ^ 2 > ••• -dn+i are the affected simple minor determinants of 

This determinant has all the properties of the iliooroni, and every function which has 
the properties (a), (6), (c), (Z>') of Theorem 1 can only differ from it by an ordinary 
numerical factor 

The diaciiminaiit of these n functions / is 1, and the functions cannot have a I'opeated 
common root. 

Ex lii. Special cam m which /ij./i, ../« are respeotirelij products of 9'i, .. Vj^rfencral 

homogeneous linear faotors 

Let fi = Ail A '^12 . . Xiri j /a -^aa ■ • -^ 1*1 

where the A'^s are general homogeneous lineoi* functions of .Vi, X 2 , ... and lot 

KiXi + ^c2.^•a+ . . . -h Kw + 1 ^71 + 1 . 

By selecting one factor from each of the n funotions / wo can form oxactly r distinct 
sets of n of the linear faotors X. Bet the «4th sot of factors formed in this way ho 
(Ai„,, X>^f , . Xnvn)- Then if we use the same notation os 111 Ex. i of § liff >7 it follows 
from Ex. ii above that the A-eliminant of the «th set of n linear factors is the dotorminant 

<1 Kj ■ . Kw+l 

Oil ai2 ... ai,7»+i 

72(A, A''itt,, A2„^, ... + 


^7ll ^Ha f*J4,74+l (IV) 

and by repeated applications of the fomula (B) of Theorem I we see that the A-eliminant 
of the n functions / can be taken to be the product of all the r determinants of the type 
(17), so that 

E^IlR{X, ... 

2, ... j t^ssi^ 2j ... ?*g j ... i4,j=l, 2, .. r^), 


,( 18 ) 
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each of the r factors of the product (18) being expressible as in (17) as a homogeneous 
hnear factor of jcj, /cg, .. 

When E does not vanish identically, the linear factors X of the wth set have a non-zero 
common root corresponding to the wth factor of X m (18) which we may call the wtli non- 
zero common root of the n funohions/and denote by 

We can choose the absolute values of the n’a so that 

[oiil + = (19) 

and the identity (18) then becomes 

«c=r 

n (a„iKi+a«2K2 + .- + flu,n + l^» + l) (18') 

jKr. IV. discriminant of the nfuncti&ns f of Ex. iii. 

Let % and j bo elements of the sequence [1, 2, ... %+l]j and let Ui^ .. ^ 

elements of the sequence [1, 2, . . rj. Then with the notation used in Ex. i of § 195 we 
can ivrita 

hii ••• Wn+l 
CLii 0x2 <3tl.n+l 

XoKy, ... X,i„^)= ^ ... «3i,n+l + + + 


cSjii a»jjj ... 

and the detenninant (20) vanishes identically if and only if Vi= lit. 


Now let 


y 


and the Jaoohian J^+i 


JAfdA - A) 

0(j*?i, a?a, ... x^)* 


( 20 ) 


when regaidod os functions of a?!, a? 2 , ... iPn+ii ^ denoted respectively by 

^2> . ftj(^l> ^n + l)> ^2j ^n + l)- 


Then when the a's ai’e defined as in (19), it is easily seen from the propei’ties of deter- 
minants that 

07*2) ••• a«,n+l)“0ki. -Pittj 
+ l fl«2> .*• ®i4,n+l)“®k*,n+l • 

where (X^^, Xi„,, Xg,*,, ... 

{Vi receiving all the values 1, 2, ... except Ui\ and 

Here Pi^ is, for a given value of w, the product of all the r^- 1 determinants (20) which 
can bo formed when (Xi„j, X^^*, ... X„, 4 ^) is the uth set of n factors X selected cue from 
each of the ?i functions f and X^^^ is any other factor of /* different from the factor 
X,„< ubcady selected , and if 

P=(n-l)+(rs-l)+...+(*'i-l), 

i.e. if p is the total degree of ... a:„+i), then is, for a given value of «, the 

product of the p determinants (80) which can be formed when (JTi.,, Z'u.,, ... Z^) is the 
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?^th set of % factors X soleoted one from ooch of the % functions /, and Xi„^ is any other 
factor of the functions / different from these. It follows that 


^ ••• — ^l,n+l®2,n + l + 

n=l 

^Pii+l • 


( 21 ) 


whore is the coefficient of + i m E, which is the resultant of the n functions formed 
by putting ^v + i=0 in /j, and whoro T is the product of the -^77? distinct doter- 

mmonts (20) which con bo formed when (A'ln,, ... A', are any 91 factois Z selected 

one from each of the n functions/, and A’ip^ is any other factor of the n fmiotions / different 
from these. 


Clearly T= 0 is, for all ordinary values of the coefficients of the faotora A, a nocossarj^ 
and sufficient condition that the n functions / shall have no repeated root ; and from 
Note 9 we conclude that 

is the unreduced diBoriminaut of the n functions /. 

TAiis i/i 0 unreduced diBcriminant of the n funotiom f of E,v. 111 u the stpiare of the 
•product of all the distinct determinants such as (20) which can he fomiod with the coeffidmts 
o/n + 1 linear factors of the functions fwhm two facUn's are selected from one of the functions 
a/nd one faotor from each of the othe/r functions. 

Ess. V. The special homogesieoua functions /u /o, .../„ gnwi hy 

/ii='C^'<“Cfl.V,i+i) (•‘l'<“flf2*^M + l)'“(^i“^<P^''*«+l)» (‘^'“1> 2, . . 7i). 

This IB a special case of Ex. iv which can he treated directly. If 
8^=“, there are exactly r non-zero common roots given by 

[.a?! a72.../r«. 77,^4. i]s[ci,j,, Cjmj, . . 1], 

(Wi = l, 2, ... 7*1 ; 2^J=1, 2, . . 7'a; ... 2<„ = 1, 2, ... rj; 

the A'-elimmant E can be taken to he the product of r linear factors 
E= n (Oitt, ici + K2 + • • * + + 1)> 

the coefficient of in E being then whore 

P«+i“l5 Pi«(flo<3<a...flf,.<)"i when ] 

and if is the unreduced disoninmant, wo have 

S^T^ 

where T = n (ci,*, — fliu,)*i . II (<^i«g — CaO’® ^ 

the different values of in the last xiroduot being the distinct oorranged minors of 
oi^Qr2 of the sequence [1, 2, ...rj. If p = (n- l)H-(«’a-l) + • +(?«-!)» ^SMs a product of 
op factors. 

In obtaining S directly wo fii’st obsoiwe that for the values 1, 2, . . 7^ of t and / we have 
fij^O whou/=t=i, and 

/»i(0ii[i, CaitaJ ••• 1)”1I (^it^“®iv<)j 2, ... «.* ?V)5 

therefoi’e for any one given root we have 

l)“n (0i«i“0i„,) . n (<J2ufl *“ ^Bvb) • ■** • H (^nufi ■“ 

the total number of factors being jt? ; and for all the r roots we have 

u 1 (Ol«i J ^2ug) 
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Ex vi Special case wkmfi=AXj''i in Theorem I, A beinff an airhitrary parameter. 

Let the substitution Xj =0 convert E into Xj, and the general homogeneous fimotions 
fi, -fi-ufuu ■ /u into ... ... Then the unreduced A'-ehminant of 

the 71 homogeneous functions 

fli •• ^-li ft i-li • fn 

IB ... (22) 

where JEij is the jEy-oliminant of the 74-1 genei’al homogeneouH functions </>],. 

0< + ij ••• 

This follows from Ex iv of § 194 Or it is clear that E and Eij must have the same 
linear factors for all ordinary values of the coefficients, and the result then follows from 
the dimensions of E and Ei^ 

Ex. vii. Special case when fi=xpgi in Thoorexi J, where gi is a gen&i'al homogeneous 
function of degree t’i— jo. 

If Eij IS defined os in Ex. vi, the unreduced X-elimmaJit of the n homogeneous funotionB 
fu — fi-U lOfgiy fi*U 

is E^E'Eij^f ...(S3) 

where E' la the Xeliminant of/i, . .fi-i,guf.+i, ...fn- 

This follows from Ex. vi and foimuln (B) of Theoi’cm I. When we regard the ehniinaiits 
os resultants, we can replace (23) by 

fi, -fn)=^i^, fu-g.,- fn).{E(Xj, 4 ) 1 + 1 ,. .</>«)}'’, 

. (24) 

whei’e the eji'a are defined as in Ex vi 

Ex. viii. Special case when the n functions f of Theorem 1 have the forma 

/l=^l^i.^l(^l, Xn + i\ f 2 =^-J^-g 2 (i^ 2 t -a^n + l), ^n + l)- (26) 

Hei’e Xi, Xa, . . X^ ore positive integers not greater than ri, 7 * 2 , ... respectively, and 
IS a general homogeneous function of degree r^-X^ of the two variables .r*, only In 
this ease the unreduced X-eliminant can be evaluated by repeated applications of Ex. vii, 
or of fonnula (B) and Ex. vi In order to put the result into a succinct form, we will express 
all the eliminants as resultants, and define X^y to be the linear function derived from 

Jr=#cia’i + K2.ir24- . H-lCn + l'^n + l 
by putting =0. Then if 

E^R{X, fi, fi, . fn), E'=R{X, gi, g^, ... £/„), 
it will bo seen that • 

The unreduced X~eliminant of the n special homjogemmus funciiems (26) is 

E=E' .U {R{Xi, ^ 2 , gsy ... ,9n)}^i n {72(^12, g^y .. • - 

...n{/2(^l, X 23 ^n.{^(Ai23 An, 

wh&'e R (Xi 2 8 «) = kh + 1 

In each partial product only one typical factor is shown. For ordinary particular 
values of the coefficients of the n functions g^ the functions /is/ 2 , . ./„ have the root 

[^2 ^2 • • + ll = . 0 1] 
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repeated exactly Xi, X2, . X„ times reapoctivoly, and E has the ooiTosponding linear factor 
^ti+i repeated exactly XiXy ,.X,* times; this root is tlierefoi’e a ‘common root* repeated 
exactly Xj X2 ... X„ times. 


Efc IX. SpedoZ case in which the n funetions f of Theorem I have the forms gvmi hy 

+< ( 26 ) 


whQ 7 'e t is an arhitravy parameter; Xj, X2. ... Xu are positive integers not greater than 
?'i, ^2, ..r„ respectively ; and the Ws are gen&i'al homog&neous rational integral functions 
of ^1, .^2, whose degrees are vndxcated hy their rnffives 

When any ordinary iiarticular valuos are given to the coefficients of the U\ and t is 
sufficiently small, it follows from Ex. v of § 191 that these n functions / have exactly 
Xi X2...XV1 common roots of the form 

[.»ia!3...AV*,.+i]s[«,)/„ tiji, ... tij^, 1 ], ( 27 ) 

where v/i, n.ro finite constants , the values of 2/1, ... being the common roots 

of the n non-honiogeneous fimotions 

fl'<= + ... + zjW, 2, ... n), 

which are Xi Xj.. X^ m number and all finite; consequently (for tbeso ordinaiy valuos of 
tho coefficients) when t is arbitrary, these n functions / havo exactly Xj X2...X„ coiiiuion 
roots of the form ( 27 ), where 3^1, ••• Vn ai’c functions of t which aro finite for all small 

values of i. We conclude that : 


For all ordinary partimlar values of the ooeffideftits of the IPs the X-elimmant 

■^(*^1j *^9} ••• ^n + l) 

of the nfunotiWiis ( 26 ) has exactly XiX2...X,j linear factors of the /om 

('iiyi + K93/9+'-* + ^ + % + (28) 

where 3/3, 3/2, ... ?/« ctre functions of t which, are finite for all small values of t 


Ex. X. S2mial ease in which the nfxmctiom f of Tfheorem I have the forms given hy 

= ( 29 ) 

whei'c Xi, Xy, . . X,i are positive integers not greater than fi, »*2i •• ^’n respectively^ cmd the JJ^s 
are gmeral homogeneous rational integral functions of Xi^ ... .v,i whose degrees are 
indimtod hy thdr suffixes. 

Wo can obtain those functions from tho functions ( 26 ) by putting i =0. Therefore from 
( 28 ) wo SCO that for all ordinary particular valuos of the coefficients of the i 7 ’s their 
Z-olimlnant E lias X factors equal to and is divisible by where X=Xi Xa...X,*. 
yiiico ^ is a ratioiiol integral function of tho k*s and the coefficients of the U% it follows 
(hoc Ex. iv of § 192 ) that E is divisible by when the k*s and the coefficients of tho 
C 7 '*h are arbitrary ; and because it is not divisible by any higher power of Xn+i when the 27 *s 
are spooialiaed as in Ex. viii, it is not divisible by any higher power of Ka+i when the U^h 
are general fimotions. 

Thus the X-eliminant E{ki, k2i — f^n+i) of n functions ( 29 ) is divisihle hy 
where X«=XiXa...X7i, hut not hy any higher power 



I 


I 


1 

I 


I 


I 
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Ex, xi. ^yllen(mr^ for particular mluea of their coofjici&iiU^ the functions /i, /j, .../n 
of Theormn I have the root 

[a7ia72...J7«^ft+i]e[00.-<^l] (30) 

repeated Xi, X 2 , ... times respectively^ their X~diminant E{ki^ Kg, ... k«+i) is divisihle hy 
<n-\-v X=Xi Xg . . X«, hut not ordinanh/ hy any higher power of k^ + i; consequently (30) 
is a common root repeated X tivies^ hut m'diimi dy not more than X times. 

This follows from tlie Ifljat oxatnplo and Ex. in of jj 191 , for/i, /g, aro in this coho 
particiilai’isations of the fiiiiotions (29). 


Ex xii Efeot of a linear transformation of the variables on the elvminant. 
Let the liomogeneonH linear transformation 


X 

'n + l 


M ti + l I— I 

n+li' 


in which 




...(31) 


convert the homogeneous fanctiona /i, /g, . ./u of Xi^ ... x^+i given by ( 1 ) into the 
homogeneous functions ^ 1 , ^a, ... of yi, 3/21 • • ^n+i > homogenoous linear function 

X into J’', where 


X=XiJ7i + X2.^2+ ■+X„+I^n+1, -hpn + \?/n+i- 


Then if E and E* are respectively the X-eliminant o//i,/g, arid the Y-eliminant of 
9u 92 , ... 9n, 

/in + l) = ^’’. ^2, .. ^n + l) (0) 

We may suppose provisionally that A = 4=0 Then if the transformation (31) converts 

Iv ='~a into '~y « , wo have 

•— '« + ! ^tt + 1 'n + 1 'n+l 


-•tH-i 


=ra: 


M+l 

'«+i 


m np i—i 

X = I H' , 

‘—'14+1 •— >«+l •— 'lH-1 


[a] X = r/3] 
’■ ■'n+i ^,,.,.1 t'"-' 


*+i ‘^n+i’ 


and if aiXi+naXg+.-. + an + iXn+i is a linear factor of E^ then = common 

root of the n fimotions f therefore = is a common root of the n functions ,< 7 , 

and therefore ft/ii + ft/xa-h... +i 9 n+iM 7 i+i ifl a linear fiiotor of E\ If the ala and X’fl have 
such particular values that E vanishes, then one of the linear factors of E must vanish, 
the con’osponding hnear factor of E' must vanish, and therefore must vanish. Tims E‘ 
vanishes whenever the irresoliible function E of the a’s and X's vanishes; and since E and 
E' have the same total degi'ees in the a’s and X's, it follows that we must have 

ipu Piy ••• /Art + l)==X. ^(Xi, Xy, . Xh+i), 

wheixi X is a function of the ?s only By considering the special case in which the 
functions / are all linear, we can show as 111 Ex. ix of 193 that Z=A’’, and deduce that 
(0) is an identity in the a^s and X*s. 

When Theorem I has been completely proved, we can also treat the above theorem as 
a particular case of Ex. ix of § 193. 


Ex xin. When pai'ticular values are given to the a% let 

[X 1 X 2 . ..^,A+i]=[«i fl2.-.aftflu+i] (32) 

be a non-zero common root of the n functions / in Ex. xii, the corresponding linear factor 
of E being 

oiXi - 1 - 02 X 2 + .. . + afl,X,i-)-ci„+iXn+i, (33) 


i 


4 ^ i 


jr T 



126 


196] OF RATIONAL INTEOBAL FUNCTIONH 

mid let a trauaformatioii (31) in which A =1= 0 bo so chosen that it converts (32) into 

lVx!h. .y..'/»+i]=[0 0 01]; (32') 

SO that (32') IS ii coiimion root of tho n functions tlic GorrGSi»onding liiiotir factor of E' 
/^i+i Tlieii (32) will bo a root of/i, /a, . ./« roiioatod tituos rcsiiuotivoly 

if and only if (32') is a root of //j, gn ropoated ^3, ... kn times roapoctivcly ; and 
(33) will 1)0 a liiioar factor of E repeated k times if and only if fj^^+i is a linear factor of 
E' i-epoated k times. 

Esc. XIV Tki} ehminant of two homogeneous functions of degrees 1 and 2 of three 
mriahhs 

If 0 = + nuj + nz^ ^|/ = +cz^ + 2fgz + %gzx + 

and A” = \x + + vz^ 

then tho A'’-ebmiiiaut of tho two fimctions 0 and 0 is 

j&(X, /jt, v) = y^X3 + (2/i‘^+-/iv“+2//pv + 2i/i/XH-2iVXfi, 
where — 2/m?i + <mi\ Z «=i ( -fl + gm + hn) I — amUy 

— 2^;iZ M^{fl - gvi-\-hn)m — hnl^ 

i2=3a??i^— 2/i^m+fiP, N^{fl •\-gm~hn)n —elm. 

We can obtain E in the way deaenbod in § 199 , and if wo write 

(6c -/a) ^ a _ ^3) 7^3 ^ « 7^3) _|. 2 {gk - a/) + 2 {hf- hg) nl + 2 {fg - ch) Im, 

we have QR-I^^PS, Pq - 

MN-^PL^mnS, NL-QM^nlS, LM-RN^lmS, 


"P 

N 

M'- 

“ 1 * 

P 

N 

M 

N 

Q 

L 

m = 0, 

N 

Q 

L = PQR^-^LMN- PL^- QM'^-RN^=^0, 


L 


_n _ 

M 

L 

R 


these equations being identities in tho cocffioieuts of 0 and 0. When E does not vanish 
identically, it oan bo expressed in tho foiiii . 

E (X, /X, v) =* (Xa’i + ju,y 1 + vzi) (X.'i;a + ^.7/2 + ^£3), (34) 

and then \xy z\ = \Xiyizf\^ are the two non -zero common roots of 0 and 0. 

From the partial elimiiuiuts wo seo that tho possible values of y : z\ .v, x . y in tho 
common roots of 0 and 0 are given respectively by 

2Zys+ §2^=0, Ps^-'S^Mzoo-^Rsg^^Q^ Q^“2W!a^+Py®t='0, 

and it follows that the two non-zero common roots are given by 

X ,y , z^P . N'{‘n tj — S \ M— m tj — E=N—n ij — E 1 Q \ tj — S 

=P+ — 7i) nj — E . Q-\-N-\-L'\‘{n—'V) tj —S . ^ + L^M-^ ijr — nfi) tj —E^ 

one root corresponding to eaoh choioe of the radical 4—S, We oan also obtain these roots 
by Bolvmg the equation ^=0 for one of tho parajiieters X, /ix, v, and so detenmning the 
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factoi-s of E One way of detonnimng the absolute values of the olomenta of the common 
roots BO that the equation (34) is true is 

If Aj A) A a-i*® "tlio disonminauts of E when wo rogaid it as a function of X, or /i, or v 
only, wo have 

A ~ (wiv — w/i)® A *= A ** “ “WiX)^ S, 

The first faotora on tho right can only vanish identically when A R vanish I’ospectivoly ; 
and they cannot all vanish identically unless E vanishes identically. Gonaequoiitly ^ 
must be the discriminant of the two functions (j) and os is otherwise obvious 

The ehminaut E is also the resultant of the three functions yfr, A' ; and can also bo 
wi’itten in tho form 


V-'S', Z+lJ-R, R}. 


j0 = a (7nv - Ufi)^ 4- b («X — + o (Z/i — mX)^ 4- 2/ (wX - Ip) (Ip. — ?wX) 

4- 2^ {Ip. - ?n\) (mv - np.) 4- 24 {mv - up) (?iX - Iv), 


The slant of scale 2 of the three funotious <^5 X (which will be defined in a later chapter) 
IS a doi’angomout of the matrix 




7 

(1 


a Z 0 0 X 0 O' 

h 0 0 0 /i 0 

0 0 0 0 0 i; 

2 / 0 71 m 0 V p ’ 

2(7 n 0 I V 0 X 

24 77L I 0 p \ 


and the matrix of tho affected simple minor determinants of [w]^ is 
[0, X^, pE, vE^ -IE, -mE, -iiE]. 

Thus, ill aocoidanco with a general theorem, the resultant of tho throe functions (/>, aii<l 
X IB the H. c. of tho simple minor determinants of their slant. From the identity 

s®. ya, ar, »S'] [“ijj = [f , 2/^, «/>, /yZ, sZ], 

we see that the vanishing of ^ is a ueocasary condition that (j), ijr and X shall have a non- 
aoro root in common. 


Ea;. XV. The eliiniiia^it of two gemml fTinctionB of degroos 1 and 2 of two mridblm. 

If A//‘=azc!^4-24^4-&yH2^^4-2j/^4-c 

and A’’=s4-Xa?4-/Ay, 

the X-ehminaut of the two functions 0 and ^ is 

E{z) X, p) = E{z)=IU^-{‘^{M\^-Lp)z^‘{I^^^^N\p^-qp^) 

= ^ (0 4- Xa?i 4- py^ (a 4- X^2 + M2^a)» 

where 

M^r7nsJ-S L+l 

^1- R’ ' ^ R > ys“ R~' 

these being the common roots of </» and Putting p==0, - I and X=0, /i=-l in 

E (a), we see that the equations giving the two values of x and the two values of y are 
respectively 

Iia^'-2Mx-{~Pf=Q, 2X^4- 5=0. 
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^0?. XVI If T|r = (a’—y+-) + 

wo see fioni Ex. xiv tliat the (x, s)-r0aiilt*iiit of </> and -v/r vaiiiahca identically without tho 
identical vaiiiBhing of <jy only in the following two caHea . 

(1) ?n=lj n=2l, A=0j <^=^,v+2/ + 2s), ■v/^=(a>-/y + s) +2-) ; B=0 

(2) n=l, k=0 f ^+c) (.'i7+y + 2s) , A'— 0 

In both coaes the complete ohminant Evanishes, and is a factor of ^|r. There is no 
non-zero common root m which two variables are 0. 

jKtf. xvii If 0 = + \lr=s2.hy/ + h'^, 

we see from Ex. xiv that tho (,r, s)-rosultaiit of (p and yp vaiiiHlios identically without tho 
identical vanishing of (/> only in the following two cases : 

(1) ?a=0, <p=la;-h?LSj \|r=2a;y+/:^^; A^=/x(“2n^ + ^^‘V+2^wi/). 

(2) ^=0, a=0, /;=0, f=2.zy; £!=0. 

In tho first cose B does not vanisli idonticnlly, the uoii-zero common inDots are 

[2?i3 -2ln], 

and in one of the non-zero common roots (see Note 4 of 195) wo have [x a] = [C 0]. 

In the second case E vanishes identically, and qb is a factor of yp ; further iii all tho 
non-zero common roots in which a? : y=l . 2 wo must have [a?y] = [0 0], 

Ex. xviii If (p=x, yp= xy — 

then the (a*, s)-rGsultant of <p and yp vanishes identically whilst E (X, /x, v)= — The two 
non-zero common roots are 

and in both of them (see Note 4 of § 196) wo have [x a]“[0 0]. 

XIX. If cp=lx-^m2/~\-ob, i/r=2a^+l'‘‘^ 

and cp does not vanish identically, tho coniploto oliminant of </) mid yp can only vanish 
identically when Jk=l=u=0, and thou ^ is a factor of yp. 

Ex. XX. If (p^x, ypi^xy-1, 

then tho a;-reaultant of cp and \p vanishes idonticivlly whilst E(s; X, /a)= “/x*-*. Those two 
functions have only the two infinite common roots 

[xy]^[0ll [01]. 

Ex xxi. Theorem. If fi (^, y, z) and )a (^j y, z) a/ro any two particular homogoyieoua 
rational integral functions of the three variahlee x^ y, z of non-zero degrees^ they have an 
infinite mmher of common roots (i.e. their complete oliminant vanishes identically) when and 
only when they have a common factor of non-zero degree. 

Fii’st suppose that they have such a common factor. Then they clearly must have an 
mfinite number of common roots. 

Next suppose that they have an infinite number of common roots. Then we have to 
show that they have a common factor (of non-zero degree). In proving this we shall 
consider that /i and f^ are both regular m each one of the variables, so that neither 
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fuuotinii hnri a fiiiito uou-zuri) root lu which two of tho clomoiitu fu-o 0. This ih allowahlo 
bocaiise we can always i*Ggulanso the fuiiotioiiH hy an oi'dinaiy homogonooiis liiicuir 
transformation of tho variables. 

Ill this soonnd case wo shall now make tho hypothesis that f\ and /o ha\o no unninon 
factor Thau by Ex. viii of Sj 188 thora exists an identity of tho form 

-Pi/i+A/i = 0(y» s), (sn) 

wlici’o Pi aaid P2 homogonoiais fiiuotions of j;, s, and wlioro </> is a lioinogonoous 
rational integi'al function of y and z only which does not vanish identically Lot and y 
bo any two tiiuto luimbors not both zero so chosen that t/i (fi, y)=t=0. Then by Corollary 2 
to Tlioorem I the two functions /i and /a have a finite non-zoi*o common root 111 which 
y : 3=j8 . y ; and hecanso they have no non-zero common root in which y and z are both 0, 
it follows that thei*o exists a tiiiito number a such that [^' 2 / P y] is ^ common root of 
fi and /j. For those values of a’, y, z the left-hand side of (36) vanishes whiLst the right- 
hand Bide does not vanish. Tliei'oforo our liyiKithosis is imi>ossiblo, and it follows that fi 
and /2 have a common factor. 

By the substitution s=l wo deduce that 

If /i(a?, y) and y) ara any itoo jyarti&tLlar ratumal intofiral fumtiom oj ihv two 
’uanable& x andy of non-ziro dogrQi% they htioe an infinite ntmhcr of common I'ooU (i.f\ their 
complete eliminaiit mnishes identimlly) when and only vikcii they have a ocmimon factor oJ 
non-zero degree. 

Illustrations of tlicao two tlicoroius are given iii ICxs, i.vi, xvii and xix 

Ex, xxii The eliniinant of two honingencoati fiuieiicns of degi\m 2 and 2 nj three 
oanahles. 

Lot 0 = -f hy^ -h ci- + fyz -Vgzx + Azy, <I» = ,fl a?’** + By'^ -|- Q'J^ -h Fyz + Gzx + II xy^ 


and 

A' = X.^ + /4^ + Vi., 



Thou if 

j/-^r <« & fl / ff A ■ 
[_A ncj!'aii_ 

]■ 


Olid if wo use for the 

Simple minor detormiuauts of M tlio iintatioiis 



^211 

Ar(^-ji=a6P— yP, 

Lm^jC^cF, 

Pj»fl3=dil— tt(7, 

6121 = ^^’lai '^hG’-gB, 

Aq()3B=CjG‘-^(7, 

Anil «, <7-^1 “ 


T,n^eE^hL\ 

^BlCl^OtZT— llA^ 

= — 6//, 


tho suffixes indicating tho weights with respect to a*, ,y, the -V-olimiiiant of 0 aiul 4>, 
which is also tho I’csultant of 0, * and -V, is tho funotioii 

v^^ (?>+g+»'=4), 

where there are three cyclically symmetric coeffioieiitH of each of tho five types 
Pm = -^*022 “ -Ami Ana j 

/>3uj“ 2 /’di!22\i3-|-(<2|2i + ^lai) -Aii3 ■“ Aiai Aou 3 

^ 301 “ 2 ^ 032^121 + (ftia " 

p.^s= -2Poa2P 202+ ^112 + (6311- 5^211) A )13 + (Si 21 + ^ 12 i) Ao 3 > 
paii*“ “ 2^0226211 + 2 {Pa)2-^0Bi+-^^a20-^iB) + C6121 ^121) ^112 
( 6iai + 2\ai) 6112 ^ -^-lao -^loa • 
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Since there ai^e six independent relations between the fifteen simple minor determinants 
of there oi’e six independent relations between the fifteen coefficients p. These relations 
are the conditions that Ey regarded ns a homogeneous function of X, /z, v of degree 4 with 
ai'bitrary coefficients, shall be expressible ns n product of linear factors. 

The slant of scale 3 of the thi’ee functions Xy </>, is the matrix 
" X 

fi X 

V 


fl)C=[Q)] 




. . . a 

• • 

A 

• 

. h 

a . 

E 

A 

■ • 9 

. a 

G 

. A 

X . . 1 6 

h 

li 

E . 

. X . 1 / 

9 h 

F 

G H 

1 

. . X 1 c 

• 9 

G 

. G 

p . . 

b 


B . 

V fl . 

f & 

. 

F B 

. V fl 

0 / 


C F 

. V 

. c 

■ 

. c _ 

r |u=v=0, it will be 

seen at once that 


is undegenerate of rank 10 when the coefficients of X, are ai’bitrary. The identity 

[a®, 3,% jfle, ary®, xi/z, f, yH, yz\ sr’] [<a]“ 

ssyX, mzX, y^X, yzX, z^X, iV(j>, y^, z<j), .v0, y<S>, i*] 

shows that o) is degenerate whenever the three functions Xy c^, 4> have a non-zero root in 
common, i.e. whenever Evanishes for particular values of their coefficients. Therefore E 
18 a factor of every simple minor determinant of o). Knowing this it is easily seen that it 
is the H. a. f of the simple minor determinants of go In fact the normal to go is the mati'ix 


[a\h g 

h f 0 

-X 

— /Z —V 

. 

• ■ 1 

\_a\h a- 

B F C 

• 

. 

-X 

-g. -vj 


and therefore each of the 66 simple minor determinants of a> is the product of E and 
the anti-correspondent simple minor determinant of to Thus wo can dotonriino E by 
evaluating any one of the 60 non-zero simple minor determinants of «. 

the coefficients /, p, 4, Fy Gy E being replaced by 2/, 2^, 24, 'S^Fy 2G', 2if, and if we put 
T^{hG+oB-yF) \^+{cA+aO- ^gCT) pa+(ai?-|-M -24^) 

- 2 (jgS+hG - aF-fA) pv - 2 {hF^ fE^hG- gB) v \-2 (fG+gF^ cH- KG) Xp, 

(ho - /*) \^-{‘{oa-g^) + (ah - 4*) v® H- 2 (p4 - a/) /zv + 2 (4/- bg) vX -j- 2 ( - ch) 'Kfji, 

B'>^(BC-F^)\^+(OA-G^)lj.^+(AB^E^) v® 

+ 2 ((75 - AF) /zi; -i- 2 (EF- BG) i^X +2 (FG -- CH) 
we have E(\ fiy v) = 7^ - 455'. 

We can regard E(\y /z, i/)b0 as the tangential equation of the 4-poiDtic locus of 
intersection of the two conics <^=0, #o=0. 


0. ni. 


9 



CHAPTER XXII 


SYMMETRIC FUNCTIONS OF THE ELEMENTS OF SIMILAR SEQUENCES 

[The first two aiiLioles deal with aymnietrio fuuotions of the elemeuts of r sequencoH 
eaoh containing n arbitraiy elements ; in § 197 wo show that all ^wnotypio symmetiio 
fimctioDH can be expreased os rational integi*al functions of those of order 1 (the o^s), 
and also aa rational integral functions of those of degree 1 (the nr^a, or the elementoiy 
synimetiTC functions) j and m § 198 we consider the corresponding properties of homo- 
gmeous monotypic symmetric fimctioiis. The next article deals with the relations between 
the common roots and the ooeflSoienta of a set of rational integral fimctions having only 
a finite number of common roots ; it la shown that every moiiotypio symmetno function 
of the common roots can be expressed in a unique way os a rational function of the 
coefficients !Finally in § 200 we show how resultants and eliminants can be detei’mined, 
and oompleto the proof of the theorems of §§ 193 and 196 The relations between 
elementally symmetric functions are discussed in §§ 197 and 198, and the corresponding 
relations between the coefficients of an ehminant m g 109.] 

§ 197. Symmetric functions of the elements of r similar 
sequences. 

1. Symmetno fuyictimis m gmey'al aiid monotypic symmetno fumtions. ■ 
Let X = (1) 

be a sequence or one-rowed matrix of order n in which the elements are 
n scalar variables, and let 

= [ttiiftia • ■ • • ■ Oti? Jj A a = [flgi ■ Ofa/i . . . OCsfi], • . . 

. . . Xr = [c(n^r2 ■ • • « ■ • ^«i]i - (2) 

be r values of X in which all the rn elements are arbitrary. In the 
applications the r matrices (2) will usually be the common roots of a number 
of rational integral functions. 

A symmetric fwnction of the elements of the r matrices (2) will mean a 
rational integral function of those rn elements which remains unaltered 
when we give any permutation whatever to Xi, Xb> ... Xr without deranging 
the elements of any one of them. It is therefore an absolute invariant for 
all such permutations of X^lJ X^2; monotypic symmetric function of 

the elements of the r matrices (^2) will mean a symmetric function of the rn 
elements in which every term can be derived from any one term by some 
permutation of X^, X3, ...X,, and no term is repeated. Every symmetric 
function of the elements is a sum of a number of monotjqiio S3nnmetric 
functions each multiplied by a numerical constant. Consequently the general 
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properties of symmetric functions can be deduced from those of monotypic 
metric functions, and our attention will chiefly be directed to these. 


A monotypic symmetric function 8 of tbe rn elements of the r sequences 
C2> is completely known when any one of its terms is known. Hence, when 
■Wo disregard a numerical factor, every such function is representable without 
*^iriTbiguity in the form 

(3) 

Wriere 

= = ct^t' ... ... a^*", (4) 

il th in ’ J 3\ jh jn ’ Arl kh In* ' ' 


the Vs being positive integers, some of which may bo O's. Here is a 
product of elements selected from the matrix Xi^ and TiT^,.. is any one 
torm of 8 selected as a typical t&imi. 


Let (3') 

bo the sum of all the r ! terms which can be derived from the typical term 
by giving all the possible t\ permutations to Xg, 
(ixicludmg the identical permutation which leaves their arrangement un- 
ixl-bered), the indices X remaining unchanged. Clearly has the same distinct 
■fcox'ms as 8\ but it has no repeated term, whereas 8* may have repeated 
tioirns. Thus another term of 8' is Un where 


„^in JT _ 








J^ki J-kh 




'*kh 


^hn » 


(40 


buti this IS not another term of S if . . . "Kjn] = [\lK% • ■ X^n]- 


We can also define S' to be the sum of all the r I terms which can be 
derived from the typical tenn Ti fa . . . T,. by giving all the possible r I per- 
TOLixtations to the r sequences 


X] = [XniXia . . . \if^ . . . Xin], Xg — [XgiXaa ■ - • Xg* . . . XjuJ, . . . 

. . . X, *= [X^iX;.a ■ • • XrA . . . \rn\ ■ 


.( 2 ') 


formed by the indices in Ti, ... the a's remaining unaltered. Thus 
Cbiaother term of 8' is ••• iT/, where 










f — rp fj 




,Hn 




“ftA ■ 


hn ^ 


(4") 


btxti this IS not another term of 5^ if X^ = X^. We obtain 8 from 8^ by dis- 
carding all repeated terms. 


I’rom the second way of developing 8 and 8' we see what the total 
number of terms in ;S is. When the r sequences (2') are all different, the 
terms of 8' are all different, therefore 8 contains r* terms, and we have 
when the r sequences (2') consist of t distinct sequences repeated 
9^a» times respectively, so that ri + rg-l- ... + = r, each distinct term 

^ 2 
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of jS' is repeated i . . r,. > tunes, therefore S contains 


r ' 

7*1 1 r.j I ... Tr^ 


terms, 


and we have S' = 7 i 'r* 2 > ... ’ aS , when the r sequences (2') are all equal, all 

the terms of /S' oi’e equal, therefore S consists of one term only, and we have 


/S' = r!/S. 


In representing S m the form given hy (3) and (4) it is usual to omit all 
those elements a in (4) and in the development of S whose indices are Os. 
In this case we can obtain all other terms of 8 from the typical term by 
making repeated mterchanges of two elements of the sequence [1, 2, ... r] in 
the first sufl&xes of the as, the second suflSxes and all the X’s remainmg 
unchanged, and every repeated term thus obtained being discarded, and 
this is the plan usually followed. This shorter representation of S is however 
completely definite if and only if r, the number of the matrices (2), is given. 
When we develops S* and 3 firom the typical terai by permuting the sequences 
(2') formed by the mdices, we must retain the zero indices. 

Kv. 1 . If A’a^s], then for the four sequeuoea 

Xi = [ail “13 “isjj = [“-Ji “23 “ss]} -^^3 = [osi aaa 033], = [a.n “ 13], 

we have 

S {aii**ai.2a2i} = fli Oyi + “21^ “23 “31 + “81^“32“41 + 

+ “11*'^“13 “31 + “23 “41 + “31^“3a“ll + “41^“.12“21 

+ “11^“12“41 + “21*“23“ll ■H“31^“M“21 + “4l““42“31 ■ 

The sequences formed by the indices in the typical term (and in every term) jxre 
[210], [100], [000], [000], 
and we have 2 ' “ 12021 } = 22 {an^auan}. 

Elx 11. When the number of variables, io. the number is small, it is simpler to nso 
a single-suifix notation Thus if m Ex. i we replace a?i, by y, z, so that A’’=[.t?y s], 
then for the foui* sequences 

Ai = [aift'yJ, A2=[aa^aya], A’' 3 =[a 3 ft 73 ], A'4 =[0.1^474], 

we have 

^ {“1^ ^1 “3} = “1“ Pi “2 + “ 3 “P 2 “a + “ 3 ^Pa “4 + “1 

+ “1 “ Pi “a + “ 2 ® P 2 “4 + Pa “1 + “4^ P 4 “2 

+ “ 1 ® Pi “4 + a 2 ®p 2 “1 + “3® Pa “2 + 04 -^ p 4 “0 J 

the development from the typical term being obtained by permutations of the sufiixos 
1, 2, 3, 4. 

If /Sf is the monofcypic symmetric function (3), then by the weight of 3 
with respect to the variable we mean the sum of the indices of those 
elements «!*, Og/ij --ar/i any term of 8 which are values of a?*, i.e. the 
number + * • + which is the same for every term of 8. Thus if 

Ui, ...Un are the weights of 8 with respect to ... we have 

= Xja + XaA + . . . H- X^A» (A = 1, 2, ... n). 


.( 6 ) 
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By the degree of any term of S in tlie mat^Hx or seqiience we mean the 
sum of the indices of the elements a^, .. of Xi in that term, this 
number being in general different in different terms. The degrees of any 
term of S in the r separate matrices Xq, . . are the same r numbers 
for every term, except as regards their order of arrangement. The degrees 
of tho typical term in the separate matrices Xi, Xj, ... X^ are the numbers 
... given by 

^ifc = ^ti + Xte2+ • (4 = 1,2,...?’) (6) 

The typiciil term is usually so chosen that the v numbers Vi^v^, ..v^ are 
arranged in descending order of magnitude, and may then be called a 
standard typical term. 

By the degree of S in a single matma or sequence Xi we mean the greatest 
degree which a term of jS can have in Xf, this number being the same for 
every matrix X,, and being the greatest of the sums (6). It will often be 
called simply the degree of S When the typical term is chosen in the 
standard way, the degi’ee of S in each and every separate matrix is the 
•degree of the typical term in X, , i e. the number 

S = \n + \jfl + . , . + Xjjj, = Vi ( / ) 

By the total weight of S we mean the sum of its weights with respect to 
all the variables .. this number being the sum of all the indices in 
each term of S, i c. the number w given by 

w = 'Wi + iia+ ... + = i;i + Va+ ... + (8) 

It IS also the sum of the degi'ees of each term of S in the separate matrices 
Xi, Xu, ... X^, and may bo called the total degree of each term of S in all the 
r matrices. 

The monotypio symmetric function S is homogeneous in the matrices 
Xu Xa, ... X;. when every one of its terms has the same degree in every one 
of those matrices. Thus 8 is homogeneous of degree s in the matrices if and 
only if 

and this is the cose when and only when its total weight is rs. 

By the order of 8 we moan the number of matrices which contribute 
elements with non-zero indices to any one term of S, this number being the 
same for every term of 8, and being the number of the integers Vi, . . . Vr 
which are different from 0. When the order of 8 is i, where of course i r, 
and the typical term is chosen in the standard way, we have = 0 when 
4 > i, and Tjb == 1 when 4 > i. Accordingly when elements with zero indices 
are omitted, the standard representation of a monotypic symmetric function 
8 of order i is 

(3'0 


8^t[T,T,.,, Ti]. 
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Here the typical term is so chosen that Xi, Xa, ... are the matrices which 
contribute elements with non-zero indices to it ; and we have 

+ ^ + (A = = (A=l,2,. .i), 

= Vi+a = . . . = w,. = 0 ; w; = ^1 -h + • • • + ^ "i" ■ • • + 

The integers Vi, are the non-zero degrees of each term of S in the 

separate matrices. 

The abbreviated notation (3") is definite if and only if the number 
of sequences, i.e. the number r, is given ^ but if i r, the substitution 
[a„ar 2 ... a„J = 0 converts the function 2 ... ?i} of the r sequences 

Xi, Xg, ...Xr into the function Ti\ of the r — 1 sequences 

Xi, Xg, .. Xf_i. If i >r, we must interpret (3') to be 0. 

Eo! ni The monotypio symmetric functions S of Em i and u have weights 3, 1, 0 
with respect to the variables ^2j or a?, y, z. In each case the fiinotion S has degi’ee 3 
in each of the matncea Zi, Xg, Z3, X^\ it has total weight 4 ; and it has ordei’ 2 The 
degi'eea of each term in the separate matncea Xu Z2, Xg, Z4 are 3, 1, 0, 0 ; and the 
greatest of these numbers, i.e. the number 3, is the degree of S in each matnx. 


2. Monotypio symmetrio funcftions of order 1, and of degree 1. 

If pu are any n given positive integers which are not all 0, 

there is one and only one mdnoiypio symmetric function of order 1 of the 
elements of the r matrices (2) whose weights with respect to the variables 
... are respectively pi,paj For this function we will use the 

notation ^ in which the weights are indicated by the auflSxes. It is 
the function of degree -i-pa + ■ • ■ m each matrix given by 

( 9 ) 


Jh, 




For the monotypic symmetric function of order 0 we will use the corre- 
sponding notation <roo..o, which we must mterpret to mean the integer r. 
By the cr’a we mean the functions thus defined. 


The monotypic symmetric functions of the elements of the r matrices 
(2) of degree 1 in each matrix are those which are expressible in the form 
(3^), where Tu Tg, ... Ti each consist of one unrepeated element only, and 
ii^r If ja, ... are any n given positive integers which are not all 0, 
and which satisfy the condition 


+ ?2 + ■ • + ^ T’, 

there is one and only one such function whose weights with respect to the 
variables a? 2 , ... are respectively ? 2 , For this function we will 
use the notation in which the weights are indicated by the suflSxes. 

If i = 2i + ?a + * - • + ^Ti is its total weight, it is the monotypic symmetric 
function of order i given by 

9a .• 9n ~ ^ {'^1 ^ a • • * ^<] = Ofa^ . . . Cf^ , 


( 9 ') 
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where the first of the ore equal to 1, the next of the /^’s are equal 
to 2, . . . the last q^ of the are equal to n ; there being of course no [jl 
equal to h when 5^ = 0. The typical term in (9^ contains i factors, ono 
selected from each of the matrices Xj, Xg, and of these 2 factors q^ 

are values of fl?i, q,^ values of values of For the monotypic 

symmetric function of degree 0 in each matrix we will use the correspondmg 
notation ct„o which we must interpret to mean the integer 1. When 

?i + 3fl + ... + 5«>r, 

we must interpret to be 0. By the 'bj*s we mean the functions thus 

defined. They are usually called the elementary symmetric fwnctions. 

In the notations for the as and la's the number n of the variables is 
indicated (by the number of the suffixes), but not the number r of the 
sequences. They have definite meanings for every value of r, and they can 
be used when r is an arbitrary positive integer on the understanding that 
. .</» vanishes whenever ?i + ?3 +■.•+?«> r. 

Air IV For the four sequencea Xj, ATg, X’g, X ’4 of Ex. 1 we have 

o-floa =a Saii^ ajg® = an® aig® + ogi® ngg® + aai^ + 041 ’’ f*43^j 

072,11 = Sail flai “33 = “11 “ai “as + “ai “si “40 + agi 041 aig an aj i a^i 

-f- «21 “31 “13 + “31 “41 “23 + “41 “11 “33 + “ll “21 “43 
+ “31 “11 “23 + “41 “21 “33 + “ll “31 “43 + “31 “41 “13 • 

It will bo observed that (ra)^, otjjoi for four values of [^Ci^’g^g] are the same as Wga, Wgi 
for four values of [.ri^g], the variable with respect to which the weight is 0 being 
struck out 

Esn, V. For the four sequences Xi, Xg, Xg, X 4 of Ex ii we have 
o-goa = 2 ai®‘yi®«ai®'yi* + aa®y./+n3®y8® + “4“'y4^ 

Wgoi = Saj “ays = “1 “273 + “2 “3 V4 + “8 “4 yi + “4 “1 72 
+ “a “371 + “3 “4 7a + “4 “1 73 + “1 “274 
+ og ai 7 a + 04 oayg -1- “i og 74 + oa 04 7 i . 

Note 1 . SpeeiaZ <mo wlmn ?i™l. 

In this oaae there is only a singlo variable. If wo denote this by a?, and its r values by 
“ij “ 2 , ■••“ri these being arbitrary parameters which may bo the roots of an equation 
/(.r )=:0 of degme r, our r sequences are 

Xi = [ai], X3=[aa], ••• 

and a gonorol monotypic symmetric function of ai, og, ... a,, has the form 

The monotypic symmetric functions of order 1 and the elementary symmetric funotions of 
degree 1 in each parameter have respectively the forms 

a-p ■=2ai*'—aiP4*aa*’ + --*+“r^ 

... Ogf (q^lf 2, ... r), 



136 


SYMMETRIC FUNCTIONS OP 


[CH. XXII 

whilat «ro=r, OTo= 1, and orj=0 when q>r. In this co^e we have Newton's identical 
equations connecting the o-^s and nr*s, viz. 

0-1— nri=0, 0-3 — o-i7D‘i + 2272=0} cs” 0-2 nTj-f- 0-1273 - 3 nrgaaO, , 

the general equation being 

G7i-f<rp_2W3-...-f (-l)P-i . (ri27p_i+(--l)P.jonrpe=0, (10) 

where ari =0 when i>r The equations (10) enable us to express r,, <ra, rr„ ... m 
succession as rational integral functions of vr^, 273 , , 27 ^, and also to expi'es.s 

271 , HTg, ... 27,, 0 -r + l} .. 

in aiiccession as rational integral functions of o-i, 173 , ... cr,. In fact we have 

0-1 = 27i, 0'3»=27 i 2- 227g, 0-8= 271® - 327i 273 + 8273 , 

0-4 = 271^* - 4271® 272 + 427i 273 + 2273® - 407^ ^ 

0-6 = 27i® - 627 i 3 273 + 5 (27i2 27g + 27i 2732) - 5 (271 27^ + 273 27a) + 6273, 

0 -fl = 2 ri“ - 6271* 272 + (627 j 3 g 7 g + 12 ^^ Tjr2 273 + 2272 ^) 

+ (6 uTi 27y, + G tTv 274 + 3273 ^) — 627 ^ , 


and 


^1 = 0-1, 2l272=£ri3-o-g, 31 273 = <ri3-3£ri(7a + 2cr3, 


the corresponding general formulae being 


( 11 ) 

( 11 ') 



1 , 

0 

0 , 

0 1 

0-1 , 

1 . 

0 , . 

. 0 , 

0 

2^8 , 

, 

1 , 

• 0 , 

0 1 

0-3 , 

<ri , 

2 . 

■ 0 , 

0 

8273 , 

072 j 

OTl , . 

. 0, 

0 


0*9 , 

0-1 , . 

0 , 

0 

-t)W;)-l, 

®p-2, 

^■p— 3 , . 


1 

CT^— ll 



.. (7i, 

?-l 



a^p-2, .. 

®2j 

27i 

1 

^a-i> 


• 0‘2> 

0^1 


( 11 ") 

provided that we interpret to be 0 when i>r, and they are identiti^m ai, oj, . . a,. 

tlie theory of equations in a single vanable that wu Wn, ... w, ai-e 
Impendent fiinclaons to which any arbiti^y values can be ascribed. .«d that eve^ 

1^1 "1. • Or cm bo expressed in one and only on^ 

way as a rational integral function F of wi, wj, .. or,, the coefficients of F being integers 
when the coefficients of/ are integers ® integers 

*!<.«*«. 4ai™» a, „d ^ ^ ^ 

“■ « ffi l« 

^='^1^1 + + . . . + KnXjij 

and the matrices X 3 , ... JT, by the ooiTespondmg values /„ ... of t given by 
«<=»:iafl + K8a«+...+K,a<„, (t = l, 2, ... r). 
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Then the monotjpic symmetric functions of order 1 and the olementaiy symmetric fimotiona 
of degree 1 of are given respectively by 

i=r 

p I 

t0’^=2^i^a 

(*71 +!72+*- +</»=(?; q^'r\ 

where and ^ are defined as in the text; and the second equation remains 

true when if we then intoi'pret to bo 0. Those equations are identities in the k'b 
and the elements of the matrices (2). Wo could define the o-’s and for the matrices (2) 
in this way os being the coefficients in the expansions on the right 

When we sulistitute these values for tr„, . . “cr^, .. m the equations (11), regoi-d the 
resulting equations fis rational integral identities in the k’s, and equate the oooffioionts of 
corresponding teimis on both sides, we obtain equations expressing tho quantities (rp,p^ 
as rational intogi'al functions of the quantities those equations being identities in 

the a's. Since r does not occur in these equations, they Jire true when ?• is arbitrary, 
provided that we interpret a quantity for ?• sequences to be 0 when its total 

weight yH- 5^2 + ••• + $'» IS gi’eater than r. The general character of those equations is 

shown in Ex. vi In the expression for the term of highest degree in tho w’s is 

®loo o^oio 0 ’ •‘°Co i;aiuiify)=jDi+P 2 +- +y?u, the term of lowest degree is W. cr,„p, 
where W is the rational number given by - 1) 1 W= ( - 1 )»'" ^ pi I pol 

By substituting in the equations (11') wo can obtain equations oxpriwsing the quantities 
OTy.yj ^ as rational integral functions of the quantities 

In all these equations every term of the expression on tho right must have the same 
weights with respect to a?!, a; 2 , . . quantity on tho loft. 

jffa. vi. By the \)rocesfl described in Note 2 wo can obtiun tho following equations 
which are identities in the elements of the r sequences Xi, . . X',. for all values of ?•, 
provided that = 0 when j i -h S'a + . . . + <7« > r, Tho equatn >iih are olaasi fiod according 

to their total weights. 

(1) (Ti™wi; 

(2) 2ar2, 

(TnsstirioOToi"®^!! t 

(3) 0-8= - Siffi oJa + t3ar3 , 

(Tai == ivio^woi - (win otu + ®’ oi ®2o) 4- Wat > 

2<riu = 2nrioo tvoio ^ooi - (uTino + w'oio uTmi + ©"(k)! ^vho) + ®'ni ; 

(4) 0-4 = Wi* - 4tni®ara + (4^1 Wg + 2nr2*) - 4ar4 , 

o-gi =5s tiTio^ ©01 - oTio (^10 + 2®oi tffau) + (^10 ^31 + Woi or-io + to*] j xz^ai) - ■sjyi , 

3<r92 « SoTio® tvoi® — 2 (oTio® oToa + 2wio t^oi ®ii + ®'3t)) 

+ (212710^13 + Swqi Wai + Wii® + Snr^Q xjTfla) — 2TP'aa , 

30-211 = 3arioo^ ®oio ornoi - {^ 2 ^ 100 ® ®'oii + ^vtioq (utoio otioi + ^ ooi tfhq) + 2 Woio ®'ooi ®'30o} 

+ {wioo Will + (woio Waoi + Wool Waio) + W qh wjoq + wioi Wno} — ivaii > 

6 < 7 ‘iiu = 3^^1000 ®'oioo ^0010 ®'uooi ” 22 o Wmoo woioo Woon + S 4 Wiooo Wom 
+ ^3 ®’iioo ^'ooii ” ^1111 • 
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In the laat equation So means the symmetric sum of sis terms of the type shown, and 
S4 and S3 have similar meanings 

The number of vanables is indicated by the number of suffixes ; but in any one of the 
equations we can supply any number of zero suffixes occupying the same positions through- 
out Thus for three vanables the complete set of equations of total weight 2 deduced 
from (2) IS 

(2') tr2oo = ra’ioo® — Siffaoo j trooo = sjtqio^ — 2TtJoao > U'oo2 == ®’ooi^ — 2^002 j 


<roii = ®^oio ®'ooi ” ^011 j trioi = ^’ooi ®ioo “ ^101 j o-iio — '®'ioo "n^oio “ ^iin • 

We can also mtarcliange two suffixes occupying corresponding positions throughout any 
one of the equations When there ore only two sequences, the equation for 0-31 becomes 

0 ’ 3 i= nTio^Woi — OTio (OTlO®!! + 20701^20) ■ 1 "^ 11 ®’ 20 * 


Noth 3 . Number of the fimotioTis tzt and staTidard rdationa between them^ 

For r sequences of n valuables the total number of the elementary symmetric functions 

W IB 



there being of total weight where and the total number being in 

aoooidance with the equation 

(where «-iifo=l). 

In this enumeration we include ^00 oj exclude the q;*s of total weight greater than 
every one of which is 0 Since one of the td^s is the constant 1, and the rest ai’o fiuictions 
of m arbitrary pammetera, we may expect to have exactly 


independent relations between them, excluding the relation u7oo o=l- That this is 
actually the cajse can be seen &om the equation 

i=f 

n (Kici<i-hK2a« + .- = (12) 

1=1 

(?1 + ? S +- +?«>“♦•)> 

which IS an identity in the k’s and a's when tetoo o=1* 



If we regard both sides of ( 12 ) as rational integral functions of the k’s and equate the 

^ j — 1 equations, not 

counting the equation <0700 o^*!} oaoh having the form 

w=/(“)> ( 2 i+ 2 'a+- + ?«^»'). ( 13 ) 

where /(a) is a rational integral funotion of the a’s , and from these equations, which are 
in fact the definitions of the 'ev’s, we have to diminate the m quantities a. To do this we 
will divide the equations ( 13 ) mto three classes : 


(1) the r equations m which + ga + • • + ^n-i = 0 ; 

(u) the r (» — 1 ) equations in which S'! + 5^2 + • - + S'n-i = 1 ; 

( 71 "p 7 *\ 

^ J - jvi " 1 equations in which ^i+g'a+ + 2 'n-i> 1 > 
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and for tho sake of brevity we will use for the tv’s lu which + 

notation 


^00 

The equations (i) express the fact that am, agn, . are the TOots Zi, . s,. of the 
equation of degi^e r 

<P {s)^z' - tZTi S»-l 4- B72JB’ “2 _ ^ _ l)r Q (14) 


Those r of the equations (ii) in whioh <71 = 1 oan bo expressed in the forma 

2aii=tJrin. 0, (^ = 1, 2, . . r), 

2 (G 7 i— ^ i) aasatVid . 1 , 


2 (aja — Wi + 2 * 2 ) 

2 (a73-tzra2*+tEr22*2-2*3)a*i=t2:io 3 , 


< 15 ) 


and they are r unconnected linear equations in an, aai, ... o^i whioh can be used to expreBS 
these quantities os rational functions of 2i, 2a, .. and those tv’s in which 

2 'i+ 9 'a+- H"<Zn-i =9 or 1 . 


Ill fact if h and k are positive integers, and if n*; is the sum of the distinct products of 
total degree k which con be formed with s*, 233 Icnown from the properties of 

symmetnc functions of the roots of a function of one vanable (see Burnside and Panton’s 
Theory of EqvLationa, Chapter xii) that 


2 




0 when A<9'-], 


s n 1 






sTi — IIi=0, iffa— 1371111 + Il2=0, ■EVs — zvani + tVina — nn*=0, ; 


and it is easily verified that the equations ( 15 ) have the unique solution 


«ii= 


^*^10 


l«r “ + ... + ( ^ r -1 


(l = l, 2, ... T). ...(16) 


Similar remarks ore applicable to those r of the equations (ii) in whioh 1, where y 
is any one of the integers 1, 2, ... 71— 1 ; these being r unoonneoted linear equations in 
oy, a^y, . . a,^ whioh have a imique solution in which the value of ay is obtained from the 
v^ue of Oil given above by interchanging tho first suffix 1 and the jth suffix 0 in each of 
the Cl’s in the numerator. 


Thus the rn equations (1) and (ii) admit of unique solution for the rn quantities ay 
when arbitrary values are ascribed to the tv’s in which gi+g2 + -» + 2'n-i"'0 1 J fttid we 

conclude that : 


Those m of t?ie zu^e, not comtin^ tvoo ,.03 w zahtch gi+ga + --* + (7n-i*“0 0 ^ 1 mde- 
pendent ftmotiona to whxch any arbitrary values oan he aaoribed. 

When we substitute for each quantity oy in which y+w its value found by solving the 
equations (ii), and then multiply throughout by (21) <jf (23) ... 0' (2,.), each of tho equations 
(ill) assumes the form 

* 8 , ■••*.), W 

where Q is a symmetnc funotion of 2;, 23, . 2^ iu whioh the ooeffioients are rational 
integral functions of those tv’s in whioh gi+ya+--+g^n-i“0 or 1 \ and when we substitute 
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for the symmetnc functions of ai, 22 j • ocourring on both sides their values in teims of 
the coefficients of the function 0 (s) given by (14), we can replace (17') by 

(S'l + IZj-b- 1), (17) 

whei’e -S' is a rational integi’al function of those in which (^i + g'2+ 
where a is the discriminant of 0 («), and is therefore a rational integral function of those 
oj'a m which g'i+ga+-* +(7n-i = 0' The equations (17) are all indeiiendent, because the 
second factor on the left is not the same in any two of them ; and we conclude that : 


T/me are escactb/ — ni — 1 indepejideiit lational vntogral relations between the • 


of r sequences ofn mnahles^ not counting the relation tEr(j,| o = l ? <^^0? loe can take these to he 
the relations (17) whioh ejopress those ot’s %ti which <^1 + ^2 + . . + </»_ i > I a« rational fuTictions 
of the •afs in which . + y„-i=0 or 1. 


From the way in which the above results have been proved we see further that • 

The relations between the tzr'a of r sequences of n vanahles are the necessary and mfficient 
conditions that the general function of degree r 

/(j^’i, .I’a, . :Cu) = 2OTg,5, (iZi + ?s + . . + :(> r), 

s?iall he expressible as a product of linear factors^ when tetoo u=l and the other coefficients 
are arbitrary. 

If we homogenise these relations by the substitution y, they become the 

necessary and sufficient conditions that/(a?i, sliall be expressible as a product of 

linear factors when all the coefficients are arbiti'ary and tzroo 0=1=0. 

Both Bides of (17) are isobanc with respect to each one of the variables, the weights 
with respect to a?i, .. being g'a* • • ?n+>*(»'-"l); the left-hand side 

has total degree 2r-l; and the expression S on the right is homogeneous of degree 
!7i + ?a + • • + S'n-i in those for which 4- <7a + . . + - 1 “ 1- Further the degree of S in 

the uj’s for which g^i+gg-t- ..+r7„_i=0 is r-1 or r according as g'n=0 or 4=0, therefore the 
total degree of S oannot exceed 2r-l , and when we homogenise the relatiou (17) by the 
substitution l = uroo nj its degree is 2r-l. 


Note 4. Q&njeral cliara/cter of the relations between the 

By a relation between the of r sequences of n variables we mean an equation of the 
form 

V • (?i+2'!+- + ?»1»'’)> (18) 

where F{w) is a rational integral function of the ^u's which does not vanish identically, 
the equation (18) being an identity in the a’s. In every such relation wo may and will 
suppose F{w) to be isoboric in the w^q with respect to each one of the variables. The 
standard relations (17) obtained in Note 3 are all of this form, but they are not necessarily 
the simplest set of independent relations. We can usually find relations of lower degrees 
and of smaller weights than the standai'd relations. The preblem of finding the simplest 
possible set of independent relations has not been solved, though it has been shown that 
no relation con have total weight less than r-}-2 

Every relation between the td's of r sequences of n variables (w being given) has 
reference to a particular value or particulai* values of r, which must be specifi^. There 
does not exist any relation which is true for aU values of r, or for all values of r gi'eater 
than. a given value. On the other hand if s is any positive integer less than r, a relation 
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between the of r sequences of n variables becomes a relation between « sequences of n 
variables when in it we substitute 0 for every or m which the sum of the suffixes (i.o the 
total weight) is greater than a 

For if the Ur’s are defined as m the text, and if we use the letter n with suffixes to 
denote the elementary symmetric functions of the elements of the ?•+ L sequonoes 

-‘l^l=[an«lJ Ulw]> ■ -1? • - anil -lj* + 1 = [Slf J • £w]i • ■ ) 

then oiich n is a linear function of the Ur's given by 

+ •• ^(/u7a. '/,j-i> 

the foiinula (19) being tme for all integi*al values of the j’s, provided that wo interpret 
a n or ur with a negative suffix to be 0, and of 00111*80 consider a n whose total weight m 
greater than r + 1 to be 0 and a ar whose total weight is greater than r to bo 0, the total weight 
being the sum of the suffixes Thus the substitution . ^71]=- 0 oonvoi’ts n^,,^ into 
^ relation between the n’s into a relation between the corresponding w'h , 
and this process can be repeated. 

If /(n)=0 IS any relation between the n’s which have just been defined, and if wo 
substitute for the n’s their values given by (19), we obtain a rational integral equation 
g (^, nr)=0 which is an identity in the ^’s and a’s. If we arrange g as a rational integral 

fimction of the f s, the coefficient of every term is a rational integral function of the Ur’s 

which vjuiishes for all values of the a’s ; consequently when wo ocpiate to 0 the coefficient 
of jiny term which does not vanish identically, we must obtain one of the relations 
between the m’s Thus from any given relation between the olemeiiUry symmetric; 
fimctions n of ?•+! sequences of n vanables we can deduce by moans of the equations (19) 
a number of relations of lower weights between the elementary symmotric functions ur of 
r sequences of n vanables 

It may happen that /(n) contains no n of total weight r-4-1, and then /(zEr)=0 is one 
of the relations between the Ur’s. We see from Ex. x that such oases are possible ; for 

2uraofl uTno uthu nrio,) 

nriio StVoao '®‘(iii ^oin 

^101 ’2W|)ojj uJijoi 

I 2urifln 2t2r(iio 2uro,ii 

is a relation between the Ur’s of 3 sequences of 3 variables which does not involve any w 
of total weight 3, and is thei-efore also a relation between the Ur’s of 2 sequences of 
3 variables. Thus although there does not exist any relation between the tv’s of r 
sequences of n vanables which is true when r is arbitrary, there can exist relations which 
are true for two suooessive values of n 


Eo), vii For 2 sequences of 2 variables we have the one relation 

2arjjo ®rij tzTio 

- OTii 2070-2 uToi =(4OTgoU7o.2-‘arii*)--(uri(j®aro2-'n7ioU7oiTffii-i-TO'oi^nr8o)"'0) 

®'l0 ®'01 ^OToo 


or 


^jao — ^io® ®'(W-‘n3'lO™'ll' ‘3^01 + ®!!*^. rofKJ' 


2*3702 ®'01 j 
^■Ol ^tZToo I 

This relation (see Note 4) is not true for 3 sequences of 2 variables. 
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Ex, vili. For 2 sequences of 3 variables such as [aift-yi], [ 02 ^ 272 ]^ [asftya] are 
three independent relations whioli express the fact that the rank of the matrix 

" 2tffaoo ®'iio ®'ioi ®^iou ” 

nTiio 2^0020 ®'oii ®^uio __ Foa 72 ^”1 

^■loi ®’oii Sarooa ®ooi yi 72 L«i 7i 

- CTioo ®'010 ®'00l Slffooo- _ 1 1 - 

IS not greater thau 2. The three independent relations can be taken to be 

Swaoo ^101 ^100 Smoao otoii ^’oio ^110 sroii ’®‘oio 

0^101 ^tvooa ®ooi ^mi =0, ^zTioi 2i2rooa Q^ooi 

OTioo ®ooi Stztooo 'nj’oio ®’ooi Sarnoo or 100 ®’oni Sorooo 

the first two of these being deducible from the relation of Ex. vii by the inseiiiion of zero 
sufl&xes. If we homogenise the relation of Ex. vu in the way described in § 198. 1, we 
obtain the some equation as by equating to 0 the leading diagonal minor determinant of 
order 3 of the matrix given above. 

For 2 sequences of n vanables the relations between the or’s are those which express 
the fact that the symmetric matrix of order «+l of the coefficients of the general 
quadratic function 

formed in the same way as the matrix given above shall have rank not greater than 2 , 
for these ore the conditions that the quadrcUio function / shall be expressible os a product 
of linear factors. Each relation has degree 3, being formed by equating a determinant of 
order 3 to 0. 

Ex. ix. For 3 sequences of 2 variables such as [ai^i], [03^2]} [osi^a] are exactly 
3 independent relations between the Ur’s. When these are fonmed os in Note 3, they are 
the relations of weights (2, 6), (2, *7), (3, 6) 

A . Tff^Q = '0^10® • (9^03® “ ®'o3 ®03 + ^02®) + ■ (®'02^ “ Swoi ^I'oa) + oJ'ia^ • “ 3arojj) 

+ 'ario®’ii • (^Woi^oTos — otoi — S^ffoaUTos) + Wio Wia • (2u;oa® - 6nroi toob) 

+ ®'h^D'i 2 (SuToB-Woi^tw)? 

A . nrai “ otio® . (®o2* — 3uroi ^03^) + "^oa “ 3®oa 'OJ'oa) + “■ ^^01 "^02 + Onroa) 

+ uTio tD"!! . (SuTofl* — tzToi '®'o2 ^^os) + '®'io '®'i3 ■ (2 iVoa ”* S^os ^'os) 

+ mil mi2 . (40702® — SoTojoroa - O7oi®a7oa), 

A . OTjio = O7io® . 0708® “ '*^11® ■ ®03 + ^“12® ■" ^10® ■ '®'oa '^‘OS + ^"10^ ^*12 • ('®'0S® ■" 2o7oi OToa) 

+ 07)1® 07)0 . OTqi 07o 3 + ®11® ®lfl • W02 + 07)2® OTjo . (O7oi® — 20702) — 07)2® ^’’ll • ^01 

3a7oa 0 0792 0 

2Q7o2 SoTos 2o7oi 0702 
O70i 2nTo2 3 207 q) 

Q 07oi 0 3 


- 07)0 07)1 07)3 (0701 ^03 " 3'®'03)i 



where 
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A aimpler sot of relatious of weights (3, 2), (2, 3), (3, 3) obtained by the methods 
descnbod in Note 6 is 

a' . (3®ao “ ®io^) + '^'ai “ ^arn) + (Hicna — 

A' htqi = ari2 (2n7i,) nrm — Barn) + uth (3nro2 — ari,!®) + Sgto,! (3ar2o - 
A' Ill'll = aTi2(3^n’oi®ao“®io®'ii) + ®‘ai (^Wio^oa” ~ 3o7i2'0^ai 

— — 3W(j3'n7inar2o + 27nj'jy(ii7(j3, 

SoToo Wii 0*10 

whoro ^^“2 2^i>a ^"01 '^^lo^^ua + ^'in'^^oi^^'ii- 

^io ®'oi 2 

-Sm \. Many relations between the ot’s can be obtained by evaluating products of 
two matrices as in Ex. viii. 

Thus for 3 sequences of 3 variables such as [aift-yi], [nai^iya], [njjSayg] we have 


ai ay as 

Ps 


— j ^aXi+ftya, . 

•> ••■5 

» oa + as, 

j • j 

1 “ 

asQi, . ,, 

• •» ftyi+ftys) 

• 1 ■ : 

} oa + cti j • 

> • ■ j 

1 = 

yi ya ya 

1 1 1 

_ ai«a» •• j 

• •» ftya+ftyii • 

•» *3 

1 ai + na, 

> • t 

1 _ 


- 3Br*K)n CTijjo 

^■102 ®iii Stvsoi 

2nr2io 

2®aH) 

^101 


r 

= 

^^210 SOTuso 

W012 2roQ2i OTiii 

2n7i2() 

^11, > 2 t 27()2() 

^(111 


®‘aoi ®oai 

3Tzro(i3 2iiroi2 ^"^un 

^lU 

^lui ^011 

2^V(kj2 

^^*001 


^'oao 

’^m ®^oii ^101 

^111) 

SuTioo 2nj(jiu 

2iU’n()i 



aud therefore all the simple minor determinants of [co]^ vanish. Only 7 of the relations 

thus obtained are mdoiieiidont, whereas there are 10 indopoudoiit relations in all. AVo 
can however obtain 3 other relations by homogonising the 3 relations of Ex. ix in the way 
dosoribed m g 198. 2. 

The elements of the 10 vertical rows of are the coefficients of tho 10 derivatives 
of order 2 of the general cubic 

(X+/XH-V >»3) 

with respect to e and the homogenising vanablo. Hence we could deduce tho abovo 
relations from the foot that in this case (because n^r)f cauiiot bo expressible as a product 
of linear factors unless its deiivativos of order 2 have a oommoii root (which may be any 
common root of tho 3 linear factors). This argument is not applicable when (as in Ex. ix) 
we have n<r. 

The construction of the matrix becomes more apparent when we consider the 

corresponding homogenised relations between the homogeneous w^b of 3 sequenoes of 
4 variables 

xi, For 3 sequences of 4 variables the matrix whose 15 vertical rows are 
formed with the coefficients of the 16 derivatives of order 2 of the general function of 
degree 4 

/" (p + a 4), 

with respeot to 07, 5^, 21, ^ and the homogenismg variable has degeneracy 2, and all its mmor 
determinants of order 4 vamsh. 

This con be shown by expressing [o)]^® as a product ; and it also follows from tho faot 
.that if / is expressible as a product of linear faotors, its derivatives of order 3 must have 
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two common roots (which may be any two common roots of the linear factors) Since 
the relations thus obtained are necessary but not sufficient conditions that f shall bo 
expressible as a product of Imear factors, they cannot include all the 32 independent 
relations between the or’a, and are equivalent to less than 22 independeut relations 

In general whenever we con obtain some of the relations between the izf’a of 

r sequences of n variables by using the fact that the matrix formed with tlie coefficients 
of the deiavatives of order r - 1 of the general function of degi’ee r 

/=Stirg^5, ^ (?1 + 5'2+ 

has degeneracy 7i-r + l, so that all its minor determinants of order r vanish, but wo 
cannot obtain a complete set of independent relations in this way, except in the special 
case when as in Exs vii and viii. 

3 Eoiypressim of any monotypic aymmet^'ic fwnction as a f miction of the 
<rs of order 1, or as a function of the ra-'s of degree 1. 

The applications of symmetric functions which we shall make in the latter 
part of this chapter are based on the two lemmas which will now be given. 

Using the notation Xu = \in] iii (3) and (4) let 

. . a^“", so that Ti = 

Then if the elements of the sequences ...X, formed by the indices in 

TijTa,... Tr are regarded as arbitrary, and if we evaluate by direct multi- 
plication the product 

we obtain for each of the values 1, 2, 3, ... r — 1 of i the equation 


- S . faW . - 2 {2’i<^yiC^i+0 . y/A<)j 

_ ... -S ... . (A) 


which IS an identity m the elements of the r matrioes A], Aj , ... Xr, and 
serves to express monotypic symmeti-ic functions of order i + 1 in terms of 
those of orders i and 1 From the r — 1 eqnations (A) wo can deduce in 
succession the equations (aj), (ag), . . (a^) of the set 

N, X{rx«M = 2{W (a.) 

N, . 2 . n^'>} = 2 {TjW) . 2 - 2 TiW), (a^) 

X, . 2 . r.w . T,(^j = 2 . 2 {2*/^} . 2 

- 2{2'x«^‘il .2t2’xt^)2\<^»)l - 212\<^)} . - 2l2’,(^-i| . 2{r,(*>ir,(^*)} 

+ (a.,) 

Ft . t . Tt^K)] = 2 . 2 {ri^} . 2 . 2 

- [2,(2 {T^M] 2 [T^M ] . 2 {TjW r^M})] 

+ [22.(2{2’i(^.)l . 2 r,(^) TiW}) + 2,(2 {Tt,M t,M} . 2 

(a,) 
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whore I Hero So means the sum of iihe six terms 

which ckin be formod from the one given by permutations of the symbols 
^ 1 , \ when these are regarded as all diftcrenL The ith equation has 

the general form 

w 

where N'^ = 1, Ui, is a suiri in which each term is a product of k monotypic 


symmetric functions of order 1, and in particular 

( 20 ) 

[7, = (^ - 1) I :i (2i) 


These e<iuations fU'e identities in the m elements of the r sequences 
A'l, Xa, ... Xr when the elements of Xj, ... X,. aio arbitrary. In order 
that they may remain true when any particular values whatever are assigned 
to the indices fonning the sequences Xq, X^, . . X^, wo must supply numerical 
factors Xi, Xa, ... Xr on the left, this being necessary because in such cases 
the S H are defined to contain no repeated terms If in the -ith equation tho 
i soqiioncoB consist of t distinct sequences repeated 7 ’i, ... Vr times 

respectively, the nuinGiical factor Ni is given by 

Xi = ri > ?’n I ... ?v I (22) 

Accordingly it is ecjual to 1 only when Xi, Xu, .. X; are all different, and it is 
equal to i! when they are all equal. In tho first equation we always have 
Ni = 1. No additional iiniuerical factors are required on the right because 
each sum is of order 1 . When those numerical factors are supplied on tho 
loft, tho equations serve to express all monotypic symmetric functions in 
terms of those of order 1 , i.o. in terms of tho o-'s. 

A’r. xii. If Tiy T\* aro tho producta into whioli the Hiihstitutioiia of A'l for 
A'a, A'n, Xi^ (lonvoi’t Ty, ^ 3 , T,^ rospootivoly, wo oaii oxproBH tho fourth equation (a 4 ) in 
the form 

N , . S Cr 8 + U^-Uu 

whore 

£^ 4 = SiTi . sT’i' . S7\" . SiTi'", 

2!7\'. S7^i"!7’r+S7^i . . S!rr^i' 

+ 2 ^ 1 " , 7,T{“ . . 7,T{ . . Sir/' 

«72=2 {^Ti . sf/'r/'5r/"+s2^/. 27’lr/T/''+s7’/^ 2riir/ir/"+s7^/'' . 25 ^ 17 ^/^/'} 

+ { 2^1 T/ . 27’i"2r/"+27’i7^/' . 27\'"!r/+2!rir/" . 2r/7V'}, 
cri=e2iri7^/7\"7\'". 

The possible values of are 1 , 2, 4, 6 and 24. 

Note 6 . Extmsion of the validity of the foregoing equations. 

By putting some of tho soquonoes Xu ... AT^ equal to 0 wo see that the equation (a<) 
remams true when r <i, provided that we interpret 2 {7i 7a .. 7\} to be 0 when the number 
of those sequences is less than i. With this understanding the equations (a^j M, (^^)» ••• 

10 


0 . m. 



146 


SYMMETRIC FUNCTIONS OF 


[CH. XXII 


ftre ti ue when r is an arbitrary positive integer In the same way we see that we can use 
the equation (A) when there are only i sequences, provided that we interpret the sum on 
the left to be 0 Thus for i sequences Xi, Xj, ... X( we have 


= 2 JT 

+ ... ( 13 ) 

when the elemontfl of , X 2 , . Xi + 1 ai’e arbitrary. When these elements are given intogera, 
we must supply the appropriate numerical factor to oaoji sum as in the sums on the left 
m formulae (aj), (oo), (as), .... 


Note 6. Altmmtive met/iods of detei'mining the i^elatwiis hetween the m^s of i scqvcncc^ 
of 71 variables 


We can determuie the 


-in-l independent relations between the w'h of 


i sequences of 71 variables by applying the identity (a^+i) to i sequences, the expression 
on the left being then 0. The relations of vaiious weights are obtained by assigning 
various seta of values to the elements of the seqiieuoeB Xi, Xy, , . X^+i, these being ho 
chosen that the total weight is not less than r-i-2 and the weight in each individual 
variable is not greater than 7\ We can also obtain them by applying formula (B) to 
t sequences Illustrations are given m Exs. xiii, xiv and xv. 


Now let S be any monotypic symmetric function whatever of the elements 
of the r sequences of n variables given in (2) ; let its order be i, where i r ; 
let its weights with respect to the n variables iCi, a?a, . , . osn be Hi, , . Um let 
its total weight be ty = -I- tig + . . . -H ; and let it be expressed in the form 

'S' = Sitjug. 2 (23) 

where the are given by (4). Then in obtaining the equation (a^), m 
which every sum on the right is one of the functions cr, we have proved tho 
following theorem which we call Lemma A. 


Lemma A. The monotypic symmetric funotim S given by (23) can be 
ea^r eased m the form 

^ ~ -^(^PiPa* -Pn* ••*» •••) “ (*^) 

where J^(tr) is a rational integral fwnotion of those functions u of order 1 
which have total weight not greater than w, and has the following properties : 

(1) The coefficients of F{<f) a/t^e rational numbers, 

(2) The function F{<r) is isobario in the as with respect to each one of the 

variables the weight of every one of its terms with 

respect to the value of Xp* in every term of F) being equal 

to the weight uj^ofS with respect to 

(3) The degree of F (o-) in the as is equal to the order i of S. 
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(4) hi evm'ij quanUty occurring in F{<t\ is a sum of ceHaiii 

of the integ&i's Xj/^, ... 

(5) If Ni is the nitmbei' defined in (22), the term of highest degree in 

F (jj) is 

• ^^11^.22 ^221 A.J2 Ayji • ■ • ^Aii ^lU . (20 ) 

and the term of lowest degree in F((r) is 

(-!)'->. (21') 

By substi tilting for ovory function o- occumng on the right in the 
equation (a) of Lemma A its value in torins of the 'bd-’h as determined in 
Note 2 wo obtain the second theorem which wo call Lemma B, 

Lemma B. The monotypic synimetmc function 8 given by (23) can be 
expressed in the form 

(fc) 

where 0('sy) is a rational integral fanciion of those functions ^ of degree 1 
which have total lueight not greater than iv, and has the following prope\'ties : 

(1) The coefiicients of 0 (vt) are rational numbers, 

(2) The function (?('or) is isobtiHc in the *■ with respect to each one of the 

variables aij, 5?^, ... /■/•„, the weight of &t)et'y one of its tei^}s with 
respect to {% e, the value of m every term of O) being equal 
to the weight Uu of S with respect to Xu- 

(3) The degree of Q{'^) in the 'sr*s cannot he greater than the total weight 

w of S, and cannot be less than the degree of 8 in each of the 
matrices ... 2%. 

(4) The terms of the highest possible degree w in G{^) all differ by 

numeiical factors only from the product o’®’o“o i> 

hut such terms will usually owncel except when 8 has order 1. 

(6) When r is arbitrar^y, the tei'm of lowest degree in (?('cr) is 

multiplied by a non-zero numerical factory hut this tei'm vanishes 
when r is given and is less than w. 

(6) When r is given and is less than w, the equation (b) expresses 8 in 
terms of the ms which have total weight not greater than r ; for the 
other •tFs all vanish. 

The second property in (3) follows from the fact that every w* has degree 1 
in each matrix; hence if the degree of 0{tz) is fjUy no term of S can have 
degree greater than /a in any matrix. The second property in (4) follows 

10—2 
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from the fact that no otlicr product of the 'cr’s occurnng in Q can havo 
degree w in each matrix; hence if aucli terms do not cancel, S must havo 
degree w in each matrix, and this is only possible when its order is 1. 

Noth 7. huartion and removal of zero m fives. 

In the eqiuitiouH (a) and (b) wo can inaoi-t or removo k /iOro euffixoa occupy iiig corre- 
Bpondjng positioiiH in all tho o-’h or Wo tlicii obtjiiii equations true for (u* 
variables, tho variables which havo Ikksu added or loiiiovod being such as do not 
actually occiu in S Ooiisoquoutly in wnting down those equations wo may always 
suppose tho uumbor of variables to bo equal to i, tho order of /S. 

Note 8. Cases tn which the function Q{vs) of Lemma B is unique. 

From Noto 4 wo boo that when r ia arbitrary, tho function 6* (tar) in (b) is nniquoly 
detormiuato. For partioular values of whon of total weight gi'cater than r aro 
reploeod Ly O’s, tho function (J (w) is unique if and only if thoro is no relation botweon tho 
tar’s of weights iZjj, , in particular it ih unique wbonovor its total weight is loss than 
r+2, Le, when r<| w-l. 

Eai. xiii When there is only one voinablo [,1?] and r is arbitrary, wo have for tho 
r aoqueuoes [ai], [ay], [na], ... in aocordaiico with Lemma A • 

2ai®a2 = o’2tri - 0-3, 2Sai^a2'‘^ = o-a‘'*— 0-4, 2Sai®a3a3=o-2(ri^ — o"a^ — 2o-i 0-3 + 20-4 ; 

and thei’ofoi’G in accordance with Lemma B 

Sad ^2 =» ^*2 OTi - 3^3 7 2ad 03® = “^ 2 ^ - 2 tffi tVs + , Saj^ 03 03 = BTi tiTa — 4 tS 3 '.i . 

By iusei'ting zero suffixes wo see from the last imilt that for r sequences i)f three 
variables we have 

Sadaaas — ra'ioo^araoo— 4nr4no, oj'oio^oso “ 4tzro4o. 

Ex. xiv When there aro two variables y\ and r is arbitrary, we have for tho 
r sequences [ai/Sj, [03193], [03^3], ... in accordance with Lemma A: 

2adft — o'ao o'oi “ 0*31 , Sad|9i^2“ 0*01 ”■ craa^ SodjSa^ = trao cqs — 

22ad ^2^3=* O-J50 o-od “ crjsn o-qo - 2 (Toi trai + 20-23 » 

2ai 02^ = 0-11 ( 7-10 troi - - o-ioO’i2 — croi 0*21 +20-23 > 

aud therefore in oocoi’dance with Lonuna B ; 

(1) Sad 03 =*(^io°^ii“-‘®oi®2o) + ‘°^2H 

(2) 32ad^i^3= (^^J‘io®‘oi + 2tnio3 tiroa - OTod + (oroi - Swiotiria - 2tir2otVo2 - + 2tffaa , 

(3) 32ai2^3* = 4 (t<riotn-oi®ii - ®io^oa - Wqi^jjo) + ( 10traoWo3 - 2T2rioTzria - 2tiroitD-3i - tzri j^) + 2tiraa , 

(4) SZad^a^s =(®io^®02-‘^o'iowoitvii+tzrodra‘2o) + (20710^12 - tD-oiOTai -472ro3OT2o + arn^)- 2^23, 

(5) 3201^102^8 ~ (tiriotiroiTD-ii - 'zcrio^roa — tB'oi^nraj) + (42zr2otD'ua — -arid + ti7oi tirai + tuio^ffia) — 4tz722 . 

When r=2, and we neglect ay’s of weights 4 and 8, the equations (2) and (3) cease to 
be unique. In this case we have by Ex vii the relation 

^02 '^'loro’oi UTii + TEToi^ ^'so = ^UTao 0702 ^ 

and the equations (2) and (3) can be replaced by 

(2') 2adft/3j=aro2(B7io^-2n7fl2), (3') 
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Again when r=2, the loffc-hand sides of the equations (4) and (5) vanish (or wo may 
oouHidor that ag=j 93 =a 0 ), and each of theso equations becomes the relation of Ex. vii 
given above, winch we could have obtained iii this way. 

Ex. XV When there are three variables [.t?, y, z] and r ih arbitrary, wo have for the r 
sequences [aijSi-yi], [naiSjjyJj [aji^ays]) •• accordance with Lemma A 

Soi^ft73=(r2(K) ^roln troin - o'2oo o*uii — o’lan o-om — o-^io ctihu + 2<roii ? 

and therefore in accordance with Lemma B : 

^^uii “■ ®’iuo (®'nin ®rioi ” ^^’iin) + ®’u«i 

+ {2wini tariio + 2sD‘ino txrni — 4ztroii ^aio“ ‘^'oui °^aoi " ^uoi ®^2io} ~ 

When ?* = 2 , the lost equation becomes one of the relations of Ex. vni, viz. 

®*im “ ®'ion (®’oio ®'iui “ '^noi ^o'ii()) + 2‘za'()i(,‘n;,joi ^Joo " ^^loi ^iio* 

Thus tins relation of weights 2, 1, 1 hotwoon tlio tsfs of 2 sequences of 3 vai’iablos Ciin 
bo obtained by applying the identity (a,,) to 2 sequences of 3 variables, putting Xi = [20 0], 
X 2 = [0 1 0], X 3=[00 1] ; and it can jilao be obtained from the identity (B) in the same way 
when i=2. 

Ex xvi. Relations heUoeen the ^s o /2 sequmioos of n vavnihlcs 

When wo have 2 sequences of oi variables, the left-hand aide of (jvj) vaiiislias, and wo 
thorafore have relations between the ofs of the form 

.•■•)=-^(®)=0. (?i+</a+ +?«:!=■ 3), 

whore 

Fim) = 2 . 2 2 

- 2 . 2 - 2 . 2 -2 2 

and the soquonoes Xi, X 2 , X 3 ore so chosen that the total weight of F{w) is not less 
than 4, and its weight in each individual vaiiable is not greater than 2 For oilier values 
of Xi, Xa, X 3 the function F{’ns) vamshos identically. 

Thus if 71 = 2 , and we put Xi=[l 0], Xa=[0 1 ], X 3 ==[l 1], wo obt/iin the ixslatioii of weights 
2 , 2 given in Ex vii. Again if 7 i=> 3 , and wo put Xi==[ 10 nj, X 3 =[ 010 ], X;i =[0 0 2 ], or 
Xi = [00 1 ], Xa=[00 1], X 3 «i[l 1 0], wo obtain thorelatKiu of weights 1, 1, 2 given in Ex. viii. 

We oau obtain the same results from the equation 

which is the equation (B) when i=% and is tme for 2 Hoqucnccs of n variables. 

Note 0. Othm^ methods of oxpvemng the momtppio syomutrio function S of Lemma B 
in the form Q (or). 

The method used in the proof of Jjemma B, beoidos being very laborious in application, 
does not usually load to the simplast possible rational intogi*al function f^'(nr), oxoopt in 
the special case when U (td-) ib unique, It is often simpler to use other mothods such as . 

( 1 ) to assume an equation of the fonn S^O (tar) in vvliich the ooolhoiouts of Q {m) are 

constants whoso values are to be dotonninod by iisoribing various sets of 
particular values to the elements of the soquoncos ; 

( 2 ) to make a classification of the products which can be formed witli the each 

product being expressed as a rational integral function of the elements of the 
sequences. 
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Ex. XVI i In the caae of the three aequencoB [ai/Siyi], [«a 13272 J [“a ft 73] have equatioiia 

of the following types for homogeneous monotypic aymmetrio functions of degree 2 . 

=ro®3io — Sro'aoo^'iao, =07^201“ S^zTstJutsTj^y, 

2ai®aa®ft73=arain®‘j2oi — ‘nrano^iiij Sai^ft^naft =^3‘3in^i2i)- StcrjMHjra-Qjfl, 

2oi^ft®a873=®’3io'^ni ” '^20i®i20‘“ '®iwo®’o3i> 2fli2a272ft73=®‘aio'®‘io2 — 

2rti^ ft 72ft 73 + Srti flaya ft 7a = ®i2o ^loa • 

These results are easily obtained by the second method of Note 9. The geneml method is 
only required for the evaluation of the one function Saifto^yaftyg. 


§ 198. Homogeneous symmetric functions of the elements of r 
similar sequences. 

1. Homogenisatimi of a monotypic symmetric function. 

Let Z = 7=[jr,?/a.. y^Vn+i], 

where the oss and y's are scalar variables ; 

let == [ttjbi^Jfca • ■ ■ ~ (^ = 1, 2, ... r), 

be respectively r values of X and r values of Y in which all the elements are 


arbitrary ; 

and let S' = = 2 {T,'T ' ... f/} (A') 

where Tf,' = (A = 1, 2. ... r), (a') 


he any monotypic symmetric fimction of the elements of X^Xg, ... X^ which 
has degree 5' in each matrix and weights u^,UQf,..Un with respect to a*a, . . . a:,^, 
so that 

\h + + • . . + Qi = 1; 2, ... n). 

Also, as is clearly possible, let A.1,31+1, ^2,n+ij be positive integers, 

one at least of which is 0, so chosen that 


Xfci -f- + . .. H- \kn H- ^jfc,n+i = = 1,2, . . . r) ; 

and let ?£n+i be the positive integer determined by the equation 

\ n+i + \ «+! -H • • • + Ti+i = 

so that Ui + ?£a + . . -f- = rs. 

Then the equation 

S = itn'hi + i “ ^ ••• Tr}i 


where 


(i=i, 2, 


(A) 

.(a) 


defines a uniquely determinate monotypic symmetric function S of the ele- 
ments of the r matrices or sequences Fj, Fg, ... which is homogmeoits of 
degree s in each of these matrices according to the definition of homogeneity 
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given in § 197 , and which has weights w,, u^+i with respect to 

^1; 3 /a j ■ • • yn,yn+i J because one at least of the integers X,, „+i, Xg, „+i, . . . 
is 0 , 8 is not divisible by the product 

'®'n+i = A, Jirfi ^a, ?H-1 ■ * ■ ^r, ?H-i 

Wo call 8 the homogenised monotypic symmetric function of degi’ee s (in 
each of the T’s) derived fi*ora S' by the substitution 

[a?! 1 ] — [3/1 2/11 • 2/w 2/«+i]* 

To obtain it from S' we introduce into each of the products Ti', Tg', ... 1 \' 
expressed in terms of the new variables an additional factor which will raise 
its total degree to 5, the new factor being a power of the value of yn.yi appro- 
priate to that product, Conversely which may be any monotypic symmetric 
function of the elements of the r matrices Fg, ... F^ which is homogeneous 
of degree s m each matrix, has weights Wi, lig, ... iin+i> lind is not divisible by 
'DT„+i , is re-converted into S' by the substitution [yiy ^ . . . ynyn+i] = 1 ]» 

i.e. by the substitutions Shi = «jfci (when A =|= -f 1 ), = 1 . Thus these substi- 

tutions establish a one-one correspondence between all monotypic symmetric 
functions of the elements of the matrices Xi, and all those monotypic 

S3nnmetric functions of the elements of the matrices Fi, Fj, .. F^ which are 
homogeneous in each matrix and are not divisible by corresponding 

symmetric functions having equal degi‘eea m their matneos 

More generally if we choose the new indices and so that 
Xjbi + X]fc 2 "h ^, 71+1 + - ■ ■ 4 " 

then S is homogeneous of degree s + t in^ach of the matrices Fi, Fg, ... F^, 
it is divisible by 'bj^h+i but not by any higher power of Wn+i, ^md it is 
convertible into S' by the same substitutions os before. Wo call it the homo- 
genised symmetnc function of degree s i in each matrix which corresponds 
to S'. 

Wo can of course write 

[2/i2/a • ■ • 2/n+i] = • • • ^n+i], [SkiSki • • • A,n+i] = [«ifciajfca • • ■ afc.w+i]- 

Then to obtain S from 8 ' we homogenise 8 ' by the introduction of a new 
variable aJn+i, or by the substitution 1 = flyn+i- 

We shall usually suppose homogenisation to be effected without change 
of degree. 

Esr h To the monotypic symmetric fimotions of ilogi’oe 3 
Si = Saii^ajgaai } ^2 “ Sfln® agg Oga 

of the elements of the three sequences [flnaiatiia]) [^*2i£^ja®afl]i [cfsiflaaosa] there correspond 
the homogeneous monotypic symmetnc functions of degree 3 

Si = Saii^ oia agi «s 4 ®» = San® «aa ^as 0^4 031® 

of the elements of the three sequences [an aig 013014], [aaiogaaasajJ, [031032033034] 
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Ex, ii. To the monotypic (gyminotrio functions of dogroo 3 

of the olemeuta of the three sequences [ai/9i7i]) [^j/^ays] there coiTcspond the 

homogoneona monotyj)io ayramotno functions of degi'oe 3 

Si =* Sai® ft 02 §3®, ft = Soj- ft 72 da 

of the eloraenta of tho thi’QO sequencos [oliSiyidi], [oaftyaft], [^aftyadj] 

Ex, lii. Komog&iiisaiion of tho el&imntary symmetrio functiom. 

Let the elementary symmetric functions of the elements of tho r soquonces Xi , A'a, . A',, 
and those of tho elements of the r sequences J'i, Za, . . bo denoted rospeotivoly hy 

Thon whon f/i, ? 2 j ^^e given and are not all 0, the symmefcne function of degree 1 in 

the Fa which we obtain hy homogenising ia the function in which 

boa the value given by g'i-H< 72 +...+< 77 t+gn+i=^* Thus thora is a ono-oiio coito- 
spondoncQ between all tho olementoiy symmetric functions of the elements of the A^’s (with 
the Qxception of tu'oo .o) aud all those elementary symmetric functions of the elements of 
the F*s (with the exception of otqo q^) which have total weight r, two corresponding 
functions having the same degree 1 in each of their matrices. "We may consider furtlioi' 
that to the function u/oo 0=1 of degree 0 there coiTesponds the homogonoous function 

Or =®n + i of degree 1. 

It will bo obseiwed that an olemeutaiy symmetric function of degree 1 of tho elements 
of r soquonces is homogeneous whon and only when its total weight is equal to r, so that 
it has order r. 

2. Relations between the homogeneoiis 'sr's ofr sequences o/?z + 1 vaHables, 

By the homogeneous ■cr’s or the homogeneous elementary sy mmetne fiinctioiiB 
of the elements of r similar sequences we shall mean (seo Ex. iii) those of tlie 
•cr’s which have total weight r, i.e. those in which the sums of tho suffixos aro 
equal to r. All independent rational integral relations between these homo- 
geneous 'CT^s may be supposed to be homogeneous in thorn. 

Let jF('oj') be any given rational integral function of degreo fM of tlio 
elementary symmetric functions of the r sequences Z,, Xf defined in 

sub-article 1, and let (?(®-) he the function which we obtain when wo first 
make F(^^) homogeneous of degree fi in the functions < 10 *' by the substitution 
1 = 'of'qq . 0 ) fiiid then substitute for every quantity corresponding 

quantity . q^qn+i ^ which qnj^i has the value given by 

9i 4- ja + . . . + + gtn-i ” 

Then G (-or) is a homogeneous rational integral function of those elementary 
symmetric functions of the elements of the r sequences Fi, Fg,... Pi, which 
have total weight r, and we will call it the function of the homogeneous 
'cj^s of the r sequences Fj, Fg, ... obtained by the homogenisation* of the 
function F {nr') without change of degree. There is a one-one correspondence 
between all such functions as F{'sr') and all such homogeneous functions 
as Q(nr). 
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If F{7:r') when expressed as a rational integral function of the a^s has 
the form 

F (isr ) = 0 C®ii j ®ia> ■ • • 5 ■ • ■ » ■ * j ) 

then Q('uj) is the homogeneous rational integral function of the jS’s given by 


\Pi, 1 Pi, 


^171 

7 ••• 1 ' ■ 3 

,91+1 Pl,?l+1 

^ri ^r a 

^f,9i+i ^T,n+i 


Pr, n+i' 


and it follows that the equation G (ct) = 0 is an identity in the yS a when and 
only when the equation F{^') — 0 is an identity in the as. Consequently 
the homogeneous relations between the olcmontai'y symmetric functions izr 
of total weight r of the r sequences Fi, Fq, ... F^ bear a one-one correspon- 
dence to the relations between the elementary symmetric functions 'dt' of the 
T sequences Xi, .. Xr, and are derivable from the latter relations by the 
process of homogenisation just described. From Note 3 of § 197 we now 
conclude that : 


There are exactly ^ ^ j irde})endGnt relations hehueen the ^ ^ ) 


homogeneous •ur's {of total weight r) of r seipiences of /? + 1 vaiiahles ; avd 
these relations are the necessary and suficimt conditions that Hie gen&i'al homo- 
geneous rational integral function of degree r 

f{yu 2 /a, ... y»+i) = 2 /i®>?/a^« ... v'lXl’ ( 5 i + ?a + ... + ?,H-i = »*), 


shall be expressible as a product of linear factors, 

Tho independent relations when determined os in Note 3 of § 197 all 
havo degree 2r — 1 in the liomogeneoiis -cr^s. If i and ;/ are any two different 
integers selected from 1, 2, ... 7/ + 1, wo can take the rn + J independent 
homogeneous 'ej s to be 

( I) those r + 1 in which (p -j- < 7 ; = 'r, (2) thoso r{n - 1) in which g'i+gj=7'— 1 ; 

and tho independent relaticuis are then those which express each of the other 
homogeneous 'cr’s as a rational function of those 77i H- 1 imlepoiident homo- 
geneous 'BB-’s. 

Another aspect of those relations is shown in Note 1 of § 199. 


Ex, iv. If is iHobm’io of weights ?ti, ... with rospoot to .t’l, ... then 

G (w) is iHobario of weights ... Uu with respoot to i/y, ... mid line total 

weight rfj.. 

Mv, V. From the relation of Ex. vii of § 197 

(4ar2fl . aroa — — (wjn® oToa - arm Woi aru -h Woi® 

between the of tlie two sequouces \x^y%\ we deduce by homogenisation the relation 
4nraoo ■exoao Wooa + ^oii ^loi ^iio “ ®^2oo ^oii^ “ '^bao ^’loi® ” ^ooa ” 0 

between the homogeneous of the two sequences [aiftyj, [aa/Saya]. 
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Eke VI From tho fourth of the I'olatioiia given in Ex. i.\ of § 197 we deiliice by homo- 
geniaatlou the relation 

^ nTiii 

2 ^111 ‘aTnj.j . OTnnj 

^iiii ®'oia 

= (2tEr2iQ'tZroi8L3''ioo — SOTjjoq tBTojy ^Igl)'®'lU2*) ^iHKJ+ 3 (3lZ73()()tD’(j8i -^-OTgoi Wi20 ~ 

between the homogeneous tzr’a of the three sequences [ai^iyi], [ao^ayg]* 

3. Ect^pression of any homogeneous monotypic symmetric function of the 
elements of r sequences as a rational f^inction of the homogeneous •ur's. 

First let S, as given by (A), be any monotypic symmetric function of the 
elements of the r sequences 7i, Fq, F^ which is homogeneous of degree s 
in each of those sequences and is not divisible by ; and let S\os given by 
(A'), be the monotypic symmetric function of degree s of the elements of the 
r sequences Xj, Zg, from which S is derived by homogenisation. 

By Lemma B of § 197 there exists an equation of the form 

S' = ) = Z('cy'), (^i + gaH- ^ ••■(0') 

where Z('Br') is a rational integral function of degree p of the quantities td-', 
p being some integer which is not less than s, the equation (O') being an 
identity in the elements of Zj , Za, . . . Z^ . If m (O') we moke the substitutions 

= (* = 1,2, ...r, i=l,2, ..n), 

Ph, n+i 

and then multiply both sides by {A,n+ii93,«+i... 've obtain 
the equation 

)=^?(°')> (ffi + ga +■..+?»+! = ?') ...(c) 

or '®'^n+i S = ®'”n+i Q{^), (C) 

where Q ('cr) is a homogeneous rational integral function of degree p of those 
of the quantities w which have total weight r, i.e. of the homogeneous -cr’a ; 
in fact (?(tir) is the function obtained when we homogenise Z(tv') in the way 
described m sub-article 2. 

When we regard G{'cr) os a rational integral function of the homogeneous 
tsr’a, it is not divisible by the quantity Tsroo.,.or = though it may be 

possible to separate off this factor, or even the factor when we transform 

Q{^) by means of the relations between the homogeneous i]t's. But since 
the equation (c) is an identity in the ^’s, 0 (-bb-) must certainly be divisible 
ty when it is regarded as a function of the /3’s. The quotient, being 
the monotypic symmetric function S of the /S’s, can be expressed as a rational 
integral function of the cts whose total weights do not exceed r, though not 
necessarily of those whose total weights are equal to r. 
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Next let S be homogeneous of degree s m each of the matrices Fi, F 3 , . . . F, 
and be divisible by tuSn-i higher power of Then it is 

derivable by homogenisation from a function S' of degree s — t, and if S' 
is expressed in the form (O'), where F(‘gt') has degree fi in the quantities ct', 
fj> being not greater than <r, we have 

^ = K+i ^ (®') 

where 0(itr) 13 the function of degree ^ in the «r’s formed by the homo- 
genisation of F{'ut')^ and the equation (C) still holds good. 

In the former case G ('zsr), regarded as a function of the /S's, was divisible 
hy flJid therefore G{'gt) was divisible by in this latter case 

G{^\ regarded as a function of the ^^s, is divisible by and therefore 
Ki+i divisible by 

Ex, vii. If we auppresa the dashes as being suporfluous, we have the following pairs 
of corresponding results for the two seta of 3 sequeuoes 

[^lyi], [-^oya] and [oufty-J, [naftya] ’ 

( 1 ) — ‘zzjayCToi — i3r3i ; Sai^^oyayj^^iU'inaJiQ.j — tD’uui'ED'ui.j — 1^210 "i^uoa* 

(2) 2A’i2A'^9yj,==2ryjary,j-.OT;ju^37ii , 2«i2«3’‘*^<jy3“a7oi,jar.j(,i — ■arytKiWm. 

(3) 32.Vi“^j ?/u = (ario*'* xv,,! nrn + ar,,/-^ oj^,) + (2 tvio tVi-j - ivoi xvai - 4 xfo2 otoo + rafn^) ; 

3 ^(ko ■ 2ai^^jy.j/3ay3=(w^m2 ^()iii tzrm + ^ar*-*oia®'iii)i) 

+ (2OTii)2tirjuo--‘a)rijiosr2i,,— 4x5’n2i'!2’2oi + w^ni) • ®’(i03* 

In the last result the first brackot on the right can bo expressed in the form 

[4arnyiW2,n — + - '32tti^i a^ya/Saya] . xvikjo, 

and IS thoii divisible by Wy„ 3 . Wo can express 2 aii 3 in.jyoj 33 y 3 as a rational integral 
function of the ct*s (though not of the hoinogeiieous xd^h) by using the formula 

4C2ai^ia2yj/33y8 = 45crijiiO’i()io'iio — 45 (fruiiO'aiiH- frmi trim +0'ii()<rii2) + 90frg‘j2. 


§ 199. Monotypic symmetric functions of common roots. 


In this article we shall assume that the theorems of §§ 193 and 196 are 
true generally for functions not more than n in numhor. Accordingly 
Theorems I and II of this article will be true when n is replaced by n- 1 
if the theorems of §§ 193 tmd 196 are true generally for functions not more 
than n - 1 in number ; and wo shall know that they are true for all positive 
mtegi-al values of n when we have completed the proofs of the theorems of 
§§ 193 and 196 in § 200. 

1. Homogeneous symmetrio funotiona of the common roots of n general 
homogeneous fimcUons ofn + l variables. 


Let/i,/a, .../n he fl general homogeneous rational integral functions of 
the n 1 variables ®i, ®j, ... of non-zero degrees ri, r*j, . .. given by 


(t) 


/t = X 

*' Pi 


Pa Pn+i 1 B 




■ n; T-1, 2,...n); 

( 1 ) 
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let their coeflScients be called the a’s; let and let a given 

eliminant of these n ftinctiona, as defined m Theorem I of § 196, be 

E (a:i, /« 2 j • ■ • = ^PgiQz Un n ‘ ^^1 ”+ 1 ^ (ffi + ffa + . • . + 5«+i = r) , 

( 2 ) 

so that pq^g^ is a homogeneous rational integral function of the as 

which is homogeneous of degi*ee — in the coefficients of /t, and isobaric of 

weight r-qh with respect to the variable (c^. For the coefficients of 
icii ici,. . alternative notations p^, p^,.. pti+i We 
know that pi is the resultant of the n homogeneous functions derived from 
fiifii --/n by rejectmg all terms which contain and that it is a homo- 
geneous rational integral function of the a’s which is homogeneous of degree 

— m the coefficients of fr, isobaric of weight r with respect to the variable 

Wh when ^=j=i, and isobaric of weight 0 with respect to Wi. 

Whenever the as have any particular values which do not cause E to 
vanish identically, the n functions f have exactly r non-zero common roots. 
We will denote these by 

[XiX^ • . . — [®n®i2 • • ' [®ai Ofaa • • ^ n+i ], . [ofriOtra - • • • ■(^) 

and we will suppose that the absolute values of the ot's are always so chosen 
that the equation 

k—r 

(Oto Ki + Ote Ka + . . . + a*, „+i /e^j) = AC f AC • • • ('*’) 

is true and is an identity in the ac’s. This is always possible because the 
coefficients of the various terms in the expansion of the product on the left 
always bear to one another the same ratios as the coefficients of the corre- 
sponding terms on the right. 

By a symmetric function of the r common roots of the n functions / wo 
shall mean a symmetric function of the r (?i + 1) elements of the r one- 
rowed matnees (3) ; and by the Ath common root we shall mean the Ath of 
the matrices (3). As in § 197 the elementary symmetric function of these r 
common roots which has weights g,. g,. ... g„+, with respect to as,, ... 
will he denoted hywjj,,. where gj + grj + ... + t-. ‘When wo expand 

the product on the left m (4) as a rational integral function of the a:'s, the 
coefficients of the various terms ai-e those of the w’s in which 

?i + ^ 2 + ... +gn+i = r, 

i.e they are those monotypic symmetric functions of the r common roots 
which are homogeneous of degree 1 m every one of the common roots. 
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When we equate coefficients of corresponding terms on both sides of (4), we 
see that for all pai'ticiilar values of the as which do not cause JU to vanish 
identically wc have 

'®'(Zi(/2 <In+i ~ Pms (/thiJ ((Zi “1" (/a (^) 

where the nr on the left is a function of the coiiimoih roots, and the p on the 
right is a function of the coejjicieuts ol* the n functions /. For the coefficients 
of i€{, fcj,. . fc'^n+i in the product on tho lefl* in (4) we will use the alternative 
notations 'gti, ... so that 

= fltii Ofaf - • • (Xji I (^ “ 1 > 2, . . . + 1 ) j 


and tlien particular cases of (6) ai'e 

“ Pli ®‘2 = p2J ••• '®’«+l==P«+l (^ ) 

Our object is to investigate tho pi'opcrtic.s of those monotypic symmetric 
functions of tho r common roots which, like the w*a in (5), are homogeneous 
(of the same degree) in every common root. 

Let 8 = Su,,,, = 2 (T, r, .T,, (A) 

wh»e (») 

be any ononotypic symmetric function of tlic r coniinon roots (8) which is 
homogeneous of degree s in each root, i.c. in the olouieiits of each one of tho 
matrices (3), and has lueiglits iin-n with respect to tho variables 

Xi, ... a? 7 i+i, so that its total weight is rs, and 

Xfci + + . . . + Xfcj 91+1 = s, (Jo — Ij 2, ... r\ 

Xi7* “h Xg/i + . . . + \rh ~ ” Ij % . . . W -h 1), 

^2 “f" ^ H“ . . . + ^1691+2 “TS , 

and lot ordinary mines of tho a!s be those for which every tilonient of every 
common root is a finite number different from 0. 

If Xi IS any one of tho variables Xi, x.^, ... a'^i+i, wc can write for all 
ordinary particular values of tho a's and for tho values 1, 2, ... 1 of ^ 

[ajfcl • • • «A.I +1 ■ • • «ib.n+l] = «iW [«'■*! • • • 1 


and we then have 

»hG» I’.'— ;f M 

and S — nTi^Si, (6) 

where 8i = S [T^T ^ . . . 2*' . . . T^] (A ) 

Here Si is a monotypic symmetric function of the elements of the r matrices 
[^»2...a7(_iflj<+i...flJrt+i] = [®ibi •• ^*,n+0> (A? = l, 2, ... r)>...(3') 


. . t 
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which has weights ... with respect to the variables 

... Wi+i , ... ^, 1 + 1 , and total weight rs — u^. The degree of in each 
of the matrices (3') is s when is not a factor of S, and s — i when zy^ is a 
factor of 8 repeated exactly t times, but it is not in general homogeneous in 
those matrices. We obtain 8 when we homogenise 8' by the substitution 
1 If we denote each of the elementary symmetric functions of the rti 

elements of the r matrices (3') by a letter tb-' with suflEixes indicating its 
weights with respect to ... /Ci+i, ... then as particular cases of 
(6) we have 

• ?n+i ffl • Qi-i W+i • (7n fi’ (Sl "b (/s “I" •••■!“ Qn+i “ ^’)j • • *(6 ) 

where the function zr' has total weight r—q^. 

By Lemma B of § 197 we can express 8i in the form 

Si •••> •• * (B') 

as a rational integral function of the quantities tn-', in each of which we 
have Ji-f ... +?i-i+gi+i + ...+g„+i:^-r. Every term of is a product of 
certain of the quantities zr' in which 

^qh = nk, = L ... i-l,i + l, ... 1), 

i.e. F^ has weights ... with respect to ajj, ... 

... Xn^ij and therefore total weight rs — We will denote the degree 
of Ft in the quantities zx' by We do not know /x^, but if zxi is a factor 
of 8 repeated t times exactly, so that s — ^ is the degree of 8^ in each of the 
matrices (3'), then by Lemma B of § 197 we must have and if zri 

IS not a factor of 8, then 

From (5), (-V), (6), (b') wo see that for all ordinoiy values of the as 


and when we substitute these values for the quantities zr' in (B^), wo obtain 

Si = Gi , ) = Gi (ot), zt^H 8 = -tsr/ G^ {zr), . . (B) 

pi^i Si =ft(Pffi5a Qn+I , • ,...)= Oi{p), Pi^i S pi^ Gi(p)i (0) 

where G^ (zr) is a homogeneous rational integral function of degree of 
those cr 8 in which ?i + ja + ••• + Jn+i = and Gt(p) is the same function of 
the correspondmg p’s. The terms of Gi(zr) correspond one by ono to the 
terms of Fi(zr'). We obtain Gi(zr) from F{(zr^) by replacing each of the 
quantities trr' by the correspondmg quantity tsr, and supplying m each term 
an additional factor of the form which will raise its total degree in the 
-st’s to /Xi. Thus in every term of Gt(w), which is a product of certain of the 
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bt’s, and therefore also in every terra of Gi(p), which is a product of corre- 
sponding p’s, we have 

2g)i = 'UA, (/t = l, ... 1 - 1, i-l- 1, ... Ji-t- 1), ^ 

4-... + n-i) = »’s- Ml, ■ 0 ) 

-<?. = rfH - (rs - Ml) = Ml - r (s - fl^). > 

Let the p’s and each term of ff,(p) bo expressed as rational integral 
functions of the o’s. Then if is any one of the n functions f, the p’s are 

all homogeneous of degree — in the coofficients of fj ; therefore every term 

T 

of Gi{p) IS homogeneous of degree — in the coefficients of Again if 

IS any one of the variables a?a, .. then is isobaric of weight 

r — Qh with respect to % in all the a*s ; therefore from (7) we see that the 
weight of every term of Oi (p) with respect to xj^ in all the tt's is 

2 (r - qu) = r/u^- tqk = when h + i, 

2 {r - q^) = rpi — Xqi = rs — ni when h = i. 

Thus 0^{p\ regarded jis a rational integral function of the a's, is homo- 

gcncoua of degi’ce t cocfficienfcH of Z, isobaric of weight rpi — ujt in 

all the a's with respect to whon A + and isobaric of weight rs — ut in all 

the a's with respect to Xi. 

If Wj is any other of the variables ... a^i-u different from Xi, wc mn 

obtain in the sumo way equatiouR of the forms (B) and (0) in which i la 
everywhere replaced hy from these two sots of equations wo deduce 

the equations 

p/ pf ^ . G^ (p) = pj*^ pi^^i . Gj (p), 

in which pj like pt is a positive integer ; and this c'quation, being true for 
all ordinary values of the ff/s, is an identity in the a*s. Since pi and pj are 
irresoluble functions of the ci’s, it followR that Oi(p) muflt bo divisible by 
pii^i. Therefore there must exist a rational integi’al function H of the ^’h 
such that 

Pi ■ ^iCpMt • 9»m’ Pi^^* ^ Pi"'Pn^i» "*> •*')» (D) 

this equation being an identity in the a’s, and being analogous to the 
equation (0) of § 198. 


The function JET, like the other factors on both sides of (D), must be 
homogeneous in the coefficients of each one of the n functions /, and isobaric 
in the coefficients of all those functions with respect to each one of the 



SYMMETRIC FUNCTIONS OF 


160 


[CH. XXII 


variables ... iCn+i. If its degree in the coefficients of /J. is we see by 
equating the degrees of both sides of (D) that 

r r 

«5r + /^-=/^-+Sr. = 

and if Vh IS its weight in all the a's with respect to then by equating the 
weights on both sides of (D) wo see that 

sr + (mr - Uh) = fiiT + v/ 4 , or =rs — % when A =t= i ; 

0 4* {rs — iLi) = 0 -1- «;{, or =rs — Ui when h = i. 

The equation 8 = H which follows from (0) and (D), being true for till 
ordinaiy particular values of the a’s, must be true for all vtilucs of t.hc a’s 
which do not cause E to vanish identically, because for every such sot of 
values of the ci*s each side of the equation has a unique finite value. 

Wg have now proved the following theorem. 


Theorem I. If S is any monotypic symmetrio fanotion of the r ooiamon 
roots of the n general homog&neoiLS functions f given by (1) ^ohich is homo- 
geneous of degree s in each root and has weights Ui, Wy, ... with respect to 
the variables ®a, ...«n+i, then there eadsts a rational integral function U of 
the coefficients off,f^ ••*fn which has the following properties : 


( 1 ) 


It is homogeneous in the coefficients of each oue of the n ffuictions f 


• 7*8 

its degree in the coejfficients off being — , 


( 2 ) It is isohaido in the coefficients of all the n functions f loith 7 'Gspect to 

each one of the variables ah. lueight with 7*espect to 

Xk being rs — ujt, and its total weight being ni's, 

( 3 ) For all particular values of the a's which do not cause the eliniinant 

E to vanish identically we have 

provided only that the absolute values oftfie ele7tients of the common 
roots are alivays so chosen that the equation (4) is true. 

We may call S and H equivalent functions of the coimnon roots and the 
coejfficients of the n functions / It is very often possible to express H as n 
homogeneous rational integral function of degree p of the /j’s, i.e. of the 
coefficients of the elimmant E, but we cannot assert that this is always 
possible. 


Ex* i. Th.0 function H is uniquely determinate when the arbitrary numorical facto 
in E IS given ; for if there were another function E' with the same proportien, tin 
equation would be true for all ordinary values of the a’s, and would bo an idontiti 

in tho d^s. 
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Ex, li. If S is tkii eUimntary symmetHo fwnction ’On+i 

qi + qi+ ... +</n+i=^, 

then ; in partuyidar if S is tlie function tir^, then S[=p^, 

Ex, 111 . If tho have such partioulai* values that all the coefficients 
of tho elimiiiant vanish except wo see from (D) that H is expressible as a function 
of Pi only, and that in this ease wo must have JI=Api^j and therefore wheTO A 

is a constant. That suoh values of tho a’s are possible will bo door from Ex. xviii of § 196 
We conclude that ; 

T/iO functio7i 11 vanishes tohenexor E vanishes identically. 

Ex, iv. If S oan ho expressed *is a product of two monotypio B 3 aiimGtnc functions in 
the form S^SxS>i^yfQ must have whore and are tho functions of tho 

coefficients equivalent to *S'i and *5^ respectively. 

In this COSO however either Si or must have the form tzjifri xoj^ . . ; for if the 
product of two mouotypic aymmotric fuiictinns of the olomoute of tho r soquences 
(3) is itself a luoiiotyxnc syminetnc function of those elemonts whoso weight with respect 
to Xi 18 not 0, then every term either of Si or of must contain all tho .Vi-olements 
aiij “aij oiii • .j therefore bo divisible by If this wore not so, the product 

SiS^ would contain terms of difleroiit typos, some involving p and some involving q 
of the a7i-elementrt, whore + y 

It appears probable that a mouotypic symmetric fiinotion of the elements of tho r 
sequences (3) which is not divisible by any one of tho products OTj, mo, zfj, , . is irro- 
Holiiblo This is obviously true of tho olemeiitary symmetric functions. 

Ex, v. If ... a,^)* is a fjuitor of every term of then is a moiiu- 

typic symmetric function of tho r common roots (3) which is homogeneous of degree 
(T—s-t in every common root, bos weights Wi, «ai ... Ui=^Ui — rt^ . . with respect to 
Xu a'a, ... ... and has total weight re. Applying Theorem I to this function, wo 

see that in this cose 

(K) 

I 

whore K is a rational integral fiuictioii of tho a*s which is homogeneous of degi’eo — in 

tho coefficients of /t, is isobaric of weight re—Uh m all the a’s with respect to when 
/i=i=^ is isobano of weight re-Ui =r8-~iii in all the a^H with respect to Xi^ and has total 
weight re. 

If moreover lUi* is tho highest power of uj* which is u factor of thou K cannot 
be divisible by tho in'csoluble factor pi for general functions /, i.a is tho highest power 
of pi which is a factor of AT, and if we have p^i'^e and 

Gi{p)^p^r-K^PiH-^JS, (8) 

tho equation (8) being an identity in the a% but not necessarily an identity in the p^e. 

In tho particular case whou Wi is not a factor of every term of 8^ then H is not 
divisible by p<, and we have /*< <t s and 

GM^PiH-^H (tf) 

Ex, vi. From (C) and (D) wo see that the equation 

(9) 

is true for all particular values of the a’s which do not cause E to vanish identically ; and 
when Pi vanishes for such values of the a’s, the equation means that is infinite. 


0. m. 


11 
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If S IS not divisible by Si may be any monotypic symmetric function of the 
elements of the r matrices (3') which has degree a (but is not necessarily homogeneous) in 
each of those matnoes, has weights ... W£_ i, with respect to 

A’l,, ^£ + 1) •• + 

and has total weight rs-Ui. this case ff is not divisible by the irresoliible factor 

If S is divisible by Wi\ but not by any higher power of mi, then If \a divisible by 
and we can replace (9) by 

(O') 

where K has the properties described in Ex. v, and is not divisible by pt In this case 
Si may be any monotypic symmetric function of the elements of the r matrices (3') which 
bos degree a=8 — t m each of those matrices, has weights Mi, ... with 

respect to . . a;_i, ... ^Cu+u weight ro- — — 

Note 1. IlelaHons between the coeffioienta of the eliminant of n homog&Moua functions 
o/w+1 mvidhlea. 

If «*+].•• !• )=^(w)=0, (2 i+2j+...+?b+i=»-) (10) 

is one of the rational integral relations between the homogeneous elementary symmetric 
functions of any r sequences of w+1 variables, then 

«n+i> * *)=-^(p)=0, (g'i + ^a+-"+2'H + i='0 (10') 

is a rational inbegral relation between the coefficients of the eliminaut (2) of the % homo- 
geneous fimotions (IJ which is an identity m the coefficients a of those functions ; for ftom 
(6) we see that the equation (10') is time for all ordinary values of the a’s The s/imo 
result follows from § 198.2; for (ICf) is one of the conditions that Kg, ... k^+i) shall 
be expressible as a product of bnoar factors ; it is therefore necessarily true for all ordinary 
values of the a*s, and must be an identity in the a’s. There may be other relations 
between the p^s which are identiti^ m the a’s; and there always are other relations 
between the p’s and a’s which are identities in the ds. 

Note 2. DenvcUion of tM fmiction S (a) fi'om the functuyn Gi (tff). 

When wo have obtained by homogenisation the equation 

in which we may take i to be w+1, the function S is given by the equation 

Pi^S=pi»Gi{p) 

which IB an identity in the ds but not necossonly an identity in the p’s 

If nr£ is not a factor of S, we have and the equation (8') shows that Gi{p), 

regarded as a function of the a’s, is divisible by pi/s-^ ; and after separating off this factor 
from it we obtain Jff. It may be possible to separate off this factor when we transform 
ft (p) by means of the relations between the p’s ; and in such cases £[ ia expressible as a 
rational mtegral function of the p’s It must always be possible to separate off’ this factor 
when we transform Gt (p) by means of the relations between the p’s and ds. 

If iS IS divisible by urf but not by any higher power of n:*, we have p^’^s—t. In this 
case the equation (8) shows that Gi(p\ regarded as a function of the a’s, is divisible by 
PiH and when we separate oft from it the faotor we obtain the function 
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Note t3. Dmivaiion of Um fnmtion S (a) from tlui fwmLwn Fi(w') in (B’)' 

Both when S iB not and when it is divieiblo by Wi, JI m the rational integral fwiiotion 
of the ft’s given by 



where i7i + <7a+.. aiid « i« the degi'oe of S. 


.(F) 


vii. ffoinogmieous symmetric fiLiv‘tio)m of the tico non-zwo common roots [aijSiyi], 
[flaftVa] the tioo homogeneous fiLnctions 0 and ^|r of Ex. xiv in S 196. 

(1) /S'=Sai2/6oyj For the two HeqiiouooB [.ri^i], \X'^y^ we Imvo 

= Siir‘i^y*j *= OTji) — STm nryn ; 

and by hotuogeniBtition wo deduce for tlie two common rootM the equation 
iS^= 2ai^^2ya=°^i(H ®aiK) 


(2) fS=^ai^^‘/. For the two aoiiuenueB [.i'lyi], [x^y^ wo have (nee Ex. xiv of S 197) 

3>Sf' = 32^i2ya2=4 - iiri„'-*zD-,n.-tirni%a,)+(10izr.joOT^^^ (11) 

and by homogenisation wc deduce for the two common roots the equation 

3ar,n^j 2ai^^2''^= 4 (iJroiiarini 0^11(1 — ByajjiBrjiii'- — ‘ar|)ji()OTi()i^)+(10zEraf)oiEro3n"’ ®‘iio^) ‘^’noa* 
Therefore the value of S in terms of the cooftioionts of 0 and yjr is given by 

•ipm • 2ai2^a'‘^=4 (ponpim pint pmPnii^^ - PirMipwi^) + (^0p2mpiK!i)'“ Pmj 

or :i/(!.2ai^ft‘-i=16 (2LJi/E-EE^- QM + (10E(^ - 4E^) Ji. 

Using the relation PQH^-^LMN ~ QM'^- RN'^=Q^ it follows that 


Wo could use the relation of Ex. vii of § 197 to roplaoo (11) by 

- 2i3ra, OT,a , 

and wo should then have 

jS* =i Srti^ M uTiin^ - Saraiio 

=Pno^ “ ^Pmpm\ = - 2PQ 

It IS to bo undoratood that the absolute values of the elements of the oommon roots 
are ohosen in aocoi’dauco with the equation (4). Both the above funotions S are expressible 
as rational integral functions of the coeffioients of the eliminant. 


2. Symmetric fiinctioiui of the common roots of n general fmetions of 
n mriahles. 

Let /i,/a, be general rational integral functions of the n variables 
asi, jJaj ••• ®w of non-zero degrees rj, 7j, ,..?•„ given by 

= Sdpjijj.. (Pi + j3g4’'--+yn+P7H.i = rT, T=l, 

( 12 ) 

11—2 
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let their coefficients be called the a*s , and let r*i rg . . . = ?\ We may regard 

these functions as derived from the homogeneous functions (1) by the substi- 
tution ajn+i = 1, and define pi , Pa, . . ■ Pn+i as before, so that p^+i is the resultant 
of the n functions formed when we retain only the terms of the highest 
degree in each of the n functions (12) We may use the same notation for 
the eliminant as before if we replace by z. When bhe n functions / have 
no infinite common roots, they have exactly r common roots which we will 
denote by 

^2 . . . JTjg . . . . \/^ri ( ^ 

By a monotypic symmetric function of these r common roots we mean a 
monotypio symmetric function of the elements of the r matrices (13). 

Putting i = -1- 1 in the first part of Ex. vi we obtain the following second 
theorem : 

Theorem II. If S is any monotypio symmel/nc function of the r common 
roots of the n general functions f gveen by (12) which has degree s in each root, 
weights Wi, in those roots with i^espect to cdi, /Cg, ... and total weight 

•m; = Uj + + . . . + = rs — , then there eadsts a rational integral function H 

of the as whioh has the following propeiines: 

(1) It is homogeneeus in the coefficients of each one of the n functions f its 

degree in the coefficients of fr being — . 

(2) It is isobaric in the coefficients of all the n functions f with respect to 

each one of the variables coi, • os^y and also with respect to the 
homogenising variable its weight with respect to being 
rs^Uj^and its total weight with respect fl?i, /Cg, ... being nr a. 

(3) The equation 8 = H 

is true whenever + 0, i.e. whenever the a's have such partieular 
values that the n functions f have no infinite common roots. 

We first express as a rational integral function of the of the 
r common roots (13) in the form 

B = = (?l + ?a + • - • + Jn ^ O’ ■•(14) 

Then if p is the degree of F (td-), it follows from (B) that H is the rational 
integral function of the a’s given by 

ffn+i> (gi + 3*+ ••• + 3n + ffn+i = r), 

where G(p) is the function which we derive from F(vt) when we make the 
substitutions 


Vifia. .(7n“ (?i + 3b- 1- + ffn + ?n+i = ^)i 
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199, 200] 


and multiply throughout by Ir other vvokIs H is the rational integnil 

function of the a*s given by 

) (F) 

\ Pll+l ' 

where ?i + ja + ... + g„ + 3 «+i = r. 


Ex. vm. Synimoti'VB fnnotiona of the iioo eotnmon looU [.t'lyi], [* 2 ^ 2 ] of fwwtume 

(j) and ^ of Eas. xv in § 196 

(1) If /S'=SA’i2y.j = io‘iuOTii-zD-„iOToo, we Imvo « = 2, fx=% aud 

pV2'5=p‘(Mia “ Pmpmi 

P^Yl 

=H 


(2) If ^=Sa-iVa®=H4Ko®«iWii-Wio2tVo2-OToi2OT2o) + ( 10 nr 2 ,,tiru 2 -wu 2 )] then s=2, 
/i = 3, and we have 

Q ct « 4 (pioiPouPiio-p®ioiPu2n-p^oiiP2oo)+(10pgooPo(ia-pW 

P 01W'J=P 002 - — ^,3 " 

•ip 0(12 




§ 200. Determination of resultants and eliminants. 

1. Detet'minaUon of the resultant of n general lio^mgeneous rational 
integral functions of n vaiiahles. 

By Ex i of § 193 we may suppose that 7i>l We will make the 
hypothesis that the theorems of §§ 193 and 196 are true generally for 
functions less than n in number, and suppose that it is required to find 
the resultant of n general homogeneous rational integi’al functions /i,/a, .../« 
of the n variables »i, iPg, ... which have non-zero degrees ... 7’^ in all 
the variables and are given by 



fi ^fxiphi ^flj 


(1) 


(P 1 +P 9 + 

...+ij„=ri; i = l, 2, ... n). 


Let 

r = rira... 

»•«; = 0‘ = 1. 2, ... n); 

Ti 



let fCu fCij tc^ be n auxiliary arbitrary parameters; and let X be the homo- 
geneous linear function 

X = K\SDi “f* K^CD^ ... "f" (2) 

Selecting any one/i of the n functions /, let 

Ei{Ki, *„ ... K„) = Spgi9,..to«l«lKa«S...*»«n, (^i + 

be a given X -eliminant of the remaining n — \ fiinctions 

/it fi^l> 


( 8 ) 
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Let ordinary values of the coeflScients of the n — 1 functions (3) be finite 
values which do not cause Uli, regarded as a function of the k% to vanish 
identically; and when any ordinai'y particular values are given to their 
coefficients, let 

[a?i oc^ ■ • ®n] = [otfii Ot«a • • ■ = 1 , 2, . . 5^) (4) 

be the s^ non-zero common roots of the n-1 functions (3) when the absolute 
values of the a*B are so chosen that the equation 

IX "h /^2^7 /d d" • ■ • “h (^tj ^2 > ^n') (»5) 

H— 1 

is true, and is an identity in the /c’s. 

Then by ordinary multiplication we obtain an identity in the coefficients 
of fi of the form 

U = Si 

••• Aa . An^AjAa A^j ( 6 ) 

where .a,i is ^ product of of the coefficients of^ (some or all of which 
may be repeated) which has weights Xj, X 2 , ... in those coefficients with 
respect to a?i, asg, ... so that in every term of ( 6 ) 

^ d- >-2 4- . . . + X^ = = r ; 

and where is a monotypic symmetric function of the s, common 

roots (4) which 

( 1 ) is homogeneous of degree n in each root, 

( 2 ) has weights Xj, X^ with respect to /Tj, • •• 

By Theorem I of § 199 we have for all ordinary values of the coefficients 
of the 91 — 1 functions (3) 

Aa .A„= (/^=5ir^-X| = ^' — y = 1, 2, ... n), ...(7) 

where ^ is a uniquely determinate rational integral function of the 
coefficients of the 71 — 1 functions ( 3 ) which is 

( 1 ) homogeneous of degree 1 in the coefficients of 4 . 

“t 7\ ' 

(t = 1 , ... i- 1 , i+i, ... ny 

( 2 ) isobaric of weight /ij with respect to Xj in the coefficients of all the 

71-1 functions (3), 

0 = 1. 2, ... n). 

Now substituting the functions H for the functions on the right 
in ( 8 ), let ® 

1 . 0 = -R (/]. /a, ■••/t,) ( 8 ) 
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Then i2 is a uniquely determinate rational integral function of the coefficients 
of/ 1 ,/ 2 , *.■/« which IS 

(1) homogeneous of degi'ee Sr in the coefficients of (t = 1, 2, ... n), 

(2) isobaric of weight + /Xj = ?' with respect to Xj in the coefficients of 

all the 71 functions /i,/j, .. /„, (j= 1 , 2, ... ??), 

and for all ordinary pai’ticular values of the coefficients of the — 1 functions 

(3) the equation 

••/»)= ( 9 ) 

«=1 

is true, and is an identity in the coefficients of 

The equation (9) shows that whenever the coefficients of the n functions 
(1) have such pai'ticular values that Ef, does not vanish identically, the 
vanishing of is a necessary and sufficient condition that at least one of the 
non-zero common roots of the 71 — 1 functions (3) shall be a root of /i, i.e. a 
necessaiy and sufficient condition that the n functions (1) shall have at least 
one non-zero root in common. When we give such particular values to the 
coefficients of the functions (1) that vanishes identically, it follows from 
Ex. lii of § 199 that all the functions H vanish, and therefore R vanishes. 
In this case (see Note 8 of § 196) the n — \ functions (3) have common roots 
in which the ratios x^: \ Xn are functions of one or more arbitrary 

parameters ^i, ^a, ..., which can be so chosen that the equation / = 0 is 
satisfied 5 consequently the n functions / have non-zero roots in common. 
Thus m all cases the vanishing of jR is a necessary and sufficient condition 
that the n functions / shall have a non-zero root in common. 

We have now shown that for each of the values 1,2,.. ti of i and 
for every set of non-zero values of 7\j, ... there exists a function 
jR(/i, /a, . ,fn) which has the properties (c&), (a'), {b'), (o'), (e') of Theorem I 
of § 193; and by Note 5 of § 193 it follows that that theorem is true 
generally for n functions, and that the function R{fi,fii .../«) determined 
above is the resultant of the n general homogeneous functions / given by (1), 
It follows that Theorem II of § 193 is true generally for n functions, and that 
R {fit f 2 , • -fn) is also the resultant of the ?i general functions derived from 
the n functions (1) by the substitution Xn = 1- 

Nothi 1. O 71 the property {d') of Tlieorm. I of % 193. 

We can modify the general argument so as to make Note 2 of g 193 superfluous. 

Let Aij and py be respectively the coeffioients of xfi in f and of Kfi in jSi. Then the 
senes on the right in (6) contains one and only one term in which ilAiX* ^he 

corresponding value of being From (B) we see that ayas|/...a,^=py ; 

therefore the corresponding value of ^ ^ in (8) is pifi. Accordingly when /Z (/i . ./») 
is defined as in the text, the coefficient of Aifi in jft is p^<, this being true for all the values 
1, 2, ...71 ofy. 
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We conclude that for all non-zero values of Vi , rg > ■ • there exist functions ( /i , /2, . ../«)> 
-^^(/ij/21 .-/Oj .. -^i(/ij/2> . /u) which have the properties (d') and (d) of the theorem 
for the values 1, 2, .. 7i of i respectively, and which also have the properties («), {a'\ (b'), 
{(f) of the theorem ; and from this it follows as in Note 5 of § 193 that the theorem is true 
generally for n functions, and that any one of the n functions R can be taken to be the 
resultant. 


Noth 2 Detei^oninahon of the reafidtant of n general rational integral fiinctiom of 
n- \ variables^. 


Let 


5 Ji 3»2 


1 




!Pt 

2 ’ 




(1 = 1, 2, .,.n\ 


O') 


be the n general functions derived from the functions (1) by the substitution..r,i=l. To 
find their resultant it is best to replace them by the corresponding homogeneous functions 
(1). We can however determine their resultant directly by using Theorem IT of 5} 199, 
and this will of course also be the resultant of the 71 functions (1) 


Let be the resultant of the functions formed by retaining only the terms of 
highest degree in each of the n —1 functions 


/l> • ’fi-U ■*•/«> (30 

and when />m=|=0, let the Si common roots of the — 1 functions (30 be 

1 ]» 2 , .•.Si) (40 

Then by ordinary multiplication wo obtain an identity in the coefficients of /J of the fonn 

« * 

I)==2j4^,Xa An'S^AiAa An-i> (O') 

(Xi-hX2+.. +Xa=r), 


where ^xiAa An the same properties a/i before when we regard 37,4 as a homogenising 
variable, and where is a monotypic syminetnc function of the common 

roots (40 which 


(1) has degree not greater than in each root, 

(2) has weights Xi , Xg , . . . X« _ 1 m those roots with respect to the variables Xi , -1 

Let the degree of . Xn-i eaoh root be s, and let its total weight be 


w=Xi-f Xa + ...+X,i»i=iMi— Xu =^-X,i'=r-X„. 

Then from Theorem II of § 199 we see that when p<n=i=0, we can wnte 

Pin'^AiAa .An-x=-ff, (10) 

where jff' is a rational integral function of the coefficients of the « - 1 functions (30 which 
IS not divisible by pin and 

(1) ia homogeneouB of degree ^ ^ la the ooeffioiente of/^ , (t = 1 , . . . i - 1 , t + 1 , . . . n), 

(2) ia isobano of weight *<*— ^ with respect to a;y wheTiy=t'«i £ind,isobario of 

weight — Xu' with respect to its total weight being 

(ti- 1)m<=(«-1) — . 

Vi 
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Now pin IS a function of the coefficients of the 7i-l functions (3') which is homogeneous 
of degree in the coofficientH of / , (t= 1, ... 1, f+1, ... w), isobaric of weight - with 

respect to scj when 7’=#/?, and isoharic of weight 0 with iHispect to Hence when TfVo 
multiply both sides of (TO) by wo obtain 

MJ 

(/^ = r-Xy, 2, . . w), 

where //^, has the same properties as before , and when we multiply both sides of 
(6') by pJJ, and define It . /») by (8) os before, we see that the equation 

“ «=i 


IS true whenever p<u=4=0, and that It (/j, /j, --./i) is the resultant of the ?i general functions 
/as defined in Theorem II of J} 193 


2. Determination of the ehminant of n general homogeneous functions of 
V + 1 vamables. 


By Ex. 1 of § 196 we may suppose that n>l. We will make the hypo- 
thesis that the theorems of § 196 regarding oliminants and the theorems of 
§ 193 regarding resultants are true generally for functions less than n in 
number and for functions hot more than n in number respectively, and 
suppose that it is required to find the X-eliininant of n general homogeneous 
functions /i, /s, ... of the ?H- 1 variables a?i, fl?Q, . . tVn+i having non-zero 
degrees ui ‘ih the variables and given by 


ft —ft (®1» • •• ^nt %+i) — 


Pin-^-PnPn+l 


( 11 ) 


{Pi + JJ 2 + ... + JPji H- j i = 1, 2, . . . 71 ), 


when X = /CiOSi + H- . . . + /Cn% + (12) 


the /e*s being arbitrary parameters to which any values can be aacribed. We 
shall write 

T 

* = *n+i; T = a, = -, (i = 1, 2, ... w). 

and denote the resultants of the ?i + 1 successive sets of n homogeneous 
functions of n variables formed by putting = 0, fl7a = 0, ... = 0, « 0 


in turn in the ti functions (11) by 

Pi, Pfl, ... pnt pn+i (13) 

If we suppose that ycn+j + 0, we can solve the equation 

KiOSi -b -f- ... + tCf^OSn + = 0* (14) 
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for tSn+i, make the subatitution 


““ 




KiOJi + + ... + KnO^n 


(16) 


in the n functions /, render each of the resulting functions integral in the /c's 
hy multiplying it by a suitable power of /c, and so obtain the n homogeneous 
functions J’a, ... of . 0)^ given by 




KjOSi - f K^OSz + . ■ + fCna}n\ 
K ) 




oa‘ 


PiP^ -PnP^r l‘“2* • • • + *a«a + . . . + . 

( 16 ) 


When we express these in the form of general homogeneous functions, we have 

F, = FA<^uc>^, ... = (n') 

(2i + (? 2 .+ ... + g» = n : i = 1, 2, ... n), 

the coefficient ^ being a homogeneous rational integral function of 

the kb of degree 7\ given by 


(1193 9 « 




m fVf f\,i 

2 ’iJJ 2 .. P,iPu+i 12 n 

__ H" •!" . • + ^ji) !N 


-( 17 ) 


( N = ' _ (^ -h ”^8 -i- • • + ^ji) 1\ 


where the p's have all positive integral values consistent with the conditions 
Pi+Pa+ -• +i^n + lJn+i = n, Pi^qu Pa ?a, . .. Pn • -(18) 

and \ = 9i“pi» ^a^Ja—Paj — • “ ?ii “”Pnj ”'P?H-i> (1^) 

or where the Vs have all positive integral values consistent with the conditions 

Xi + Xa + . . . + Xn + Vh-i “ Xg^g^a, ...Xn^g'«, ...^18) 

and Pi“(/i“Xx, pa— Sa^Xa, - Pn'^ Pn+1 = “ X^+i- (19) 


Since has one and only one coefficient a corresponding to each possible set 
of values of the p’s, it follows that ^ will always have the same 

meaning in (17) as in (11), whatever the particular values of p^, pa, ... p^^+T 
may be. 

The unreduced resultant B{Fi, F^, ... Fn) of the n special homogeneous 
functions F^, F^, ... Fn of the n variables cci, £Ca, given by (11') will bo 
denoted by Bn+i- 
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More generally if is any one of the variables so-i, ... J!Cn+i, and if wc 
solve the equation (14) for substitute the value thus obtained for in the 
functions /i, /a, . and then render the resulting functions integral in the 

KB by multiplying them by /c/', /fi’*-', . k^'^^ respectively, the resultant of the 
n special homogeneous functions of the n variables a\, ... ... 

thus obtained will be denoted by R^,, 

We shall investigate the properties of the functions TJi, ffia, ... 
usually deducing the properties of R^ from the properties of i2n+i. We shall 
show finally that for each of the values 1, 2, ... -|- 1 of i the function R^ can 

be expressed in the form 

R^^ E{ki, /Cfl, ... «:«+i), 

where ^ is a homogeneous rational integral function of the kb of degree r in 
which the coefficients oin rational integral functions of the coefficients a of 
./ij/a* ■ /») that E has all the properties enuraemted in -Theorem I of 
§ 196, and is the required X-eliminant. For convenience the successive steps 
by which the final conclusion is reached will be presented in the fonn of 
examples on the properties of iJj, 72j, ... 

Wc shall mean by the as the coefficients of the n functions /in (11), and 
by the A'b the coefficients of the n functions F in (11'). The unreduced 
resultant R(^i, Jg, . . F„) can be expressed as a rational integral function of 
the -4*8 having the properties described m Theorem I of § 193, but it is to 
be regarded as a rational integral function of the as and kb derived from 
that expression by the substitutions (17). When it is expressed as a function 
of the .4*8, it is a sum of terms each of which is a product of SiSg ... «« of the 
^’s, Si of them being coefficients of Jf\. When wc make the substitutions 
(17) for all the -4*8, each of the original terms becomes a product of expres- 
sions of the form (17), and when wo multiply out each of these products, we 
obtain an expression for as a sum %T of ‘ uncollected terms’ all having 
the form 

T^TM (20) 

where each of the factors on the right is a term of such a sum as that on the 
right in (17). For a given term T and a given value of h we will denote the 
sum of the suffixes of the a’s occurring as factors in 2\, 2a, ... by Sj?*, 

and the sum of the indices \h of the powers of kh occurring as factors in 
Tj, Tg, Ta, ... by 2 \a. It will appear from Ex, xii that when we proceed to 
collect the terms of Rn+i* only those which are divisible by will remain 
with non-zero coefficients. 

The weights of the 4 s with respect to a?i, a?a, ••• ^^'nd the weights of 

the as with respect to a?!, /Tb, are indicated by their suffixes. The 

weights of the kb are not indicated in this way, but by definition (see § 192. a) 
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the parameter Kj has weight j with respect to xj, and weight 0 with respect 
to each of the other variables, in particular k or /c„^i has weight 1 with 
respect to .'Cn+i , and weight 0 with respect to each one of the other variables. 

Ooefflclents and dimeneions of 

1. When ensprassed as a rational integ^'oi function of the rr’s and %U own 

coefici&nts are rational numhei's which we may suppose to he integers 

For when /2u+i expressed as a rational mtegi'al function of the ^4’s, we aeo from 
Tlieorem I of § 193 for n functions that its own coefficients are rational numbers whidi 
we may suppose to be integers ; and from (17) we see that each of tho is a rational 
integral function of the a’s and k’s m which the coefficients oi'e integers 

Ex ii. When Rn-\^\is expressed as a function of the a!s atid k’s, it is 

(1) homogeneous of degree nr in the k^s, 

(2) homogeneous of degree in the coeficimts off, where f is any one of the n functions 

/m(ll). 

When IS eiLpressed as a function of the il’s, then by Theorem I of § 193 for 
71 functions it is homogeneous of degi’ee a* in the coefficients of Fi ; and it follows from 
(17) that the above two results oi’o true. 

Ex. m. When H-^^iis expressed as a finction of the itU and k^s, it is 

(1) isoharic of weight r with respect to each one of the n variahles .I’j, ... .r„ in the 

eoejjicients of all the n’\-\ fitmtions f, f, . A', 

(2) isohano of 'weight nr with respect to the amiable in the ooeffioimts of all the 

n + 1 fmctioiu /i , /a, . . . /„, A' 

Let be any one of the variables Xx,x^, .. .r,* When 1 is expressed os a function 
of the A’s, we see from Theorem T of 193 for n functions that in every term (which is 
a product of certain of the il’s) we have 2g'/i=r. Now in every term of (17) we have 
Hence when i2n+i ifl expressed as a function of the a’s and (c*a by means of 
the equatious (17), the terms being iincoUeoted, then in every term (which is a product of 
certain of the a's and certain powers of the k’s) we have 2pJ^+tKJ^=r', i.e, every term has 
weight r with respect to x/^ in the a’s and jc’s. 

To prove tho second result, we observe that by Ex ii we can express in the form 

where Pi is a product of a* of the coefficients A of Fi Now in every term of the sum (17) 
we have ??tj+i+X^+i=r<, Therefore every coefficient A of Fi is isobario of weight in tlie 
as and k*s with respect to Therefore with respect to the factor Pi is iaolwirio 

of weight SiTi^r in the a*s and /c*a, and the product PiP^ , . is isobario of weight nr in 
the «’s and k*s. 

Terms of of the highest degrees in ki, ... respectively. 

Ex iv.^ If h IS any one of the integers n, the actual degree of ^ is r; 

and if S]^ is the sum of all the terms of which contain then 
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When i 2 n+i ia expressed as a sum of uiioollected terms of the form (20), we see from 
Ex 111 that in every term T we have 

2X;i being the total index of k^. hi T. It follows in the first place that 2X4 4 > r, and thoroforo 
no tenn whioh actually occurs can have a higher degree than r in K/^. It follows in the 
second place that we can have 2X/i=r in a term 7 ^ when and only when 2 jDft= 0 , i.e. when 
and only when the suffix of ev&nj a occurring as a factor in iT is 0 ; consequently is 
what R{Fx^ . i^n) becomes when 111 it wo substitute 0 for every coefficient 
in whioh ^/j=t=0. 

Let these substitutions convert /i,/a, .../« into ^2, ... and F^ F^^ ... i^n into 
G'2> ^n* so tbat 

S^^R{Qx, 0,, . . ^/n). 


Then gt, g^^ ••• gn are the 71 general homogeneous functions of 71 vonables derived from 
/i>/a» • /« hy putting a?/i=0, and have a resultant R{gl^g^, . . ^,0 which differs from 
only by an ordinary numerical factor; and tfi, G'a, .. O',! ore derived from gu g^t ... g^ 
in the same way as Fi^ F^, , , F^ are derived from /i,/a, /« If wo denote by 

*<’1 ''A-ifk+i j.„+,tlieooeffioioiitftpj,y in whicli pft=0, wo have 




.Ph-iPh+1- J)n+I 1 • •• A-l H • • ‘«+l ' 


whore 


Pi» ^n+1 

+ph -\ + ? Vh 1 + • • + I = »v), 


Since ^1, C?a, ... 6^11 can evidently 1 >g derived from gu g*ii gn by the liomogoiieous 
hnear substitution 

x^=KX^y (iJ—1, ... A“l, A + 1, ... 9i) ; ‘“Vn+i™ “ (<1^1"!“ Ka.V'jd* . . + ^,^.17,1) 
whose determinant is 

it follows from Ex. ix of § 193 that when the arbitrary constant in pJ^ is smtably determined, 
we have 

Sj,^R{Qu 6*2, ... On)=^^R(gug^. ... 

Fx, v. T/ui noival degree of i?u+i w ku+i and if /3n + i is the m7n of all the t&i'm 
o/i2n+i 7ohioh contain tliffii 

In this case Sn+i is what R{Fi, jf'2) ••• -^n) becomes when in it wo substitute 0 for 
every coefficient a^p^. of the fimotions /h/2, . .fn in which J3u+i43 0. If we writo 
^Piw-wi coefficient Opipj.-.prt+i which 20 a+i=* 0, these siibatitnUoiis convert /r 

and Fr into the functions 

Since the substitutions kx^^ kx^, ... KXn for 372) • • convert g^ g 2 y • • gn into 
Oii O 2 } ••• ^fn we have 

'S'»+l = -ffi(G'l, Gt, ... Gn)'=K”'RiS!u9t, — fl'n) = lt<'^'>^p„+ll£’■n + l 

when the arbitrary oonatant in />».). i is suitably obosen. 



174 


SYMMETItiG FUNCTIONS OF [CH. XXII 

Ex VI Wfiffn Ri w arranged as a mtimal integral function of the the terms of 
fug hast degrees wt /ci, ... k,* + i resrpectieely which OAitually occur in it are 

piKi’, .•* PlU.l'c’lH li 

pi'ovided that the uihitrary numeiical factors in /a, ... /)«+i are suitahly chosen 

This follows from Exs iv nnd v, tuid is true for each of the vhIuob 1 , 2 ,. 7 i+l of i. 
The actual degi-ee of lU iii k* is nr^ and its actual degree in ciicli of tlio other k’h is r. 

When wo i*oplaco R^uri Ri Ex. iv, wo shall Inivo 

Zi = (- JC/j. 

From this it is cloai* that in the above theorem pi, p-j, ... fhi + i will he the Hiimo for all 
values of i, provided that the arbitrary numerical factors iii iii, A*o, I{„ are suittibly 
chosen, 

Linear factors of Iti for any particular values whatever of the a*s. 

Rv. vii When n > 1 , lit w divmhle by Ki amn if the a's are all arbitraiy 
We will prove this for the cnae in which i-=n+l, wntiiig Kn+i='^- 
When W 6 put k = 0 , we have in (16) 

Kja'a+ ... + K,iav)»‘, • 

whoi'e Oi IS the ooofiicioiit of m/tj and is a numerical constant; tlioroforo every root 
. . a.',J of the liouiogoiieous linoai* function 

» 

If = Ki + Ka% 4- . . . + 

is a common root of the n fiuictioiis A" for all iiartioular finite values of /ci, /c-j, . , and 
the a’s. If 71 >1, the function If cei-tainly has a non-zero root for all oi-dinary values of 
Ki, k 2 , ... Kn Therefore A,i^i vanishes when (c=0 for all finite valiio.s of the and all 
ordinaiy particular values of kj, jca, ... ; and it follows that k is a factor of Rn+i wlieu 

the a’s and k’h are all arbitraiy. 

In the special case when 7 i=l, thoi'e is oidy one fimotion /=/(.ri, ^v») of degree r, the 
corresponding fuuction /’being /(ku, -«i) ; and we have 

f 2 l = i 2 a=a/(K 2 , -Ki). 

In this case Ri is divisible by ki when and only when the coefficient of .rp' in / vaiiislinH, 
1 0. when / has the root [j?jJ 7 a]s[l 0 ], or Ri hati the root [ki k2]s[0 1 ] ; and /fy is divisible 
by IC .2 when and only when the coefficient of x/ inj vanishes, i.o. when and only when/ 
luis the root [xi ^ 72 ]^ [0 1 ], or R^ has the root [ki Ka]s[l 0 ]. 

Ex viii. Let any paHioidar finite mines whatever he ascribed to the afSy so that the Ws 
are rational integral functions of the sfs only. Then if 

[j?ia ?2 .. ■»n+i]s[aiaa.,,aH+i] (a) 

is a non-sei*o Gonivion root of the n fumtions f each of the fuiicti07is Ai, jKy, ... fuxs the 
linear factor 

i/=aiKi + a3K2 + . . + 0 , 1+1 iCfj+i (b) 

We assume that the a’s are aU fimte, and show that Z is a factor of idn+<. 


I 
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First suppose that ai, 03, Oj^ all vanish, so that a,i^.i=j=0. Then if 7i> 1, it follows 
from Ex vii that Kn+i is a factor of 1 e. Z is a factor of - 72 ^+ 1 * If ^= 1 , we have by 
supposition ni=0, a.j^=0, and it follows again from Ex. vii that is a factor of 
i.e. Z IS a factor of i2n+i • 

Next consider the general case in which aj, 03, . On do not all vanish, n being cither 
greater than 1 or equal to 1 Let any iiarticular finite values be ascribed to jci, k-j, ... k^+i 
which moke the expression Z vanish. Then from ( 11 ) and ( 16 ) wo see that 

Zi(ai, 03 , . aa) = K^i.fi(ai, 03, ... an + i)=0; 

therefoi’e [a?ia;a ... A'J=[ai02 . o,,] is a non-zero common root of the ?i funotioiis and 
-f 2 it+i vanishes. Thus when wo regal’d the kh os v^ariablos, i 2 n+i vanishes for all roots of 
the irresoluble function Z, and is therefore divisible by Z 

Since which is homogeneous of degi'oe ?ir in the k’s, cannot have 0101*0 than nr 
linear factoi*a, it follows that 

7 / Hi does Tiat vanish idontically^ tlw 71 fuiiotiom f oannoi ham more than nr distinct 
non-eero common roots. 

Ex ix Ijct any particular finite values whatoom' he ascribed to the a’jf, and let 


[fCiK-i... K,t + i]s[^iX,’a ...^n + i] (0) 

he any non-zoro root of when Ri is regarded as a funotion of the ic’tf. Then : 

( 1 ) If ki^O^ the n functions f have at least one non-zero common root 

[^'1 • ‘*'71 + 1 ] = ^*'2 • « • + 1 J (**<) 

in which ai, .. o^^i, a^ + i, . 0,1+1 are all finite and not all 0 , and satisfy the 
equation 

/,’iai + /; 2 a 3 -l-...+^ 4 +iaft^.i = 0 (d) 


and (0) w a root of the comspmiding linear factor Z = hi /ci -h -h . . . + a,^ + 1 + 1 

of Riy wkmh is in this case distinct from #c». 

(2) If ki= 0 y Ri has the linear factor of which (c) is a root. 

We will prove the first result for the case in which i=w-|-l, so that X’u^.i=l=0. 

When the k^s have the particular values (0), the n functions F given by ( 16 ), whose 
resultant vanishes, certainly have a non-zero common root. If [^1^73 ... .t7,i]s[aiaa ... a,J 
is any such common root, wo can choose 0^+1 so that the equation (d) is satisfied, and wo 
see firom ( 16 ) that (a) is then a common root of the n functions / in which ai, 03, ... 
are not all 0. By Ex. viii the linear funotion Z given by (b) is then a factor of / 2 ,i+i, and 
from (d) it follows that (0) is a root of Z. 

The second result follows from Ex. vii both when n>\ and when n=l. 

We conclude that when any particular finite values are ascribed to the rt’s ; 

Eveii'y root of Ri is a root of a linea/r factor of Rii a root of Ri in which being a 
root of a linear factor distinct from Ki, akd a root of Ri in which fct=0 being a root of the 
linear factor 

These results remain true when Riy rogai’dod os a function of the k’s, vanishes identically, 
and in that case (0) is a root of R^ for all values of /;i, ... ^n+i. It follows that ; 

When the a^s have such pas'tioular vodues that Ri vanishes identically y the n fwnoUons f 
ham an infimte number of non-zero common roots to each of which there corresponds a linear 
feudor of Ri as in Ex. viiL 
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Factors of Ri for ordinary partioular values of the a’s. 

Ex, X. If wo ascribe to tlie any finite particidar values which do not came Ri^ 
regarded as a functimi of the fc*«, to vanish identically^ then Ri can he expressed as a 
product of homogeneous limar factors ; and if 

X = aifCi + aaKa + **' +an + i «n + i (b) 

is a linear factor of Ri distinct from so that ai, ... a^^i, 04+ 1 . . o^+i are not all 0, then 

.a?a + i]s[«ia 2 ... Oft+i] (a) 

£8 a non-z&ro common root of the nfmietionsf 

First lot Zi, Z 2 , vvliero bo all tho distiuct linoar lactovH of Ri^ and lot 

(3E)(ki, Ka, ... Kn+i) any irreaoliiblo faotor of Ri, Then by Ex ix ovory root of (jy is a 
root of one of the linear factors Li, . , L,,, Thoroforo the pi-oduct LiLj,,, L,, vaiiishert 
for nil roots of (/>, and innat bo divisible by (^. Consequently </) itself must bo one of tho 
liiiBQr factora Zj, Zo, . Zjj. 

Next lot the % fanotioua / have exactly q distinct non-zoro connnon roots of the 
form (a) in wluoh ai, . . oj-i, of+i, . . a„^.i oi’e not all 0, whore q'^nr by Ex. viii; let 
j&i, Zs, . 1 . be the q distinct linear factors of TZi, all distinct from Kf, winch corrospond 
to them by Ex. vni ; let L be any Imoai' factor of R distinct fi*om ; and lot ordinai^y 
roots of L bo those in which ^i=l=0. Then by Ex ix every ordinary root of L is a root of 
one of the luiear factors Zi» Za, . Zg. Thei’ofoi'o the product Zi Za .. Zg vanishes for all 
ordinary roots of the iiTesoliiblo function Z, and must bo divisible by L Oonsoquoiitly 
Z itself must be one of the linear factors Zi, Zy, ,..Zg, 1 e. Z must have tho form (b), 
where (a) is a non-zero common root of the n fiinotions/. 

If Ki is one of the linear factors of there may not be a corresponding root of the 
71 functions/ of the form (a) ; but if tho n functions / have a non-zero common root in 
which ever}^ dement vanishes except then by Ex. mii the fimction Ri must have the 
corresponding linear factor ki 

Ex, xi. When any ordinary particular vedues arc asodhed to the a!s^ Hi is a fumtion of 
the K^s which is divisible by and the n functions f have exactly r distinct non-zoro 

common i^oots to which the other r linear faatoi's of Ri correspond. 

We wiU consider ordinary values of the to bo those for which pi4=0, pa=l= 0 , ... 
and at the same time one of the discriminants a of Lemma A of § 10/i doos not vanish. 

Lot any such oi-dinary paiticular values bo ascribed to tho w’s. Then by Lonima A of 
§ 196 the n functions /have at least r distinct iioii-zero common roots 

[XiX^ ...^’n+i]3[“«ia«3** flji.n + i]> 2, ... r), (21) 

in which the a's ai’e all different from 0, but no non -zero common root in which any one 
of the dements has the value 0 ; and it follows from Ex. viii that Ri can bo express^ in 
the form 

W=:r 

K3j--Kn+i). -H 0,43X9 + . .+a„,n+l'Ctt+i)i .....(22) 

whei’o <jE> is a homogeneous rational integral function of the x’s of degree (tz - 1) r, which by 
Ex, X IS a product of Uneax factors. If; is any one of the integers 1, 
and if we equate the terms of highest degree in xy which actually occur on both sides 
of (22), we see from Ex, vi that cannot actually occur in </> ; and if we equate the 
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terms of highest degree in ki which actuall}^ occur on both sides, we see that the term 
^^{n-i)r occur lu cj) With a noii-zovo coofiioiont. It follows that (/> difters by an 

ordinary numericwil factor only from 

If the 71 fiuictions / had another non-zero common root 

[a’i ia?2 . . >2'’w+ 1] = [^1 fla • • + 1] 

distinct from the r common roots (21), then by Ex. viii 

“lKi + a2'fa+ +nii+i*:n+i 

would bo a lineai’ factor of 0, and thGrofoi*e of ; but this is impossible because 
Hi, o-j, . aro all difterent from 0. 

Derivation of the eliminant E from the resultants A'-j? 

Ea XU. Thu Ri^ regarded a fiuiotion of the a)s aiid k’«, divmhh hy 

It hiw been shown in Ex xi that is a factor of Ri for all ordinary values of the 

tt’a and the paramotei*s . . k<_i, + k^^.] ; and it follows (see Ex. iv of § 102) that 

it is a factor of Ri when all the a's and k’s ai-e arbitrary. 

E.V Mil. Wiveih the aihiirary iiumencal foGtore in thorn Iiaoe been mHahly determined^ 
v)e can ex^press all the res^idtants /2i, Aj, . . ,.i in the fornm 

^2) ■ • ^7i+i)j U'*=lj 2, ?t+l), ^ (23) 

whero K u the 8a7no for all the /i’/i, and w ft rational hitrgrfd function of the and 
which 18 homogeneom of degree r in the k* 8; and the co<\(lioient8 of ki**, k/, . + i in E are 

the resultaiite pi, p 2 , . . pu+i defined in (13) when the arbitrary nmimcal faettyi's in tJaim 
hxLve beam 8uitably deienninod. 

If i and^‘ aro any two of the intogors 1, 2, 7 t+l, it follows from Ex. xii that when 

the arbitrary numerical factors in Ri and Rj aro lixod, wo have 

= ^i(Kl, /cy, .. K„ + i), . E^ (k^, fCy, ... #.„+i), 

whore Ei and E, are rational intogiiil functions of tlio a’s and k’h wliicli are linth liomo- 
genoouB of degree r m the k\ Lot the coefficients of i 

i‘ 0 spoctivoly bo 

pi, pa, ... pn+i and pi', Pa , . . pn+i, 

and let ^== 0 i, ^« 0 a) - —^Cn+i. 

pi pa Prt+i 

Then from Ex vi it follows that Ci, ... aro absolute ooiistants, the same for all 
particular values of the a’s and k’s (and also that they are all equal). 

Now let any ordinary particular values be ascribed to the a% oiilinary values being 
defined as m Ex. xi. Then the n functions /have exactly r non -zero common roots 

[^ 1^3 •« ■“ fHt,n + l]) (w™!, 2, ... r), 

in which we may suppose each of the a’s to have a definite finite non-zero value ; and 
from Kx. xi we see that for all values of the k's which are such that ki^O^ we have 

UEf 1i*=f 

Ei=A n (aniKi + a,i3K3+...+ait,u + l 'Cn + lX Ej=^ D 11 ^Qul ''I + <'«3'«a+ • +aih7i + l«n + l)) 

1i=l M = 1 


c m. 
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where ^*1 and B are, for the particular values given to the a’a, ordinary mimerical constants 
independent of the It foUows that we have 

k 2 , . . (ki, Kaj ... «n + i), ( 24 ) 

where c is an ordinary numerical constant independent of the /I’s , and this equation, 
being true for all oi’diuary values of the k% is an identity in the When we equate 
the cootiicients of ... on both sides of (24), we obtain 


fli=ca=. = c , 

and this shows that a (like Ci, Cy, ...) is an absolute couetant independent both of the x’a 
and of the paiiuciilar values given to the a’a Consequently the equation (24) is an 

identity in the x’a which is true for all ordinary values of the a% and is therefore an 

identity in the a’s and x’a when both seta of quantities are arbitrary. 

When the aibitrary numerical factor in Ej is suitably chosen, we shall have o=l, and 
we can then wnte 

^i(Kl, X2, ... Kn+l)=-fiJ (k1, K2^ ... K„ + i)=^(xi, X2, ... + 

Giving toj the values I, ... i-l, z+1, . . + l in turn, we obtain all the equations (23). 

The function E(Kit /cg, ... of Ex. xiii has the properties (a) and (d') 
of Theorem I of § 196. It follows from Exs. viii and x that it has the 
properties (6) and (c); from Exs. i, ii and iii that it has the properties {a'\ 
(b') and {&) ; and from Ex. ix that it has the property (e). Thus it has all 
the properties (a), (&), (o), (a'), {h'l (c ), {d'), (e') of Theorem I of § 196. 
Hence by Note 6 of § 196 the theorems of § 196 are true gonerally for ?i 
functions, and ... /c,i+i) is the required X-eliminant of the n functions 

/ given by (11). 


Note. Deim'mwiatio7i of tho X-olvniinant of the n geneft'dl fmotioris /i, / 2 , (jivm hy 

fi=fi{xu A’a, ... 1), (i=l, 2, ... n\ (11') 

A’'=«+ xi A'l 4- K2a’2 + . + K„a?n • 

Wq ctui suppoBG the % functions (11') to be derived from the n functions (11) by 
the substitution a;„+i=l. Then the required AT-elimmant is obtained by putting Kjh.i= 5 
in the eliminant ^(xi, X 2 i ... 'c„+i) of the homogenised functions (11). 

To find the now iT-eliminant directly, we may homogemse tho % fiiuctiuns (11') by the 
substitution 

KlJ?l + K2a?2+...+KHa?n 

and so form the n homogeneous funotions Ft , ... F^ of x’l, a;,, ... given by 

Then the unreduced resultant oiFi^ ... he expressed m the form 

^(^1, ... ,^1, xa, ... xO ; 

and F(z , xi, X 2 j ... is the required A-elinunant of tho n general funotions (11^. 
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3. Fincil proof of the theorems o/§§ 193 md 196. 

In sub-ariicici 1 it htis boon shown that if the theorems of §§ 193 and 196 
are true generally for functions less than n in number, then the theorems of 
§ 193 are true generally for n functions. In sub-article 2 it has been shown 
that if the tliGorcnis of § 196 are true generally for functions less than n in 
number, and the theorems of § 193 are true generally for functions not more 
than n in number, then the theorems of § 196 are true generally for n functions. 

Thus if the theorems of §§ 193 and 196 are true generally for functions 
less than u m number, then both sets of theorems are true generally for 
}i functions. Since by Ex. i of § 193 and Ex. i of § 196 both sets of theorems 
lU’e true generally when 1, it follows that both sets of theorems are true 
generally when n is any non-zero positive integer, and the proof of the 
theorems is now complete. 


12—2 



CHAPTER XXIII 


THE POTENT DIVISORS OF A RATIONAL INTEGRAL 
FDNOTIONAL MATRIX 

[lu jj 201 WG doliuG ratKjuiil intogral fuDotioiial mabriceH and consider Rome nf t.hoir 
prelimniary properties. In §§ 202—4 wo define the irreducible and in-esolnble divisors 
of a rational integral functional matiix and prove their fundamental properties ; we also 
consider the special pi’opei'ties of those minor deterininants of such a inatnx which are 
regular with respect to a given irreducible or irresoluble divisor. In 206 — 6 we define 
the maximum and potent diviBoi*s and the maximum and potent factors of a rational 
integral lunctional matrix , and we cousidov some properties of the potent factors and 
potent divisors of a product of two or more such matrices. In § 207 wo show that the 
potent divisors of a conapartite matrix are the jiotent divisors of its several parts , and 
in § 208 we determine the irreducible divisors of all orders of a complete matrix of niiiior 
detenninants. In §§ 209 — 10 we effect the reductioii of any rational integi-al functional 
matrix to one whose succeBsive leading minors are regular by eqmgradenb ti’ansfonnations, 
the reduction being symmeti’ic when the given matrix is aymmetne. The remaining two 
articles aie concerned with homogeneous linear transformations of the variables in a 
rational integral functional matrix, and with the methods of homogenising such a 
matrix.] 

§ 201. Rational integral functional matrices. 

A matrix A = [a]^ whose elements lire rational intogral functions of 

several scalar variables x, y* will be called a rational integral 

functional matt^ix or ci mat'inw which is a rational integral function of the 

scalar valuables or, y, z Every such matrix can be expressed as the 

sum of a number of terms m the form 

S Aijk.., , (1 ) 

where i, y , A;, . . . are positive integers each of which may be 0 ; where tlio 
values of i, y, 4,. . are not all the same iii any two terms of the sum; and 

where , is a matrix of the form [a] whose elements are constants. 
The matrix Ayjb . is then called the coefficient of ,,, in the matrix A. 

Each functional element of A which does not vanisli identically has a certain 
degree in all the variables and the liighest of such degrees will 

be called the degree of the matrix A in all the variables. Similarly each 
functional element of A which does not vanish identically has a certain 
degree m any one variable x, and the highest of such degrees will be called 
the degree of the matrix A in the one variable In other words the 
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degree of A iii all the va't'iables w,y,z,,,. is the greatest value of the sum 
i + j-jrk+ . , in those terms of A whose coefficients do not vanish identi- 
cally, and the degree of A in the one variable x is the greatest value of ^ in 
those terms of A wliose coefficients do not vanish identically. 

The matrix A is homogeneous when its elements are homogeneous rational 
integral functions of the variables all having the same degree in all the 
variables, i.e when the sum i +.; + ... has the same value in every term 

of A. 


If the functional elements of il, or the elementa of all such matrices as 
Ayi^ , all lie in a domain of rationality then the matrix A will be said to 
lie in or to belong to the domain H. 

As in § 74 the rank of the matrix A is the greatest order of a derived 
determinant which does not vanish identically 


Ex 1 Tf the rational imtegral fumtiimal matrix (^ = [a]”^ hoR ravk ?•, and if «<(:l and 
then every amvfLete nmtviT = oj the minor detmnnvnanU of 0 of order e has 


rank 


(:)■ 


Since 0 cannot have rank groatov than r for any set oF paiticiiliir values of the 
variableH, it follows from 73 that <I» cannot have rank gi*oator than for any set 
of particular valiioa of the variables. Thoroforo all minor determinants of the functional 
matrix of order greater than vanisli identically. 

Again there exist sets of values of the variables for which 0, regarded as a matrix 
whose elements are constants, has rank r. Tliorefuro by Jj 73 tbere exist sets of values of 
the variables for which regarded as a matrix whose elements are constAints, has rank 

. Therefore the functional matrix * has minor determinants of order which do 
not vanish identically. 

Ex. ii // and [h]^^^CLre rational integral funational matrices^ and if there eimU 
an idmtical relation of the form 

where [hY^^and are undegenerate rational integral functional matricee of ranker and 
then the functional meUrives [a]J^ and have the same rank. 

This has been proved in § 131. 


A matrix [a]” whose elements are all functions of a single scalar 

variable x will often be called an x-viatrix. In particular a matrix [a]" 
whose elements are all rational integral functions of a single scalar variable a? 
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will often be called a raiioml integral x-mati'ioo Every rational integral 
ai-matrix can be expressed in the form 

[«]“ = W" + [bT + •. + M" (2) 

‘-“'w ‘--'w ‘--'w ' 

where M”, are matrices whose elements are constants, and are 

^ -'iH '■ '■ -'m ^ * 

tbe coefficients of ...of in [a]". The matrix [yt] is then the 

constant term in . 

^ -'fli 

The following* examples contain some properties of rational integral 
flj-matrices 

Ex iii. Let avd [&]" he raiimdl integral x-matrwes^ neither of which mimhes 
identically^ and let their degi'ees in x he p and q. Then if the coefficient of the highest 
power of X in eiihm' matrix is undegene^'ate and has rank r, the product niatria' [6]|| is 
a rational integral x-^matriv of degree p + i?. 

whore ... ai*o matnees with oonstant elonienta, and where 

neither [a]^^ nor |j3]” haw rank 0. Then the coeftioient of in is 

If 111 the praduot [a]^ either factor matrix how rank r, then by § 131 the prodiiot 
matrix bos the same mnk as the other factor matrix, and thorefore does not vanish 


More generally let and [6]” he rational integral functional matrices, neith&i* of 

which vanishes idcntioally, and let their degrees in all the 'mriahles he p and q. Then if the 
terms of highest degree in either matrix fowl an undegeneraie matrix of rank r, the product 

matrix [&]” has degree p-^-cq in all the variahles 


We can write [a]^^ [a];^+ [a'],;+ . . , [ft]" = + IjS']; + .... 


where [a]^^i homogeneous matrices of dogreuH jy, jc- 1, and [/ 9 ]|*, ... 

are homogeneous matrices of degrees q, </-!, .... Tlion the terms of degree y?+ 9' in the 
product [a]^^ [&]^ form the honiogoneous matinx which does not vanish identically. 


Ex, IV. Let [a]^ and [6]^ he rcUional integral x~matricea, and let the degree of the 

product in x ^ les^ than the degree in x of either one of the factors. Then if the 

coefficient of the highest poioer of x in one of the factors is an wvdogeneraie malrix of rank r, 
the other factor matrix must vanish identically. 

This follows immediately from the first result in Ex. lii. 

Ex, V. Let [a]^ and [&]||| ho square rational integral x-mairicea of the same order m. 
Then if the coefioient of the highest po%m of x in [&]||| is undegeneraie, we can in one and 
only me way expess in each of the ferms 
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whei^e vcUional integi'al x-matnccs^ and tlie laj&i two have lower 

degrees in x than 

Tt will be sufficient to prove the first I’esult, the proof of the second result being 
similar. 

Lot = , 

^ •'m -'711 '■ ’-^■^ 7/7 

where [n]”| does not vanish, [j9]”| is undegenerate, and n and v are positive iutegei’s, being 
the degrees in . 1 ’ of [c/]’** and 

If u <i), we csaii express in the form specified by puttnjg -0, [r]’”==[n]’\ 

If u * 4 : y, we can solve the equation [7/]™ [i3]™=[a]’|| for [70^^*^? f^nd have 

I- -tjn L Jm*- •‘m *■ ■‘m 

where the elements of [y]|||> [v ]|||j constants. 

If 1 <1:^, we can then solve the equation = foi- [7/']]”, and have 

[an'"- [7i']’" [S]’"+A^-s [8^]'"+ . =K]"', 

where the elements of [8]^|, •' constants. 

Proceeding in this way we have finally 

w::={-“-"w::+.^«-'-ot::+ ..i 

or w::=m:[C+w::’ 

where [r]|" is a rational integral aMuatrix whose degree in a is less than y. 

Thus there is always one way of expressing [a]’" in the form (3). 

There cannot be any second way of doing this ; for if we also had 

w:=[?'j:[C+m:, c^) 

where rc/'l"* and M’" are rational integi’al .r-matrices, the degree of [/]’" in ,r IxMiig less 

-*771 ^ w* 

than V, we should have 

w 

Then since the degree in js of the matrix on the right in (6) is less than the dogi*ee in x 
uf [6]^, it follows fi'om Ex. iv that 

and therefore M”-[r]*|=0, 

. . [2']:=m:. m:=m: 


1 e. we have 
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Ex. VI If iu tliQ theoi'CTU of Ex. v tho TfidtHcsR hotJi Ho in a dotnctm of 

rationality fl, then the matrices 

Form the proof of the theorem tbo DiatnceB [A]*”, [y]”'j •••» • • 

ueceasarily he in Q. 

Ex vii If [«]"* and [h]'^ are rational intogral /r-matricoa, and if the coefficient of the 
highest power of .r in has rank r (so that wi), we can express in the form 

w:=pC[rf:+[?]r. 

where [>]|" and are mtional integral .ij-matrices, and where [q]'^ has a lowei’ degree 
in x than If r<m^ this con be done in many ways. If [a]^ and lie in any 

domain of mtionality Q, wo can so choose and [g']^ that they also he in D 


§ 202. The irreducible, irresoluble and linear divisors of a 
rational integral functional matrix. 

Let A = [ay be a rational integral functional matrix of rank r lying in 

any domain of rationality fl, its elements being rational integral functions 
in fl of cei'tain scalar variables oj, y, let t be a rational integral 

function in II of the same variables which is irreducible in fit, and lot i be 
any one of the integers 1, 2, ...n Then if the irreducible function ^ is a 
common factor of all minor determinants of A of older i, it will bo called an 
irreducible divisor of A of order i. Since every minor determinant of A of 
order i+s can be expanded m terms of minor determinants of order ?!, 
every irreducible divisor of A of order i is also an iiTeduciblo divisor uf A 
of each of the orders i -h 1, i + 2, . . . ; and therefore t is an irreducible divisor 
of A (of some order) when and only when it is an irreducible divisor uf 
order r. Accordingly the irreducible divisors of A are the irreducible factors 
of the ii.o.F of all minor deteiTiiimmts of A of order?’, and the irreducible 
divisoi’s uf A of order i arc the m'educible factors of the H.G.F. of all minor 
determinants of A of order i. 

In particular, (talcing II to be the domain of all scalar numbers), if t 
is an irresoluble rational integral function of the variables .r, ?/, z, , and if 
the irresoluble function i is a common factor of all minor determinants uf A 
of order i, it will be called an irresoluble divisor of A of order i. Every 
irresoluble divisor of A of order i is also an irresoluble divisor of A of each 
of the orders i+ 1, i + 2, ... ?’; and therefore i is an irresoluble divisor of A 
(of some Older) when and only when it is an irresoluble divisor of order r. 
Accordingly the irresoluble divisors of A are the irresoluble factors of 
the H.c.F of all minor determinants of A of order r; and the irresoluble 
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divisors of A of order i are the irvesoluble fiictoi’s of the H.c f of all minor 
determinants of A of order i. 

An irresoluble divisor of A which is linear in the variables /r, will 

be called a linear divisor q{ A. When A is rational and intcgml in a single 
variable or rational integral and homogeneous in two variables, the irre- 
soluble divisors of A are identical with its linear divisors 

If t is any irreducible or irresoluble or linear divisor of the matrix A, 
and if ¥< is the highest power of t which is a common fixctor of all minor 
determinants of A of order i, i being any one of the integers 1, 2, ...r, we 
will call di, the vutoGimtim index of order i of the divisor t for the matrix A 

Notk. When the matrix A hoa rank 0, we sliaR considor that A has no irreducible or 
iiTesoluble diviHoi’s, 

For we must in this case (see Ex xxvii of § 186) regard 0 as the h.of. of the minor 
determinants of order i, and 0 is not regarded as an iiTeducible function In general 
formulae it must be possible to replace every irreducible and irresoluble divisor by 0 in 
the limiting cose wlien A has rank 0 

When the matrix A has rank r, wo shall consider for similar reasons that it has no 
iiTeducible or iiTesoluble divisors of order greater thau r. 

Ex, 1 . Lot J be a rational mtegi'nl functional niatnx in Q of rank r, where | ; let 
t bean iiTediioible function in U ; and let r/a, .. ffj, be a ninnbor of irroduGiblo functions 
in Q which are all distinct from t. Then t is an irreducible divisor of 

(1) when and only when A has rank loss than r for every finite root of i ; 

(2) when and only when A has rank loss than r for every finite mot of i which is not 

a root of any one of the functions //ai ••• ffp- 

This follows from Exs. v and viii of § 189. 

If i is not an in’oducible divisor of Ay then there exist finite i*oots of i for which A has 
rank r ; and this remains true when r=0 

Ev 11 . Let Ay By Gy hQ rational integral functional nmtncos in Q whoso ranks uj-q 
n, ft y, ; let t he any iiToduoible rational integral function in 12 ; and let u\ ft, y, ... be 
positive integers which are not greater than a, ft y, ... respectively. Thou if t is imt 
a common factor of all minor determinaiits of A of or<ler « , nor a coniinon factor of all 
minor determinants of jB of order /3', nor a common factor of all minor dotorminaiits of 0 
of order y', ..., there must exist finite roots of t for which Ay By Gy have ranks not less 
than a\ ft, yy .... 

We will now proceed to establish tho following important theorem : 

Theorem I. Let A — [a]’^ be any maiHx of rank r, r being not less than 1, 
whose elements are raUonal integral fiinotions in the domain of rationality 
of the scalar variables x, . ; let t be any irreducible divisiyr in fl 

(or any irresoluble divisor) of the matrix A; let t^ be the 

highest powers of t which are common factors of all minor det&i'minants of A 
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of orders 1, 2, ...i, . .r respectively; and let cZo = 0. The^i for the values 
1, 2, .,.r — 1 of % we have 

(A) 

The index d^^ where i <j: 1, has the value 0 when and only when t is not 
a common factor of all minor determinants of order i ; and when di = 0, all 
the preceding indices d^, da,... clearly have the value 0. If + then 
^ IS a common factor of all minor determinants of order i, and therefore a 
common factor of all minor determinants of each of the oi*ders i, i + 1, 
and in this case the inequalities (A) show that the indices di+i, ... foim 
a series of constantly increasing integers. 

Since do = 0, the first of the inequalities (A) is 
cZg dj, or cZq ^ 2di. 

In proving Theorem I we shall make use of the lemmas given below. 


Lemma A, -(/[a]” =[a]” +[j3]” , tJim every minor determinant of order k of the matrir 
[a]” can he expressed as a svm of determinants of the 1 types 


(“)t («> 3)i 

wliffre 8 receives the values 0, 1, 2, ... h 




(0./3): 


•• 


(1) 


Here for the sake of brevity every determinant of the form (a«^, Puh,) where [wl is 
a minor of the sequence [12. .wi], and where and are minom of the sequence 

[1 2 . .,n] having no element in common, is called a determinant of the type (a, jS) The 
truth of this lemma is seen when we observe that the minor determinant 


ft 


+ «Pi<Fa + ft3i(Za» “33i (7fc + (/ft 

+ + • “2Ai fffc + ^Pa (7ft 


«Pftfli+iSiaftg,, apftffa + ^Pfcflji "Pfc'/ft + ^Pfcgft 

can be expressed as a sum of determmants of order k each vertical row of which contains 
a’s only or j3’s only. 


If [a]” has rank p and [j3]“^ has rank o-, then aH those determinants of the varioiis 

types (1) vanish for which Z; - a > p or a > o*. This is seen by expanding each determinant 
of the types (1) in terms of the simijlo mmor determinants of the vertical rows which 
contain /^s only 

Lemma B. Let he any minoi' detei'niiTiant of order i of the matrix A in 

Theorem I which does not vanish identically^ so that 1 and i'^r; lei w and v he any 
elements of the respective sequences [1 2 ... m] and [1 2 . . , u] ; and let 


OpiQi “PiV 




Opjgr, ... Op^Qf ap^v 

... • 
Otigi 0 
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Then 


^[ar-LPt-[Pt 


•( 2 ) 


this equation being an identity m the elenients of and therefore an identity in the 
mriahlea y, e, . .. Also the functional mcUnces [P]” and wi tJie domain Q and 

ham respectively ranks r-i and i. 


That the equation (2) la an identity iii the elementa of A has been shown in Theorem I 
of § lie This can also be seen immediately by equating corresponding elements on both 
aides. If is the reciprocal matrix of it has also been shown in Theorem I of 

§ 116 that the equation 



...(3) 


is an identity in the elements of A, and therefore an identity in the variables cc, ?/, ; 

and it follows that the matnx [PT’^ has rank 2 . That the matrix [PV^ has rank r-i has 
been shown in Ex viii of § 116. 


Lkmma C. With the notation used in Theorem I and Lemma B we hare the following 
remits : 


(1) If k^i and h'^r^ eveiy minor determinant (cfuu)* 0 / [a]” of order h satisfies an 

identity of the form 

p')r*‘‘+2 +2(p, •. -w 

wliei'e the fiiwl value of s is the smaller of the two numbers i and r-k\ 

(2) If h-^i^ evm-ij mwio?* dei&i'minant of [P'J” kc satisfies an identity of 

the form 

(J?', „)*=(- 1)* A** S («, ... + V- S K P)*-*’'+ (6) 

where the final •value of sis the sinallci' of the two numbers k and r — i 

(3) If k'if^r—i^ &ver}i minor determinant of of order k satisfies an identity 

of the form 

S («, + + («, (6) 

where the final mine of s is the smaller of the two number's k and i 
We deduce these results from Lemma A by using the identities for 


[Puv]^ giyeti by 




.( 2 ') 


Each sum in formulae (4), (5) and (6) is a sum of a number of determinants of the type 
shown, as defined in Lemma A. 

We may observe that vanishes identically when k>r^ (P'uv)^ vanishes identically 
when k>i, and (P^^)* vanishes identically when k>r--u When k<i, the first term on 
the right in (4) is ( — 1)*' (P oon'esponding to the value i~k of s. 
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Lemma D If in Theorem I the first ? of the inequalities (A) are tvu^, thim 

(a) Emi'y element co7itai7i8 thefactw' 

(b) Every elefimnt of [P'] “ coiitains the factor 

(c) Evei^ minor determinant o/[P']” of oi'der i coiitains the factor 

(d) Every minor detesmimant of [P']’* of ord&i' k, wh&re contains the factor 

The property (a) follows from the fact that every non- vanishing element of *>' 

minor determinant of fal” of order z-f 1. 

The property (b), which is a particular case of the property (d), follows from the 
identity P ud^Pwo” and the mec^ufihty 

The property (o), which is also a particular case of the property (d), follows from the 
identity 

iP'J, = (-l)Met[a4 [a, 4 = (-1)*K,);(^4 

I 

=(-!)* 

deinved from (3). 

To prove the property (d) we use the identical equation (5) of Lemma 0. Expanding 
every detenniimiit in each sum m terms of the simple minor determinants of the vortical 
rows containing the P’s, it follows from the property (a) that the equation has tho form 

= - ( 7 ) 

where i7o, Pj, . Z7., ... are rational integral functions in Q, of the vai’iablefl a:, c, , and 

where 

Xo=5^*C^ + rfjl., Xi = C?i^ l + (^- 1) ,.. XB=Krfi+i + (A'-«) £f£ + C^jt_g, .. , 

The first i of the inequalities (A) show that 

Xa<|:!Xa_i <t^Xg_a<|^ .. --^Xu 

Hence from (7) it follows that the minor dcteiminant (P'ay)* contains the factor i.e. 
the factor 


We are now in a position to prove Theorem I. We shall consider that t 
is an irreducible divisor in fl; for if the theorem is true for irreducible 
divisors, it follows by taking Q, to be the domain of all scalar numbern 
that it is true for irrosoluble divisors. 


The first of the inequalities (A) ia clearly true, 
every element of [a]” , we have 




For if is a factor of 


where [ii]” is a matrix whose elements are rational integral functions in £1 
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2 

of the variables y, -s, and if = is any minor determinant of 

fa]” of order 2, we have 

Thus every minor dctenninaiit of M” of order 2 is divisible by and 
if IS the highest power of t which is a factor of all minor determinants 
of [a]’^ of order 2, we must have 

daH^2(Zi, i.c. da-di-«(: di-cZo. 

Henco wo can prove Theorem I by induction We will make the hypo- 
thesis that the &st i of the inequalities (A) arc true, and show that, if 
z + 2 :)> r, the (i -f l)fch mequality, viz, 

“ ^+1 4 ” ^ 7+1 

must then also bo true. 


Let = be any one of the non-vanishmg minor determmants of 

order i of the matrix A in which the highest power of t occurring as a factor 
IS Then if A^+a is any minor determinant of A of order i + 2, wc have 
by Lemma 0 an identity of the form 


A,*+= = s (p, po;; + (p. + . .. + s (p, + (4') 


aH-«, i-tf 

where the final value of 5 is the smaller of the two numbers i and r — i — 2. 


Expanding each determinant on the right in terms of the simple minor 
determinants of the vortical rows containing the P s, and using the pro- 
perties (a), (b), (c), (d) of Lemma D, wo see that the equation (4') has the 
form 

F= Ko + Fi + ... + V; -t- , (8) 

where V, Vo, ... Tg, ... are rational integral functions ui £1 of the 
variables x, y, z,,,,, and where 

A = (i 4“ 2) di, Xo = 2di+i 4- (i 4- 1) df, X^ = 3di+i 4- (i 1) 4- df^i, 

... Xg=(s-h2)d<+i4-(i-s)di4-di_g, (0) 

Since A^ is not divisible by a higher power of t than the function V is 
not divisible by t 

The first i of the inequalities (A), which are true by the hypothesis, show 
that 

Xg ^ ^ . . . <j; Xfl H' X, 

and when we divide both sides of the equation (9) by t\ we obtain the 
identity 

A,+sF:=«^Fo4-i^i7a4-...+^^»Fg4-..., (10) 
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wiere 

jjt^ = — djxj = 3 4" 1 j • • • f^s “ (s + 2) -h j > . ■ , 

and fis <|: Me_i ^ ... /^i H: ;ao. 

Since the right-hand aide of (10) is divisible by therefore V la 
divisible by ; and since V is not divisible by t, it follows from Corollary rS 
to Theorem III in § 188 that A^+a is divisible by 

Thus every minor determinant of the matrix A of order i + 2 is divisible 
by i.e. by and if is the highest power of t which is a 

common factor of all minor determinants of A of order i + 2, we must have 

di ^2 H' dij or — di+i <1^ 


This completes the proof by induction of Theorem I. 


Note. AUrn'iiative froof of Tkeor&ni I fm* tJhn special case when the elements of the 
matruG A are rational integral fiiTiciiona of a single vamahle x. 

Another proof for this special case la given iu Note 2 of § 219 


Ex. 111 . From the inequalities (A) we see that if % %o are positive integers such that 
we have 


+ Hr (B) 


Ex. IV From the inequalities (A) Ave see that if then 

(C) 

Ex. V. If t first occuis as a co»nmou factor in the minor detemiinauts of A of order i, 
and if the highest power of t which is a oommon factor of aU minor detemiinauts of 
order i is then the highest powers of t which are common factor of all minor 
detenninauts of orders z, ^+l, i+2, i+3, ... respectively, so long as no one of those 
orders exceeds r, are 

^4-2|9 + y ^4oiH-Bj8+fly+fl 

whoi'o 7 , d, . . are positive integers, each one of which may be 0 


Ex. vi. SpeeiaZ proof of the last of the insquoZities (A) for an 'imdegenerate square 
Anatrix 

Let t bo any irreducible (or irrcsoluble) divisor of [a]^, and let A,,. a bo any minor 
determinant of [ct]^ of. order r-2 which is not divisible by a higher power of t than 
«^- 2 . Without loss of genoi’olity we may assume that Then in the 

identity 


{a) 


r-a 

r-a 




.2. 

r-2,r-l\ 

/ 1, 2, r-a, »• ' 


a ) 

( a 

.2. 

r-'i.r-l/ 

\l, a, r-2, 

> a. 

) -a. 1 -l\ 

/I. 2, r-i, 7\ 


a ) 

( " ) 

i.Ji, 

r-2, r / 

\l, 2, r-2, r/ 


given by § 110, the highest power of i which is a factor of the left-hand side is i^+'V-a ; 
and is certainly a factor of the right-hand side We have therefore 


^4“^— a H- li ^r— 1 2* 
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Ex vii If [j1] " w a mnplete mat'i'ix of the miiiior deterriiiinai}!^ of order i of the matrix 
4=[rt]" of Theorem 1 whose rank is r, and if i + l ;;(>?•, the}b &oery minor detmninant of 
[AY^ of order 2 is divisible by 

Wo observe that if i+l >?’, then ovory minor dotormmant of of order 2 vanishes 
idontioally, but if z+l:|>ir, tlioii has minor dotormmaiits of older 2 whioh do not 
vanish identically. 

Wo prove tho above theorem by showing that if [p]^, [w]j o,ro minors of the sequence 
[1 2 ... ;a] and are minors of the soquonce [1 2 ... 7i], and ]f 

Apq=ia]pq)^, -dpy=(apy)^, 

then ^''i-i+^'i+i IB a factor of the dotorniiiuiiit 

• 0 = =>d„A„^-A,^A,„. 

Let A=il,,g«(apo)*, and let [P]“ and [P']“ bo defined as m Lemma B, so that 
, and is obtained from by substituting 0 for 

Then A [ct,t J \ « [Pti J ^ - [^Sh»]^ • 

By § 110 we have tho identities 



the second being derived from the tii'st by tho substitutions 

Thu« dot{[Aj;-AM;}=A‘->(^^_’ 

or dot {a = A* (11) 

Expanding tho left-hand side of (11) in asconding powers of A, wo obtain a result of 
tho form 

=A‘-» S (ffi, A<-a S (a, i»)j“®'*+...+A*-* S (a, P)‘''’' + (12) 

Now every determinant of tho type (a, m (12) ia a stim of produote of a minor 

determinant of [o„J* of order %-» and a minor determinant of [PjJ of order a, and every 
minor determinant of [P„j‘ of oi-dor a ia by § 110 the product of A*-‘ and a minor 

[ -■<.< 

®pj> V of order i+a containing A. 

Consequently in (12) we can write 

A<-*S(a, P)J"‘’*=A<-‘s8i_,8*+„ 

where 8<_, and 8<+, ai'e minor determinants of [<*]* of oidore i— « and »+«; and we see 
that A*”’^ is a factor of both sides. 
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Since (12) is an identity in the elementa of j fl'nd A is a function of those elementR 

'which does not Tanish identically, wo can caiicol the factor common to both sides, 
and wo then obtain a result of the form 

+ + (13) 

where fZi, ... 27,, ... aiHi I’ational integi'al functions in Q. of the vEU'iables a*, 3^ »•., and 

where 

In (12) and (13) we have « a :j> ?* - 1 , i.o. and the inequalities (A) 

show that 

ri::^^ra:(>T8i|> . 

Therefore D is divisible by i.o by 


£j;. viii Jf the m'ednoihh {or znesotuhlu) fuiicium t is n/)t a factor of the minor 
detennmant Ai=(apq)J, and if la a facUn* of all ifioae minor det&nmnanta [rt]” of ordei' 
i+l which contain At, tfi&n is a factor of all minor determinants of [o]”^ of order i+1, 
and is a factor of all minor dotmninaiUs o/M"^ of order i+/,. 

Let Af^^fc bo any minor detonmnant of of ordor i+/;, whoi’e and 
Then by Lemma 0 wo have au identity of the form 

v+*A,+*=2(p.p')<+,+s(p.p')':|:l’'"'+ ..+2(/‘, , .. (u) 

the final vidne of s being the smaller of the two luiiiibors i and r-i — L Since Oiich of the 
P’s is divisible by P, this identity has the form 


whore P, 27o, 2/i, C/,, . arc rational integral functions in C, and whore 27 is not 

divisible by t. It follows from Corolhu'y 2 to Theorem III in § 188 that A^^.^ is divisible 
by t^. 

The theorem of this examide coiTcBponds to Theorem I of § 71. 


Eio. IX If the iirednciUe {or m^esolvMe) fmetim t is not a factor of ike minor 
determinant Li={a^^^^ and if P is a factor of all those minor determinants of [«]” of 

ord^^r i-h^ which contain A^, tkm is a factor of all minor dotmninants of of 
order i-\-k 

We agam use the identity (14). 


If (Pun);;, iM aiiy minor determinant of [P]|J^ of order wo have by § 110 


{Pu.)] = f V ' ■ 

\?7, .pilii III/ V*'W(/J 


Uk 


Since the seoond factor on the right is divisible by P, we see that every minor 
determinant of order k is divisible by p. Moreover every minor determinant of 

[P]^ of order greater than h con be expanded in terms of mmur determinants of order /&, 
and is therefore divasible by P, Hence from (14) it follows that A^^.^ is divisible by P. 

The theorem of this example corresponds to Theorems II a and 116 of § 71. 
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E^v X m the text lei have rmd' r, whtTe let = he a 

deteriniimiit o/[a]”^ of older i ii'hich doce not vanish idmitiealhj^ and lei t he an trredncihlo 
{or m'osoluhle) divisor of [a]” Thm if are defined as in Lenma Bj we 

have the following residts in which k is a positive uiitoge^'. 

(1) If evefi'y minor det&i^mvnant {I*m^\ o/ of order h is divisible hi/ 

(2) ^^«=-2fw + l cveri/ minor detiyrnmianJt (Pi{o)j[ of [-/“*] of order k is divisible 

hg 

By Lemnia 0 there axiwts an iJotitity of the f(»rm 

(A.)*=Ai*(«Kv)J+ . + V-"S(a,P')|i;““''+ . 

Using the iiroporty (d) of Lonimii I), wo win write this in the fomi 

+ . . + ( 16 ) 

where «7o, Uly C/g, . Ui ara rational intogi-al fuiiotioiib in 12 of tho variables .r, y, s, 
the fiinotiona Ci+^t ••• vaumhiiig identically when k>'i; and where 

Xy=Mi+c7i, . . \=kdi + di^a+f^ai ■ 'Ki=kdi-\-dji, 

We obsei've that 

Now Xg_i <(: Xg when f^n-g+i - 4 - d^^i. Therefore Xg_] <(: Xg when /;-« + 1 <): a, 

or 2s h/t+1. Thus when k = 2K, the least of tho iiumborH X(,, Xi, .. Xjt is X*, and when 
+ 1, the least of those iiLimboi*H are tho two equal niimboi’s X„ and X^+i. Honco tho 
identity (15) shows that the results (1) luid (3) given above aro true. 

In tho following Bccond theorom, which will bo usod in tho next article, 
n again denotes any domain of rationality. 

Theorem II. Let il = [a]" be any matrisv of ranh 9*, where 
whose elements are rational integral fiLuetions in fl of the scalar mmahles 
XyijyZy,, ; let Ai = i)£+i = (dfcfii,) III 6e any two minor determinants 

of A of orders i and i b 1 lohich do not vanish identically y so that i -|- 1 9’ ; 

let t be any reducible {or irresoluble) divisor of A; let df, d^\ ...dV+i be 
the indices of the highest powers of t which are common factors of all minor 
determinants of Di^i of orders 1, 2, ... i + 1 respectively j so that in particular 
d'i+i %s the index of the highest power of t which is a factor of ; and let 
do' = 0. 

Further let Si be the index of the highest power of t which is a functor of A^, 
and let 8i+i he the index of the highest power of t which is a common factor of 
those minor determinants of A of order i + 1 whioh contain A^. 

Then 8t+i — Si 0, Si_|,i — S^ :|>- d'i+i — d^ (D) 

As before we can confine ourselves to the case in which t is an irreducible 
divisgr of A in II. 


a m. 


13 
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The fiist of the inequalities (D) is obviously true. 


To prove the second meqiiality lot Fuv = 




, so that S 14.1 18 the 


a 

\2hPi ‘-PiU/ 

index of the highest power of t which is a common factor of all the elements 
of [P]\ 

Then if [4^,] ‘ is the reciprocal of [a^] we have by § 116 the equations 


which are identities in x, and from the second equation we deduce 

the identical equation 

det{A,[a„j;;;;;-[p„j;+;i=o, (i6) 


which IS Kronecker’s identity given m Ex. xvii of § 116. 

Let S'l+i be the index of the highest power of t which is a common factor 
of all the elements of Then S.+i 8 '*+,, and therefore the second of 

the inequalities (D) will have been proved if we can show that 

(B') 

Now putting [P writing (16) in the form 

det {A, [&];;; -[QQ^O; 

and expanding the determinant on the left m powers of A, we obtain an 
identity of the form 




iH-1 


When we further expand each determinant of the type ( 6 , in 

terms of the simple minor determmants of the vertical rows contaiSng the 
b s, we see that the last identity has the form 

«'*J7'o = + + ... + +i’'«-i£r<+i, (17) 

where U^, Vi,... U„... ore rational integral functions in fl of the variables 
X, y, a, ... , the function 11^ being not divisible by i ; where 17r_f+a,-.. 

^i+i vanish identically when i + 1 v ^ and where 

T„ = (i + 1) 8 , + d'i+i, T, = SVi + iSi + di', . . . 


T, - 4- (t + 1 — s) Si + ... . 
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With this notation wc have 

” T* = (S — Sj) — (cZ i— s+i ^ {a = 0, I, 2, . . %) 

But by Theorem I - d/ - d'f^,. 

Therefore -r.i (8'h-i - S,) - {d\+, - ^Z/) (IS) 

If wc had — 8^ > d\+j — d^\ it would follow from (IS) that Ti, Tjj, . 
are all greater than Tq, and then from (17) that Uq is divisible by Z, which is 
not the case 

Accordingly we must have 8\+i — 8^ :j> ^ ^w^d tins establishes 

Theorem II. 

§ 203. Regular minors of a rational integral functional matrix. 

Let A = [a]” bo a matrix of rank r whoso elomonta arc rational integral 
functions of the scalar variables w, y, z, . . . , all lying in any domain of 
rationality 11 ; let Z be any one of the irreducible (or irresolublc) divisors of 
A 3 and let di, rfy, ... . . d, be the indices of the highest powoi-a of t which 

are common factors of all minor determinants of A of orders 1, 2, ... i, ... ?• 

respectively. Then any minor detorminaiit Ai = (tE 3 ;,j)| of A of order i, 

whore i ::|> r, is said to bo regidar with respect to the divisor t when it 
docs not vanish identically and is not divisible by a higher power of t than 

The square minor matnx will then also be said to bo regular 

with respect to the irreducible (or irresolublc) divisor t Further any 
horizontal or vortical minor of A of reduced order z, whore i will bo said 
to be regular with respect to t when one of its simple minor determinauts 
(of order i) is regular with respect to t 

If t is an irreducible (or in’caoluble) function whicli is not a divisor of A, 
any minor determinant of A of order i which does not vanish identically and 
is not divisible by t will be said to be regular with respect to t In fact wo 
could regard t in this case as an irreducible (or irrosoliible) divisor of A for 
which di = da= = dr = 0 In the particular case when all the clornGiibs 
of A arc constants the term regular will have the meaning ascribed to it 
m § II7 a. 

We have used the term ‘regular^ in an entirely different sense in § 187. a. 
The sense in which it is used will always be clear from the context. 

With respect to the regular minors of A we can prove the following 
theorem which corresponds to Ex. i of § 116 : 

Theorem, i/ i + 1 r and every minor detemiinmt of order z + 1 
of the rational integral functional matrix A which is regular with respect 
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to the irreducible (or irvesoluhle) divisor t contaw-s at least one mivor detei'- 
mmant of order -t winch is regular ivith respect to t, also every minor 
deterndnant of order i of A which is regular ‘ivith respect to t is contained in 
at least one minor determinant of order -a + 1 of A which is regular with 
respect to t. 

Wo shall prove the tlie<}rom for the ofiso ui which t is an irrodiieible divisor 
in n. The triilli of the theorem for the ease in which t is an irresolublc 
divisor then follows when wo tiikc H to bo tho domain of all algebraic 
niimbei’S 

In tho first place lot = and = be any two minor 

deberininants of A of orders i and i + 1 which do not vanish identically. 

Let d'i^i be the index of the highest power of t which is a factor of 
and let he the index of tho highest power of t which is a common 
factor of all those minor determinants of A of order i which are contained 
m A+i. 

Also let 8^ be the index of the highest power of t which is a factor of 
and let be the index of the highest power of t which is a common factor 
of all those minor determinants of A of order i + 1 which contain A^. 

Then by Theorem II of § 202 we have 

Si+i — Si ^ d 1+1 “ dg (1) 

Now let both the determinants A^ and Dg+i be regular with respect to t 

BO thbit 

di+i = di+i .(2) 

Then tho inequality (1) becomes 

di + di+i ^di + Si+i (3) 

From (3) and the obvious inequalities 

Sg+i di i du 

we deduce in turn that dg di\ dg+i ^ 

and from (4) and (5) it follows that 

d» ^ di, Sg+i = dg+i (6) 

The first of the equations (6) shows that if is regular with respect 
to t, then it con tarns a minor determinant of order i which is regular with 
respect bo t; and the second of the equations (6) shows that if Ag is regular 
with respect to t, then it is contained in a minor determinant of A of order 
i + 1 which is regular with respect to t 


( 4 ) 

,( 5 ) 



A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


197 


203] 


Ex, i. If the minor dotcrmiuants Ai=(«po)^ and = rogiilar with 

respoct to tho divisor then one at least of the minor detormiuants of A of order 2 + I 
wliifh coutiiins and is roguliu’ with respect to i is a mincjr determinant of the matrix 

».<+! 

M=\ 

Wo see tins hy applying the theorem of tho text to the matrix M Wa can also see it 
by using the inequality winch is tho inequality (D') of § 202, in 

place of tho inequality (I) m the above proof, in which case we obtain 


It follows that 


^ = = (f) 


Er. 11 . If the ratwuil integral fnimtioncd matrix A u vonvei^tihle into the matrix B hy 
an e^igradent traiufoimaiion^ theji B is also a rational integral functional matnx^ and: 

(1) Tho matrices A and B have the same rank r. 

(2) The matrices A and B have tho same irrosohible divisors 

(.3) If t is any irresohible divisor of A and and %f the muximmn indices 

dij c?a, dij dj, of t of orders 1, 2, . i, .. r are the savio for both the 
matrices A and B. 


Let i? «[/>]", and let 


[6]! =[/*]’: [«j!=,57’'‘[i]" /-i 


n 

n 


( 8 ) 


where luidegonorate matrices of ranks jo and q with constant elements, and 

I— nfll r-*i*/ , 

H , K are undegonerate matrices of ranks p and q with constant elements inverse to 

I — >ii 

them. When we equate correspondingly formed complete matrices of tho minor deter- 
minants of order i on botli sides of tlie equations (8), wo see that every minor determinant 
of B (or jl) of order i is a honiogeiieous linear function of tho minor determinants of A 
(or B) of order i. 


Hence if tho minor dotemimants of A (or B) all vanish identically, then the minor 
dotenninants of B (or A) all vanish identically. Thoroforo A and B must have the same 
rank, which we denote by r. 


Again if i:|>r, the common factors of all minor deierrainants of A of order i are 
identical with the common factors of all minor detorminanis of B of order i] and this 
proves the properties (2) and (3) of the theorem. 

Let the equigradent transformation conv&rting A into Bhea transformation in Q, Q being 
any domain of rationality ; and lei one of the matrioes A omd B lie in 12. Then both these 
matrices lie in 12, and: 


(4) The moitrices A and B have the same irvedndhle dirmors in 12. 

(6) If t is a/ny irreducible divisor of A and jB, and if i^r^ the maodmum indices 
di, c^, . . dr of i of orders 1, 2, .. ... r are the same for both the 

matrices A and B 
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III this case the matrices [A]*’ , [^]" lie in Q, nud wo cau choose the inverse matrices 

r^w I — |fz 

R . K m that tliey also he in Q. Therofore if ono of ths matrices A and B lies lu 

the other also lies in Q.. The same TOOSoning os before establishes the propei-ties (4) 
and (5). 

Ex, iii. 7/^/1 = [a]” is a yahmicd integral functional niaVrix in Q of rani r, 7o7io7’e r <|: 1, 
and ifi is any one of its iireduoihlc {or iiresoluhle) divisoi's, loe can always detemiinc a seizes 
of j ininor deta'minants 

2 { r 

^ 1 — 

which are all regular mth respect to t, and each one of which afteei' the first is contamed in 
the preceding deimiinanL 

This follows from the theorem of the text. We can clearly choose Aj to be any element 
of A which IS regular with respect to ^ ; or as an alternative we can choose A^ to be any 
minor detei’ininaiit of A of oi-der r which is regular with respect to U 

Ex, iv The matrix A of Ex ii can he conimtcd by derangemmits of its horkontal and 
vertical rows into a similar matrix in which the semes of r leading minor detei'mmants 

= ... t^!={h)l 

are all regular with respect to L 

Wo deduce this result from Ex. lii when we form B by bringing the jOith, jOytli, ... ji^th 
horizontal rows of A into the 1st, 2nd, . Hh positions, and then bringing the </itli, (/yth, 
... g'fth vertical rows into the 1st, 2nd, ... rth positions. 

By Ex. ii the matrices A and B have the same rank, he in the same domain of 
rationality, and have the some in-oducible (or iiToaoliible) divisoi’s. Moreover the highest 
power of t which is a common factor of all minor detenninants of A of order i is the same 
as the highest power of t which is a common factor of all minor dotermiiiaiits of B of 
order i Since At'*= ±A;, nud A; is a regular minor determinant of .4, thei-ofuro A/ is a 
regular mmor dotennmaiit of B 

Ex. V. Lot the matrix have rank r, where rA^\\ let ^ bo any one of the 

irroduoible (or irresoluble) divisors of A ; and let rfi, £i?a, ... rf;. bo the maximum indicoH of t 
of oi-ders 1, 2, ... r for the matrix A 

Then if is a square minor of A of order r which is regular w'ith respect to 

the maximum indices of t of orders 1, 2, ... r for the matrix A' are eZy, ... rZ^, io. they 
are the same as for the matrix A 

More generally if s:|>r, and if ^ square minor of A of order s which is 

regular with rospeot to then the niaxmnim indices of t of oxdors 1, 2, ... for the 
mati'ix A* are dx^ rfa, ... 

These results follow immediately from the theorem of the text. 

Ex, VI If Ai=((7pB)* IS a minor detei-minant of A of order i which is regular with 

respect to t, and if i+s^r, the highest powei' of t which is a common factor of all minor 
determinants of A of order i+s is the same as the hxglmt power of t iRiich is a common 
factor of all those minor detenmmnts of A of order i+a which oontain A^. 
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For by the theorem there exists a minor determinant' A,^., of A of order i+« which 
contains Ai and la regular with respect to t Then all minor deteiiiimanta of A of order 

contaiinng A< uro divisible by and one of tlioiii, viz. A^+h, is certainly not 

divisible by a biglier power of t. 

Ex vii IJ a horizQ^ital minor (or 'if /Ar=[aiq]* u a vertical minor) of 

of redvoed ord&' / which la regular with roapect to mid if i + then the highest penoer of t 
which ia a common fttcior of all minor dete^i'minanU of A 0 / i + a w the same as the 
highest powei* of t which is a oommeyn factor of all those vxmor determinants of xi of order 

which inrolm all the i horizontal roioa of H ipr all the I vertical roios of A"). 

This follows from Ex vi. 

§ 204 Regular minors of a rational integral functional matrix 
which, is symmetric. 

In the following examples A = [«]"* will denote a symmetric matrix 
whose elements are rational integral functions in fi of the variables 
2 /, 5r, fl being any domain of rationality. The rank of A will, unless it 
is otherwise defined, be denoted by r. It will be supposed that t la any 
irreducible divisor of A in fl. In the special case when il is taken to be 
the domain of all scalar numbers t will bo any irrcsolnblc divisor of A. 
The indices of the highest powers of t which are common factors of all minor 
determinants of A of orders 1, 2, ...r respectively will be denoted by 
di, da, fir ; and we shall use the convention that d^ = 0. When any 
minor determinant of ^*1 ivS said to be regular, it will be undei'stood that 
it IS regular with respect to the irreducible divisor t 

These examples correspond to the theorems given in § 12G. 

Ex. 1 . Every symmetric rmirix A rank 1 has a regular diagonal element 

If Uij \h any noii-diagoiial eloinoiit, the equation =0 la an identity in the 

variables . 17 , y, . and leads 1 k) the identioal equation 

( 1 ) 

If oy is regular, the right-hand side of (1) does not vanish identically, and the liighoHt 
power of t occurring as a factor in it is t'^i. Jt follows that neither Oa nor ajj vauiahos 
identically; and since each of these elements must contain the factor tins must be the 
highest power of i occiuTing as a factor in each of them, i.Q. oocli of them is rcguhu*. Thus 
if there is a regular non-diagonal element thei*e are at least two regular diagonal 
elements an, <%. And if thei’e is no regular non-diagonal oleuiout, thoi'o must uecorisarily 
be at least one regular diagonal element. 

Mv. ii. Every symrnoiric matrix A = [a]||| of rank r, where r <|: I, hm at least one regular 
diagonal minor determinant of ordei' r. 

Let [A]^ be a complete matrix of the minor determinants of A of ordi r with a 
common scheme of formation for horizontal and vertical rows. Then [A]^ is a symmetric 
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uaatnx of rank 1, and by Ex. i baa a regular diagonal element "which is a regidar diagc)iial 
minor determinant of A of order r 

As an immediate consequence we see that. 

The iT.Q P. of all minor detemninanis of order r of a sr/mmetric mainiu of rank r is the 
same as the nap. of all its diagonal minor detenninants of ovcl&i' r. 

/ViVi 5>s-l\ , /PiJOa . _ 

Ex m Ze?Aa.i = ( a a \ be two diagonal minor deter- 

\PiJJn- V9-J .238-1«v' 

mvnants of the symmetric matrix A = [a]“| of orders « 1 and s + 1 {'ivherc «-l<|:i,5 + l:^ wi) 
s^ich that the second contains the first us tt minor ^ and Jet 


/pi 

/Pi 

..pjr-1 V\ 


pB-ir\ 


..Pa-i n\ 

1 “ )’ 

11 

a ), 

Auv — ( 

cc ), 

4 

a ) 

\pi Pa-1 

\Pi 

Pa-W 

\PI 

Pa-l'Tt/ 

\p, 

Pji-1 V/ 


so that A^ are the two diagonal minor determinants.^ and Ai„i arc the two 

non-diagonal minor deteiininants of A of oi'der s which are contained in Ag + i and 
contain Aa_i. 

Then is regular and either tw' is noii'^'egular with respect to the im'educihle 
{or mesoliihle) divisor t of Aj both Aa_i and Ag+i are regular with respect to t 


By g 110 we have the identical equation 


Afl_iAa + i = 


A, 




( 2 ) 


If IB regular, and A „„ and Ajn, are not both regular "with respect to tj the identity (2) 
can be written iii the foimi 

Afl_i Ag + 1 =* (tl/A‘ V)j 

where U" and V ai’e rational integral fanctions in Q of .t, 2 , and whore V ih not 

divisible by t. Therefore the liighoHt power of t ocoumng as a factor 111 the product 
Afl^i Ag+i is t^^a. Smoe Ag-i cei'taiiily contains the factor and Ag + j certtiinly contiiinw 
the fiuitor t^a + i, and since by Theorem I of § 202 wo liave <fg-i + fl^a+i it follows that 

tfa—i and are the highest powers of t oocinring as factors in Ag_i and A, + i respec- 
tively, i.o. Ab_i and Ag+i are both i-cgular "with rospeot to t 

It also follows that 1 + rfg + 1 = 2fl?g, or dg^ i-d,=dg’-dg^i. 


Ex. IV. If a diagonal minor detmminant of order fl + l of the sipnmetHo matrix A winch 
is regular with respect to the m^educibh {or irresoluhlc) diinsm' t of A dues nut contain 
any diagonal minor determinant of order' s which is regular mth respect to i, then it 
cet'tainly contains a diagonal minor determinant of order fl-1 which is regular with 
respect to t. 

It is assumed that r<^:3, a-I -4:1, s+1 :J>r. 

Lot Ag+i be a regular diagonal minor determinant of A of order a -PI which does not 
contain any regular diagonal minor determinant of oi-der a. By the theorem of g 203 it 
contains a rogulai’ non-diogonal minor determinant Ag of order j, and we can by like 
dorangenients of the horizontal and vertical rows of A (which leave its symmetry 
unimpaired) expiuss Ag+^ and Ag in the fomis given to Ag^.! and m JEx. iii Then 
by that example Ag^i is regular , and it is a diagonal minor determinant of A oontaaned 
in Ag+i- 
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Ex. V. If a diagonal minor detomnnani of ordcfr « — 1 0 / tho Rgnmotric mairix A which 
is regidar 'idth respect to the ifreduoiblo (or irresoluhle) diviaor t of A is not contavtied m any 
diagonal minor det&i'imnant of A of order s which is regular with respect to ikon it is 
certainly contained in a diagonal minor determinant of A of ordet' a+l whioh is regidar with 
respect to t 

It IS assumed that r 3, a- 1 <|: 1, 5 + 1 :(> r. 

Let be a regular diagonal minor detomiinant of A of order a~l which is not 
contained in any regular diagonal minor dotomimaut of A of order s By the theoi^em of 
§ 203 it 18 contained in a regular non-diagonal minor dotcruiinaut Aa of A of order «, and 
we can by like derangeinenta of the horiKoutitl and vertical rows of A (which loavo its 
synunoLry unimpaired) express and A^ 111 the forniH given to A^-j and -d,i„ in Ex lii 
Then by that example Ag+i is regular , and it is a diagonal minor deteiiiiinaut of ^1 which 
contains A^.i 

Ex vi If the symmetric matinx i4=a[rr]’|| has rank r^ then eimj diagonal minoi' 
determinant of A of order r — 1 winch is regular with respect to the imducible (or me- 
soluble) divisor t of A is contained in a diagoiud minor doteimiinant of A of ord&r r 
which IS regidar with respect to t 

It IS assumed that r <t: 2. 

Let A, be a regular diagonal minor deteniiiimut of A of oi-der r- 1. Then 
if the wth horizontal row aud the 'i;th vei'tical row nf A are rows which do not ocoui’ m 
Ar_i, and if 


/Pi Pr-lW\ 


1 .P7— H)\ 


■ pj— 1«\ 

A,u=(’ 

1 Pj-1 

{ “ 

a , 

Auv— ( 

a ) , 

a ) 

\Pi Pr-1«/ 

\p 

1 Pr-ivj 

\pl 

P»*-i «/ 

\p 

.Pr-iV 


the equation 1=0 is by HO identity in tho vannbloa y, s, and leads 

to the identical equation 

■ ( 3 ) 

If there is a regular non-diagonal minor detonniimnfc of A of order r which contains 
Ay_i as a minor, wo may select it for Tlioii docs not vaniah identically, and the 

highest power of t oecun’ing os a factor on tho right in (3) is i^r . It follows from (3) that 
neither nor A ^^ vanishes identically, and huiog each of those determinants must contain 
the factor t^, this must be tho highest power of t occurring ns a factor in each of them. 
Thereftire Auu and A^d are regular diagonal minor determmaniH of of order r ooiitamiiig 
A,,_i And if there is no regulai’ iion-diagmial minor detorininant of A of ovdov r which 
contains A,,_i as a minor, then by tho theorem of 20 p 3 there is certainly at least one 
diagonal minor deteminant of A of order r wliioh contains Ar-i* 

The above theorem is that whioh replaces the theorem of Ex. v when js=:r- 1. 


Ex. vii. If no one of the diagonal elements an, ckm, . . a^^n of the symmetric matinx 
A = [a]” is regular with respect to the irreduaihle (w irresoluhle) diviaor t of A ^ and if is 
a non-diagonal element whioh is regular with respect to iy then 


Aqb 


Oii Cij 




.( 4 ) 


is a diagonal minor determinant of A of order 2 which is ? egular with respect to t. 
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It is assumed that 

By § 203 thGi*Q must exist some non-diagonnl element aij •which is regular with respect 
to t Since IS the highest power of t which is a factor of and since the product 
a^iCLj^ 18 divisible by a higher power of t than this, we see from (4) that 

r), (5) 

where JJ and V are rational integral fiuictions m Q of a?, ;y, s, , and where V does not 
vanish identically and is not divisible by t 

Let cL' he the index of tho highest power of t which is a factor of Ay . Thou from (6) 
we see that 

d2=2di. 

Now ie d 2 ^ 2 di, and therefore d^^d^ Since d/^^da, it folhnvs 

that d 2 =^d 2 ^ 2 di, and this shows that Aa is regular with respect to i 

The above theorem is tho special form assumed by the theorem of Ex v wlion «=1 


& viii. If A [a]^” M a syrnTTietrio 'matrix of rank r, w/iero r <(: 1, w/iorg olemania aro 

rational vntegral fiinctiouB in Q. of the variables a?, y, , Q being any domain of rationality^ 
we can always determine a series of diagonal minor determinants 

of orders 0, 1, 2, . , jj , . . amcli that : 

(1) Eaoh determinant after the first ccyiitaviis the ]oreccding determinant 

(2) The first and IcLst deter'minants Aq and are regidar with res 2 ^ect to the given 

irred'itoihle {or VTesoluhlo) divisor t of A. 

(3) iVb two conseoniive deU^rmmants are both non-regvlar 'idth respect to t. 

(4) If is non-regulcur with respect to then all diagonal minor detemninants of A of 

&i'der s are non-regular with respect to but those two non-diagonal minor 
detofi'minants of A of order s which contain Ag^i a^id are (lontuiwd in A^^-i, vis 


^ /PiPfl y8-iPi+l\ ^ ^ / ViP^ ‘ Pn-lPa \ 

a ), 2)b=( a y 
\ Pi Pi . Pfl-lPa / \Pi Pa Pa-IPBH 1/ 

are regidar loith respect to t. 


Taking A^ to he any regular diagonal minor determinant of A of oinler r, wo can 
detennine A^.^!, A^-aj ... Ai in turn. When A^+i has been detorminotl and is regular, wo 
choose Aa to ho regular if this is possiblo. If this is not possible, then if «+l <j:3, we 
determine A^ and A^^i in the manner described in Ex. iv; and if /?=!, wo cIukjho A* to hc^ 
one of the two diagonal elements of Ag+i. 

Or Btai*ting with Ai, we take Ai to be any regular diagonal element of A, if this is 
possible; and when this is not possiblo, we choose Aj and Ag in tho maimer tloacrilKul in 
Ex vii. Wo can then proceed to determine tho remaining doterminantj^ in snoci'SHion. 
When Ab_i has been determined and la regular, we choose Aa to be regular if this is 
possible. If this is not possible, then if s+1 we determine Ag and Ag ^ in tho nuiuuer 
described in Ex. v ; and if — 1, we detennine Ag m the manner deacrihcil m lilx. vi. 


Thus in the abovo senes of determinants A^ can be any regular diagonal minor 
determinant of A of order r which we ohoose to ^eleot. Or as an alternative Ai can 
he any selected regular diagonal element of A^ when one exists; and when A has no 
regular diagonal element, A^ can be any diagonal element of A which lies in the same 
horizontal or vertical row os a regular non-diagonal element. 
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Ex IX. Let he any symmetric rational integral functional niatinx in 12 of 

roAik whm'e <(; 1, and let t he any one of its iireducible {or iiresohihlo) dirisors Thm hy 
like dorangemcnU of its hoideontal and voi'tical roios we can convert A into a symmetric 

matnx whose leading diagonal minor dotefniiinanis 

" A,; = l, Ai' = &u, A3'=(6)*, . A.'=(6);, 

have the following yroycrties : 

(1) The frst and last det&i'minants Ao' and A,/ are regvlar with respect to t 

(2) No two consecutive det&rminanls aQ'e both non-regular with respect to t. 

(3) If Ah' is non-regular with respect to t^ tkm all diagonal minor det&i'niinants of B 

oi order s, including the two diagonal viiiKyi' detenininants 

( 1, a, . /I. a, «-i, i!+i\ 

h T h ), 

1 , a, jf-i.N/ \i, 2 , 

are non-regular with respect to hut the tioo non-diagonal minor dete/i'minanis of 
ordei' s 

/l, 2, <1-1, »+l\ / 1,3, fl-l. ii \ 

i?i2=( b J, i?2i = ( b j 

\l,3, H-1, a/ \l, a, a-l,H*l/ 

are regular with respect to t. 

Lot A 1)6 the matrix of Ex. viii. Then B "W]!! be a matrix having the propeiines 
Htated above when wo form it by bringing the ^^|th, ?)ath, .. jw,.th hurizonbil and vortioal 
rows of A into the Ist, 2ncl, .. Hh positioiiH. 

The matrix A is converted into B by a Hyiniiiotric eqnigradent transformation or 
a ayinnietrie derangement of the form 

h [a] [h] «=[&] , 

where is a dorangomont of the unit matnx [1]’’*. 


Ex. X. Ill Ex. i\ suppose that Ag' is non-rogular with respect to t j lot the syminetrie 
matrix be convoi'ted inU> the symmotrio matrix by adding in Huccosaion 

the (a4-l)th horizontal row to the sth. horizontal row and the (ff + l)th vertical row to the 
«th vertical row ; and let 

Au"=i, A,"=c„, v=(o)^, ... v=w;. ... v'=w;; 

Then hy Ex. n of § 203 the matrices B and 0 liavo the same rank, ho in the same 
domain of rationality, and have the same iri^oducible (and irresohiblo) divisoi’s. Also the 
maximuin indices rfi, efa* ^ of orders 1, 2, ... r of the in’educiblo (or iiTosolublo) 
divisor t are the same for the matrix C as for the matrix B. 

As shown in the proof of Theorem I a of § 147 we have 

A^"soA^' when i+a; (6) 

and Ag"=aj5n+2jBi2+'.5a3* 

Since t^» IS the highest power of t which is a factor of and both Bu and jBa 2 are 
divisible by a higher powei’ of the identity (7) has the form 

A;'=«‘^-(if/7+ TO, (8) 

where U and V are rational integral functions in 12, and V is not divisible by The 

identity (B) shows that is the highest powei' of t which is a factor of A*". Thus the 

non-regular determinant A*' has been replaced by the regular determinant A*" From (6) 
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we see furthei' that when i=|=«, A," is regular or nou-regular acooitling ns Aj' is regular or 
non-regiilar. 

By CL mccemon of mch symmetric equigradeait transfomiatiom loe can convert B into 
a matnx' wMcJl tlvar leading diagonal minor detmmnants Oju (c)^> -- (^'0^ 

all regular with respect to t 

Ex 31 Let A he a symmetric rational integral functional matrix of rank r lying 

in a domain of raiionaliiy i2, wkei'e and lot t be any one of ifs irreducible {or 

irresoluhle) divisors. Then wc can aorwevt A into a similar symmetric rational integral 

fmictwmil matnx 6'=[o]’** of rank r lying in i2, whose first r leading diagonal minor 
detei'nivnants 

^2“W25 "• ■* 

are all regidar mth respect to the divisor by a symmetric unitary eq7iigrade7it Iransfonna- 
tion of the form 

T j<[/o:=[<, (9) 

where and where emy element either 0 or 1 . 

To do this we apply to -4 in succeHsion the transform ations indicated in ISxh. ix and x. 
The form of the matnx m the resultant ti'ansfonuation (9) hiiH boon oonHiJoreU in the 
proof of Theorem Ic of § 147 

By Ex* 11 of § 203 tlio matrix C has tho same in’educiblo and irrowolublo diviHorn ns t]i(3 
matrix A^ nud the maximnin indices of oi'dors 1, 2 , ,,.r of evoi’y irrediicihlo or irreHoliiblu 
divisor are the same for the matrix C aa for the matrix A 


§ 206. Th6 potent divisors and potent factors of a rational 
integral functional matrix* 

1 . Maasimum and 2^otmt vidices Mewimum and potent divifiors. 

Let A be a rational integral fiinctiunal matrix nf rank r lying in 

any domain of mtionality fl, its olements being rational integral functions 
in n of ceitain scalar variables a;, ; and let t bo any ono of the 

irreducible (or irreaoluble) divisors of A as defined in § 202. Lot ri,, ^ai dj. 
be the indioea of the highest powei*a of t which are common factors of all 
minor detonninanta of A of orders 1, 2 , ...r respectively; and let the 
convention do=0 be adopted. Then if 0 is regarded as a positive integer, 
doj ,dr are positive integers satisfying the inequalities 

dr dr—\ rf?-— 3 ^0 (1) 

They will be called the mci&dmim indiops of orders 0, J , 2, . . . ?• of the 
irreducible (or irreaoluble) divisor t for the matrix A. 

Let 02 ~ dfl ~ di j ^ ~ dry ■“ d ^ , 63 — d^ d ^^ , . . . = d-r “ dy^^ ■ 

Then if 0 is included amongst positive integers, we know by Theorem I 
of § 202 that Cl, Cg, .. are positive integers satisfying the inequalities 
^ ^ ^ ( 2 ) 



204, 205] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


205 


They will be called the potent indices of orders 1, 2, 3, ...7’ of the irre- 
ducible (or irresolnblo) divisor t for the matrix A. 

From the inequalities (2) we sec that if di=t=0, then di, . d, are a 

senes of constantly increasing positive integers. 

If fZi =1= 0, we will call the maximiioh dimsor of order i for the matrix A 
coiTespoiidmg to if = 0, wc shall consider that A has no maximum 
divisor of order i corresponding to t. 

If eJi=j=0, we will call the potent divisor of order i for the matrix A 
corresponding to t , if = 0, we shall eoiisidor that A has no potent divisor 
of order i corresponding to t 

If t -h 1 r, we see from the inequalities (1) that : 

Any viaadmuvi dimsor of order i is a factor of the cor responding 


maodvinm divisor of order i -f- 1 (A) 

Similarly if i-f 1 wc sco from tlic ine(pialitlcs (2) that: 

Any potent divisor of order i is it factor of the corresponding potent 
divisor of order i -1- 1 (B) 


A potent divisor t^ correspond iiig to any irreducible (or iiTeaoluble) 
divisor t of the matrix A will be .said to lie repeated s times when it is a 
potent divisor of s different orders; and it will be said to be anrepeated 
when it is a potent divisor of only one order. If (?i, ... ey aro the potent 

mdices of t of orders 1, 2, ...7’, there is a potent divisor repoatod 6' times 
corresponding to the irreducible (or irre.solublu) divisor t when and only 
when s consocutive integers in the series 0a; ••• arc equal and not zero. 

NoTifl, When wo spuiik of the potent clivisoi’M of a uiatrLx A without montioiiiiig the 
domain in whioli they lie, wo ali/ill iw a mlo iindoivitfuid that they aro tho pototit divisors 
coiToapondiiiij to tlio vm’ioiis iiTOsoliiblo divisors of J ; and tins will bo so whotbor tlio 
domain in which A lios is or is not specified. 

Whou A lios in a spocifiod domain of rationality G, tho potout divisors of A may in 
gonoral 1x3 oithor those ooiTespouding to its various irrodiioiblo divisors in Q or tboso 
corrosponding to its various iiTosolnblo divisoi’s. Wboii tlio first intorprotation is to bo 
given to them, we shall as a rulo call tboni potoiib diviaoi’s in G. 

2. Maanmum and potent factors. 

Let i)i, Dji, ...Dr be the highest common factors of all minor deter- 
minants of A of orders 1, 2, ...r respectively. They aro rational integral 
functions of the variables ... , each of which is detorniinato save for 

a constant factor to which any finite non-zero value can bo tiscribed. The 
constant factors can be so chosen that all the functions i)i, i)g, ... ho in 
the domain fi, and we shall suppose that this has been done. Wo will also 
introduce the convention that = 1, The functions Dq, Di, Dg, ... Z),. will 
bo called the maximum factors of tho matrix A of orders 0, 1, 2, r. The 
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irreducible and irresoluble divisors of the matrix A arc the irreducible and 
irresoluble factors of the function and the irreducible and irresoluble 
divisors of A of order i are the irreducible and irresoluble factors of the 
function D*. 

If t is any irreducible (or UTesoluble) divisor of A whose maximum 
indices of orders 0, 1, 2, ... r ore daj ••• dr, then ... are the 

highest powers of t which are factora of A, -Oi, , Dr respectively. 

If t, t\ t'\ ... are all the irreducible (or all the irresoluble) divisors of the 
matrix A, and if the maximum indices of ... of orders 1, 2, ... r arc 

di, d^,.,.dr\ di', da', ...dr', dl\ da", ...d,", ... respectively, and if 
we can express A and A+i hi the forms 

A = , A+i = (3) 

where and are non-zero constants lying in O; and from the inequalities 
(1) we see (as is otherwise evident) that A+i la divisible by A ibr the values 
0, 1, 2, of^. 

Thus each of the rmscimum factors Dq, D^, Do, ... aftei' the first is 
dvumhle by the preceding (C) 

Hence we can write 


A — AA> A — A — A — A*— 1 Aj ■••('=^) 


where A, A, A are rational integral functions of a?, y, sr, ... lying in the 
domain 12 ; and we then have 

A^^Aj A==AAj A = AA-"A, A = A A** • A*-- A* ( 5 ) 


The fiuictioQs Aj Aj ••■A determined in this manner will bo called the 
potent factors of the matrix A of orders 1, 2, ...r. Each of them is deter- 
minate save for a non-zero constant factor lying in ft to which any value 
may be ascribed. 

If ty ify ... are all the in'educible (or all the irresoluble) divisors of the 
matrix A, and if the potent indices of i', if\ ... of orders 1, 2, ... r are 
eu ^ 3 , ...er*, ^ 1 , efy efy ..cj' ,... respectively, and if i-1-1 wc 

see from (3) that 

A = ... y A+i = , (6) 


where 6i and are non-zero constants lying in ft; and from the inequalities 
(2) follows that is divisible by A for the values 1, 2, ... r — 1 of i. 

ThiLS saoh of the potent factors A, A, A, A after the first is divisible 
by the preceding (D) 

The in'educible and irresoluble divisors of the matrix A are the irre- 
ducible and irresoluble factors of the function A , and the irreducible and 
irresoluble divisors of A of order i are the irreducible and irresoluble factors 
of the function A- 
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If iisanyoneiiTodLicible(oruTesolublG)divisorof i4,andif 61,0^,. . 
are the potent indices of t of ordei-s 1, 2, ... ... r, then Ifi is the highest 

power of t which is a factor of Ei 

' Ejd 1 Tho fiiiiotioii is the prodiiot of all tlio maximum diviwoiti of *-1 of oi-dor i , 
and tins ih true both whoii tlio uuiximuni diviHoiTd are thono corrosporidiny to tho vai’ioiia 
UTeduciblo diviaoi-H of J, and whou they aro thoao corroapoudiug to tho vanouH irresoluble 
divisors of A. 

Ex li Tho fiinotion is tho product of all tho potent divisom of A of ordor i; and 
this is triiG botli whoii tho potent divisoi-s ai-o thoso ooritsHponding to tho viu'ious irroduciblo 
divisors of A^ and when they aro thoso ourrospoiiding to tho various irresolublo divisoi*s 
of .4. 


Ex. lu. Every maximum divisor of jd of order i is a factor of but not a factor 

of D<_, 

Evory potont divisor of A which is a factor i»f Ei but not a factor of Ei^i is a potent 
divisor of ordor ^ 


We have now defined four seta of quantities, viz. 

(1) The maximum factors of A of all orders. 

(2) Tho potent factors of A of all orders. 

(3) The maximum divisors of A of all orders, 

(4) The potent divisors of A of all oi'dcry. 


All those quantities aro known when all tho quantities composing any 
one set are known. It is goiierally most convouiout to regard the potent 
divisors as fundamental. When these are known, the maxiuium divisora are 
known from the equations 

ifi, = ... tHf cii = 0] + H- . . . “H j (7) 


and tho potont factoids and maximum factors aro known from tho oiiuatjons 
(6) and (3). 

Ex. IV. The matrix 

■ 1, 0 , 0 , 0 
0, 0 , (:L'+2)0t.«+i), 0 : 

_ 0, 0 , 0 , (ai“-4) (a-s + I) (^+1) . 


has rank 4 and lies in the domain n of all rational nuiubors. Expressed in torms of 
in-educible factors belonging to this domain, we have 


A=1 

; A=G^+1) 1 

Ei=(x+iy{x+ 2)« - a? + 1 )a (iP - 2), 


Ez=^iX!'\‘l , 

JS3 = (j! 4" 1) 2) (uP® ” *|- 1) , 

A= (^+ 1)* (^+ 2) 1) (07 - 2). 
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The potent divisors corresponding to these irreduoible factors are shown in the 
following table. 


Irreducible 
diutaora in 12 

Maxtmuw 

mdicea. 

Potent 

indices. 

Maximum divisors 
m ^2. 

Potent diviaois 
m Si . 

Ti=J!+l 

0 , 1, 2, 4 

0, 1, 1, 2 

j 

T’l'* 

'A, A, A- 


0, 0, 1, 2 

0, 0 , 1 , 1 

— » — J ^2> 


J 

j 

.^3 

Ts=JS^-<!0'+2 

0, 0, 1, 2 

0, 0, 1, 1 

— » — J ^3j 

2>32 

J 

J 

Ti=x-2 

0, 0, 0, 1 

0, 0, 0, 1 

J J > 

T, 

> J » ^4 


There are eight potent divisors in 12, viz. 

7’2, i? 3 , of order 4, 

^3 0^ oi’^^er 3 ; 

Ti of order 2 

The potent divisors Ti , Tg* ^3 repeated ; and the potent divisors Ti^ and 1\ are 
unropeated 

Expi’essed in terms of u’resoliible factors we have 

A=1 , ^1=1 

y , 

7)3 = {x + 1)® (d? + 2) {x + oi)i) (,» Hh 0)3) j ^3 = (j? + 1) (^ + 2) (iff -}- wi) (a’ + <1)2) 1 

7>4=(a?+l)‘ (^+2)2 (a;+<Di)2 (j;+G>a)=* (^-2), Ei=(x+iy^ (^’+2) (.v+wi) (:v+(02) (.?7~2), 

where coi Mid 0)3 ai*® the two imaginary cube roots of 1 

The potent divisors conesponding to those in’esoluble factors am shown in the 


following table. 






. Irresoluble 


Potent 


Maximum 

Potent divisors. 

divisors. 


itulicca. 


divisors. 

ti=x + l 

0 , 1 , 2 , 4 

0 , 1 , 1 , 

2 

ti, ti" 

— , 

^2 = ^1* + 2 

0 , 0 , 1, 2 

0 , 0 , 1 , 

1 

> J ^3) 

— J — J ^3> k 


0 , 0 , 1 , 2 

0 , 0 , 1 , 

1 

— 9 — ) ^3» ^3® 

— , — ' , t\\ , in 


0 , 0 , 1 , 2 

0 , 0 . 1 , 

1 

— J — > ki 

^4, k ' 

^6=a;-2 

0, 0, 0, 1 

0 , 0 , 0 , 

1 

) 1 1 k 

f J 
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There are ten potent divisoi’s, viz. 

ifa, i^, fr, of oi-der 4, 
t\ , Zgi ^35 k of order 3, 
t[ of order 2 

The potent divitjorn ti, ai*e repeiitod ; and the potent divisors and tf, are 

unrepeatod 

In this example the cloiiieuts of [rr] | are fniieiioim of the single variable .r Thoi’eforo 

every iri’oduciblo divisor in Q is either linear or <|iLmlratie, mid all the iri-esolnble divisors 
are hnoar 

- .V 0 . . 0 

mxv Let ,i=[„];;;=x[i]:;:= ° , 

.0 0 . .v_ 


where AT is a rational integral function of the variables a’j, a‘jj, ... which is iimsnlublo 
(or 18 iiTeduciblo m fl) 

T/icn A has rank m; tt has onli/ oug v^rmdithlc (or m'odiiGihle) dim^or A"; and it has 
m potmt divisors cormspondinfi to thr imsoluhle (or moditoible) divisor A", viz 

A\ A, . A", A'' of orders 1, 2, . . m — 1, ni 

For in this case wo have 


y;i=A, .. ... i?„=x 


The potent divisor X is repeated ni times. 


Ex VI Let 


- A r 0 

4=[«]’“+‘= OA'J’. 

*■ -'m 


0 0 0 . 


0 0- 
0 0 


A'^ Y , 


where X and Y are rational integral funotiouH of the varnibles .rj, ... .i',„ and are 
moreover distinct irrosolublo fiiuctioiis (or distinct irroiiuciblo functions in n). 

Then A has rank m; it has no irresolublti (and no irredmihh) divisor; and it his 
therefore no potent divisor. 

Fur the matrix of the affected simple minor determinants of A is 
and the h.o.f of the minor determinants of A of oi^der m is 1. Accordingly we have 


There is only one distinct coymootion between the vertical rows of A^ vL. the, connection 

= 0 . 






When the irresoluble (or irrednoible) functions A" and Y are not distinot, we can write 
Y^kX^ where k is a non-zero constant, and we have 

... A=A, ... 


0. lU. 


U 
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Thus iti tliis ap 0 cial ciisG thore is just one irresolublo (or iri'Gdiicibla) divisor A , find 
there (ir© potent divisors ciorreapoiidiiig to this irvesoluble (or irroduciblo) divisoi A, vi/j. 

A', A", . . A'', A"” of oi'dei's 1, 2, ... m-1, vu 

TO .. 0 " 

A’ r .. 0 

Ti. 0A..0 

Ex vii Let = j 

0 0. Y 

^0 0... A\ 

where A' and Y are defined as m Ex vi 

Then A has Tank m; it haa no irrcsoliihie {and no irvednoihle) diD}^ov i and it has 
therefore no jioterit diniaor. 

For the matrix of the affected simple minor dotei’minants of A is 


the signs on the right being alternately + oaid — , and we have 

^1— = 

There za only one diatinct coiinectwn hetioeen the horuontal rows of Aj viz the oonnection 

[/di /ijj As ... A„i+i] 

When the irresoluble (or nreducible) functions AT and Y are not distinct, wo hnvo 

A=x, .. E^^X, E^,=X, . . E,,,=X 

In this speoifil case there is just one irrasohiblo (or irreducible) divisor A"; and tliei’o 
are m potent divisors ooiTespoudiiig to this divisor A", via, the potent divisor A” repeated 
m times. 


Ex, viii. Let 


X 

F 

0 ... 

0 0" 

0 

X 

F .. 

0 0 

0 

0 

0 ... 

X F 

0 

0 

0 ... 

0 X 


where A” and F are rational integral fmictions of the variables ... and aro 

moreover distinct irresoliible functions (or distinct irreducible functions in Q). 

Tkm the matrix A has ranhm; it has only one irresoluhle {or ii'reduoihlo) divisor A"; 
and it has only o7ie potent divisor cor9*e8po7idtng to this i7resoluhle {or m'ednoihle) divisor A', 
viz the potent divisor X^ ofoi’der m. 

For we have (a)”^=A’’”*, and since by Ex. vi the simple minor dotorminants of the 
minor matrix differ in signs only from A''’^"'‘^F, X^^^Y'^^ .. the 

H c p. of the minor determinants of A of order m-l is 1 Thus m this oaso we have 


A = l, A=l, .. A=1, ^a=l, K,=X^. 

When the irresoluble (or irreducible) functions X and F ai’e not distinct, so that 
Y=kX^ whore k is a non-zero constant, we have 

D,=X, D2=X^, ... Et^X, E^=X, ... E^=^X. 
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Thus m this special caso tliore is just ouo UTosolublo (or iiTeduciblo) divisor A' whoso 
potent iiidioQS are 1, . . 1, I, and thero aro w potent divisors coiTesponding to this 

divisor Xj VIZ. tho potent divisors 

A", A' ... A", AT of orders 1, 2, ... «i-l, m. 

Tho potent divisor A" is ropo.'ited m tmioa. 

Ki\ ix. Potciht diomvs of an lutdcijeiiorato (2ua!i^-»caltt^ matrix. 

rti 0 ... 0 " 

Lot = 0 a- . 0 

^0 U .. _ 

bo an undogonerato qiiasi-sojibir matrix of rank r whoso diagonal olonionts r/i, eta, . 
rational integral fiiiiutioiis lu the domain of rfitiouahty n of certain variables a*, i/, s, no 
0110 of thorn vanishing identically. Thoii wo have tho following thooitiiu ■ 

Theorem, The, nTcdncibh and hresolnhlc divisors of </> am the imdiidhle and. 
irrmohiblo factors of the JmiGtwns «!, cty, . a^. 

If t is any in'eduoihh (or m osoluble) divisor of c/j, and if li is the index of the highest 
power of t which is a factor of tJmn /a» • arranged in asc&ndmg order of 

magnitude are the potent indices of t of orders 1, 2, ... r for tho matrix eji 

Lot Di, i? 2 » • ^1^0 miixmmm factow of </> of ordoi's 1, 2, .. r, so that Di is tho 

H c.P. of all the functions = wboro [?ii Wo.. itj is any luiuor of oi-dor i of tho 

sequonco [12. .r] 

To prove the fii-st part of the theorem it is sufficient to olworvo that 

Dy=ftia.2...ar, 

To prove the second part of the theoroni, lot bo tho intogors ^25 •• 4 

ai'rangcd that 

Thou if c?i, o?a, . dr aro tho highest powera of t which lU'o factors of Di^ 7>a , ... Jf 
respoctively, wo have 

di=ei, + ... = +c‘a + «-* cfr='^i+^’2+**- + tV 

Thus if we have Ci^di - 1 . 0 , is the potont iiidox of i of oi*dQr i. 

Ex. X Potent divisors of any quasi-scalar matrix. 

Any qnosi-Bcalar matrix ^ of rank r, whore 1, can l>o roduuod by striking out rows 
of O’s to an undogenorate quasi-scsalar matrix (/) of tho form ooimiderod in Ex. ix ; and ^ 
has thou tho same maximum and potont factors and tho aamo maximum and iiotont 
divisors as (#>. 

Accordingly the iiToducihlo and irrosolublo divisors of aro the irrcduciblo and 
irroBolublo factors of those of its diagonal oloments which do not vanish identically. 

Also if t IB any irroduciblo (or irrosolublo) divisor of 1 /^, and if the indicos of the highest 
powers of t which are factors of tho r non-vanislnng diagonal olomoiitH of ^ lu’o Oa) ••• c,. 
whon arranged in ascending order of maguitudo, then Cj, ... ai’o tho potont indicus of t 
of orders 1, 2, . . r for tho matrix <^, 

If e* is the first of the mtegora ei, Caj ••• which is not 0, then the potent divisors of (/> 
corresponding to the irroducible (or irrosolublo) divisor t tiro 

i®8+i, ... i^r of orders s + l, ...r. 

A quaai-soalar matrix which vanishes identically has no potent divisors. 


14—2 
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£x.xi. Ifai, Oa, . a, n are rational intsgral functions of j;, y, 2, , and if fti, 63, 6,„ 

are the same fuiiotioiia arranged in a different order, then the two quosi-scnlar iiiatriceH 

* ful and *161 have the same potent divisore of all ordore, i.e they are equipotent 

-‘m *- -*111 

Note If a rational integral functional matrix A has rank 7*, and if we a[)aik of 
a maximum or potent factor of A of any order greater than r, it must (boo Ex. \xvii of 
§ 186) be considei'ed to have the value 0 

We shall however consider that a matnx of mnk r has no maximum nr potent factor, 
and no maximum or j^iotent divisor of oidor greater than r We shall also consider that 
a matrix of rank 0 has no inaximiim or potent factor, and no maximum or potent divisor 


§ 206. Potent factors and potent divisors of a product of two 
or more matrices. 

Theorem L If [c]"^ = [a]^ [6] " , or C = AB (A) 

%s a standard product of two matrices A cbnd 5 = [6]J whose elements 


are rational integral functions in the domain H of the scalar variables 
X, y, , then * 

(1) The maximum factor of any order s of C is divisible by fihe product 

of the maximum factors of order s of A and B. 

(2) The potent factor of any ordei^ s of G is divisible by the potent factors 

of order s of A and B. 

By Theorem III of § 71 , which is clearly applicable to rational integral 
functional matrices, the rank (i.e. the number of maximum or potent factors) 
of C cannot exceed the rank (i.e. the number of maximum or potenb factors) 
of either A or B. 

Let s be any positive mteger which does not exceed the rank of G ; and 
let As, Bs, Gs be the highest common factors of all minor determinants of 
order s of A, 3 , G. By equating correspondingly formed complete matrices 
of the minor determinants of order s on both sides of (A), we see that all 
minor determinants of 0 of order s are divisible by the product AgBg. 
Therefore Gg is divisible by the product AgBg; and this proves the first 
part of the theorem. 

Now let t be any irresoluble divisor of A and B (or any irreducible 
divisor in XI of A and J 9 ), and let the highest powers of t occurring as factors 
in Ag, Bg, Gg be respectively ctg, / 3 a, 7^. The second part of the theorem will 
be proved if we can show that 

7a - 7a-i i' «a “ «a-i, and 7 , - < 1 : ( 1 ) 

Let {bpq) ^ j and (c„b)^ be minor determinants of B and G of orders 5—1 
and s which are regular with respect to t ; let 

““"-I 
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and leti ^8/ be tho index of the highest power of t which is a common factor 
of all tlioHo nuTior detenmnants of M of order s which contain (6^)" Then 
by 'Jlieorein JI of § 202 we have 

- /Sm '^^ 8 - 7m (2) 

But from (A) we see that 

••• ^u^Vj] = \ [^I5i ^192 ••• 6iay] 

d" 4" ... “4" j* i 

Therefore 




bp^vj 

A. 

i. 

h ” H“ .. + cr-vvr 








where Ai, Ag,... A), are minor detenninants of order s of [6]”, and are 
therefore divisible by tfis. Consequently every minor determinant of M of 
order .v which contains is divisible by and wo have 

AH' A (3) 

From (2) and (3) it follows that 

A ” A“i 7tf “■ 7«— 1- 

Tims the second of tlio inequalities (1) ia true, and in the same way we 
can show that thu first of those inocjualities is true. 

This proves the second pai*t of the theorem. 

It should be oliserved that the maximum factor of 0 of order s ia in 
general not oqual to the product of the maximum factors of A and B of 
order s. Also tho pf)tent factor of 0 of order ^ ia in general not divisible 
by the product of the potimt factors of A and B of order s, ^^hese facts are 
illustrated in Ex. i below. 

The converse of Tlieorein 1 fur rational integral /r-matriccs is proved in 

§ 221 . 

Kv. i. Let 

'‘a, 0 , 0 ' ^hafi, 0 , 0 " “ aha^, 0 , 0 " 

^ - 0, d% 0 , ^ - 0 , 0 , G ^ 0 , 0 , 

_ 0 , 0 , a^Uo^ ^ 0 , 0 , _ 0 , 0 , a^hoa _ 

Bu that C<^AB^ where a, 6, c, o, jS are distinct irresoluble funotioiia Then the maximmii 
factors of orders 1, 2, 3 of iJ, Z?, G are respectively 

a, a?b, a, ha% Wi3»; aha, aWp, 

and the potent factors of orders 1, 2, 3 of 2 I, 5, C' are respectively 

a, a% a^bo ; a, 6aft ha& : aba a®6*0o8. 
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Hei’e the potent factor aha of 0 of oixler 1 is divisible by a and a, but is not equal to 
the product a x a , and the potent factor of G of order 2 ia divisible by arh and 6aj3, 
but is not divisible by the product aH> x ha^ 

Ex, 11 . If either 07ie of the maiviees A and B %n Theorem I hm rank r, then 
in'eeoliihle (or irredudhU) divuov of C mn&t he an wresoluhle (tw* ^reducible) dm&or of at 
least one of the nmirioes A and B 

It will be sufficient to consider the cose in which A baa rank r. In this caso by 131 
the matrices B and 0 liavo the some rank winch wo will denote by s 

Let t be a mtional intogml function of the variables x, y, ... which is iiTosohiblo (or 
irreducible in 12) and is not a divisor of either of tlio matrices A and B By Ex i of 202 
there exist finite roots of t for which A and B have ranks v and s respectively. Therefore 
by § 131 there exist finite roots of t for which C lias rank s Thei-eforo by Ex. i of § 202 
the function t cannot bo an irrosoliiblo (or iiTeducible) divisor of C. 

Ex m. If the matrix A in Theorem I has rank and if t is an irresolnhh (o?* 
I'lredimhle) divisor of B which is not also a divisor of A^ then the matne<i8 B uQid 0 
have thje same potent dwisors of all orders corresponding to the divisor t. 

Let the common rank of B and 0 be if, and lot d^ bo the index of the highest power of i 
which IS a common factor of all minor determinants of B of order i, t being any one of the 
integers 1, 2, ... a 

Equating con-esponcliiigly formed complete matrices of the minor dotermuiants of 
order i on both sides of the equation (A), wo obtain an identical equation in ;//, r, ... 
of the form 

[C?];=ur,[5];, where v = p^Q, (4) 

and where [B]^ and [C]^ have rank , and [A]^ luis rank p. 

Since i*** is a factor of every element of [2?]*", it is a factor of every oleniout of [<7]'*, aiul 
we can write ^ 

and replace the equation (4) by 

[GZ-W^n (b) 

whem t is not a common factor of all elements of [23']^. 

We will now aiippose that t is on wredudhle divisor of B m Q, so that and [C^ 
rational integral functional matrices in A. 

Since t is not a divisor of A, there ai’e finite roots of i for which A hoe rank r ; thoroforo 
by § 73 there are finite roots of t for which has riuik p ; thoroforo t is not one of tho 
irreducible dmaors of [A]^. Hence [A]P has at least one minor determinant of order p 
which does not vanish identically and is not divisible by i. 

And because ^ is not a common factor of all elements of therefore has at 
least one element which does not vanish identically and is not divisible by t 

It follows by Ex. ix of § 189 that there exist finite roots of t for whioh [A]^ has a non- 
vanishing minor detennmaut of cider p and has a non* vanishing element, i.e, for 



206 ] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


216 


whiiih [J]^ hiw rank p and [7?']^ lia« rank not \mi than 1 1 and for such roots of t we see 
from (C) that [C'Y^ Inm rank not less than 1. Thus there exist finite roots of i for which 
[G'Y^ does not vanish, and tboroforo t is not a factor of the elernouts of Conse- 

qiiontly i'U is the highest power of t which is a coniinon factor of all the Glcmeuts of 
1 ® index of the highest power of i which is a common factor of all the 

nil nor detonnmants of 0 of older ? 

Thus the ma\inniin indices of t of oidei>i 1, 2, ... « aro tho same for the matrix C os for 
the matrix. B, and tliorofovo tho potent indices of t of oidors 1, 2, .. a are the same for the 
matrix U.is for tho matrix B, i.o. the matrices B and O liavo tho same potent divisore of 
all orders corresponding to tho jiTodiicilde divisor i 

When the divisor i is irroRohible^ we obtain tlio same result by taking Q to be the 
doniaiu of all scalar mniibors. 

E.V IV If the imtriv Jl in Thmrmn I IiaR rank r, and if t m an mesohihh {or 
irreducible) dimsor of A whioh is not tileo a divimr of B, then the nmtriceR A and G hare 
the same potent divi&ors of nil ordm's ooireRpondvng to the dknmr L 

The pixiof of Ex iv is shiiilar to that of Ex. iii 

Ex V If eithefi' mio of the fwtor matriceH A and B hi Theore^n I has Q'unh r and 
vwroover has 7io potent divisors {i e no nresoluhle orno irredumhle divisurs\ then the pi'oduct 
7natrix G has the same Q*ank and the same potent divisors of all orders as the other factor 
mati^ix. 

This follows from Exs iii and iv 

Ex VI If ABC, A" IS a standard product of a^xy mmhei* of rational integ^^al 
functio7ial matrices, then : 

(1) The maximum feustor of any oi'di^ s of the product ^natrix M is divisible by the 

product of the 7imxim%im factors of oi'der s of the factor matrices A, B, G, ... AT. 

(2) The potent factor of any ord&i' s of the px'oduot matrix M is divisible by the potent 

fnetor of imlcr Ji of meh of the factor matrices A^ B, G, . K, 

Tins follows by ropeatoil applications of Theorem I. 

Theorem II. If there eidsts an identical equation of ths form 



where A = [<0 ^ == M” matnees whose elenienU 

are rational interval funotionH of ceHain scalar vaHahles x, y, ..., and 
where the niatrioBH H and K have ranks p and q equal to their j^espective 
passivities, then : 

(1) The •mat7ices A and B have the smne rank 

(2) The irt'esohihle (or in^edncihle) divisors of B ai'e the irresoluble {or 

in'educible) divisors of the matHoes H, A and K, 

(3) If t is an irresohMe {or irreducible) divisor of B which is not a 

divisor of either H or K, then the ^natrices A and B have the 
same potent divisors of all orders corresponding to the irresoluble 
{or irreducible) divisor t 
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By an irreducible divisor is meant one -which lies m and is irreducible in 
any domain of rationality in which all four of the matrices 4 , //, K lie, 

i e. in which the three matrices H, A, K lie. 

The fimt part of the theorem has been proved in § 131 . 

The second part of the theorem follows from Ex. ii. For by Ex. ii the 
irresoluble (or irreducible) divisors of B are those of H and AK^ and the 
ii resoluble (or iiTeducible) divisors oi AK are those of A tmd K. 

The third part of the theorem follows from Exs. iii and iv, and can also be 
proved directly in the same way as Ex. lii. By Ex. iii the matrices B and 
AK have the same potent divisors of all oixlers coiTesponding to t, and by 
Ex. IV the matrices AK and A have the same potent divisors of all ordera 
corresponding to t Therefore the matrices B and A have the same potent 
divisors of all orders correspondmg to the iiTcsoluble (or irreducible) divisor t. 

Ex vii. If in tho equation (B) the matrices H and K ham ranis p and and if each 
of them has no potent divisors^ then the matrix B has the same rank and the same potent 
dioism's of all orders as the matrix A. 

This follows from Thoorom II as n. particulai’ case. 

This case occurs when aud only whou each of the mati'ices II and K has no irresoluble 
(or no in'ediicible) divisors. The matrix B then has tlie same iiTesoluble (juid the .same 
irreducible) divisora as the matnx A ; and it also has the same maximum divisoi’s, tho 
same maximum factors aud the same potent factors of all oiders as tho matrix A. It is 
said to be e^ipotent with A. 


§ 207. The irreducible diyisors and potent divisors of a 
corapartite matris. 

Theorem I. The m'educihle {or iiTesoluble) divisors of a oouipcirtite 
matrix are the irredacihle {or irresoluble) divisors of its various 2>urts. 


It will be sufficient to jirove this theorem for the iiTeducibhi (livisors; and 
there will be no loss of generality in supposing the oompartito matrix to be 
in standard form. „ „ 


Let 




a, 0, ... 0 
0, b, ...0 


0, 0, ... c 

“ m, j), w 

be a compartite matrix in standoixi form whose elements are rational integral 
functions in O of certain scalar valuables oj, y, z , , H being any domain 
of rationality, and let the ranks of its parts [a]" , [c]’’ be a, ... 7, 

so that by § 100 the rank of is 

The minor determinants of <j) of order p which do not vanish identically 
are those of the forms 
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where jla, -B/a, Gy are minor determinants of of orders 

A •••7 which do not vanish identically. 

Let t be any irreducible function in fl 

Then if t is an irreducible divisor of the part [ti]” , it is a factor of all 

such detennmants as and therefore a factor of all siicli deteriuinants as 
Ap. Thus if t is an irreducible divisor of any one of the parts of it is an 
irreducible divisor of (/>. 

On the other hand if t is not an irreducible divisor of any one of the parts 
[a]”, of wo can dotorniiiie Aa^ so that no one of 

them is divisible by t; and then Ap is not divisible by and t is not an 
irreducible divisor of <p. 

Consequently t is an irreducible divisor of ip when and only when it is an 
irreducible divisor of at least one of the parts of 0. 

Theorem II a. 2Vie potent divisors of the comparUte mati'iso 



are the potent divisors of the two parts A = and £ = [6]\ 

We assume that <j!) is a matrix wliose elements arc rational integral 
functions in fl of the variables y, fl being any domain of rationality, 
and we will show that this theorem is true for the potent divisors of p 
corresponding to its various irreducible divisors in n. It will then follow 
os a particular case that the thooreni is true for the potent divisors of p 
coiTesponding to its various irresolublo divisors. 

Let the parts A and B have mnlcs a and so that p has rank p, where 
p = a + /8 ; and lot t be any one of the iiTediicible divisors in fl of p, so that 
t by Theorem I is any rational integral function in II which is an irreducible 
divisor in ft of at least one of the parts A and B. 

Let di\ df,.,, df and a/, ,,,ea be the maximum and potent indices of 
t of orders 1, 2, ... a for the matrix A. When t is an irreducible divisor of B 
only, these quantities all have the value 0. 

Let di", ... and e/', ... be the maximum and potent indices 

of t of orders 1, 2, ... /9 for the matrix B. When t is an irreducible divisor of 
A only, these quantities all have the value 0. 

Let di, da, ... dp be the maximum indices of t of orders 1, 2, ... p for the 
matrix p^ and let do = 0. 


U f 
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Let 62,. . Cp be the integers 63', ...e/, Q\ \ e/, ...e/' anunged in 
ascending order of magnitude, i.e. so arrtinged that 

62 03 ^ ^ 0p-2 ^ 0p-l ^ 0p* 

We will pro VO the theorem by showing that .. 0p are the potent 

indices of t of orders 1 , 2, ... p for the matrix <p ; i.e. by slnjwmg that if .s <|: 1 
and s :(>► p, then = ds — The special case m whicli s = 1 is consideivd 

in Ek i below. 

j?r. i Tlie potmt index of t of order 1 for the matrix w Cj 

Tlie potent index of t of order 1 for the matrix 0 is the index of the highest power ol‘ t 
which la a ooniraon factor of all the elements of 0 , 1 e. a common f.iotor of all elouienis of A 
and B\ and this is the smaller of the two integers and di \ i.e the sniallor of the two 
integers ei and ei \ i.e. the integer ai. We have therefore 

Cj = di = df\ G?u ■ 

If we consider that Aq—\ and -Bo= 1, and if s is any one of the integei’s 
1, 2, . . p, the minor determinants of of order s which do not vanisli 
identically are of the types 

where m + ?; = 5; . . jIh-a: minor determinants of 

A of orders u, u—l^...s — k which do not vanish identically; 

and B^, B^j,,,,Bja are minor determinants of B of orders 

« — /i, — 1, 2 ; -f 1, ... & which do not vanish identically. We obtain all 
terms of the series (a) from the term A^tB^ by giving to 71 and 0 all 
integral values consistent with the conditions 

7i + v==s, u^O, v'if-oi, 0 , 

The possible values of u and v are given separately by 

— /3, wrt^a, 

<1: 0, 2 ; -^j: s — a, v :|> ^, v :|> s. 

The integer It in the series (a) is the greatest possible value of n, and is 
the smaller of the two integere s and a, the integer k is the grf‘ateflt possible 
value of V, and is the smaller of the two integers s and ^ ; and it is assiiined 
that s -«|: 2, and s p, so that p <1: 2. 

The index of the highest power of t which is a common factor of minor 
determinants of ^ of the type A^B^j in (a), where n and v ai’e given integers, 
IS d,/ H- df\ Consequently dg is the smallest of the integers 

dh + d 8— hi » - ' d H- d dqi dx) f d\^^^ + > • ■ • "h d)l\ . . .(a^) 

Now since 0 v—i and e 0 ■o+ii ^ 0^t— 1> we sue that 

if 6 n+i > 01; j then 6 u+2 > B ; and if 0 > 0^ , then > 0^u— i* 
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Therefore if du -h < d*u+i + , then < d\t^ + d "'^ ; 

Rud if cZ|^ “ 1 " d'Q K, d “h d then d u—i H“ d < d H" d 

Hence those terms of the series (a') which have the smallest value dg are 
consecutive tervtis ; the tei'ms preceding them constantly diminish from 
the first; and the temm following them constantly increase ?yt> to the 
last (A) 

We observe further that if df df' ^ d'„+i 4 - ^hen e'„+i = - •-•(B) 

Now let df ^-df be any one of the teniiH in the sei’ies (a) which has 
the smallest value Then in geneml we have 

du "h d + d ,)_i and d^ d^ ^ «_! + d , 


i.e. e'„+a ^ ef, and 0V1 ^ ( 1 ) 

Since also ^ 0,/, and H: ef, ( 2 ) 


we see that neither nor is less than any one of the numbei-s 

01 , 0a , . . 0^t , 61 , 0a > • • • ^ • 

Thus if d^l + d 4 ‘ is any one of the terms m the se^'ies (a') tuhich has the 
smallest value dj, then, 0/, 0g', ...0,/, ef, efy..,ef are the integei's e^ 
0a, ...fifl a,rranged in some ord&t' (C) 

In proving this result we have implicitly assumed that d^ - 1 - d^^ is neither 
the first nor the last tenn in the series (a ) ; but (as is shown in Exs. ii — iv) 
the result is true in all cases. 

Ex ii Suppose tliat there are at least two terms 111 the sorios (a'), and that the fii'st 
teini 1ms the smallest value 

If the first two terms of (a') aro and wo have or 

ef Thus ef is not less than any one of the numbers fla', ... and thorefoi’e 

these Jire the numbers fli, flaj ••• In this special cose of (C) we have y=0 

If /t=a, the first two terms of (a') ai'o a-i + c?"8-a + i ; ftnd wo have 

Thus is not less than any one of the uuuibei's si', ... fi-Zj •• 

and therefore these are the numbers fli, fla> ••• arrturged in some order. In this special 
case of (0) we have wa=a, v—s-a. 

In both oases the result (C) is true. 

Ex. iii. Suppose that there ai^ at least two terms in the series (a'), and that the last 
term has the smallest value d^. 

The proof that the result (0) is true in these special oases is similar to the proof 
of Ex. li. 

Ex. iv. Suppose that there is only one term in the series (a')- 

If A=*ff, we have A=0, j9=0, and the series (a') consists of tho single term rf/ Fui^ther 
01 , flg? •• are the numbers 01 ', fig'? ••• 5 and the result (C) is true, 



220 


THE POTENT DIVISOES OF 


[cn XXIIl 


If A=a, we have s = a + ja, and the seriQH (a') consista of tho single tenn 

+ Furtlior C], <’o, ... e* are the ■niimboi'S e/, ... aiTanged lu 

some order, and the result (G) is true 

From (C) we aeo that if ^ e^\ then e* = Cn ; md if ^ e„', then 

eg = Our object la to ahow that in both case.s we have 0 « = - d„_i 
when s <(: 2, this having already been shown in Ex. i to be true when s — 1. 
To do this we must consider the value of cZm ; and this can be obtained from 
the series which replace (a) and (a') when s is replaced by s — 1. 

We may suppose without loss of generality that a ^ ^8 Then there are 
three possible cases. 

Case I ^ <j: 2, 5 /8. 

The non-vanishing minor determinants of tf> of order s are of tho types 

7il • •• 1; 1 5 (^i) 

and dg-.! is the smallest of the integers 

/i-i + R—hi • • ■ dxft + d H- dy 3 d «_3 -I- d , . . . d a-jb H- d • -(bi ) 

In this case we have h = s and h = s both in (a') and in (b/), and the 
number of terms in (bi') is leas by one than the number of terms in (a') 

Case II. s <|: 2, s > s a. 

The non-vanishing minor determinants of of order s are of tho types 

^ 7l— 1 -®«— 74 j • • • 1 -Sj) , t ••A. n—Jc—l J (b^) 

and d,«i is the amalloat of the integers 

d 7i-i + d! g_7t, . . . d,/ + H- dy\ d\i^ 4- . . d^g_i;— i + dj/', . . .(b./) 

In this case we have h==s and A = y8 both in (a) and in (b/), and the 

number of terms in (ba) is equal to the number of terms in'(a'). 

Case III. s-^2, s> a, s '4" P* 

The non-vanishing minor dotenuinants of i of order s are of the types 

7i— 1 J • • • ^ (ba) 

and dg_i is the smallest of the iutegere 

d;/ -t- d"s_7*_] , . . , d',£+2 + d'\^2i du' 4- d^t_i 4- . . . d^g_jb-i 4- dk\ . , .(by^) 

In this case we have h = a and k = /3 both in (a) and in (bg'); and the 

number of tonne in (bg') is greater by one than tho number of terms in (a'). 

In each of the series (b/), (b^ ), (b.,') those terms which have the smallest 
value dg^i are consecutive, the preceding terms constantly diminisli from the 
fii*st , and the following terms constantly increase up to the last. 

As before let d,/ 4- be one of the terms in the aeries (a') which has the 
smallest value dg, where now s <f: 2, 5 4*^ /). 
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First suppose that e„' -< 1 : e,", or d'u-i + d,/ + d"u_i, so tJiat e, = Ou. 

Then if + d'' is the hist term in (b/), (b^) or (b/), the above in- 
equality shows lhat it must have the smallest value fJg-i ; and if cJ',t_i + o5/' 
occurs in (bi'), (ba') or (b/), and is not the last term, the above inequality and 
the inequality oi’ ci u-i + ^ » which follows from 

the sGcund inequality in ( 1 ), show that H- (i,," has the value d^-i. 

Tliua il* the tonn d\(^i + dy" occurs in (b/), (ba^) or (b/), we have 
d>s “ dll + d^\ dn-x = d\i—i + dfil\ and o5g — ^ d^ — d it— i = 

Now the term fZ'u-, ^ rfy" always does occur in the series (baO and (bg), 
it always does occur in (bj') except when rfit' + cZy" is the last terui in (a); 
and it IS shown in Ex. v that the equation — d«_i = is still true in the hist 
exceptional case. 

Consequently we always have = d*, — dg-i. 

Neiist sii^ppose that ej' -<1: eu\ or d^ + ^ d\i-i + dy", 8o that eg = 

Then if cZtt' + dVi la the first term in (b/), (b/) or (b^), the above jn- 
eqiiality shows that it must have the smallest value dg-i ; and if dtt -H d y_i 
occurs in (b/), (b^') or (by'), and is not the fii'Bt term, the above inecjiiality and 
the inequality <1: or du' H- dVi :h which follows from 

the fii'st inequality m (i), show that dj/ -h luis the smallest value dy-i. 

Thus if the term d,/ -h d"y_, occurs in {W\ (h/) or (b/), we have 

dg = dti + dv\ d/g—i = d^i + ] and dg — cZg—i = dp d p_i = 0u eg. 

Now the term d,/ 4- d^'v-i always does occur in the series (b.,'), it always 
does occur in the scries (b/) and (ba') except when (i,i is the fii'st term 
in (a^), and it is shown in Ex. vi that the equation dg — dg_i = tig is still true 
ill the last two exceptional cases. 

Consequently we always have = d* — da_i. 

We have now shown that the equation Og — dg — dg^i is always true when 
if ^ 2 and and in Ex. i wo have shown that it is true when 6* = 1 if 

1 . Therefore 6i, 0a, the potent indices of t of orders ], 2, .. p 

for the matrix ; and this establishes Theorem II a. 

Ex, V. In Case I suppose that d,/ + dy'' lias the valuo d*, and la the last term in (a'). 
Bince the last term in (a') is dg\ wo now have t£ = 0 , nud da":j 5 -di'+d"g_i, or 
Therefore 01, fla, •- are the' integers e/', . . Gg. 

The last term in (hi) is d"g_i, and the inequality fli'H? d"g-i:^di 
which follows from the luequahty Oi ^ shows that the last term d"a_i m (bj') has the 
smallest value dg-i. 

Therefore dg = dg \ d* _ 1 = d'^,- 1 j and d, - dg - 1 = dg'' - d" 8 -1 = fig" = fig . 
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Ex VI In Case I or II sui)poa6 that litus tho Milue and is the fii’st term 

in (a') Since the first term in (a') la (i/, wo now have u=0, and ::1> d\_^ +d{\ or 
flj" <(: fig. Therefore ei, ai’o the integers ei^ e {^ ... 

The first term in (b/) or (bg ) is rf's-i, and the inequality ^ or d's-i c^'^^-a + C3^l", 
which follows from the inequobty shows that the tiiiat term d\_i m (b^') or (b^') 

has the smallest value 

Therefore da-i = d’a^il and dg—da^i=da—d*a^^ = 6a=(ia 

Theorem II b. The potent divisors of any compai'tite matrix are the 
potent divisoi's of its seu&i'al parts. 

We will suppose that 

-| ». Cl 0. I 

0 , 0 , . . 0 
0 , &, 0 , . . 0 
<#>= 0, 0, c, ...0 


0 , 0, 0, . . . d 

- - m, p, T4, h 

IS a compartite matrix m standard form whose elements are rational integral 
functions in O of the variables /z?, y, , fl being any domain of rationality, 
and that t is any irreducible divisor in H of the matrix </>, so that t by 
Theorem I is any irreducible divisor in fl of at least one of the parts of ^ 
In the particular case when wo take fl to be the domain of all scalar 
numbers t is any irresoluble divisor of <^. 

Let the ranks of the parts A = [a]\ -B = be 

a, / 5 , 7, . S, so that the rank of ^ is p, where p = a + /8 + 7 + ... +S. 

By Theorem II a the p potent indices of t for the matrix (f) are the a 
potent indices of t for the matrix A and the /3 + 7 H- . .. 4* 8 potent indices of 
t for the matrix 

- q,v, I 

6 , 0 ,... 0 
,/ _ 0, c, .. 0 


0, 0, ... d 

_ «, h 

By the same theorem the ^ + <y + ... + S potent indicee of t for the 
raatnx <f>' are the ^ potent indices of t for the matrix B and tho 7 + . . . + 8 
potent indices of t for the matrix 
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Proceeding in this way wc see Lhiai the p potent indices of t for the 
matrix <j> are the cl potent indices of f for Ihc matrix A, the jS potent indices 
of t for the matrix B, the y potent indices of t for the matrix (7, . . . and the 
8 potent indices of t for tlio matrix D; and if Oi, e.j, . . 0 p arc the potent 
indices of t for the several parts of ^ arranged in ascending order of magni- 
tude, then these ai*c the potent indices of t of orders 1, 2, ... p for the 
matrix 

If fit is the fii-st of the integers ei, e.j, ... Cp which is not 0, then the potent 
divisors of ^ corresponding to the irroducible (or irrcsoliiblc) divisor t arc 

•'S . . . of orders i, i -1- 1, . . . p ; 

and these are the potent divisors corresponding to t of the vmoiis parts of </> 
so arranged that their indices arc in ascending order of magnitude. 

Note. Thcorom II is ti'iio both whon the comi)natito nuitrix 0 is and when it is not 
in staudiu’d form Tlioi-o is clearly no loss of goiiorahty m supjDosiiig it to bo in standard 
form. 

Kv. vii. Potent dioieors of tka undaf/ajierate square matriv of ordei' 

X 0 0 .. 0 0 ... 0 0" 

0X0 .. 0 p 0 ... 0 0 
0 0 X . 0 0 p . GO 

0 0 0., X U 0 .. p 0 

0 U 0 . . 0 X 0 ... 0 p 

0 0 0 .. 0 0 X ... 0 0 


0 0 0 ... 0 0 0 .. X 0 
0 0 0 ... 0 0 0 ... 0 x_ 

in whitili all elmiwnts are 0 except thm lijing in the leading diagonal and tlio^e which lie in 
ang one row parallel to the leading diagomtl and aepa/rated from the leading diagoiml by 
yj - 1 rows of 

Wo regard X and p an distinct irroducible rational integral fuiictinuH in a domain of 
rationality O of certain scalar variables a', y, 5, .... They may however bo indoiiondciit 
variables, iu whiuli case n is the dmiiaiu of all ratiomd numbers. The maximum and 
potent factors of orders 1, 2, ... ?/i of </> will bo denoted by A» As A fi-ud As A, ■ ■ A* 
respectively. The potent diviscu's will be those corresiiondiiig to the in'educible divisors 
of in n (of whicli thero is only one, vix. X). 

We consider that p and m arc positive integers such that p<|: 1, p '^vu Wo oxoludo 
the case 0 in which 0 is the scaliir matrix (X -i- p) . [1] Wo can then write 

whei’Ojp, n are positive iutegors such that 

p<|:i, j<|:0, qlf’P-i-, 


2:3 - 
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rtnd (the coQstituent matnoes being scalar) we can express (fi in the form 

A, 0, 0, 0, 0 ^ 

0, Xj fi, 0, Oj 0 

0, 0, X, . 0, 0, 0 


where 


0, 0, Oj . . . Xj ^5 0 

0, 0, 0, . 0, X, /I € 

^0, 0, 0, 0, 0, X.l_ 



*7, P-7 


P* Pi 2». P. P. 7 


(3) 


( 4 ) 


Let i be any one of the integors 1, 3, p — Q Then if wc regard the ((7 + 1)111 vortical 
row in eiioh of the first ?i sets of vertical iowh in (3) and the ((7 + ^)ih horizontal row in 
each of the first sots of horizontal rows in (3), aco that the elemouts common to these 
71 vertical and horizontal rows of 0 form the aqiiaixi matrix of order 71 


"X /X 0 0 0“ 

0 \ fi . 0 0 

m: = 

0 0 0 . . \ n 
_0 0 0 ... 0 x_ 

and that all other Glemouts in these rows of (f> are Cfs. 

Again let i ho any one of the integers 1, 2, ... (7. Then if we regard the itli vertical 
row 111 each of the 7i+\ seta of veiliioal rows in (3) and the rtb horizontal i*ow in each of 
the 9^+ 1 seta of horizontal rows m (3), wo see that the elements oonimou to those 1 Hots 
of vei+ical and horizontal rows of qC) form the square matrix of ordei' «+! 


M 


w+l 

n+1 


X /X 0 ... 0 0“ 

0 X ^ 0 0 

» 

0 0 0 \ fi 

0 0 0 ... 0 X 


and that all other elements in these rows of 0 aro O’s. 

Oousequontiy 0 is a oomparbito matrix having exactly p jiai'ts of which p — g are equal 
to and q are equal to , and wo can convoi’t 0 by a syDiniotric derangomoiit of 

its horizontal and vortical rows into a oompai-tito matrix of standard form whose jiai+s arc 
those just described. By Ex. viii of § 206 each of the parts [to]’* has only the one potent 

divisor X" and each of the parts [to]“^J has only the one potent divisor X«-* K nonce from 
Theorem II b we conclude that : 


T/ie matrix has oniy the one in-editaihle diviaor X, a 7 id it has exactly p potmit dioiaars 
of which p-q are equal to X« and q are equal to X’‘+i. 

It foUowB that the potent factors and tho maximum factors of cf) oi’e 

= = l ; -®m-p+l = ^ni-p+2= = 

7 + 1 = = ; (fi) 

2>l=i)2= . + ] ^X**, + 2 = ; 

= + + 2 — X(P“« + 2)»+!J, . i?^ = XP'‘'*'7 = X'". . .(6) 
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In the particular case when </ = 0, bo that m = np^ the matrix (j} has exactly p potent 
divisors each of which is equal to X". Wo obtain the niatiix of Ex viii in tj 206 when 
y=0, jD = l, m=n. 

Ex. viii Conjugate reciprocal of the matrix 0 of Ex. vn. 

It can be at once verified by ivctual nuiltiplioalion that the conjugate rcoipi'ociiil of 0 m 
the square matrix 



X»-', 




(_l)n 

V, f, i», Px n 


0 , 

X«i-i , 





cji = 

0 , 

0 , 






0 , 

0 , 

0 ,. 

\m-l ^ 

-V«-V-e 



0 , 

0 , 

0 ,.. 

0 , 

. 1 

Pi P, /»• P, Q 

where as boforo 













Since the elements of *1> ai-e the uiiiior| determinants of 0 of oidor /t — 1, it follows that 
when g' + O, when </=0; 


and bccauso Z>,rt=X’'‘ in all cases, it follows that 

when </=f=0, = when q=0. 

Because 0 has only the one UToduoiblo divisor X, E„^ is its one potent divisor of order 7 ?i. 
These i-esults agree with Ex. vii. 


Ex. IX Minor detei'mimnts of all orders of the mab'w 0 of Ex. vii. 

The expansion of every non- vanishing minor dotormiiiaut of 0 is (when we disregard a 
possible negative sign) the product of a number of the elemonts X and p ho chosen that no 
two of the elements he in the same horizontal or vortical row of 0. Or jigaiii a general 
formula for any non-vanishing minor determinant A of 0 is 

A = Pn«o (7) 

where Po, yo» Qu A> tfaj 6n-ij -^n minor determinants of the 2/4+1 

successive constituent matrices 


Hit H‘t ^*[1];;, ... nit x[i];; 


of 0 shown m (3), where wo start at the Ixittom and pass upwaixiB and towards the loft, 
these determinants being so chosen that no two of them contain a horizontal or vertical 
row in common, and a determinant of order 0 being considered to have the value I. 


By solving the inequalities to be satisfied by the indices of X tmd p in the factors on 
the right in (7) it can be shown that : 

The 'oalues of the non-vanishing minor det&nnvnanU of 0 are givern by the jonmUa 

' (fi) 

where u and v are integers whose possible polices are those consisieni with the conditions 

w<t:0, 14+y :|>74;3+^, 

nv + {rL-l) u l)^ + j}, (»+l) 


U. III. 


16 
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Wntmg 11 ^- 7 )=^ and oliminatiag -y, it follows that 

The mLue& of the Tuoii-vanishvtig mvt^or determinants of (j) of order i are givefti hy the 

A,.xv-, (») 

wk&re u and i are irUegers whose po^hle vodues are those consistent with the conditions 
?6<t (w+l)i-n{7i^+g}, ul^i, u'i^ni-n{{n-l)p + q}j 
which include the necessary conditions i <|: 0, i :(> np-\-q 
Since 711 -n {(ti— + 

and 

(?i+l)2-7i{7ii3+g'} = (7i+l) i-nm-n w + g')=7a(p-(7) + (7i+l) (^- 7w+?)» 

the possible values of u m fomiula (9) are dependent on the value of i hi the manner 
shown ID the following table * 


Value of i 


Possible values of u 


Case I 

HO, 

ij^m-p 



Case IL 


i^7n-q 



GasellL 

1 

i :t>m 

{n + l)i-nm, 

w:j>i 


The values of i>i, A* cati be constructed from this table, and we thus obtam 
independent proofs of the results of Ex. vii. The corresponding table for the matrix 

of Ex vii IS obtained by putting 2 '= 0 ,p=l, 


§ 208. Irreducible divisors and TnsxJTnum factors of a complete matrix 
of minor determinants. 


In the examples which follow </> is a rational integral fimctional matrix of rank r 
lying m a domam of rationality n ; is a complete matrix of the minor determinants of 
q[> of order 8, where « is a given positive integer not greater than r ; and we write 


■f-w:. -C). >-C)' '■-O’ -w:- 


When the variables ai'e arbitrary, the matrix ^ has rank p, the maximum and potent 
factors of cf) of any ordei* i will be denoted by D* and .Si, and the maximum and potent 
factors of ® of any order i will be denoted by Di and JS/. When for particular values of 
the vanables the matrix (f) has rank 


0, 1, ... 8 I, 8, 


i-1, i, 


r-2, r-1, r, 


( 1 ) 


then by § 73 the matrix $ has the corresponding rank 

0 . (':')■ 0 <■■> 

By the in'eduoible divisors of cf) and $ we mean those which lie in il and are 
irreducible in Q. 
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i. The nmtria * has the mme irredmihle divuot's ue 0. 

Let i and T be irreduoible diviaora of and reBpectively in their common domain of 
rationality Q. Then for all finite roots of t the matnx <j> has rank loss than r, and 
therefore 4* baa rank leas than p ; consequently £ is an irreducible divisor of Again for 
all mots of T the mati’ix 0 has rank less than p, and therefore 0 has rank less than ?• ; 
consequently 2^ is an irreducible divisor of 

Thus every irreducible divisor of </) is also an irreducible divisor of 0, and conversely 
every irreducible divisor of 0 is also an irreduoible divisor of <p. 


Ex, 11. If i 18 any integer not greater than r and not lees than the irreditcihle diduars 
of 0 of each of the orders 




.( 2 ) 


are identical with the irreducible dwuors of 0 of ordei' i, i.e. with the irredmihle factors of 
Di arid Ei. 

Let y be any one of the integoi’s (2) ; let t bo any irreducible divisor of Kf) of order i , 
and let T be any irreducible divisor of 0 of order y. 

For all roots of t the matnx 0 has rank less than thei-oforo 0 has rank less than 

and therefore all minor datei’minants of 0 of 


, i.e rank not greater than 




order J vanish ; consequently t is an iiTeduoible divisor of 0 of order J. Again for all 
roots of T all minor detenninants of <I» of order y vanish, therefore 0 has rtink less thany, 

therefore the rank of 0 cannot exceed ^ ^ therefore the rank of cjuiiiot exceed 

1, therefore all minor determinants of 0 of order i vanish; consequently T is an 
irreducible divisor of of order i. 

Thus every irreducible divisor of 0 of order i is also an irreduoible divisor of 0 of 
order y, and conversely every irreducible divisor of 0 of order y is also an irreducible 
divisor of (f) of order i. 

Ex. hi Ifi^O^i'j^ r, and ifu= A/ factor of 

Let 3= (6)^ bo any minor detenmnaiit of 0 of order i which does not vanish identi- 
cally ; let so that yjr is an undegenerate squai-e minor of 0 of order i ; and let 

be a complete matnx of the minor determinants of ^ of ordei* «. Then (5)” is a 
minor determinant of 0 of order w, and by § 120 we have 

Therefore BJ, which must be a factor of is a* factor of d" ; and this is true for all 
such determinants as 3. Oonaequently Bf must be a factor of /)/. 

When Bi hoe no repeated irreduoible factors (iu which oose the maximum 


factor of 0 of order I 


^ 18 1, and the maximum factors of 0 of the 

hh’ -0 

are divisible respectively by 


C:;) 


ordery 


.( 3 ) 


A, D^, ... Df, .. A*. 




16—2 
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Oonsequently in tins oaae is also divisiblo by and we can write 

It follows that in tins cose we have in (4) the maximum factors of 4> of the respective 
' orders (3) 

Ess, IV. Maximum, factors of the recifrocal of an usudegeiwrate square matrix. 

In the special cose when is undegenerate square matrix and 4» = [il]^ 

IS the reciprocal of (j), we have An=(a)’"» follows at once from § 124 4 that for the 

values 1, 2, . . mo^i 

and in particular 

El = Art* A^i— 1 “ Ah— 1 » Ar* “ ^ E[)= Ah’“ 

The posbible ranks of for particular values of the valuables are 0, 1, ?n. The 
iiTediicible divisors of ^ of ordei’ 1 are identical with the iiTeducible divisors of of 
order iii — 1, and the irreducible divisors of 0 of any one of the orders 2, 3, . . m are 
identical with the irreducible divisors of <j} of order m. 

^ 209 Reduction of a rational integral functional matrix to one whose 
successive leading minors are all regular. 

Throughout the present article A=[a]^ is a given matrix of rank r whose elements ai‘e 

rational integral functions in i2 of certain scalar vonables x, z, . , O being any domain 
of rationality. The letters , t, t', will denote any given distinct iiTe- 

duoible functions in Q, which may be irreducible divisors of A \ and the indices of the 
highest powers of these functions which are common factors of all simple minor deter- 
minants of A of order i, where i ;:)> r, will be denoted by df, di, bu If ^ 

IB not an in-educible divisor of A, then di=0 , and if r is not an irreducible divisor of A^ 
then 8^ = 0. The domain, of all rational niimbera will bo denoted by Ui. The maximum 
factors of A of orders 1, 2, . . r will be denoted by Aj Ai A- The chief results 
to be established are contained in the three theorems which follow. 

Theorem I. We can always convert the matrix -4= [a]” into a similar cquipotmt 

matrix 5=[6]^ whoso first r leading horvzovJtal minors [ft]*, [6]", ... [6]* ours all regvZar 

with resped to every one of the given distinct iireduAble functiom by a vmitavy 

oquigradent pransfoi'matwn in Ui of the fomi 

[<=[C (A) 

in which emnj dement h of the pref actor on the left can be a posiXive integer. 

Theorem II. We can always convert the matrix A=^[a]'^ into a similar eqwipotent 
matrix 5=[&]* whose first r leading vertical minors **• regular 


1 /ha "18 • • "iw 

0 1 ^28 ftsm 

0 0 1 ... 

0 0 0 ... 1 
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with resjpect to every one of the given dietinot irredutdhle functions i", . by a unitary 
equigradent tramformation in Qj of the form 

“10 0 ... 0" 

k^x 1 0 . . 0 

m : k,, /.*, 1 . . 0 -u>t 

_^nl ^’nii Afc,! • ^ _ 

in which every eloquent k of the post factor on the left rati he a j^ositive integer 

Theorem m. We can always convert the iniitriv J=[a]” into a shtular aquvpot&iit 
matrix whose first r leading diagonal minor detenninants (/.•)'*, . (c)^ are 

all regular with respect to eveiy one of the given distinct iircdncihlc fundious t\ T, . % 

a unitary equigradont transformation in of the form 

1 /ii2 /ii3 , h^<tn ^ 0 0 , 0 

0 1 /i23 ••• „ ^21 1 0 •• 0 

-K ( 0 ) 


which all the elements h and h of the prefetetor and post factor on the left can he 
positive integers. 

Note 1 The matrices B in Theorems 1 and II and the matrix C in Thmrcm 111 
he in and are eijuipotefnt with A . 

This follo-ws from Ex. vii of § 20G Tho proportiew of equipoteiit iiiatrioos nro 
enumerated in § ^^13. The matrix B (or G) htia tho same irroduoible divisors as ^1, 
and these iri’eduoiblo divisora have tho same maximum indices in B (or G) aw in .^1. 

Note 2. Special case in which .. are all the irreducible divisors of A. 

If then in this case the H. a F. of all tho simple noinor clelorniinantB of 

[/j]” in Theorem I or [o]” in Theorem III is tho oommon maximum fjictur of 
order i of A and B or of A and G ; but this is not nooessanly ho when r < ?», fcjr 
then the simple minor determinants of [6]^ or [e]“ may have a common factor whioli 
IS not a factor of 

Also if r=?i, then in this case tho H.o f of all tho aimplo lanior dot.orrniimiitH of 
[61* in Theorem II or [o]* in Theorem III is 

*■ •'jn ^ ■‘m 

Note 3. Special case in which the elements of are constants 

Theorems I—III are still true, but m the ouunciatious wo must replace ‘ regular 
with respect to , ’ by ‘regular’ simply The proofs of the special theoreniH 

for this case are simplifications of the proofs of the general theorems. 

We will prove Theorems I — III with the help of the examples and lemmas which will 
now be given. 


0 0 1 ... ;(3,„ [«]„. /-jt k^, 1 0 

0 0 0 . 1 _ _^nl ^’ti3 • 1 
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Ess 1 . If Pj Q and T cure given rational integral fimctwns of x, g, z,. , and if Q does 
not vanish iderUicallg and is not divisible by there cannot be 7nore than one constant X 
which is such that P-^\Q is divisAle by T. 

For if P + X<2 divisible by T for two difierent values Xi and Xg of the constant X, 
it would follow that (Xi-X^) Q is divisible by P, and this is impossible 

Ex, li Let the first horizontal roio of the matrix he regular with respect to 

Z', f, . but not regular until respect to t; and let the pth horizontal row of A be regular 
with respect to r. Then by adding to the first horizontal row the pth homontal row 
multiplied by a Qion-sero constant X in Di {wlrich can always he a positive integer) we can 

convert A into a similar egwpotent matrix whose prst h(yt%zmital row is regidar 

with respect to ty fy tf\ and r. 

The simple special case in which r ia the only irreducible function to be considered 
(no mention being made of ty t'y fy, .) is included m the general case 

Let the matnx P=[6]” be formed in the manner described, X being any constant; 

and let the element of the joth horizontal row of A be regular with respect to t. 
Then we have 

(i^r+X§), 

where Q is not divisible by r. Since Pr+X§ is only divisible by r when X=0, the 
element hiq of the first horizontal row of J5 is regular with respect to r for all non-zero 
values of X. Again let the elements <hpi <*iwi •- (not necessarily all different) of the 
first horizontal row of A be regular with respect to if, f,,„ respectively. Then we have 
(with new meanmgs for P and Q) 

^iu=^^i«+Xapu=^^‘ {P +X§), 

whei’e P is not divisible by t If Q is divisible by ty then P-I-X6 is not divisible by i; 
and if § IS not divisible by t, then by Ex. i there cannot be more than one value 
of X for which P+X^ is ^visible by i Therefore is regular with respect to t 
for all non-zero values of X with the possible exception of one ; similarly &i„ is reguloi’ 
with respect to if for all non-zero values of X with the possible exception of one ; and 
so on. 

It follows that [&]” is regular with I'espect to t, fy ... and r for all non-zero values 
of X with the possible exception of a finite number of values, one corresponding to each of 
the irreducible functions t, i!yfy,.,\ and we con always choose X to be a positive integer 
such that [6]" is regular with respect to ty t\ fy„,, and r. Except m veiy special oases 
(as when P-f § ia divisible by ^ in the expression for 6i„) we can take X to be 1 

Ex, hi. Let the first i-1 leading horizontal minors of the matrix he all 

regular with respect to t'y fy,,, and r, and let the ith leading horizontal mvn&r [a]” he 
regular with respect to ty fy fy ,„y'lnit not regular with respect to r; i being not greater 
than r ; also let the homonial minor of A of reduced order % formed with the first i—\ and 
the pth horizontal rows be regular with respect to r Then by adding to the ith horizontal 
row the pth horizontal row muUipli^ by a non-zero consta/nt X in fii {which can always he a 
positive integer) we can convert A into a similar equipotent matrix in which 

[&]” j same time the ith leading horizontal minor regular inth 

respect to t, fy and t. 
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The simple special case in which t is the only iweducible function to be considered 
(no mention being made of U ..) is included in the general case. 

By Ex vii of § 203 there must exist some liorizoiital minor of A of order i containing 
which 18 regular with respect to r, and we suppose such a minor to be that formed 
with [a]” ^ and the joth horizontal row, where of nooessity Let the matrix 

be formed m the manner described, X being any constant, and let the minor determinant 

/ <Zii (7 b» • • \ 

A=3 ( o, J 

M,2. 

of the aforesaid horizontal minor of A be regular with respect to t. Then the simple 
minor determinant of formed with the same veiHucal rows as A is 

A'={ h )=( a )+^( ) = r8<(P'r + X(2'), 

n.B. i- 1 , / ^i.a, 

where Q is not divisible by t; and A' is regular with respect to r for all non-zei’o values 
of A. Again let the simple minor determinants 



/ 

'Oi-J’i \ 


( U ), 

A 2 =( 

a j , 

A3=( rt J 

M, 2, 

\ 

1,2.. -i-l.i' 

A-1,V 


[®]”j winch are not necessarily all different, be regular with raspoct to t, i', t", . . 
respectively, and let A/, Aa', A 3 ', ... be the correspondingly formed simple minor deter- 
minants of [ 6 ]\ Then we have (with difti^nt meanings for P and Q) 


/ \ / «,«, u. \ / n,i«a u. \ 

h ) = ( a )+^( a ) = 
M, a,, n, 2, i-l, p' 


where P is not divisible by t. If Q is divisible by then Ai' is regular with respect 
to t for all values of X , and if § is not divisible by then by Ex. i the determinant 
Ai' is regular with respect to t for all values of X with the possible exception of one. 

Thus the simple minor determinant Ai of [Z»]” is regular with rospoot to t for all non-zero 
values of X with the possible exception of one ; similarly A./ is regular with respect to i' 
for all non-zero values of X with the possible exception of one ; and so on. 

It follows that [b]'^ IS regular with respect to i', ... and t for all non-zoro values 

of X with the possible exception of a finite niimbor of values, one oorreapondiug to each 
of the irreducible functions t', i", ... ; and therefore we oan always choose X to be 

a positive integer suoh that [ft]’*" is regular with respect to if, ... and r. Except 

m very special oases (as when P-f ^ is divisible by t in the expression for Ai') wo can 
take X to be 1. 


Ex. iv. Let the first i—l leading dtagoyial minor determinants (a)^, ... (a)*"J of 
the matrix he regular with respect to t, aoid r; and let the ith leading 

diagonoL minor detei'minant (a)* he regvlar with respeot to t, hut wt regular mth 

respect to r; i being not greater than r. Then if the %th and vth horizontal and vertioal 
rows of A are suitably chosen, we can convert A into a similar equvpot&rU matinx 
in which leadmg diagonjal minor determinant ( 0 )* is also regular 
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With reapeot to . and t hy first adding to the itk Iwrizoiital row of A the uth 

horizontal row multiplied hy a comtani X in £2i, mid then adding to the ith vertical row the 
vih nertiml row multiplied hy a co?isfmit p in 12 1 The onmtnnte X and fi can always 
he poaitwe integers 

The simple special wise in which t is the only in^edacible function to be considered 
(no mention being made of 1, i', i", is included in the general case. 

In this transfomation only the ith horizontal and vertical rows of A are changed 
We will write 


/l, 2, . 1-1, u\ 

/I, 3. 

7 -1, V\ 

/I, 2, 7-1, v\ 

( a ), 


h ), 

G„=( 0 ) 

\l, 2, l-l, «/ 

\1, 2. , 


\l, 2, . i-l,n/ 


so tliat 

(r)^ s=^Gn= A A ^fi A- fj- A iv+'h.fj. A wj 

The ?ttli and ?>th horizontal and vertical rows of A must always be so chosen that A^„, 
is one of those minor detonniiiants of A of oi*der i ooiitaining which are regular 

with respect to r. Consequently we shall always have nAf,i, and one at least 

of the two integera u and v must be greater than ^ 

Case I. When A has a minoi* deterTninant A^it of order i containing (tnd lying in 
the same vertical minor [«]^^ as (a)* which is regular with respect to t. 

In this case we have u>ij and we form C by adding to the ith horizontal row of 
A the ?£th horizontal row multiplied by a constant X ; so that /x=0 and 

(c)* i=Aii-\- Xj4 tii . 

Thou by the reasoning applied to biq in Ex. li the deteiminaiit (o)| is regular witli respect 

to t', .. and r for all non -zero values of X with the possible exception of a finite 

number of values, one coiTespondiiig to each of the irreducible functions t^ i!\ .... 

Case I I, When A has a minor det&'miwvni of order i containing and lying 

in the same horizontal nnmr as {a) ^ which is regular with respect to t. 

Ill this case we have tt=i, i;>i, and wo form C by adding to tlie ftli vertical row 
of A the ytli vortical row multiplied by a constant /i; so that X=0 and 

{c)^=iGii=^A{iA-pAiv. 

Then (c)^ is regular with respect to and r for all non-zero values of g, with the 

possible exception of a finite number of values, one corresponding to each of the irreducible 
functions t^ t\ t** 

Case III Wh&n none of the minor determinants of A of order i containing and 
lying in the same horizffntal or the sc^ne vertical minor as (a) J are regular with respect to t. 
In this case we select any minor determinant A^^ of A of order i containing 

which is regular wth respect to t; aud wo have u>i and v>i We first add to the ith 
horizontal row of A the i^th horizontal row multiplied by a constant X, thus converting A 
into a similar matrix 5=«[Zi]”' in which [6]" and 

( 6 ) 
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Ohooaiiig X HO that la regular with respcot to i\ tf\ . , aud Bi^ ih regular with 

renpect to r, wo see that X can have any non-zero value with the possible exception of a 
tiiuto number of vahiea, one corrospoiidiiig to each of the irreducible functions t!^ t!\ . 
The niatnx B now falls under Cose 11. Accorcliugly we next add to the ?tli vertical row 
of B the i;th vertical row multiplied by a eojist;ant /ji, thus converting B into a similiu’ 


matrix C=[p^'' in which 


w 


1-1 




(c) I = Bii + „/ . 

Choosing fi so tlmt (<')| in regular with resiiect to /, t\ . and r, we see as in Case IT 

tliat /X can have any nou-zero value with the jioHsiblo exception of a finite number of 
values, one corresponding to each of the irreduoiblo functions t, t\ f, . . 


Lemma la. )Ve can alwai/s co7iiiert the mati'i)o A =* into a dmilw* equipotent nminix 
whoBc first homontal row u reffiilar with respect to any rmvib&r of givm irreducible 
finictiom t\ t'\ . hy an equigradeni transformation in Qi of the fonn 


Lo 1 




(ft) 


bi which every element of the vonstitnciit maU'ia' [//]”* ^ ran he apiwtive integer {which may 
he 0). Only the clmenU of the first hovizoiital row of A are ehanged. 


Wo obtain the transformation (a) by Huccessivo applications of Ex li, making [&]*^ first 

i*egular with respect to t\ theu regular with rosiieot to t and t! , then regular with respect 
to t^ t\ j and HO on 


The functions may l>e all or any number of the irreducible divisoi's of A, 

In the particular case when they are all the irreducible divisors of A wo have 

u. 

where [/yj| is a nun-zero matrix which is impotent (hihj § 213. 2 ) with respect to all the 
irreducible divisors of x\ or B. 


Lemma lb. Ifi 4> r, and if the first i - 1 leading horizontal ^Minors [a]” , [a] “ , , . . ^ 

of the matrix all regular with respect to ereeiry one of the given irreducible 

functions we aaji convert A into a mnilar equipotent matrix vn which 

leading horizontal minor [&]” is also regular 

mth respect to every one of th functions ty t\ t'\ ... hy an egnigradent transfoi'mation 
of the form 

l, t»-i 

Wl-tC M 

i-1, 1, 

in which every element of the oonsiituent meUriv a positive integer. Only th& 

elements of the iih horiztmial row of A are changed. 


0, 1, h 
Lo. 0. 1, 
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We obtaan the transformation {of) by successive applications of Ex. ui, making [6]” 

fii’st regular with respect to t ; then regular with respect to t and f ; then regular with 
respect to i', t" ; and so on 

Proof of Theorem L By applying to the matrix A=[a]^ m succession first 
Lemma lot, and then Lemma 16 for the values 2, 3, ... r of we obtain a resultant 
transformation of the form (A) converting A into a similar matnx 5 = [6]” having 
the properties mentioned in Theorem I. 


Lemma 2 a. We can always convert tJie matrix A » [a]^ into a similar equipotent matrix 
5= [6]^*^ whose first vertical row is regular with respect to any nwmher of given irreducible 
functions t,t\ by an eqmgradent transformation in ili of tiie form 

(^) 


m which every element of the constituent matnx ^ can bo a positive integer {which may 
he 0). Only the dements of the first vertical row of A are changed 
The proof is similar to that of Lemma la. 


1 2 t— 1 

Lemma 2b. If and if the fk'st i—l leading vertical minors [®], 

nf the matrix A=[a]^ are all regular with respect to every one of the given iireducible 
funotions t '\ voe can convert A into a similar equipotent matrix in which 

[6]^ and at the same time the ith leading vertical minor [6]^ is also regular with 

respect to every one of the functions ty .. by an equigradent tramformatvon in of 

the form 

li Oj 0" 

w! 0. 1. 0 




0 , k, 1 , 

- ’ ’ - (-1.1. tt-< 


=m: (V) 


in whioh every elememt of the constituent matrix ^ can he a positive integ&r Only the 
ith vertical row of A is changed 


The proof is similar to that of Lemma 16. 

Proof of Theorem II. By applying to the matrix 4 = [a]” in succession first 
Lemma 2a, and then Lemma 26 for the values 2, 3, ... r of we obtain a resultant 
transformation of the form (B) converting A into a sinailai’ matrix ^=[6]” having the 
properties mentioned in Theorem IL 


Lemma 8 a. We can always convert the matrix A “ ® similar equipotent 

matHx whose leading el&ment Cn is regular with respect to any number of given 

irreducible functions by an equigradent transformation m fli of the form 



l,m-l 

1 , 




1, n— 1 



.( 0 ) 


in whioh every element of the constituent matrices [Aj”^ ^ and ^ can he a positive 

integer {which may he 0). The only elements of A whioh are changed are those which he in 
the first horiBcmtal and vertical rows 



209] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


235 


We call obtain the transformation (c) by successive applications of Ex. iv for the 
special case when i=l, first making regular with respect to ^ ; then making it I'egular 
with respect to t and then making it reguhLr with respect tot, ^ and so on. 

Or we can first apply Lemma la to convert [a]^ into a matnx whose first 
horizontal niw is regulai* with respect to t,t\ t ", .. ; and then apply Lemma 2a to convert 
[6]” into a matrix [c]" whose first vertical row, i.o the element c'n, is i'egular with 


respect to t, t\ t ", .... If the two transfonnationa thus obtained are 


[;,;{] w>K,. K[.; ] -wr 


then the matrix [c]”^ defined by (o) has the required pTOportiw 


Lemma Sb. If I'^r, and if the first i-l leading diagonal minor deterirvinants 
^^ 1 , (^)!> ••• matrix il=[a]” are all regular with respect to every one of the 

given irredndhle functhns t, i\ f , ..., we can convert A into a similar eguipotent matriv 
m tff/iic/i [c]j mid at the same time the ith leading diagonal minor 

detenmnant (c)^ is also regida/r with renpect to every one of the ftmctions t, t', t ", . by an 
eguigradent transfonncUion in Qj of the fonn 


'1, 0, 0 
0, 1, h 
0 , 0 , 1 


_j »— 1 , 


K 


•‘i-i, 1. lli-t 


1 , 0 , 0 
0 , 1 , 0 
0 , h, 1 




„ 




“ i-1, Un-i 


in whioh every ol&nvent of the constitneyit matrices and o, positive %rdeg&\ 

The only elem&nts of A which are changed are those whioh lie in the ith horizontal and 
vertical rows. 

We can obtain the transformation (o') by successive applications of Ex. iv. 

Or, because the first t-1 leading horizontal minors of A are regular with respect 
to t, t', t",..., wo can apply Lemma 1& to convert into a matrix in which 

[/>]" ^ and [6]’* is regular with respect to t, t', t", .... Then, because the first 

i-1 loading vertical minors of [6]” are regular with respect to t, t', t ", we can apply 
Lomma 2ft to convert [ft]” into a matrix [o]J^ in whioh and [o]^ is regular 

with respect to t, t\ t'\ .... By applying this second transfoimation to [6]||^ instead of 
[ft]” we obtain (o'). 

Pboop op Thhorpm III. By applying to the matrix .4 « [a]” in succession first 
Lemma da, and then Lemma 3ft for the values 2, 3, ... r of z, we obtain a resultant 
transformation of the form (C) converting A into a similar matrix having the 

properties mentioned in Theorem III. 


Ex» V. We will apply the foregoing theorems to the matrix of rank 3 


■4*[a]J“(a?+l) 


■2^-5;a-M , 
.r*-a?H-2 , 


2a;®--a7-l 2:r®+/i7®-^, 

3j?® + 2a7-6, ar^ + l , 

, 2^02-1 , 


2.«®-6a72 + 2a7-f-3 
.x**-3;r+4 
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whose maximum factors of orders 1, 2, 3 are 

A + Ij A = (^ + 1)® - 1), A = (a‘+ 1)^ - 1)®, 

and whose irreducible divisors in Hi are 


The leading element an of A is regular with respect to both ii and ; the leading 
diagonal minor determinant of order 2, viz. 

A = = (a-+ 1)^ (^— 1) (6^ - - 3.17 + 3), 


IB regular with i-eapect to ti but not with respect to ; and the minor detenniiiant of 
order 2 


A' = 



~3 (57 + 1)2 + 572 ^257+1) 


lying m the same vertical minor of A as A is regular with respect to t^. Accordingly we 
can convert A into a similar equipotent matrix ^ = whose loading diagonal minor 

determinants of orders 1 and 2 are regular with respect to both and t 2 hy adding to the 
second homontal row of A the third honzontal row multiphed by a constant X. We then 
have 

(6)‘ = 0+X 0=(j,-+l)i' («-l) ((ic+l)(6.if'-a!2-3.«+3)-X,J)S(2fl.-- 1)}. 

The minor determinant (&)g is regular with respect to ^2 except when X=0, and i*egular 
with respect to except when X = 10. Therefore if wo give to the constant X any value 
except 0 and 10, then (6)^ as well as bn will he regular with respect to both the divisors 
and ^0 Giving to X the value 1, we obtain the uuitai*y eqiugrodent transformation 


-25;^-p2+l, 2^~a7-l, 2a72 + a?ii — 57, 2572-05,’2 + 257 + 3“ 

3.??a-357 + 3, 35^ + 3.57-6, 35.-3 , 35?2-9.57 + i) 

- 25 ,' 2 - 25 ;+ 1 , 57-1 , 25 ‘ 2-1 , 25 ? 2 - 6 . v +16 ^ 



0 1 1 
n n 1 . 


Wa = (•« + !) 


converting A into a similar matrix i?=[6]g whose leading diagonal minor determinants of 
orders 1 and 2 are regular with respect to both the diviBors and ^ 2 - 


In this case the leading diagonal minor determinants of B of orders 1, 2 and 3 ore all 
regular with respect to })Oth the divisors ti and and no further transformation is 
required to secure this. 


^ 210. Reduction of a syznmetrio matrix to one whose suooesslve leading 
diagonal minor determinants are all regular. 

Throughout the present article A=[a]^ is a given symnietnc matrix of rank r whose 
elements are rational integral functions in Q, of certain scalar variables, O being any 
domain of rationality. The lottum t, t'\., ,t, +, t", .. will denote any given distinct 
irreducible functions in O, winch may be irreducible divisors of A , and the indices of the 
highest powers of these functions which are common factors of all minor determinants of 
A of order where will be denoted by cZ*', di \ d/, d/', .... The domain of 

aU rational numbers will be denoted hy Oi. The chief result to be established is that 
given by the following theorem 
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Theorem. We can ahoaya cQ'tvo&rt the siimmeti'ic mati'vs ^=[a]”* into a similar oqm- 
pot&nt symmstrir mati'iv whose fa'st r leading diagonal minor det&i'minants 

.. (6)|, are all regular loith respeot to every one of the distinct vrredncihle functions 
by a symmetnc unitary equigradmt transfomnation in of the form 


t, i', t", 


“1 

/<ia 

/iia .. 

^Im 

^ 1 

0 

0 

. 0" 

0 

1 

. 


Ai2 

1 

0 . 

. . 0 

0 

0 

1 .. 


W: An 

Eja 

1 . 

. . 0 

Lo 

0 

0 . 

1 J 

L 

him 

■ 

... 1_ 




.(A) 


tn which every elefnient h of the pnf actor and post factor on the left can ho a positive integer 
{which may he 0). 

Tho matrix B given by (A) always lies in 12 and (see Jix. vii of § 206) is equipol^nt. 
with A. Hence it has tho same iiTeducible divisors as A, and thosii in*educible divisora 
have tho same maxi mum indices in B jia ui The theorem remains tine in tho special 
case when all the olomeuts of J ai’o constantH, but in the enunciation wc then replace 
‘regiilai* with respect to t\ t'\ . .Miy ‘regular’ simply. 

Tho theorem will bo proved with tho help of the examples and lemmas which follow 


Ea\ 1 . If l\ R and T are given ratwnal integral functions of j-, ?/, 5 , . , and if It 
does not vanish identically and is not divisible by T’, there cannot he more than two diffment 
constants \ which are such that F’\-\Q^X^R u divisible by T 

For if tho above expression were diviBilde by T for three ditforout values Xi, Xa, X( of 
the constant X, it would follow that 

V+(X.j-i-Xa)A\ V+(X.,+Xi)A, V+(Xi+X.j)/^ mul (X. -X,)^, (X„~X,)^, (Xi-Xa)A; 
are all divisible by T\ and this is impossible. 

Air. li If the leading element cth of the sijmmetric matrix -.l=a[ce]”| is regular with 
respeot to i, t\ i", ...» but is not regular with respect to r, we oan convert A by a symmetric 
oquigradeut iraiiforrmtion of the form (A) into a similar symmetnc matriv whose 

leading element ftn w regular with respect to t\ i ", ... and r. 

The simple spociul oaso in which r is tho only irroduoible fimetion to bo considorod (no 
mention being made of if t'j t"j ...) is included in the gouoml case. 

Case /. When A has a diagonal dement li^n which is regular loith raqicct to r. 

If we add to the first horizontal row of A tho uth horizon t^il row nuiltqdiod by a 
constant X, and afterwards add to the first vertical row tho tttli vertical row nmlbipbod by 

X, we (jonvoi’t A into a similar equipotent symmetric matrix in which 

+X^aa,j=T*i {ran + 

where a,*u is not divisible by r. Then is regular with rosiiect to r except when X=0, 
and when 2atii+Xauti is divisible by r. Since by Ex. i of § 209 there cannot bo more than 
one value of X for which 2at*i+Xattti is divisible by r, we see that bn is regular with 
respeot to r for all non-zero values of X with the possible exception of one Again we oan 
write (with a change in the meanings of the a’s) 

611 — (an -H 2Xa„i + X^a„u}, 



238 


THE POTENT DIVISORS OF 


[CH* XXIII 


where now an la not divisible by L If is not divisible by if, then by Ex. i above bn is 
regular with reapeot to t for all values of X with the possible exception of two , if 0,^,4 is 
divisible by i and a„i la not divisible by t, then by Ex. i of § 209 there cannot bo more than 
one value of X for which aii+ 2 Xa„i la divisible by t, and therefoi’e hn is regular with respect 
to t for all values of X with the possible exception of one ; and if 0,^^ o»i ‘ire both 
divisible by ty then 611 is regular with respect to t for all values of X. Thus hn is regular 
with reapeot to t for all values of X with the possible exception of two , similarly 611 is 
regular with respect to t' for all values of X with the possible exception of two ; and so on. 

It follows that in Case I the leading element hn of ^ is regular with respect to ty t\ 

.. and r for all non-zero values of X with the possible exception of a finite number of 
values, one coiTeaponding to r and two corresponding to each one of the functions 
t'\ , . Usually all nou-zei'o values of X m flj are admisaiblo, and we can choose X to be 1. 
In all cases we can choose X to bo some non-zero positive integer. 


Casa 11, Wh&ii A has no dwigonol dment %ohvih is regular vnik respeet to r. 

Let a^ny where %>v and « > 1, be a nou-diagonal element of A which is regular with 
respect to r Then if we add to the tith honzontal row of A the wth horizontal row 
multiplied by a constant X, and afterwards add to the 2>th vertical row the i^tli vertical 

row multiplied by X, we coiivei’t A into a similar symmetric matrix in which 

a 2 Xfl£,ji; “f"X^ 05,474 I ( 1 , 474 }, 

where a,**, is not divisible by t ; and a\tu is necessarily regular with respect to r for all 
non-zero values of X. 


If v^\y i.e. if does not ho in the first vertical row of J, we have w'n=(tii, and wo 
can treat the matrix A' just as we treated the matiux A in Case I, thus converting it into 

a symmetno matnx in which &11 is regular with respect to t\ t*'y ... and t. The 

resultant transformation converting A into B has the form (A). 

If v=\y i e. if rt,4„ lies m the first vortical row of A, wo take the matrix A* obbimod 
above to bo the matin x so that 


= till + 2Xa„i + X^a^„ =7^1 {ran +2Xn,ti + “?(»}} 

where aai is not divisible by t. Then hn is rcgubir with respect to r for all iiou-zei'o valuoR 
of X, and just ns in CViso I wo can choose X so that hn is also regular ^vith respect to 

ty t'y t\,.„ 


Bx iii. Let the first i - 1 leading diagonal •niiiiov detei'minanU of A he all regular with 
respect to the gimn irreducible functions ty t\ ... and r, and let the lih leading diagonal 

minor determinant (a)J he regular with respect to t, t', t", ,,,y but not regular with ‘i'espeet 
tOT ; i being not greater than r. Then we can oo^iccrt A into a similar eguipotmt symmetric 
mairix in which and at the same time the ith leading diagonal minor 

determinaml (6)^ is also regidar with respect to tyt\V'y and r hy a symmetric equigrad&nt 
tramformeUion in Qi of the form 


1, u . 

0 , 01 ‘ 




[«] 


1,0 

m 0 , 0 ) 


K 




whei^e [ffl] 


m-i+l 

rn-i+l 


la a matrix having the same form as the pref actor m tliA left in (A), 
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The simple special case in which r is the only ii'i’oducible function to be considered (no 
mention being made of t, .. ) is included in the general cose. 

For the minor determinants of A of order i containing we will use the notation 
^Kii=C' ' ^ \ whore 

\l, 3, f-l. nj 

Case L When A has a diagonal minor detmnvmnt A^n of order i eoniainiig 
whioh is 1 egular with respect to r, ichet'e of course ii > i 

If we add to the ith horizontal row of A the wth honzontal row multiplied by a constant 
X, and afterwards add to the ith voi'tical row the ?«th vortical row multiplied by X, wo 
convert A into ti similai- symmeti'ic matrix in which 

(6)^ = -d a + 2Xii ui + X'-^ilu.i = {roii + 2Xa,ii + X*-* , 

where a„„ is not divisiblo by t. By the same reasoning as that used for the eleinoiit bn m 
Cose I of Ex. ii wo soo that is regular with respect to r for all non-zero values of X 
with the possible exception of one. Again wo can write (with a change in tlio a’s) 

(^)f “ {^i + 2X%i + \^(hiu}i 

whore an is not divisiblo by mid by the same renaoning as that used for the element bn 
in Case I of Ex. ii we see that (b)^ is regular with rosiiect to t,t\ iJ", . . and r for all 
non-zero values of X with the possible exception of a finite number of values. In general 
all non-zero values of X in i2i are admissible, and wo can take X to bo 1. In all oases we 
can choose X to bo some positive integer. 

Case IL When A has no diagonal minm* detennina'nt of order I containing %ohick 
is regular xoith respcot to r. 

Lot Auv, whore u> o, n> i, bo a non-diagonal minor dotermiiinut of A of order / 
containing which is regular with respect to t. Then if wo add to the -yth horizontal 

row of A the ?<th horizontal row multiplied by ti constant X, and afterwards add to tlio 
wth verbioal i-ow the ?ith vortical row multiplied by X, we convoi't into a Hiniilnr 

symmetric matrix /(' = in which 

A'pf,=3Ai;p+ 2XA + X^.^i „„ t= {^0^+ 2Xni,ty + tX^ fluHJ , 

where Chu is not divisible by r; and ^ ^ is a difigonal minor dotorminant of A' of oi-dor i 
containing («'))") whioh is neoessarily regulai’ with respect to t for all non -zero ^alucs of X. 

If v^if i.e. if Ai„ does not lie in the same vertical minor of A as ((i)^ we have 
[a']| « [a]*, and we can treat the matrix A' just as wo treated the matrix A in Case I, thus 
converting it into a symmetrio matrix in whioh and (6)J is regular 

with respect to t, t*\., and t. The resultant transformation oon verting A into B has 
then the form given in the enunciation. 

If i;>i i, i.e. if A^ ^ the same vertical minor of A as (a) we oan take the matrix A' 
obtained above to be the matrix so that 

(6) J - An -h 2XA<*< + X^A^t* = {roi* + 2Xa«i + tX® a«„}, 
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where Ojit, IB not divisible by r Then (i)| is regular with rospoct to r for all iioii-zoro 

values of X, and just as in Cose I we can choose X so that (b) ^ is also regular with rcs].)ect 

to . , . 

Lemma 1. We oan altoa^s convert tlui ay^nionetric nuiU'ix = into a similar 
cqmpotent sy^nmett'ic matrix 5=[6]||| loliose leading clement bn is regular 'loith respect to any 
numhei' of given irreduoihle functions t, t\ t‘\ . by a sytnmetnc equigradeiit transfo^'raation 
in Oi of tlve form (A) in which emy elennent h of the prefuotor and post-factor on the left can 
be a positive integer 

We obtain the required transfoimatioii by succesaive appliciitioiis of Ex ii, malmig b{\ 
first regular with respect to t ; then rogidai' with roai^iect to t and t ' ; then regular with 
respect to t\ t" , and so on. 

Lemma 2. if r, and if the fi^'st i—\ leading diagonal minor detenninants a ^ , 

(а) ^, . (a)|_j of the symmetric matrix A = are all regular with respect to every one of 

the given irreducible functions t\ t'\ . , then we can convert A into a mnilar equvpotcnt 
symmetme matrix Zf = [6]"* vn which [6]^ J and at the saone time the iih leading 

diagonal minor detsimmant {b) ^ is also regular wilh respect to ev&iy (me of the functions 
t^t\t'\ ...by a symmetric equigradmit transformation in Qi of the for^n 

=[&]’:> 

where ^ ^ matrix having the same general form as the pref actor on the left in (A), 

in which ex&ry one of the elerntnits h can be a positive integer'. 

We obtain the required transformatiou by siicoesaivc applications of Ex. lii, making 

(б) | first regulai’ with respect to t ; then regular with I'eapeot to t and t' ; then regular with 
respect to t\ t” , and so on. 

Proof of the thforkm. Dy ai)plying to the ayminetwc matrix ^ 

succession first Lomma 1, and then Lemma 2 for the values 2, 3, ... r of i, we obtaiu 
a resultant symmetric eqmgradont transformation of the form (A) converting A into 

a similar symmetric matrix having the propeitios moutiouod in the theorem 

given at the oommoncoinont of this article. 

§ 211. 'B.otx^ogeneoua linear transformations of the variables in a rational 
integral fiinotional matrix. 

k ^ 

If [2]^ and ^ are two mutually inverse undegenerate square matwoes with constanL 

elements lying in any domain of rationality Q, it has been shown m § 187 that the two 
mutually inverse transformations 

t—i I — I I — \h I— I 



establish a one-one correspondence between all rational integral fiinotiona of the k variables 
^ij ^ 2 j • which lie in O and all rational integral fimotions of the h variables yij ^ 2 , ... y* 
which lie in n, two such functions of the ar*s and y’s oon'eapondmg when and only when 
they are convertible into one another by the substitutions (A) 




^ 1 + 1 


m 1 , 0 
0, a> 
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if Ai, A'a, Xjt and I'l, ... Yi, aro the hoiiiogoiieouH linear fmietionB of . 

and of yi, //a, . . y* defined by the equations 

1—1 (—1 A) p— I I— 3 t r—i 

X = £ , 7 =[<]* n , 

I l__n I Ijfc I \l *■ 


. .Tfe 


or A j — i ’{=/*] /A 4-^;‘jy2+ 

two coiTespouding fuiictiouH U and V of tlio j.-’a and y’s have the forms 
2a .fiPi SiAV^i A> AV^* , 

V= 2a ] V*i 1 V'ti . 1 = 2b y,«i y^'^A , 

l.liu first of the traiisforiiiatioim (^A) couvei*t.s (• into V ; tho second of the tmiisforniatjons (A) 
(sonvoi’tjs r into U, each of tho finicfcions (J and V is uniquely deterniiuate when tho 
other 18 given ; (uich of them vainshos identically when and only wboii the other v'anishes 
identically, and when U and V do not vanish identically, the degree of V in all the y’s is 
the same as the degree of U in all the a'a. Fui'ther V is irreducible iii SI when and only 
when U is irreducible in Q 


Again when U and Fdo not vanish identically and ai‘o expi*essed as protiiicte of factoi-s 
irreducible m ii, we have 

where .. are distinct iiTediicible functions in Q of a?i, A'y, ... a.’* ; rj, Vg, ... ai^o 

the con'esponding distinct iiTeduoible functions m Q of y^, y^, ,. yi,, and c is a non- 
vauiahing con.staut lying in 12. 

It follows that the Pm mutually inoene transfomiatioM (A) eatahluh a ona-one oorre- 
9pondmce hepwem all matncea (p whose elements are rational integral functions in Q, of the 
mriables .Vg, . .r* aitd aU matrices yj/ whose ele7?miis are rationval integral fiinoiioiis in Q. 
of the vamables yi, ya, . y*, two eorreaponding matrices (p and yp being convertible into one 
another by the substitutions (A) 

Any two con*osi)onding matrices <p and yp have the forms 

0 = [®]^“2[a]* XiH .. (j8]".A?l .IVn... 

yi»‘ .'/*»«••• Vk% 

wlioro fal" Mid Ffil** in'o iiirttriuoH whoMo oleuiuiitH aro ooiiHtante iii O, the uoefiidontii 
being uniquely doterminato whoii the coetlicients [aj||^are known, and the coefficients 

[a]’* being uniquely deteruiniate when the ooofitioiente are known. Tlie first of the 
transformations (A) converts <p into ypi the a6a<md of the transfonQiations (A) converts yp 
into <p ; each of the matrices (p and yp vaniaheH identically when and only when the other 
vanishes identically ; and when <p and yp do not vanish identically, their degrees in all tho 
variables ore the same, and each of thoiii is homogeneous when and only when tho other 
is homogeneous. 

Since coi*respondingly formed minor detomiinants of (p and yp of any given order i are 
corresponding Unctions of the .r^s and y’s in the sense just described, we see that any two 
corresponding matrices (p and yp' have the following properties : 

(1) The matrioes <p and yp are similar and have equal ranks. 

(2) Tho maxiinum factors A wid Di of (p and yp of any given oi-der i ai’e (when their 

arbitrary non-vanishing constant factoi’s are suitably chosen) corresponding 
funotioiiB m Q convertible into one anothei’ by the transformations (A). 

0. III. 



ft. w ^ ; 




^ I ^ 


J ^ 1 
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(3) The potent faotora and El of 0 and •sjr of any given ordei' i aina (when their 

arbitrary non -vanishing constant factors are suitably chosen) corresponding 
functions in Q convertible into one another by the transformations (A) 

(4) There is a one-one correspondence between the in'eduoible divisors m a of </> and yjr, 

any two corresponding irreducible divisors u and vof (p and \l/^ being convertible 
each into the other by the transformations (A) Also the maximum and potent 
indices of orders 1, 2, 3, . . i, of o for the matrix are the same as the 
maximum and potent indices of oiders I, 2, 3, i, .. of u for the matrix 0 

(5) There is a one-one correspondence between the maximum and potent divisors of cj) 

of any order i and the maximum and potent di\daors of ylr of the same order ?, 
any two con'eaponding maximum (or potent) divisors of 0 and being 
convertible each into the other by the siibstitiitiona (A) 


Ess i If . qk fti^d Qi, (i 2 i • Qk two sets of constants lu neither set 

consisting of O’a only, which satisfy the ocpiationa 


I— I r—\/i I 1 

!/ . 

I — lA I — tjb I — ifc 



...(B) 


and if w = (^1 .^1 -|- 5 ' 2 .'r 2 ■!" + = Qi -I^i 4- 5a A"a+ . . . + Qk-^ki 

and + 

then iJ is a linoai' (or irreducible) divisor of yj/ when and only when u is a linear (or 
irreducible) divisor of <^. 


For u and o are coiTespoudmg functions of the a-’s and j/a 

If 7i, ya, .. qk and 5i, are two given sets of constants in Q, neither sot 

consisting of O’s only, tlien by 132 we can determine two mutually inverse undogeiicrato 

k ^ 

square matrices [Z] and L m Q so that the equations (B) are satisfied ; and if g-i, oa, . . r/jt 

are so chosen that u is not a linear divisor of the given matrix , which is possible 

whenever tf) has rank greater than 0, then the given expression v is not a linear divisor 
of the oon'espondmg matrix into which </> is converted by tho first of the 

transformations (A). 

Thus if la a given rational integral fumtional matrioG whose rwnk is greater 

than 0, me can convex t it by a koimg&mous linear tramformation m Q of the vandbles into 
a nxairiA. of which the given eiopression v is not a lineour divisor. 

In pni-ticular yi is a linear divisor of when and only when 

Iru^Oi + L2iX2 + . . . + EjeiSCk 

IS a hnear divisor of (/> , and when </> is given and has rank greater than 0, it is obvious 
that we can form an imdegenerate matrix T in O such that is not a linear divisor of 


Thus if is a given rationul integral funotional matrix whose rank is greater 

than 0, we can convert it by a homogeneovs linear transfoi'maiion in Q of the variables into 
a mati'ix of which y^ is not a hnear divisor. 


Ex 11 . Transfomiations of a matrix which u homogeneous in two variables x and y. 

[-5 mutually inverse undegenerate matrices with constant 


elements, and let 

X>=-px-\-qy, Y=^ux+vy, X'^Ex'+Uy'^ Y'=QiX^-\-Vy\ 
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Then any two homogeneous matiicea </>=[a]”, whose elements ore rational 

uitegral functions of .t, ?/ and of y' of degi'ee r, and which correspond for the 
transformations 


ci-KrjK- ra-Bac] <“> 


liavo tho forruH 


= u,. [„]"^ + 03]“ 4- .. + I/' [k]“ 

= A'^[a'];'+ (1) 

■^"-vw“,+- +y’[«a: 

=A"^[a]>A'-ir [/3]; + . + r- w* (2) 

The first of the transformations (C) ounverta <]£) into and tho h.eoond of the 
branaforniationa (0) oonverta <j>' into cf> The identity (2) enables us to express the 

coefficients ** of tho ooefficients [a]”, identity (1) 

enables us to expi’ess the ooefficients [a]’*^ , [/9]” , . in terms of the coefficients [o']* , 

ml 

Let (X, fi) and (X', /i') be two pairs of constants such that 

ra-B ?']£]■ C:]-R:]B} <-> 

and for the values 1, 2, 3, . of i let (X^, fn) and (X/, h) be two pail’s of constants such that 

Thou (XjV + ;iiy), 0^8-^ H-aS/') ^^’0 the distinct linear (or irrosolublo) 

divisors of (j)' when and only when (Xi-ay+^ii^/), (Xs^r+ftay), ... (X,d?+/Liay) are tho distinct 
linear (or irreaoluble) divisors of </>. Also (XV+z^y)^ is a potent divisor of of order i 
when and only when (\x-\-fiyY la a potent di visor of qb of order ? In particular y is a 
linear divisor of (/>' when and only when y=iuU’\-vy is a linear divisor of <j). 

If the mlitnx is given and has rank greater than 0, we can choose the constants 
PyqyU,v BO that pv^qu^O^ and Tiaj+vy is not a hnoar divisor of 0 ; then Q, U, V ai’c 
constants such that JPV—QU^Q, and y' is not a linear divisor of 0' Wo can also choose 
the constants pj g, Uy v so that and iwy+vy is not a liuedr divisor of 0 ; then y' 

is not a linear divisor of 0', and we have 


B 7] 


-E® 111 . Tra7i8fonnation8 of a matnx which is homogmieous and Umar in tvx) varuMes 
X arndy 

Using the same transformations (0) as in Ex. ii, we have 

0=M:--'H:+^[^]:= rL/at. 

f =M:=^ m:+/ D3']> A" Ml + r [p]l 

16—2 
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Any two coirraponding plements atj niid 6<y of 0 and y\r have tha fovniH 








Y^k y'Pk^-i 
h ^ A+l ' 


il ?/ 1 

aud IS the homogenised fiinotioD of degree r corresponding to a^y. If a<y has degi*ee r, 
ftij 3S not divisible by and if a^j has degree s, where* s<r, then is divisible by 

^k+i divisible by any higher power of One of two corresponding 

elements ct^y and i<y vanishes identically when and only when the otlier vanishes 
identically. 


Eo! 1 Two corresponding matrices and i/f have equal values for coiu’esponding 
seta of finite values of the ys and ?/’a satisfying the equations (A). 


Ea;. ii. One of two corresponding matrices </> and i/r is a matrix [rl" with constant 
elements when and only when 

Let i?* be any homogeneous rational integral function in O of the elements of having 
degi’ee i m those elements, and let Q* be the same function of the elements of ifr Then G ' 
IS a homogeneous rational integral fiinotioii in a of the variables ?/i, yg, . having 

degree w* in all the variables Since the second of the transformations (A) converts G' into 
F , and there are not two difierent homogeneous rational integral functions of , yg, . . yjfc + ^ 
of the some degi’ee which am converted into F by that transformation, C?' uiiist be the 
homogenised function of degree ir corresponding to F, Hence O' vanishes identically 
when and only when i?’ vanishes identically; and when i?’ and O' do not vanish identically 
and -Phas degree n in the variables .^’i, .^2, .. we can write 


-ir— ^ 


ff=rT 


SaTf'Ff*. 

A*+l ’ 


F=2a.v^'x‘^.. 0'=T 

^ ’ /+! A+1 — 1 S * A* 

FiH-502+-. -^Pk+Pk+\=^if, 

and where there are terms in w’hioh pi+jD2 + ---+f 0 ji=«, ^?ii-+i = 0 . 


The function 0 ^'SaT^'Y^*... is then the homogenised function of y.,, ... 

?/t+i which corresponds to F and has the same degree as F, and it is not divisible by the 
linear function When F and O' do not vanish identically and are expressed as 

products of factors irreducible in a, we have 

(A) 

whei’G 0 IS a non-vanishing constant in a , «„ U3, . are distinct iiroduoible functions 

111 Q of a,, .Hj, ... Vi, Bj, tfj, .. are homogeneous irreduoible fiinctnms 111 fi of 
//i. Vi, i/k+t distinct from one another and distinct from the in-educible function F*., ; 
and Ba, 83, ore the liotnogeiiised functions which correspond to and have the name 
degrees as ic^ 


Taldng F and G" to be correspondingly formed minor determinants of A and it of 
order 2, we draw the followiDg conclusions* 

( 1 ) Two corresponding mntnees (/> and have the same rank, which wiL be denoted 

hyp 


( 2 ) 


There is a one-one correspondence between the irreducible divisors of 6 and those 
(homogeneous) ureduoible divisors of yj, which are distinct from F- , anv 
two ^rr^ponding irreducible dinsors of 4> and f being convertible into one 
another by the transformations (A) 
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(3) If u and V are a pair of corresponding uTeducible dinaors of (f) and yjr (v being 
distinct from Yk+i), the maximum and potent indices of v of orders 1, 2, , p 
for the matrix are respectively the same as the maximum and potent indices 
of 11 of ordera 1, 2, . p for the matrix (j) 

When the homogeneous linear function 1 is not an iri’educible divisor of y//-, there is 
a one-one oorrespondence between aJl the irreducible divisors of (/) and all the irreducible 
divisors of yjr, also there is a one-one correspondence between the maximum luid potent 
divisors of orders 1, 2, ... p and the maximum and potent factors of oi’ders 1, 2, ... p of 
and any two correapondmg factors or divisors of the same ordei* liaving the same 
degree, and being convertible each into the other by the substitutions (A). 

Noth ITomoffenwaiion mth change of degree. 

If ?• and « ore any two positive integers such that 8, we can show in the same way 
that the two mutually inverse transformations (A) establish n one-one oorrospondeiice 
between 

(1) all matrices which are rational integral fmictions m Q of degree s of tlie 

vanables ari, a' 2 , 

(2) ill! those matrices yjr' which ore homogeneous rational integi’al functions in of 

degree r of the it-fl variables yi, ^ 2 ? • • + whose olo meats are all 

divisible by and not all divisible by any higher power of , 

two such matrices cjj and i/r' corresponding when and only when they are cnnYei*tiblo into 
one another by the transformations (A) 


2 Homogenisation hy the introduotimi of a new varmhle. 

In the particular cose when transformations (A) become 

^1=3^1, ^'’2=2^2* • 3^i=a7i, y3=;a73, ... = ..(B) 

and we have 

In this cose the equations (A') are replaced by 

(B') 

and we have the same results as before, Fjt+i being now yjt+i. 


We oon replace yi, ya, ... y*, y*+i by a'l, .-ra, . 0 :^, rit+i, regarding ,Vk+i ^ new 
variable by means of which the homogenisation is effected. Then instead of (A) wo have 
the transformations 


^“^*+1? — 1»» (^) 

two corresponding matrices (j) and ^ of degree r have the fori ns 

where j0i+j32+---+3’fc+33*+i=^'» SAxd the equations (A') ai‘e replaced hy 

(O') 

We have the same results as before, I'l + 1 being replaeeil by /*?*. + 1 . 



CHAPTER XXIV 


EQUIPOTENT TRANSFORMATIONS OF RATIONAL INTEGRAL 
FUNCTIONAL MATRICES 

[The first three articles of this chapter (with Note 4 of § 219) deal with rational 
integral functional iiiatncos in general ; the remaining six articles deal with rational 
integral . 1 -matrices In 213 and 214 wo define equipotent niatrifOjH and iinpotoiit 
niatrioes, and describe the chief features of cquiiiotont transformation h. In 215 and 
216 we investigate ceitam properties of oue-rowed matrices coniieoted with tlio long rows 
of on undegenerate matrix , in 217 we use these properties in constructing coi*tain 
uniquely determinate equipotent transformations of a given rational integral .v-matrix , 
and in § 218 we show that every such matrix can be derived from an undegeiierate square 
matrix by equiiiotent transformations. Methods of reducing a given mtional integral 
.v-mati‘ix whose potent factors are known to its standard form by equipotent transforma- 
tions are obtained 111 §§ 216 — 8. The usual method of effecting the reduction, which is 
applicable when the potent factors ore not known, is described in g 219 In § 220 we 
describe tranafonnations which ore necessary and siiflicient oonditiona that two given 
mtional integral :r-matrices shall be equipotent ; and in 45 221 we find the circumstancoH 
under which it is possible to convert one given mtional integral ^-matrix into another by 
a rational integral tmnsfoimation ] 

§ 213. Equipotent and impotent rational integral functional 
matrices, 

1 . tJqiiipotent wMi'ices, 

Two matrices -d.=[a]^, = whose elements are rational integral 

functions of certain scalar variables os, y, 2 , will be said to be equipoteiit 
with one another when and only when any ono of the following sets of 
equivalent conditionft is satisfied : 

(ft) They have the same rank and the sa7m potent divisors, 

(b) They have the savie rank and the same potent factors, 

(c) They have the same rank and the same'maodmimi divisoyrs, 

(d) They have the same rank and the saiyie mcudmnm factors, 

{e) They have the same yotent factors of all orders, 

(/) They have the same mammum factors of all order,^ 

It will generally be understood that the potent and maximum divisors 
are those corresponding to the various irresoluble divisors of A anrl B ; they 
may however be those corresponding to the various UTeducible divisors in fl 
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of A and 5, where £1 is any domain of rationality in which both A and B lie. 
It IS also to be understood that a matrix of rank r has no potent or maximum 
divisor of any order greater than r and no potent or maximum factor of any 
order greater than r, and that a rnatiix of rank 0 has no potent or maximum 
divisor and no potent or maximum factor. Further in (r/), (&), (c), (d) it is to 
be understood that a repeated potent or maximum divisor and a repeated 
potent or maximum factor is repeated the same number of times in each of 
the two matrices 

If A and B have the same potent (or maximum) factora of all orders, they 
have the same number of potent (or maximum) factors, i.e. they have the 
same rank. Consequently the conditions (e) and ( /) ai’e equivalent to the 
conditions (b) and (d) respectively, and we only have to prove the mutual 
equivalence of the conditions (a), (6), (c), (d). 

When A and B have the same rank r and the same potent divisors, they 
have the same potent divisors of all ordei-s. For if 

... ... 

are their common potent divisors correspondmg to the irresoliible (or irre- 
ducible) divisor t aud arranged in such an order that 

where ea>0, then is necessarily a potent divisor of order i for both 
matrices. Consequently t has the same potent and maximum indices of 
orders 1, 2, . .. ?* for both the matrices A and B\ and A and B have the same 
maximum divisors, the same potent factors and the same maximum factors of 
all orders. Hence when the conditions (a) are satisfied, the conditions (a), 
(6), (c), (d) are all satisfied 

Again when A and B have the same rank and the same potent factors, 
they have the same potent factors of all orders. For if 

T/T TCT 777 tjf 7/T 

JLi, ZSrg, ... ... £ir-it 

are their common potent factors arranged in such an order that each of them 
after the first is divisible by the preceding, then Ei is necessarily the potent 
factor of order i of both matrices, and the matrices A and B have the same 
maximum factors, and the same maximum divisors and the same potent 
divisors of all orders. Hence when the conditions (&) are satisfied, the 
conditions (a), (6), (c), (d) are all satisfied. 

Reasoning in a similar way from the conditions (c) and (d), we see that if 
any one of the four sets of conditions (a), (b), (o), (d) is satisfied, then they 
are all satisfied Consequently the conditions (ct), (6), (c), (d) are mutually 
equivalent. We shall usually regard (a) as the fundamental definition of 
equipotence. 
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Ex i. The two matHces A wnd B mo/y have the same poierti divisors when thein' ranks are 
not the same. In such a case they are not equipotent. 

If A and B liave the same potent divisors, and if the ranks of A and B are r and s 
respectively, then the potent divisors of A of order t *- 2 are the same as the potent divisors 
of B of order s-i for all permissible values of ^ ; and if s the matrix A cannot have a 
potent divisor of any one of the orders 1, 2, ... y* - a. Hence ’when r and s are diflferent the 
two matnces have not the same potent divisors of all orders except in the special case 
when each matrix has no potent divisors. 

Ex, u If A and B are hath impotent^ thdr ranks are not necessarily the same^ and they 
are therefore not necessarily equipotent. 

Ex 111 . If A and B are not both impotenl^ a/nd if they have the same potent {or maanmum) 
divisors of all orders^ then they must have equal ranks and must he equipotent. 

We do not include 1 amongst the irresoluble (or irreducible) divisors of a matrix. If 
we did include it, then A and B would be equipotent when and only when they have the 
same potent (or maximum) divisors of all orders 

Ex. iv. Smoe a matrix of rank 0 has no potent di’^dsors, all matrices of rank 0 can bo 
regarded as bemg equipotent with one another. 

Ex V. Any two matrices which differ only by rows of 0*« (or any two conventionally 
equal matrices) are equipotent with one another 

For they have the same ranks and the same majumum factors. 

Ex vi All derangements of a rational integral functional matrix A ore equipotent 
with A. 

Ex. vii. If the matrix A can he converted into the matrix B by an equigradent trans- 
formation, then A and B are equipotent. 

This has been proved in Ex. ii of § 203, and is moluded m Theorem II of § 214 

Note Correction to § 74 The defimtion of equipotence given above should be 
substituted for that given in § 74. When that is done, all the four results mentioned in 
Ex IV of § 74 are necessarily true, the last result following from Ex. v of § 214 ; but the 
last result is not true universally when the definition of § 74 is adhered to. It will be 
shown in § 214 that if two matrices are equipotent according to the definition of § 74, 
then they are eqmpotent according to the definition of this article ; but by Note 4 of § 219 
the converse is not true generally when there are more than two variables 

2, Impotent matrices 

A rational integral functional matrix A = [a]” of any rank r will be said 

to be impotent when it has no potent divisors. If ^ = 0, the matrix A is 
necessarily impotent If r > 0, it is impotent when and only when its potent 
factors El, Ei, ,,, Ey are all non-vanishmg constants, i.e. when and only when 
its maximum factors J)i, Da, .. Dr are all non-vanishing constants; and this 
is the case when and only when D,, the h.c.f of its minor determinants of 
order r, is a non- vanishing constant which we can take to be 1 , or when and 



213] 


RATIONAL INTEGRAL FUNCTIONAL MATRICES 


261 


only when is a non-vanishing constant which we can take to be 1. A 
matrix whose elements are chosen at random will usually be impotent when 
it is not square and not impotent when it is square. 

We shall also speak of a matrix as being impotent with respect to a 
particular irresoluble (or irreducible) function t when t is not one of its 
irresoluble (or irreducible) divisors, so that no one of its potent divisors is a 
power of t ; and we shall sometimes speak of a matrix as being impotent with 
respect to a particular variable m when all its irresoluble (or irreducible) 
divisors are independent of x 

Ex, viii A rational integral functional matrix A of rank r is impotent when and only 
when every irresoluhle (or iiTeduoible) function of the variables which occur in it has at 
least one finite root for which A has rank r. Also it is impotent with respect to a 
particular iiTeaoluble (or irreducible) function t of those variables when and only when t 
has at least one finite root for which A has rank r. 

These results have been proved m Ex. i of § 202 

Ex, IX If the rational integral fanctional matrix = lias rank r and ia impotent^ 
and if s'^r and J<t: 1, then emery complete matrix ^ = [A] of tlie minor determinants of <f> 
of order a la impotent 

For when cj) is impotent, it has rank r for at least one finite root of every irresoluble 

function f of the vanables which occur m it ; therefore by § 73 the matrix $ has rank 

for at least one fimte root of /, therefore by Ex. i of § 201 and Ex viii above the matrix 
18 mipotent The result also follows from § 208, and we see further that 

If (t> ia impotmt mbh respect to a particular irresoluble {or irreducible) function t, then # 
is aho impotent with respect to t. 

Ex, X, If the rational mtegral functionod malrix A w undegenerate and impot&nty 

then emeny long minor of A ia undegenerate and impotml. 

Let A* be any long minor of A formed with r of the long rows of A, Then has rank r 
and IS undegenerate^ and every simple minor determinant of A can be expanded in terms 
of the minor determinants of A! of order r. Hence if/ia any common factor of the minor 
determinants of A* of order r, then / is also a common factor of all the simple minor 
determmante of A, and must therefore be a non- vanishing constant, i.e. the matrix A^ is 
impotent 

Ex, XI. If the rational integral functional matrices [a]|^ crnd [6]" are both impotent and 
both have rank r, then the product 

[<„=[< w: (1) 

is also impotent a/nd has rank r. 

By § 131 the matrix [o]^ has rank r. When we equate correspondingly formed complete 

matrices of the minor determinants of order r on both sides of (1), we obtain on equation 
of the form 
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and all three matrices have rank 1 If the elements of [C7]|^ hod a common irresoluble 
factor then g would be a common factor of all elements of the matrix 

•dii [Ai 

and since ^ 12 , . have no irresoluble factor in common, g would be a factor of 
In the some way we see that g would be a common factor of Jn, -d 2 ij ••• -^/ti ; and this is 
impossible, since these functions have no common factor other than a non -vanishing 
constant. Thus the elements of which are the minor determinants of [c]*^ of order r, 
have no common factor other than a constant, i.e. the matrix is impotent. 

The above theorem can be deduced from Ex, ii of § 306, and is included os a special 
case in Theorem I of § 214. 


Ex, xii. Propufi'tiea of a gq%are matrix wlvich is midegm&rate wnd vnvpotmt. 

Let =[a]” be a square matrix whose elements ore rational integral functions of the 
scalar variables a', y, . Then when A is undegenerate and impotent, it has the 
following pi*operties 

(1) Its determinant is a Tion-zero comtant. 

For this is the necessary and sufficient condition that A shall be undegenerate and 
impotent 


(2) Its redprocal^ conjugate redproccd cmd imerae arc also sqmTC rational integral 
fwnotional mati^ices^ and are also undegenerate and impotent 

If and if [-4]’” is the reciprocal of A, we have 


M:A (Oa**-*: 


and since A is a non -zero constant, it follows that (-4)^ is a non-zero constant^ i.o. [-4]”‘ is 
undegenerate and impotent. Again the inverse of A is the rational integral functional 
matrix — a' whose determinant is the non-zero constant — j therefore it also is unde- 

A L_Jot ^ 

generate and impotent 


(3) Exery complete malrix [A]J]| of the minor determinants of A of any order s is 
undegeneraie and impotent. 


This has been proved in Ex. ix. It also follows from the theorem of § 120, which shows 
that (A)fi is a non-zero oonstaot 

(4) Eu&ry horizontal and vortical minor of A is cm undegenorate impotent malrix and 
has an inverse matrix whioh is undegenerate and impoteiil. 

r— |WI ^ ^ 

Let be any horizontal minor of A of reduced order r. Then if ^ is the inverse 

matrix of A, we have 


w:4’"=[ic K.]rs’’=[i]:. det[a,.]:s'='' 

— 'w ' '7H 

The lost equation’ shows that every common factor of the simple minor determinants of 
either of the undegenerate rational integral fiinctioual matrices [cSpi]^ , Api must be a 
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factor of I, and must therefore bo a iion-vauishiug constant Consequently [“pi], is 

,r 

iindegenorate and impotent and has cUi iiivei’sc matrix Aju which is also imdegeiierate 
and impotent. 

(6) If A IB koTnogefiieouB in the varmhles^ it can (ynhf he impotent when its degree in all 
the varmhles is 0, i e. when all its elements are eonstants 

This follows fiom the first property 

tJiv. xiii If the square matrix [/i]^ is undegenorate and impotent^ then evei'^g square 

matrix of ord&' m which is ratiOTial and integral in the variables can be expressed 
unigiuilg in the forms 

( 2 ) 

where and are rational and integral in the variables 

For the inverse of [4]^^ is a uniquely determinate matrix M whioh is rational and 

• '“^TO 

integral m the variables, and is also undegenerate and impotent; and the rospootive 
equations (2) are satisfied identically when and only when 

[u] =[a] H , [v] \a} , 

More generallg 2f[h]^^a7id are givm sqware nmtricos which ate undegonerate and 

mvpotenit^ evet'y matrix [tz]”^ of orders m and n which is rational and integral in the variables 
can he expressed uniquely in the fonn 

L«]:=[/o::[C[C (3) 

where [6]” is ratwiial and integral in the variables. 

For if S’ and ^ are the inverses of [4]”^ and [4]“, the equation (3) is satisfied 

I— >71 ^ " 

identically when and only when 

n-i7b T?"* r '7?** 

[b] =// [a\ K , 


§ 214. Equipotent transformations of a rational integral func- 
tional matrix. 

From the theorems of § 206 we deduce the two theorems whioh follow, 
the first of which is included in the second. 

Theorem I, If [a]^, [6]", [c]” cure matrices whose dements are rational 
integral functions of the scalar variables oo^y^ z, and if the equation 

(A) 

IS an identity in the vanctbles a*, y,Zy..., Ihen : 

(1) If\(i^^ has rank r cmd is impotent, [c]“ is equipotent with [6]”. 

(2) If\ht has rank r and is impotent, [o]* is equipotent with 


fiii U\' > 


^ t . 
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Suppose that [a]^ has rank r and is impotent, and let [6]” have rank s 
Then by § 131 the matrix [c]” also has rank s , and by Exs. li and iii of § 206 
the matrices [c]” and [6]” have the same irresoluble divisors, and the same 
potent divisors of orders 1, 2, . . s, i e. they are equipotent. 

Theorem II. If matHces whose elements are 

ratiwxal integral functions of the scalar variables o), y, the matmces 

and [A?]” being impotent and having ranks p and q respectively ^ and if the 
equatim 

[ht[a]l[kri-[bt (B) 

IS (m identity in the variables then the matinees [tt]^ and [6]"^ are 

equipotent with one another 

Let the matrix [a]^ have rank r. Then by § 131 the matrix [6]’* also has 
rank r, and by Ex. vii of § 206 the matrices [a]® and [6]” have the same 
irresoluble divisors, and the same potent divisors of orders 1, 2, i.e. they 
are equipotent 

On account of these properties a relation of the form (B) m which [h]^ 

and [A;]” are undegenerate impotent matrices having ranks p and q equal to 
their respective passivities will be called an equipotent tremsformation con- 
verting the rational integral functional matrix [a]^ into the rational integral 
functional matrix • Further (B) will be called an equipotent transforma- 
tion in ft when ft is any domain of rationality in which both the matrices 
[h]^^ and [A;]” lie. Every equigradent transformation is also an equipotent 
transformation. 


Note 1. Eguipotmt tranafonnatiom of a matrix into a similar matj'iiv. 

An equipotent transformation oonvertmg [a]^” into a similap matrix [6]^ has the form 

[/cw:w:=[6]':. (c) 

where and are square rational integral functional matrices which are unde- 
generate and impotent, ie. where (A)” and (A;)^ are non-zero constants. 


If S’” and T" are the mverse matrices of [A]’” and fAl”, the determinants (H)^ and 

(AT)” are also non-zero constants (see Ex. xii of § 213 ), and 5* and are square 

rational integral functional matrices which are undegenerate and impotent By prefixing 
and poatfixing these matnees on both sides of (C) we deduce the identical equation 

S’” [6]” S* =[«]”, (O') 

l-.«. L J„) } 



214] 


RATIONAL INTEGRAL FUNCTIONAL MATRICES 


255 


which IS an equipotent transfoimation converting into , and each of the equations 
(G) and (O') is true when aud only when the other is true. Wo call (G') the transformation 
vm&t&Q to (0) 

Without using Theorem II we can show in a simiiler way that two similar rational 
integral functional matrices A = [a]|^ and satisfying an equation of the form (G) 

are equipotent ^vith one another. From (G) we see that the rank of B cannot exceed the 
rank of A, and from (O') we see that the rank of A cannot exceed the rank of B. There- 
fore A and B have the same rank. Let their common rank be r, let s be any positive 
integer which is not greater than r, and let Og and ft be the highest common factors of the 
minor determinants of order 8 of A and B respectively. When we equate correspondingly 
formed complete matrices of the minor determinants of order a on both sides of (0), we 
see that is a common factor of aU minor determinants of B of order a. Therefore ag is 
a factor of ft. Treating the equation (G') m the same way, we see that ft is a factor of a* 
It follows that Og and /3g can only differ by a non-zero constant factor. Thus the matrices 
A and B have the same rank and the same maximum factors, and they are therefore 
equipotent with one another 


Note 2 Composition of equipotent tranafo'i^mtiona. 

Any number of equipotent transformations applied in succession to a rational integral 
functional matnx are together equivalent to a single resultant oquipotent transformation 
applied to that matrix For if 

aa'G equipotent tmiisformations oonvertuig 

luto M;, [a'l; iuto [«"]’ nito [a'"]’; 

respectively, wo have 

(d 

whore [XrunlvnlvX’ 

By Theorem I the matrix [A]" is equipotent with [/Or* latter mati'iv 

is equipotent with [A']^ Thus [A]”, being equipotent with [A']”, is on undogoneratc 
impotent matrix of rank u Similarly [/:]” is an undegenerato impotout matrix of nink r 
Gonsequently (1) is an equipotent transformation converting into and it is 

the resultant of the three suooeseive equipotent transformations given above. 

If the component transformations all he in any dumain of rationality II, tliun the 
resultant transformation also hes in 12. Also if the component ti’aiisformations are all 
symmetric, then the resultant transformation is symmetric 


Note 3. El&mmtwty equipotent tranaforrmtwtia. 

The following will be colled elQment(ery equipotent transformations of a rational integral 
functional matrix. 

(а) The insertion of an additional horizontal or vertical low of (Vs in any position, 

(б) The interchange of any two parallel rows (horizontal or vertical). 

(c) The addition to any row of any parallel row multiplied by a rational mtegral 
fhnotion of the variables. 

(c2) The multiplication of any horizontal or vertical row by a non-zero scalar constant. 


' : I i . ^ 
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All transformations of the types (6), (c), (c^) have the same form as (G) m Noto 1, and 
convert any matrix into a similar matrix. 

A transformation of the type (c) has one of the fonns 

[A]:w:=[c. w:ra:=w:. 

where is formed from [1]^ by replacing one of its zero elements by a rational integral 
function o- of the variables, and where [ife]* is formed from [1]” by replacing one of its zero 
elements by a rational integral function t of the variables. The inverse tranafoimatioiiH 
have the same forms, and to obtain them we replace o- by - o- and r by - r respectively 

Transformations of the types (6) and (rf) have been described in Note 3 of § 141 Tlio 
inverse of a transformation of any one of the ty^ies (6), (6*), (d) is a transfonnation nf the 
same type. 

Note 4 Umtary equipotent tramfarmatiom avd quas^i-sadar equipotant tramfiynnatwns. 

By a uniiaiy equipot&iit truTisfor^nation will be meant one which is a resultant of a 
number of successive transformations of the type (o) of Note 3. The inverse of such a 
transformation and the resultant of any number of such transformations are again unitary 
equipotent transformations. Transformations of the typo (c) are demmitary unitary oqui- 
potent trausfoimatious Whenever 

Jfl *• •'to '■ ■*» *' •' /H 

is a unitary equipotent transformation, wo must have 1 and =1. 

A transformation of is the resultant of a number of successive transformatinn.s of 
the type {d) of Note 3 when and only when it has the form 

where quasi-scalar matnoes whose diagonal elements /i^, ... and 

X'l, Ay, ... ore non-zero constants. Such a transfonnation will be called a quaai-malar 
equipoteiU (or Qquigradmt) tramforinatiotu The inverse transformation is obtained by 
replacing hu ^^ 2 , Am and Xji, X^ai • • K "by their reciprocals, and it is also a quasi-soalar 
oepupoteut (or equigradent) traiiafommtioii. The resultant of any number of such trans- 
formations is also of the same form. 

Note D. Equipotent tranaformatimia o/ a oompariUo i)\aVnss. 

Theorem. If (/> and ^ are two oompartUe matriaea with the sarnie nuniber of corre- 
sponding partSy aid if each part of 0 cam he eoncerted into iJie corresponding part of yjr by 
an equipotent i^amformation^ then, (j) can he converted into yj/ by an equipotent transformation. 

There will clearly be no loss of getiei'ality m supposing that (/> and yjr are oompartite 
matnoes of standard forma, and that the first, second, .. last jiarts of <f> correspond 
respectively to the first, second, . . lost parts of yjr. 



"a, 0, • 


~a, 0, 

.. 0" 

p.q. 

Lot 

<^ = 0, b. 

.. 0 

1 

-0. A •• 

0 



_0, 0, . 

.. 0 

"1.711, n 

_0, 0, 

■ y. 

L, Jf, N 
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bo two couipartite matrices of standard forms having the same number of paj'ts Alsu let 



0, . 

— 1, «*. n 

0 

“A 0 , . 

.. 0 “ 

H = °> 


0 

A’’ s 

. 0 

lO, 

0. . 

■ L, M, jSr 

lO. «. 



be oompartite inatnoea of standard forms, JI having the same miuiber of paints as (Jb, and 
K having the same number of parts as yjr. Then we have 

{^2) 

when and only when 

Now let the elements of (^, i/r, JJ^ K be rational integral functions of the scalar vai iablcs 
2 , . .. Then (2) is an eqiiipotent transformation convei-tiiig </> into yjr when and only 
when H has rank and is impotent and also K has nidik jo + </'+ . . + r and is 

impotent, E^fernng to the tbeoroiii of 5? 100 and to Theorem II h of S 207, we see that 
this is the cose when and only when 

ranks I, a and ai'e imjiotent, 

Wpi Wgy I’^uiks . r and are impotent, 


i a when and only when the equations (3) ai*e eqiupoteut transform ations converting the 
first, second, . last parts of 0 into the first, second, last poiis of 


Thus (2) IS an eqnipote^it tmusformation when and mily v?hsn all the equaiintis (3) avv 
sqxwpotmt transfomations 

It will be clear also that (2) is a dcrangenjent, a quasi-soahu’ oquipotont transformation, 
or a unitary equipotent ti'ansformation when and only when the equations (3) are all 
derangements, or all quosi-scolar eqnipoteiit tianaforniations, or all unitary equipotent 
transformations, 


r,,s _r^+7j.'“+16.i'=i+12.r+4 , .i,’‘+r).t,-i+ 0x "] 

l_jr*+8r*+22.i'“ + 27ii'+ 14, .H + 6.r'+14a;“+16a;+4j* 

-8ji‘+2ai,’+24, 8af“+20;B+8, 10*» + 3aB+24- 
[«],= 8a,-8+32a,'+32, 8^,^+244'+8, 10a>+36.);+30 , 

, 6a;2+ 4 j.+4^ 7a-=‘+]3«+3 

each of the followint; oquatiocs is an equipotent tronoforuiation of a matrix whose elouientK 
are rational integral fuHutious of the single variable :r’ ' 


<■) C:J!]w:n"t]-G 


2j,’^ + 7.r+6, 2aH + 6:*7 + 2n 
2a'5« + 8i*+ 8, 2j;=^ + 6;r + 2j ’ 


+ 6.r + 4, A'3 + 4a?2 + 4,?; 
-l-lO.r + 8, .7-3 + 53 ^ 24 - 8 . 7 ’ + 2 




0 III. 
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(4) 


”2a;+4, 2' 

2i-+6, 2 

_2*-l, 1 


,,arai;+4, 20 !, aB+sn. 


(5) 


■2b + 4, 2-| ri, 0 . « 

>•+6, 2 J [o, (a- + l)(^+2). 0. 


2J. + 4, •2x, 2^' 4- 3 
2,2, 3 

i , 1, 1 


= W 


2’ 


-j>*- •»'+2' 

(8) iB“+3a; , - o ?- 2 ! b -\-'2 [6]* 

jb*-2 , -»*+ *■+!_ 

The matnoea on the nght and the middle factor matrices on the left m these equations 
are all equipotent 

Ex 11 When there are two variablas x aud y, the equation 


L-:E?s-5.r-6, -a;a-3^ + 2, -a;2-4^-3j I- -^3 


"^7+1, y + 1 
0 , 


r3a:+4y+l, 2»+y+l*| T 

■.*, 0 , n 

L *+^+1, /B+y+2j L 

0. .V, iJ 


y(2^+2ia?y+2^‘*+4ii7-i-42/+3), 5a;3 + 7A;y+3^H9a7+lV/+5 
072(57+2^+1) , o^(o?+y+2) , o;(2o7+3y+3) 

o?^(3o?+4y+l) , y2(207+y+l) , .?/ (6.v+ 62 ^ + 2) 

IS an equipotent transformation of the middle factor matrix on the left 

The matrix on the right and the middle factor matrix on the left are equipotent, their 
common rank being 2, and their oommon maximum and potent factors of orders 1 and 2 
being given by 

Di = Ei=l, i)a“^ia=^+2a?j/ + 2/+45J + ey+l 


Ex ill If we can conv&'t the matfiix 

<^=[6]1 into 

by equivalent tramfomuUions^ tli&i we can also convert the mat/i'ix 





into 



a, n 


1 , in 


by equipotent transformations. Moreover if the first conversion ca/n be effected by elementary 
equipotent transformations applied to the m horizontal amd the n vertical rows of <^, then the 
second conversion ca/n be effected by the same elementary equipotent transformation applied 
to the last m horizontal rows and the last n vertical rows of yfr. 

This follows fixim Note 6. For each of the equations 


-“r, m ’ -'fl, » » 


IS a necessary consequence of the other, and each of them is an eqmpotent transformation 
when and only when the other is an equipotent transformation. 


• J 
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Esi, iv. If the matrix A can he convm'ted into the matrix B and the mcUi'ix B into the 
vmtrix C by eqmpotent tramfomnations in ft, then A can he conn&'ted into C by an equifotent 
transformation in ft. 

This follows from Note 2. 

Ex, V. If <j()=[a]”^ 18 a given rdtional mtcg-ral fivnetional matrix of ranJc ?•, we can 

always determine an nndegen&i'ote sqxuxve rational integral funotioncd mati'i.v [6] ’ of order 
a9id rank r which is eqnvpotent with 0. 

For if j&j, ^ 2 ? • • Ey are the potent factors of </> of oi-ders 1, 2, ... r, those conditions iivc 
satisfied when 

Ex, VI. If there exists a rational integral identity of the f mm 

( 4 ) 

in which the elements of all matrices are rational integral fmictions of the variables .r, y, i:, ... , 
and the square matrix [6]|| u nndegen&i'ate^ them W” eqaipotent with [6]’ if and oiily if 
[A]^^ and [A]” are undegenerate and impotent matrices of rank r. 

Clearly [a]” bos rank r when and only when [A]|^^ and both have rank r This 
condition being satisfied, lot Zf,., Ky be the potent factors of ordei* r of [a]" , [A]'^, [A]" 
Then from (4) wo see that j9,.miist be divisible by HyKy{hY^ Hence if [a]’* is oquipoteut 
with so that Z),.=(6)|], then both Hy and Ky must be non-zero constants, i.e [A]’^ iind 
must be impotent Conversely if [A]j||^ and [A]^ are both impotent and both have 
i-ank r, then by Theorem II the matrix [a]^ is equipoteut with [6]^. 

§ 216 . Properties of one-rowed matrices oormeoted with the 
long rows of an undegenerate rational integral fonctional 
matrix. 

In the present article all functions and all matrices are rational and 
integral in certain scalar variables [a]™ is an undegenerate 

matrix of rank r lying in a given domain of rationality fl ; Di, Da, ... D^ and 
Da, ... Er are the maximum and potent factors of A of order’s 1, 2, ... r so 
chosen as to lie in H ; and u-reducible functions are those which he in il 
and are irreducible in ft. Consistently with the general definition of a 
primitive matrix of any orders given in a later chapter we may here define a 
^primitive one~rowed matrix to be one which is undegenerate (or not 0) and 
impotent; thus it is a one-rowed matrix whose elements have no common 
factor other than a non-zero constant. 

Lemma. If J. =[a]” is an undegen&'ate matrix of rank r which lies in ft and is impotent 
with respeot to ths irredwiible furiction t, and ifr<n^ thenhy adding final horizontal roios to 
A we can form in succession undegenerate matrices ••• of ranks r+l, 

r+2, ,,. n which he in ft and are impotent with respect to i, the Imt of them being an 
undegenerate square matrix of order n 

17—2 


property or 

C«ui£6ll INSrilUfC or TECIMOlOfir 
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2(30 


EQUIPOTENT TRANSFORMATIONS OF 


[oh. XXIV 


We may supposo without Iobb of gonerality that the loading simple minor detei*minant 
of A does not vanish idontioally and ia not divisible by t We can then certainly 
form a matrix 



lying in Q. in which tho leading simple minoi determinant 



does not vanish identically If + i is not divieiblo by iy we can take to l>e If 

iH divisible by and if m A' wo i‘eplace tho element by &i,r+i + l) wo form a 

matrix [ct]” . j m which 

j +1 

W , +1 + 1 + ^ ■ ^V+i + 

so that does not vanish idontictilly and is not divisible by t. Thus wo can in all 

cases determine an uudegeuorato matrix raukr+1 winch lies ni Q and is inipotoiit 

with i*espect to t , and from this fact tlio lemma follows by induction. 


Boj i. If [a] a]|,’ where (a)|| does not vanish identically and is not divisible 
by tj the conditions of the lemma are clearly satisfied when 


[«] 


n 

lb 



1 , »-/ 

r, n^r 


Theorem I, If A = [a]^^ is an undegenerate matriw of rank r whose 

elements are rational integral funotions of a?, y, then in every rational 
integral identity in y, of the form 

[<[< = «[«]” (A) 

in which [0]^ is a non-zero impotent one-rowed medrix (i. 0 . is primitive), the 
function w must be a factor of JE^, the potent factor of A of order r. 

Let t be any one of the irresoluble factors of o), and let t^ be the highest 
power of t which is a factor of oi j also let be an undegenerate square 
matrix, constructed as in the lemma, which is impotent with respect to t, 
and let 


w:[<=h"l’‘ -m; (1) 

h «*• i,r-i 


Since all simple minor determinants of [6]^^, and all minor determinants of 

[o],. order r — 1, are divisible by D,^u we obtain by equating the maximum 
factors of order r on both sides of (1) an equation of the form 


(<#>)^-Dr “ wDm . F (®, y,g,...), 

i<f>y^Fr=ra.F(a!,y,z,...)- ,, 





4 


or 


( 2 ) 
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and because (o is divisible by it follows from (2) that must be a factor 
of Er‘ Hence by expressing o) in the form 

where ti, ^a, ••• ai'e distinct iiTesoluble functions, we sec that (o must be a 

factor of Ey, 

Ex, u If [<^]^ and [a]'^ are widegen&i^ate impotmt matrices of ranks 1 and r, then the 
product 

is nndege^ierate and impotent^ i.e, it is primitive 

For every common footer tu of the elements of [h] must be a factor of i e. a factor 
of 1. 

Ex, ill. If [<^][ and [a]" are undegen(i7^ate impotent inat^'ices of ranks % and ?■, then the 
product 

is an undeg&t}crate and impotent matrix' of rank i. 

That the rational mtegi’al functional matrix [6]” has rank i follows from § 131. 

Let t be any irresoluble function of the variables a?, y, jet, ; and let p and q be simple 
minor determinants of and [a]’' which are not divisible by t. Then thore aro finite 
roots of t for which pq^O^ i.e for which [0]^ and [a]” have ranks i and r and therefoi*Q 

[6]” has rank i ; and it follows that if is not an irresoluble dmsor of [&]”. Thus [&]” has no 
irresoluble divisor and is impotent 

Earther and have ranks i and r and are impotent with respect to any m'fl- 

soluhle (or in^edudhle) function then [6]’^ has rank i and is impotent with respect to t. 

Ex, iv If A =\af^ IS an wndegenerate matrix of rank r whose elements arc ooiutants^ 
and if [«]” is any one-romd matrix connected with the horizontal rows of A whose elements 
are rational integral functions of the variables x, y, , the7i in every term [A]” . af-y^z^ 
o/[i4]” the coefficient [^]*^* is a one-rowed matrix connected* xoith the horizontal rows of A. 

First suppose that [w]” is primitive. Then since in this case we see from 

Theorem I that there exists a rational integral identity in a?, «, ... of the fonn 

and by equating the coefficients of x^yPfCt ,,, on both aides we see that there exists a 
relation of the form 

[a]:=w’;m:. 

where [X]^ is a matnx with constant elements. 

Next suppose that [w]" does not vanish identically but is not primitive. Then we con 
write 
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where Q is the h.o.p. of the elements of [w]p and where [<»]j is primitive. The coefficient 
of any term of [w] ^ is a sum of the coefficients of cei'tain teims of [vjj each multiplied by 
a scalar constant Since the coefficients in [w] ” are all connected with the honzontal rows 
of J 5 it follows that the coefficients in [«]” are all connected with the horizontal rows of d. 

Lastly when [it]" vanishes identically, the theorem is obviously true. 


Ex V. If il=[a]” is any matrix whose elmnents are constants, and %f [?«]** ?a any 
one-ro^md matrix connected with the horiaontal rows of A whose elem&nts are rational integral 
functions of the va/i'iahles then in ex&ry tmm [A]j x<^yPzy.. of [u]^ the coefficient 

[/i]” is a one-romd matrix connected with the horizontal rows of A, 

This follows from Ex. iv, but can be proved more simply as follows. 


Let r be the rank of A. 
vanishes identically 

1 


Then every minor determinant of order r + 1 of the matrix 
Therefoi*e every minor determinant of order r+1 of the 


matrix 


I— -1** 

a 


must vanish, and therefore this last matrix has the same rank r as [a]“ . 


Theorem II. If A is an imdegenerate matrix of rank r whose 

elements are rational integral fwnctioTis in il of the scalar vaHahles «?, y, .e, . . . , 
we can always determine a ratioTial imtegral equation in of the form 

Un]» (B) 

where is the potent factor of A of order r, and whei'e and [u]^ are 
imdegenerate and impotent {ie. primitive) one-rowed matinees, the equation 
being an identity in y, p, . . . 


Let ^ ^ ^ complete matrix of the aflFected minor 

determinants of A of order r — 1 in which the elements of the ith horizontal 
row are the simple minor determinants of the minor of A formed by striking 
out its ith horizontal row, this being tnie for all the values 1, 2, of i. 
Then 



where the non-zero elements of [B]” are the minor determinants of A of 
order r, all of which occur In fact when we disregard signst the matrix 
[B]^ contains exactly r elements equal to each minor determinant of A of 
order r, these r elements occurring m r different horizontal rows ; and the 
remaining (r - 1) j» elements of [B]* are O’s, there being r - 1 zero elements 

in each horizontal row and 2 I ©laments in each vertical row. 
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• r 1 ^ 

Since is the h.c.f. of all the elements of A , it follows from 

i~-j I, 

Lemma la of § 209 that we can determine positive integers h^, Aj, ... h, 
such that 

r— 

[1, ^■2} ... hy] A = [ofi Of j . . . ot,.] , (4) 

where [a] ^ does not vanish identically and is impotent with respect to every 
irreducible divisor of A. When we prefix the matrix [1, Ag, A 3 , ... A,,] on both 
sides of (3) and observe that every element of [£]” is divisible by D,,, we 
obtain an equation of the form 

■ ®r] [^'] [^i • • • /^w] (6) 

where does not vanish identically and [a]^ is the same matrix as before. 
Replacing the equation ( 6 ) by 

Q [<^1 ^ . . . <^t] [^] [A A • • • > ( 6 ) 

where Q is the H.C.F. of all the elements of [a]^, and where [0]^ is impotent, 
we see that Q must be a common factor of all the elements of because 
it has no irreducible factor in common with and when we cancel Q on 
both sides of ( 6 ), we obtain an equation .of the form (B) in which [</>]^_ is 
impotent By Theorem I the matrix \u\^ must also be impotent. 


Ex, VI We can put A =Z)r-i-4' , [/?] = > where the elements of A* , and 

It ^ ^ I 

also the elements of [J5']”, have no common factor other than a non- 7 iero constant, and 
replace (3) by 

= (3') 

We can then determine positive integers ^5 . . A„ such that 

[1, Aa, Afl, , Ay] A =[aiaa.. Oj.], (4^) 

' V 

where [a]^ does not vanish identically and is impotent with respect to all the irreducible 
divisors of A^ and obtain the equation (B) by prefixing [ 1 , A 2 , As, . .. K'l on both sides of (.3^). 


Ex VII. By § 208 the matrix A in Theorem II has the same irreduoible divisors 
as A, and therefore every irreducible divisor of A' in Ex. vi is an irreduoible divisor 

l— Iv 

of A, 
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E,v viii For the matrix A = [a ^ the equation (.S) becomeM 


(f/&) 24 

(a6),i 





“ 0 

0 

(aha) 

(ftM) 

(ahd) 

(ffc )23 

(afl),,i 

(oc)ia 




0 

{ach) 

0 


{are) 

(r«/)2, 

(arf)i,i 





0 

(ctdh) 

(<tdr) 

0 

{(ide) 

(^e) 24 

Mti 

(ae)ii 

_ 

7 . /I 

y 7 /J “ 

0 

{aeh) 

(iftr) 

(ivd) 

0 


(l>e)Bi 

(6e)i2 

ai 

Ol Cl 

"1 ^1 

{hca) 

0 

0 

{hod) 

(bee) 

^ (^)a» 

(bd)Bl 

(bd)i 2 


C2 

A 

d 2 = 

{hda) 

0 

(hf/o) 

U 

{hde) 


(Mn 

(68), 2 

L ®3 

On C4 

“3 

ihea) 

0 

{her) 

{M) 

0 

(^^33 

(erf) SI 

(erf), 2 




{oda) 

icdb) 

0 

0 

{(d-e) 

(C<j )24 

(ee)si 

(ce)ii 




{cea) 

{ceh) 

0 

{end) 

0 

_ {d€) 23 

(rfe)ai 

(rf«)is_ 




_ 

(deh) 

(dee) 

0 

0 


^Yhen we change the signs of all elements in the 2iicl, 4th, 6th and 9th horizontal rows 

Bar. IX. In the special case of an undegeiierate square matrix J=i[rr]* wi* oan take 
/>, tf) be . Then if is the I’eciprocal of A, and if we put 

we see by postfixing A on both sides that we have an identity of the form 

I — tf. 

[0108 ..0J[n]j;=^?,[«i?(j M,.] 

when and only when 

\ "I r 

[01 0rl = K^^. Ut] a , 

>— 'r 

whore ?4,, are arbitrary. We can choose ?/], . . w,, to be positive intogei’s such 

that [01 02 0,] 10 impotent. 


§ 216 . Properties of one-rowed matrices connected with the 
long rows of an undegenerate rational integral jc-matrix. 

Throughout the present article A = [a]" is a given undegenerate rational 
integral /u-matrix of rank ?' lying in a given domain of rationality il. The 
maximum and potent factors of A of ordei-s 1,2,...?’ are i)i , . . . D,. and , 
E ^, . - . and A,._i is the H.c F. of the simple minor determinants of the leading 
horizontal minor all these functions being so chosen as to lie in fl. 

, Note 1. It is to be observed however that if we put Theorems 1 and III 

remain true when [a]^ is degenerate, provided that [a]” ^ is uudegonerate of rank 

r- 1, and that / (a?) does not vanish identically. The condition that /(/*?) is to be a 
factor of A then imposes no restrictions on f{x) 


^ Theorem I. If /{of) is a rational integral fmctmk of x of degree p which 
is a factor of By and has no linear factor in common with then there 

exist uniquely determincUe rational integral identities W' x of the forms 

(A) 

ri, ri, 0 Tai" far 

wh&t'e [0] j is a rational integral x-matrix whose degree in x is less th an p. 
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We assume (see Note 4) that p is uot less than 1, and that 
f{x) = (a; - o) (a; - jS) {ai-y).. , 

where the linear factors are not necessarily all diflferent. If there exists an 
identity in .r of the form (A) and also a second identity 

of the same form as (A) in which ^ also has degree less than _p, 
and 3f [t];-’ = - MP. M; = [bX - [&]:. 

then Wr Ml M 


Since [a]” ^ is undegenerate when a; = a, /3, 7, it follows m succession from 
the last equation (cancelling cc — a, then a? — /8, then a; -7, ... on both sides) 
that a? - a, (a? - a) (fl? - ^9), {oo - a) (a; - 0 ) {00 - 7), . . /(a?) are factors of [>/^] , 

i.e is divisible byy’(a?), and because has a lower degree in x 

than f{or\ this is only possible when ^ = 0 Consequently is 

identical with [</>]^^- We conclude that there cannot be two different 

identities such as (A), and that if there is any such identity, it must be 
uniquely determinate. This conclusion would remain valid under the circum- 
stances described in Note 1. It remains to show that there always does 
exist an identity of the form (A) in which has degree less than p. In 

proving this we shall consider first a special case, and then the general cose. 


Case L When f{iiii)^x—a. 

Here x- am any linear factor of Dy which is not a factor of . 

Let become [/I;]” when j?=a. Then [/(;]” is a matrix of rank r— 1 with constant 
elements in which the minor is undegenerate of rank r-1, and therefore there 

exists one and only one matrix with constant elements such that 

[X, w:=o, 

i.e, such that [X, 1] [a]" is divisible by a. Accordingly there exist rational integral 

identities of the forms 

[X, (1) 




(10 


where [X] ^ ^ is a matrix with constant elements, and in these the matnx [X]^ ^ must have 
the unique value found above Thus the theorem is true in this case ; and it would olefiU'ly 
also be true under the circumstances described in Note 1, when the only restriction on 
X - a IS that it is not a factor of 
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Case IL When f[x ) = - a) (i? - 3) (i? - y) . . 


For the sake of brevity we will write 

/i(^)=:a?-a, /2(a?)=(a?-fl)(ic-^), /s(^) = (^-a)(a?-3)(^-y) 

We first determine the identities (1) and (!'), and observe that (V) is a unitary 
eqmpotent transformation of the matrix A. 

Let V be the H.o.r. of the simple minor determinants of the postfactor on the right 
m (T) Then by equating correapondmgly formed complete matrices of the simple minor 
determinants of both sides in (!') we see that 

i),=i(a7-a) A/ 


Smce (a? -a) ( 4 ?- 3) is a factor of 2)^, it follows that a; -3 is a factor of A,/ which is not a 
factor of A^_i , and therefore by Case I there exists an identity of the form 


[V, 


r-1,1 




. .. (V') 


*- “'r-l,! 

7* ~ 1 

where the elements of [X'Jj ai’e constants Multiplying (1") by .r-a and using (1), we 
deduce the identities 




,( 2 ) 


M;-‘=(*-a)[v];-‘+[x];-s 


where 


(2') 


and (2^) is a unitary equipoteut transformation of the matrix A, Under the oiroiimstances 
descnbed m Note 1 the postfactor on the right m (T) would be degenerate, and by Case I 
we should still obtain an identity of the form (1") from which identities of the forms (2) 
and (20 could be deduced 

Let A,." be the h.o.p. of the simple minor determinants of the postfactor on the right 
in (2'). Then by equating correspondingly formed complete matrices of the simple minor 
determmants of both aides m (2') we see that 


- a) {x - 3) A^". 


Since (x—a) (x— 3 ) is ^ factor of Dry A, follows that is a factor of which is 
^ not a factor of ^^6 thereforQ by Case I there exists an identity of the form 

[X". iipTsT (2") 

’ 'r-1,1 

i]_ 

where the elements of [X"]^ are constants. Multiplying (2") by (a? - a) (x-p) and using 
(I'O and (1), we deduce the identities 

[v, ly-^^ = {x-a) (S-P) (®-y). [< (3) 


- 


=(*-a) (x-^) ») wr' . 


where 
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l^eing a luatrii. whose degi-ee m x is less than 3 ; and (3') is a unitary equigradent trans- 
formation of tho matrix A. Under the circumstances described m Note 1 we should have 
V'=0, and we could still obtain m succession the identities (2"), (3), (3'). 


Continuing m this way we finally obtain identities of the forms (A) and (A') in which 
' has degree less than p ; and this establishes the theorem. 

The equation (A') is a unitary equigradent tmnsfonnation of the matnx A. 


Consequently the matrix 


r- 1,1 


has the same rank r as [a]’^, and if jD/ is 


the H.C.F. of its simple minor determinants, we have 


DA 


(4) 


Theorem I is equivalent to the statement that there exists a uniquely 
determinate rational integral a;-matrix [<]{)] ^^ which has a lower degree in «' 
than/(ii?), and is such that 


MPW” divisible by /(®) (A") 

Note 2 ActiLcd determination oj tlie iderdity (A) 

If we assume for each element of [<^] an expression of the form ^ + Ci + . . . + Cp, 

where the coefficients c are to be determined, then divide each of the elements of 
[<^, 1] ^ [a]” by f{x) and equate the remainders to 0, i e. equate the coefficients of 

.. xfiin each remainder to 0, we obtain np linear equations which have to be satisfied 
by the {r-\)p unknown coefficients By the theorem this system of equations has a 
unique solution Hence by solving the equations, or any {r-l)p of them which arc 
unconnected, we can find the matrix [(/>] ^ . By using this method we avoid the necessity 

for finding the linear factors of f{x). 


Note 3 Domain of rcLtionality of the matrix [0] ^ ^ in (A) and (A'). 

From Note 2 it will be clear that if f{x) lies in the same domain of rationality O os 
[a]”, i.e. if 12 is any domain of rationahty in which both [a]" and /(j?) lie, then lies 

in Q. This can also be proved m the following way. From the mode of its formation it is 
clear that [(/)]j ^ lies in the domain o' formed by the adjunction of a, ft y, ... to O Since 
a, ft y, all he immediately over 12, the domain 12' can be formed from 12 by tho adjunc- 
tion of a certain single element ^ of 12' which is a root of an irreducible equation g (.‘c)=0 
in 12 having a certain fimte degree s, and we can write 

[«r = 

=w: +?[< +..., 

whei'e there are s terms on the right in each equation, and where all tho matrix ooeffioients 
lie in 12 Substituting these values in (A), we see that 


wr '[<=/(*)•[< 

mT' wU-m ■ [</]:. irV 

As in the case of the equation (a) the « — 1 equations (6) show that 
vanish, i.e. [0]^^ must he m 12, the equation (6) being the same as (A). 
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Norn 4. Sj)e<M case when 

Theorem I remains true when f{a;) is a non-zero constant, provided that we interpret 
[<#>]; to be 0 when its degree in a? is leas than 0, this being m accordance with the usual 
convention that a rational integral functional matrix whose degree is less than 0 is one 
which vanishes identioallj. 

Noth 6. Degree in x of tlie matrix [6]” in (A) a^nd (A') 

The degree in x of [6]’^* is less than the degree of [a]” For if this were not so, the 
degree in ^ of the right-hand aide of (A) would be not leas than the sum of the degrees of 

[a]^ and /(a;), and therefore gieater than the sum of the degrees of [a]” and [0, and 

greater than the degree of the left-hand side ; which is impossible 


Corollary to Theorem I, If impotent and [a]” is undege^m'ate, 

then there exists a uniquely determinate rational integral idefutity in il {the 
domain of rationality of A) of the form 


(B) 


where the degree in x of[4>y~ ^ is less than the degree of Er> In (B) the degree 


in X of [6]” is less than the degree of [a]^, and 


is an undegenerate 




and impotent matrix of rank r, so that in particular [6]” is impotent 

It is assumed that JS,., which is now the same as D,., is given and lies 
m il. This corollaiy is that particular case of Theorem I in which A,s_j = 1 

I- 


and f{x) is taken to be Dr. 


That 


is impotent follows from the 


r— 1,1 

equation (4) which shows that D/ = 1 


Ex i. Theorem 1 cannot be exteiided to matrices whose elements are functions of more 
than one •oamable. 

Consider for example the matrix 

+ 2a?-l-^ + n 

'■ ■'* L «+-2y + l, ii7+y+2j 

which hes in the domam Gj of all rational numbers, and for which 

A=-^i'=l, A“=-^2=^®+2ay4-2yH4ir+%-fl = ^, 
where t is irreducible in Hi. If a? is arbitraiy, the matiix 

IS divisible by t when y=0 and when if and only if a= 6= o= - 1, - 4. But 

when X and y are both vanable, is not divisible by t when a, &, c, have these values, 

Ex, 11 If [«]”_! w any undegen&rate and impotent rational integral x-matrix in Q of 
rank r - 1, r - 1 being less tJw.n ti, then by adding to it a final horizontal row we can form an 

undegenerate and impotent raHoTiol integral x-matrix fjl of rank r lying in Q, 


'r-l, 1 
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By adding a final honzontal row to wo can clearly form an undegenerate rational 
integral a7-matnx [a]” of rank t lying in O. If [a]]| is not impotent, then there exists an 
identity in O. of the fonn (B), where is the maximum (or potent) factor of [a]” of oi*der r, 
and the Corollary to Theorem I shows that the above i-esult is true. 

Eiv ill If [A]*| w any wtidegene) ate and impotent rational integral iV-niati'ix of rank r 
lying in G, and if r<n^ then hy adding final horho^ntal roice to we can form unde- 
genefi'itte and impotent rational integral x-matricee ranks r + 1, 

?• + 2, . n lying in Q ; inparticvlaT we can fonji an undegenef>'cUe sqware matrix [A]”, rational 

and integral in a*, which lies m G and is impotent 

This follows from Ex. ii. We can clearly cmuiciato a similai theorem regarding the 
completion of an undegeuerate and impotent .9;-matnx [A]’ of rank r, where r<wi, hy the 
addition of final vertical rows 

The above theorem does not remain generally time when there are more than two 
vaiiables, for if there are two variables x and ?/, and it A' and T arc rational integral 
functions of x and y, the fimt ut the two matrices 

[«. y]. [^’ p] 

IS impotent, but the second cannot be both imdogenerate and impotent 


Ex. IV. Every undeg&nerate and impotmt rational integral x-matnx of rank r h/ing in 
G has an inv&i'se which is also an undeg&nerate and impotent rational inteyi*al x-matrix of 
rank r lying in G 

Let [A]" be an midegeuerate and impotent rational integral .^.’-matrix of rank r lying 
in G. Then if we form as in Ex. lii a square rational integral ,i;-matnx 


nr" 


in G which is imdegelierate and impotent, its inverse ffy U is also a square rational 

L . -- 

integral .r-matnx in G which is undegeuerate and impotent ; ami \s'q have 





f — ^ T 

Thu JEl is a matrix inverse to [A]^^ which has the required propertios 


Theorem II. If A = [a]” is an undegemrate rational integral x-'inatrix 
of rank r, then in euery rational integral identity vti x of the form 

(C) 

vn which [<^]j is a primitive (i.e. undegenerate and impotent) one-rowed matrix, 
the function f {x) must he a factor of Er, the potent factor of A of order r 
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Let [<^]^ be a square rational integral /r-matrix, formed by adding final 
horizontal rows to as in Ex. iii, which is nndegenerate and impotent, 
and let 



Then [c]^‘ js a matrix of rank r having the same maximum and potent factoi*H 
as and since all minor determinants of of order r — 1 are divisible 
by -Dr-ii we see by equating the maximum factors of order r on both sides 
of (O') that 

J5, = Dr-ifiiX}) g (a?), Er =/(«) ^ {oc), 

where g{x) is a rational integral function of x\ i.e./(®) is a factor of Ey. It 
[it]* is impotent, then clearly E^ must be a factor of f{x). 

This theorem is a particular case of Theorem I of § 215. 

Esv. V If [a]^ IS impotent as well as [0]^ then [<^] j [a]" la impotent. 

More genei'ally if [</)][ and [a]” ai'e un degenerate and impotent tr-matrices of ranks i 
and ?*, then [(^]^ [a]” is an undegenerate and impotent a;-matnx of rank t. 

Theorem III. If A = [a]* is ati undegenerate rational integral x-matrix 

in XI of rank r whose leading horizontal minor i^ regular with respect to 
all the irTeduGible divisors of A, and if f(x) is any rational integml function 
of X lying in fl which is a factor of Ey, then there exists a rationxil integral 
identity in XI of the form 



r^i • • . * • 

where Mr a rational integral X'-matrix having a lower degree in x 
than f(x). 

As usual Di and Ei are the maximum and potent factors of A of order i 
In the present case Di, i)a, ... D^-i and .Ei, JPj, ... are also the maximum 
and potent factors of of orders 1, 2, r — li for every irreducible 

divisor of is necessarily an irreducible divisor of A; in particular D,.-i 
is the H.O.F. of the simple minor determinants of 

Let [A]\ where ^ » be a complete matrix of the affected minor 

determinants of A of order r — 1 in which the 1st, 2nd, . . rth horizontal rows 
are composed of the simple minor determinants of the minor matrices of A 
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formed by striking out its 1st, 2nd, ... rth horizontal rows, so that as in 
Theorem II of § 216 

( 7 ) 


where the non-zero elements of [5]” are the minor determinants of A of 
order ?■, all of which are divisible by Writing 

T = Dr-i A = A-iA*, 

I— 4„ I— I,; 

we can replace the equation (7) by 

7'[a]’; = £?,[|8]; (8) 

Because the highest common factors of all elements in the last vertical rows 
of A and a are respectively A*-i and 1, therefore (see Ex. xii of § 188) 

I — Ip I— Ip 

there exist rational integral functions in fl such that 

and by prefixing [>/r] on both sides of (8) we obtain an identity in II of 
the form 

[f . iir' w" = • [-sir =/(») ■ 

Let be the remainder obtained when le divided by /(a;). Then 

from (9) we deduce an identity of the form (D) in which the degree [</)]’^ ^ is 
less than the degree of In fact if 

the identity (D) is true when 

Theorem III clearly remains true under the circumstances described in 
Note 1, Er and [6^]” being then 0, and /(oj) being any rational integral 
function of x which does not vanish identically. 

Ooeollahy 1. If the leading horizontal minor of the x-maUnx ilc=[a]* w 

wndegenerate a/nd im/potent^ a/nd if f{x) liee in Q. and is a factor of A. the/ii time esdsts a 
rodional integral identity in Q of the form (D) in lohich the degree of [</)]^ ^ in x is Use than 
the degree of f{x). 

For m this case ib neoessarily regular with respect to all the irreducible divisors 

of -4, and A is the same as This result also follows fi-om the Corollary to Theorem I ; 
and it remains tme when A is degenerate and f{x) is any non-vanishing function lying 
in O. In this case the identity (D) is umquely determinate. 


^ : 44 '^^ 
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Corollary 2 Whmi the matrix -£!=[«]" has rank r and /•« reyular with respart 

to all the irredmmhle dimscyre of A , there exists a Totioiwl integral identity in Q. of the form 

[<!>, 

whe^'B ^ has a lower degree in x than and whea'e is primitive {i.o. iindegoncrato 
and impotent) 

This 18 the pai*tioiilar case of Theorem III m which f{x) is Er» It follows from 
Theorem II that [6]” must be pi’imitive. When is a non-zero constant, wo have 


Corollary 3 When the matQnx A has rank r and the successive leadtiig horizon tal 
minors of A are aU regvZar with respect to every one of the iircdudble divisors of /i, thm for 
each of the values 1, 2, ... r o/^ there exists a rational integral idmtxty in Q, of thefomi 

[<!>, (i^") 

where [(/)]j ^ has a loio&r degree in x than jE^, and where [6]” is primitive {i,e. undegencratr 
and impotent). 

For in Corollary 2 we can replace r by i 


Corollary 4 When the x-maiodx has rank r and the simessive leading hori- 

zontal minors of A are all regular with respeot to every one of the irreduotblG divisors of A, there 
exists a rational integral identity in Q of the foim 


“10 
0ai I 
081 032 



- 0yi 0r2 0r8 * ■ • I ” 


’El 0 0 ... 0 “ 

0 E 2 0 . . 0 

0 0^,. 0 

- 0 0 0 .. 


[ot 


.(IC) 


where the (jy's m the ith horizontal row of the prefactor on the nght have a lower degi'ee in x 
than Ei^ and where [6]" is an undegmierate and impotent matrix of rank r. 

If we construct r equations of the form (D"), one corresponding to each one of the 
values 1, 2, . r of these 01*6 together equivalent to a single equation of the form (E) ; 
and when (E) is any equation constructed in this way, we see by equating correspondingly 

formed complete matrices of the minor determinants of order r on both sides that [6]” must 
be an undegenerate and impotent matrix of rank r 


The equation (E) is a unitary eqmpotent transformation converting [a]” into a similar 
equipotent matrix [ 0 ]” in which the 1st, 2nd, ... rth horizontal rows are divisible by 
^ 2 j -^r respectively. 


Corollary 6. 
lying in Q, and if 


If A is any undegenerate rcUional integral x-meUnx of ra 7 ik r 

~Et 0 0 ~ 


0 0 . Er 


f, T -* 
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then there exist ^uiitarij equipoteivt tramfoi^mationa in Q of tJiefowi 

(E') 

where [ 4 ]^^ and [ 6 ]“ are undegemrate and impotent rationobL integral x-matrieea of rank r. 

We first apply Theorem I of 209 to traiiaforin A by a unitary equigi’Eidont transforma- 
tion 111 Q into a similar matrix i'l'=[a']” whose aiiccotssive leading horizontal minors are all 
regular with respect to all the iiTeduciblo divisors of Ay and then apply Corollai'y 4 to tliu 
matnx A\ In this way we obtain a result/int transfoimation of the form (EO such that in 
the ith horizontal row of [//]|' every iion-dmgoiial element has a lower degree in x than Ei 
whilst the diagontil element diftbrs from 1 by tonus having a lower degi’oc ni x than Ei, 
Since (4)^.= ! and {EY^^Dy.y we see by equating the maximum faoioi'S of order r of the t^\o 
sides of (E') that [6]” is impotent 

The unitary equipotent transformation (E') converts [a]” into a similar equipotent 
matrix [c]^ in which the 1st, 2nd, ...Hh horizontal rows are divisible by E^y Er 
respectively. 


Theorem IV. If A — is an undegenerate square inatmoc whose elements 
are rational integral functions in fl of the single variable w and whose potent 
factors of orders 1, 2, .. r are E., ... Er, and if as in Corollary 5 above 
lue write [Ey^ = ^[E]^y then there always exist mutually inverse equipotent 
transformations in li of the forms 


^ ^f) 


Thus the matrix A can be converted into or derived from the equipotent 
quasi-scalar matrix ^[E]^y which we call the standard reduced form of Ay by 
equipotent transformations in ft. 

By Corollary 6 to Theorem III there exist unitary oquipotent trans- 
formations of in ft of the form 

[<[<=[^];g. (10) 

f 

where [A]^ and K are undegenerate and impotent square matrices. If we 
denote the mverses of these two matrices by H and [fc] respectively, we 

I jy r 

can deduce the first of the equations (F) from (10) by postfixing on both 

I— 1?* 

sides, and the second of the equations (F) from (10) by prefixing H on 

I — I,. 

both sides. 


When the transfonnations (F) are obtained in this way by the use of 
Theorem III, the degrees of the elements of [k^ are subject to the limits 
described m Corollary 6 above. In the next article we shall obtain more 
special transformations of the same character by the use of Theorem I, 


0. IIL 


18 
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§ 217. Some special tmitary equipotent transformations of 
rational integral j^c-matrices. 

Throughout this article A = [a]” is a given rational integral aj-matrix of 
rank r lying in the domain of rationality fl , t\ i'', are any number of 
the distinct irreducible divisors of A \ and Dg and Eg are respectively the 
products of the highest powers of t, t\ t'\ ... by which the maximum and 
potent factors of A of order s are divisible, s having any one of the values 
1, 2, ... r. If dgy dg, dg', ... and eg, e*', Sg", ... are the maximum and potent 
indices of t\ t", ... of order 8 m Ay then 

Dg = , Eg^ = E^E^ ...Eg. 


In the particular case when ... are all the distinct irreducible divisors 

of Dg and Eg are the maximum and potent factors of A of order s. For 
the values 1, 2, ... r of i we will write 


E^ 


El jp 
rp i -^la — jp j 
JC/i Jl/2 








E, 


1 , 


these being all rational integral functions of w ; and whenever i >j and E, 
haa the same degree in a) as Ej, we may suppose that E^ = Ej, so that J?,, = 1 . 


It will be convement to assign a definite meaning to E^ whenever i and j 
are positive integers not less than 1 and i -if. j. Accordingly for all such values 
of i and j we will use the definitions Eit = l, 


Ei 


Eij = when i >j and i r. 


E,j = 0 when i >j and i>r. . . .(1 ) 


Then is a rational mtegral function of os whenever iJfij, but it vanishes 
identically when i>r except when j = i. Thesu definitions are allowable 
because it is possible to regard Di and E. as being 0 whenever i > r. In the 
lemmas and theorems which follow we could regard E^y as having degree not 
greater than 0 whenever i <j, and E^ as bemg 1. 

For the letters u, v, E we shall use the definitions 


1 0 0 . . 0 
^ Msi 1 0 ... 0 

J Uffi WjB 1 ... 0 * 


1 ilij Via ... Vu 
^ 0 1 Va, ... Vjt 

0 0 1 ... % ’ 


_U,1 Uu> ... 1 _ _0 0 0 ... 1 _ 

El 0 ... 0 

and [E]'y[E]^= 0 E, ... 0 ^3^ 



0 0 ... Et 
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the uoiation (2) to hold good for all positive integral values of i, and the 
notation (3) for the values 1, 2, of i. If (f> is any letter other than % v 
and Ey the notation [</)]^^ will have its usual signification; in particular 
will mean the scalar matrix 

Lemma 1. If jd is a rational integral x-niQlnos of ^ anh r Iginy in Q whose leaditaj 
horizontal mincu's of ordtn's 1, 2, ... r are all regular with roirpeot to every one of the given 
inedweihle dmsoi's ty i", ..., and if for any mie of the values 1, 2, ... ?• of i there exists 
a rational integral identity vn a of the form 


[M, 0l‘’”‘ ‘ 





= [C. 


,.(a) 


wlme [w]„ w a matrix defined as in (2), then: 


(1) The mOitrix [a]” is impoteiU with respect to ty t\ t*\ .. . 

(2) If sis any one of the numbers i+ 1, i+2, ... r, and if 



the product of the highest powers of t\ t'\ which are common factors of oil 
those minor determinants of Ai of order s which invohe all the first i horizontal 
rows of Ai is the function A, given by 

and As w also the product of the highest powers of t\ .. which are common 
factor's of all simple minor determinants of the leading ho^IzorUal minor of Ai 
of order s. 

(3) In particular all those minor detenninanU of of order i + 1 which involve all the 
first i hoidxontal roxos of Ai are dividble 

The equation (a) is a unitary equipoteut transformation oonvei’tiog [a] into [b]^^\ and 
by striking out corresponding final horizontal rows on both sides of (a) we obtain unitary 
equipotont transformations converting the successive leading honzontal mmors of [a]^ into 
the corresponding leading horizontal minors of Moreover we can obtain [6]^ from 

by multiplying the ath horizontal row of At by Eg when s 'jp - and by Bi when s i. 
Consequently [6]“ is a matrix equipotent with [a]” whose successive leading horizontal 
minors of orders 1, 2, ... r are also aU regular with respect to ty t\ i", and which has 
the additional property that its ath. honzontal row is divisible by Eg when s :t> t, and by 
Bi when a <|: i. 

First let A^ be the pitiduot of the highest powers of t'y t", ... which are common 
factors of oil simple minor detei-minonts of [a]’‘. Then by equating the maximum factors 
of order i of [a]" and [6]" we see that 

IIi—ByE^,.*Bi^i^Di6kiy or A(=*lj 


i.e. [a]^ is impotent with respect to ty t'y i", .... 


18—2 
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Next let 8 be auy one of the integers i-hl, z + 2, . and let Ag be the product of the 
highest powers of f', i ", , which ai*e common factors of all simple minor determinants 
of the leading horizontal uiiiior of of order s. Then by equating the maximum factors 

of order s of [a]” and [b]^ we see that 

J)g=EiEi.. EiE^'^Agi or ,Eg^. 

Moreover if A is any noii-vamahing minor detei'minant of Ai of order 8 which involves all 
the first 1 honzontal rows of then because the coiTespondmg minor determinant of 
[6]" is divisible by Bg^ we see that is divisible by Dg^ i.e. A is divisible 

.Egi , and this completes the proof of the lemma 

Ex. 1 . Generalisation of Lemma 1. Lemma 1 clearly i-emaina true when the elements 
of A and are rational integral functions of any number of scalar vanables. 


Lemma 2 If A « laiional integral x-matn'isj of rank r lyin^ in Q. whose leading 

hoinzontal minor's of onders 1, 2, . r are aU regular with reject to every one of the given 
iiireducihle divisors t, t\ i'\ . , and if fw' any one of the values 1, 2, ... r — 1 of i there exists 
a rational integral identity in £l having the general form 



where w a niatrix defined as in (2) whose non^diagonal elements Ugj {in all of which 
s>f) satisfy the conditions that : 


(1) Ugj has a lowe/i' degree in x than Eg^ when « 

(2) Ugj Ivae a lower degree xn x than Eij when 8>i andj < 

(3) Ugj=aO when 8 > i and j if 


then there also exists a rational integral identity in Q haeiivg the general form 

[ jp ^ —.i+l, in-i—l p —7t 

t -™-' 

where [m]™ is a matrix defined as xn (2) whose non-diagonal elements Ugj {%n all of which 
s>j) salUfy the conditions tliai: 


(10 v>gj has a lower degree in x than E'^ when s i+ 1, 

(20 Ugj has a lowet' degree in x than Ei+ij when 8>i+l andj < 1, 

(30 Ugj—0 when s>i-^'i andj^i’{-lf 

and where the leading horizontal minors [a]™, [6]" are the seme in (a<+i) as in (a<). 

As usual a rational integral function of x whose degree in x is less than 0 must be 
interpreted to be 0, and a rational integral a?-matni whose degree in x is less than 0 must ' 
be interpreted to be one every element of whioh is 0 Thus if Eg^Ej, then in (a^) and 
(ai+i) we must have Ugj=0. 

We will express (a<) in the form 



i, m-i 
i, m-i 


[<=rf “ 



(b<) 


1 
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where is a matrix defined oa in (2) whose non-diagonal elements 7c^ (m all of which 
s>j andj <i) satisfy the condition that 

% has a lower degi'ee iii than 

and where is a matrix whoso elements (jigj (in all of which./ i) sfitiafy the condition 


that 

so that in particular 


has a lower dogi’co in a* than 


(^^=0 for all permissible values of a, 
and we will express (a^+i) in the form 




where \u\^ and [a]|^ are the same matrices as m (bf), and where is a matrix whose 

elements 0'^ (in all of which./ 4> ^) satisfy the condition that 

has a lower degree m x than 

To prove the lemma we will assume that there exists a rational integi’al identity in Q of 
the form (b^), and show that there must thou also exist a rational integral identity in 12 
of the form (b<+i). For the poatfactor on the left in (bj) we will use the notation 


■yU . 




■[;]■ • 


By Lemma 1 all those minor determinants of ^1^ of order 7 + 1 which involve all the 
fii’st ^ horizontal rows of Ai are divisible by whilst the hoiuzoutal minor [a]* is 

impotent with respect to .. Hence by applying Theorem I of § 216 in turn to 

each of the m - i horizontal mmors of Ai of order fc+ 1 w'hich contain [a]” wo see that there 
exists a uniqiiely determinate rational integral identity in 12 of the fonii 

[>• -wLwr+M;.., <4) 

where has a lower degree in x than (and vanishes when Ei+i”^Ei\ and where 

[n]” and [l3]” are the same as in (b<). 

Multiplying both aides of (4) by Eiy wo obtain the identity 

Eii 0 ... 0 El 0 . • 0 

0 Ei2, ..0 0 E^ - . 0 

_ 0 0 ... Eii_ ^0 0 ... Ei_ 




or 


or 


where 




•w 


E{i 0 
0 Ei^ 


^ -'m-f *- 

0 0 .. Ei^i^i 0 

_ 0 0 ... 0 

(y*l, 2, ... .... 


.( 6 ) 



2V8 equipotent teanspobmations of [oil, 

and when we associate with (4') the equation 

(o 

we obtain the identitj^ 




nr 


(-1, oV- tm, o-i*”''-' _ VE, 0 r„-|’‘ 

Ji,.,-; W* U,»-, L«. U 


.( 6 ) 

.(6') 


Now (6') IS the identity (b,+i) m which 

['#*']Li=P'']Li (7) 

+ + + ; (7') 

nnd boottuse X# has a lower degree iu a than i e. than E^+ij, we aoe that in (7) 

^"fij=<^«y+tenns having a lower degi-ee in x than + 

and therefore <#>'^has a lower degree in x than -£i+i,y Thus from the given identity (b^) 
we have deduced an identity (bf^i) m which the prescribed conditions are satisfied 

It mil he seen ihdt (a^+j) is obtained hj multvplyvag both sides of (a/) hy the prefaciar 

m-/ 


ri. oT"" 


Ex. ii. When 2 = 1 , we have 

[«Li=o, mLi=wLi- 

Ex. lii. In the corresponding lemma for vertical minors we must replace (o^) by 

whei-e Dj, haa a lower degree than E.^ when s i, and a lower degi-ee tlian En when » ^ i 
(being 0 when y < 1 : 2 ); and we obtain the identity corresponding to (a< . by multinlvinK 
both sides by the postfactor 

[ 1 

Q l\ 5 where Xy,= £^^yXyB, 

’ -*y, n-i 

and where [X]^ is the umquely determinate matnx whose elements have a lower degree 
than ^i+i, i, and which is such that 


[“> j^jJ IS divisible by 


Lemma 3. 1/ jl=[a]^ m the matrix of Lemmas 1 and 2, onid! if i is any one of the 

tnteg^s 1, 2, ... r, then there cannot exiet two difereiit identities of the form (a() in which the 
co^iidttums (1), (2), (3) of Lemma 2 are satisfied. 

It is to be understood that a definite choice Ipis been made of the fhnotions E, E. 
that fixed values have been giVen to the arbitrary numerical factors occurring in 
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Suppose that (a^) is an actual identity satisfying the prescribed conditions, and let (%') 
be any other identity of the same form satisfying the same conditions ; let (a,) be expressed 
m the form (b*), and when (a^') is expressed in a similar form (b/), let (b/) be denvable 
from (bf) by replacing 0, a, by u', a\ jS' ; further let 

so that 

when U^i has a lower degree than when a>j, 

a>,y=0 wheny «=i, has a lower degree than Ei, wheiiy < 1. 

Then by subtracting (a^') from (a^) or (b,') from (b^) we obtain an equation which is 
equivalent to the two identities 

[«7];[«]:=t^]iK]’;. (c,) 

First suppose that the elements of the sth horizontal row of [?7]j are not all O’s (where 
8>l and s :j> ^), and let be the last of those elements whioh is not 0 (where k < /j), 
HO that 


Then if § is the H o.P of C/’ai, C/ga, .. and if we write 

(®) 

^s3 ^afc] C^l • • ^ai:] > (®) 


where the one-rowed matrices on the right ore primitive, we have 

^8 £b2 . • . U] “ Q<^ [Ki . . Xat] (10) 

If further Q' and are the products of the highest powers of t, t\ t'\ . . which are faotora 
of Q and o> respectively, we see from (10) that Q'<a' is divisible by Egy i.o. by E^iEjt', more- 
over by Theorem I of § 216 or Theorem II of J} 216 it follows from (9) that E^ is divisible 
by G)' ; therefore Q' must be divisible by Egje, But this is impossible because y and 
which do not vanish identically and are fiotors of have each a lower degree in x 
than Egjg, 

We conolude that every element of [Z7]^ must be 0 

Next suppose that the elements of the rth horizontal row of fti'e not all O^h, and 

let be the last of those elements whioh is not 0 (where /: <t), bo that 


Then if Q is the h.o.f. of fi-nd if wo wnte 

[*fll *82 • • ■ *8 fc] = Q [^ri ^83 • • ■ ^afc] j (B') 

[^81 ^la • • ^8fc] [^^] [Xgi Xga • » « Xgi;] , (9^) 

where the one-rowed matrices on the right are primitive, we have 

hal ViS • Vm\ =* 6“ [Xfll Xgs . , . Xgfc] (10') 


If further Q' and are the products of the highest powers of ty t\ ... which, are factors 
of y and G) respectively, we see from (10') that y'o)' is divisible by E^y i.e. by EQ^Ey^\ 
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moreover by Theorem I of § 215 or Theorem II of g 216 it, follows from (9') that £* is 
divisible by a' , therefore Q' must be divisible by E^. Ihit this is iiniiossiblo because Q', 
which is a factor of 4^, has a lower degree in ,v than Ef/^ 

We conclude that every element of ^ must be 0 

It has now boeo showm that wo must have ^ ^ tlie identity 

(b,') or (Of') must be the same as the identity (b^) or (iijl ; and this proves the lemma 

It follows that when the identity (oj) is given, and i :J> r - 1, there exists owe nml only 
one identity of the fonn (nj+ ,), viz. that obtained in Lemma 2 


Theorem la. If A = [cr.]^ is a rational integral x-matnir of rank r lying 

in n, whose leading hoinzontal mimrs of orders 1, 2, ... j- are all regular loith 
respect to every one of the given irredncible dimsors t, t', t", . . , then there eansfs 
one and only one unitary eqiiipotent transformation of A in H of the form 


L -'hi L 


0 

E, 


r, in-r 




.(A) 


»*,n2r-r 


where [it]’" is a matrix defined as in (2) whose non-diagonal elements (in all 
of which s >j) saiisfy the conditions that : 


(1) u^ has a lower degree in x than when si^r; 

(2) has a lower degree in x than E^j when s-^r, and in particnlar 
u^=0 when j r. 

The leading hoinzontal minors of orders 1, 2, ... r of [&]“ are all regular 

with respect to t,t',t", ... and the sth hoiizontal row of [6] ” is divisible by E, 
when s r, and by E^ when s r. 

The fiinctioiis Ej, E^, ... Er are the potent factors of A of orders 1, 2, ... j- 
when and only when t, t', t ", ... ore all the distinct irreducible divisors of A. 

The theorem is proved by repeated applications of Lemmas 1, 2 and .8, 
Since is a factor of every element of A, we can write 




or 


ri, 0] 0-1 

[o, ij a;. K« (a.) 


This IS the transformation (a;) of Lemma 2 for the case in which i = 1, and it 
is necessarily unique. By Lemma 1 the matrix [a]" is impotent with respect 
to t, t', t", .... and all those minor determinants of order 2 of the matrix 
[«]” which involve the first horizontal row of [a]* are divisible by E^. 
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Therefore by Lemma 2 we can derive fi*om (aj) a transformation (aj) which is 
the transformation (£4) of Lemma 2 for the case in which i = 2, and by 
Lemma 3 this transformation is unique. When we obtain in this way in 
succession transformations (oj), (oa), ... (a^) all of the same type as (a^) in 
Lemma 2, the last of them, for which i = r, is the transfonnation (A), and by 
Lemma 3 there is only one such transformation. 

In proving Theorem I a we have at the same time proved the more general 
theorem that * 

For each of the values 1, 2, ... r 0 / i there eadsts one and only one trans- 
formation (fii) defined as in Lemma 2; anid when i — 1, the transfonnation 
(a^+i) mnst always be derivable from (ai) in the way desci'ihed in Lemma 2. 

Ex. iv If in Theorem I a the leading diagonal minor determinants of A of orders 
1, 2, r are all regular with reapeot to t, t'j i", . , then the leading diagonal minor deter- 
minants of of orders 1, 2, ... r ore also all regular with respect to t, ... 

This follows from the equations 

Ex. V If A>=[a]” is any rational integral it?-matrix of rank r lying in 12, and if 
tj t', t ", ... ore any number of its distinct in’esoluble divisors, we con convert it into an 
equipotent matrix having the properties described in Theorem I a by applying to it 
111 succession an equigrodent transformation of the form described in Theorem I of § 209 
and a unitaiy equipotent transformation in 11 of the form described in Theorem I a abova 
We thus obtain a residtant unitary equipotent transformation m Q of the foim 



i>]:w 

"=l 

.0, 

0 

Er 


-T 

=m: 






-1 




" 1 

0 

0 

... 

0“ 

1 hii 

1 ^18 

*• 


^1 

1 

0 

... 

0 

0 1 

^33 • 


where 

[p]:= 

U 92 

I 

... 

0 

0 0 

1 . 

• b.Bin 




%i3 

. .. 


0 

0 

1 

0 . 

.. 1 


each element kj, being either 0 or a positive integer, and each element Ugj satisfying the 
conditions of Theorem I a 

When t', t’\. . are all the irreducible divisors of the function Ei is the potent 
factor of A of order %. 


Theorem I b. If A ^ [a]” is a rational integral is-malrix of ramk r 


lying in whose leading vertical minors of orders 1, 2, ... r are all reguloA' 
with respect to every one of the given irreducible divisors t\ ..., then there 
eadsts one and only one unitary equipot&nt transformation of A in H of 
the form 


-PC (B) 
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where a mai/rim defined as in (2) whose non-diagonal elements Vjg (in all 

of which 8 >f) satisfy the conditions that : 

(1) Vjg has a lower degree in x them when ; 

(2) i>j, has a lowei' degree m x than Erj when s^r, and in particular 

Vjg = 0 when j r. 

The leading vertical minors of orders 1, 2, q/’[6]” are all regular with 

respect to t, t\ t'\ ...; and the sth vertical row of [6]” is divisible by Eg when 
5 r, cwid by Er when s^r. 

We can obtain this theorem by equating the conjugates of both sides in 
(A), or we can give an independent proof similar to the proof of Theorem la. 


E/d VI. If m Theorem lb the leading diagonal minor determinants of A of orders 
1, 2, ... r are all regular with respeot to t, t"i . , then the leading diagonal minor 

determinants of [6]” of orders 1, 2, ... r are also all regular with respect to .... 


Ejs. vii If A — [a]^ is any rational integral .r-matnx of rank r lying in 12, and if 
ti . ai'e any number of its distinct irreducible divisors, we can convert it into an 

equipotent matrix [6]^^ having the properties desenbed in Theorem I& by applying to it 
m succession au eqiugradent transformation of the form described m Theorem II of § 209 
and a unitary equipotent transformation of the form described in Theorem I h above. We 
thus obtain a resultant unitaiy equipotent transformation in Q. of the form 


wbeie 




"1 0 0 ... 01 "1 i}i2 Via . -yin" 

^1 1 0 ... 0 0 1 ^23 •• 

^1 ^32 1 • • 0 0 0 1 ... Van * 


(BO 


„ ^n3 ^n3 ••■Ij 0 0 ... 1 

eaob element bemg either 0 or a positive integer, and each element vj, satisfying the 
conditions of Theorem I h. 

When tj i', r, ... are aU the irreducible divisors of A, the function Ei is the potent 
factor of A of order i 


Theorem I e. If A =^[a]^ is a rational integral x-meutrix of rank r 
lying in £1 whose leading diagonal minor determinants of orders 1, 2, ... 7 ’ are 
all regular with respect to every one of the given irreducible divisors t, t\ t ", . . . , 
then there exists one and only one unitary equipotent transformatien of Ain li 
of the form 




(C) 
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whet^e [c]^^ is a rational integral oo-mati'ix in which 

(1) the sth horizontal row is divisible by Eg when 5 and by Ef when 

s^r, 

(2) the sth vertical row is divisible by Eg when s r and by E^when r, 

and where cind are matrices defined as in (2) whose elements are 
subject respectively to the conditions specified in Theorem I a and Theorem I b. 

The leading diagonal minor determinants of [c]^ of orders 1, 2, ... r are 
all regular with respect to t, t\ t'\ .... 

In this case we can determine identities of both the forms (A) and (B), 
and when and [i;]“ are the matrices thus found, we clearly have an 

identity of the form (0). By Theorems la and 16 no other values of [u]^ 
and [tj]” are possible in a relation of the form (C). It can be seen from the 
particular case of Ex. xi that in general the non-diagonal elements of [o]” do 
not vanish. 

When A is a symmetric matrix [a]^, so that n = m] the matrix must 
be the conjugate of [w]^, and the transformation (C) is symmetric. 

Ex, viii. If jl5=[a]” is any rational integral ^-matrix of rank r lying in O, and if 
tj if, i", . are any number of its distinct irreducible divisors, we can convert it into an 
equipotent matrix [c]*‘ havmg the properties described in Theorem I o by applying to it in 
succession an equigradent transformation of the form described in Theorem III of § 209 
and a unitary equipotent transformation of the form described in Theorem I c above We 
thus obtain a resultant unitary eqmpotent transformation m 0 of the form 

[?]:[<[?]:-[<, .(O') 

where [c] has the properties descnbed m Theorem Ic, and where [p\^ and have 
I’espeotively the forms and properties descnbed in Exs v and vii. 

When A is the symmetric matrix [a]^, so that n=97i, then by § 210 the component 
equigradent transformations can be symmetnc, and then (O') is also a symmetnc trans- 
formation, 

g 

Ex. ix. The transformation (A) for the matrix A=[a]^ of rank 3 givm by 

+ 0 , 0 ^“ 

[a[l]= 0 , «+!, 0 . . (11) 

_ 0 , 0 , ^ 

We wdl take Q to be the domain of all rational numbers, and t, f, if \ to be all the 

irreducible divisors of A, The potent factors of A of orders 1, 2, <3 are 
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there are only two irreducible divisors, viz x and a? + 1 ; and the leading horizontal minors 
of A of orders 1, 2, 3 are all regular with respect to both these divisors There will be 
three successive transformations (ai). (ag), (as) oorrespondmg to the transformation (a^) of 
Lemma 2, the last of these being the transformation (A). 

We may regard (11) as the transformation (ai) when we replace [a]® by [l]g [a-]g. 

To deduce (ag) we first find the uniquely deternunate matrix [X]^ whose elements have 
a lower degree in v than the function i e are constants, and which is such that 

[X, l]g ® [ajg IS divisible by Eo^ ; 

and (using Note 2 of § 216) we easily see that Xii=0, X 2 i= -1. We next determine the 
matrix [XQg given by y^=Ei/K^ when i= 1, and find that [X'] 2 = Wl- Finally by prefixing 
the matrix 

ri, oV’' 

on both sides of (11) we find the transformation ( 02 ) to be 

“ 1 , 0 


1 , 0, O' 
0 , 1 , 0 
- 1 . 0 . 1 , 


0 ■ 

[a]° = 0, ir+l, 0 

lO, 0 , a?+l 


[i] 


where 




.( 11 ') 


"^+1, 0, 

0 , 1, 0 

. “1, 0, 0_ 

To deduce (ag) we first find the imiquely determinate matrix [X]* whose elemenljs have 
a lower degree in x than the fimotion and which is such that 

1]^*^ [P]l IS divisible by Ej^; 

and (proceeding as in Note 2 of § 216) we find that Xii=^-a7+l, Xi 2«0 We next deter- 
mine the matrix [X']J given hj \\j=Eij\gf when i=2, and find that \\i=Eii\ii^3i^-hl, 
X'i 2 « 0 . Fmally by prefixing the matrix 

r>°T' 

on both Bides of (11') we find the transformation (ag) or (A) to be 

“ 1, 0, 0" “x-^l, 0 , "li 0 , 0 "> "^+1, 0, 

0, 1, 0 0 , a?+l, 0 = 0, A- -1-1, 0 0 , 1, 


0 


_.r3, 0, 1, 


^ ^ » ^(a:-|-l)_ _ 1 > 0, a7®-j7-t-l_ 


.(ll'O 


Ex, X A transfoimatuyu of the fiyrm (A') for the moArix of ramh 3, 

0 , 0 “ 

0 ^ X + ly 0 
_ 0 , 0 , ^ _ 

The potent footers of A are 

-^=1, E^—x-\-\, £3=047® (a? -f 1). 


= 
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Applying Thoovem I of § 209 wo obtaui the equigradent tiunsfoimation 

”10 1” ”4'+l, 0 , 3? ~ 

0 1 0 [»]* = 0 , a?+l, 0 =[i]“, 

_0 0 1 _ _ 0 , 0 , 

and when this la followed by the ti'ausformation (11") of Ex, ix, we obtain the I'esoltaiit 
equipotont trauafomation 

" 1, 0, 1 ™ "1, 0 , 0 “ *"^+1, 0, .r3 ■" 

0, 1, 0 [a]^ = 0, a; + l, 0 0,1, 0 ....(12) 

0, _0, 0 , ;i?3(^ + l)_ ^ 1 , 0 , ,a72-5; + l_ 

Bx, xi. The tmmf<yinmtiom (A), (B), (0) for the matrix -d = [(:e]J of rank 3 gwen by 

[a]3=(®+l)[5]‘ (13) 

2^-.'i?-l, 2^+a;3-a7, £a;®-6.a;3+2^+3~ 

%ohe:i'e [6]^ = 3^-3^-|-3, 3^i;® + 3a;-6, , 3.(72-9.17+9 . * 

_2d7*-2ii;+l, ^'-1 , 2:172-1 , 2.t?2-6.(;+5 _j 

We will take Q to be the domain of all rational numbers, and t*\ . . to bo all the 
irreducible divieora of A. The matrix A (see Ex. y of g 209) has only two irreducible 
divisors x+1 and :i7--l, its leading diagonal minor determmants of ordei's 1, 2, 3 are all 
regular with rospoct to both these divisors, and its potent factors of orders 1, 2, 3 arc 

Ai^a’+ 1, ij^==::t.*2-l. 

There will be thi-ee successive transformations (si), ( 02 ), (sg) of the same type as (o^) in 
Lemma 2, the lost of these bemg the transformation (A). We may regal'd (13) as the 

transformation (oi) when wo replace [a]* by [l]g [a]*. The matrix [X]J on which the 
determination of (oa) by Lemma 2 depends has a lower dogi'oo in x than the function 
-^21 “J?- 1, and IS such that 

[^. 1]|’‘ [^Is « divisible by ifa. 

We have Xn= - f, X 2 i= - and when wo prefix 



on both sides of (13), we obtain as the transformation (a>a) 

1 , 0, 0^ ".r + l, 0 , 0 " 

-4,1,0 = 0,a:>-l, 0 [c]*, (14) 

0 . 1 _ . 0 . 0 1 _ 

where 

_ " , 3a3-6jE“+a»+S” 

[ 0 ]* = -f(2a»-a: + l), 4 , -fa?(aj;+l) , -4(2»«-6a;+3) 

_ — 4(2*»-3ir+l), -4(2«r-l), — J (2a!*-»-2), -4(2a!>-73!+7)_ 

In tbe present case this is also tbe transformation (a.) or (A). 
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Thei'e will be three aucoessive transformations (bi), (b 2 ), (ba) for the veiiiical rows, the 
last of these being the transformation (B). We may i-egard (13) as the transformation (bi) 
when we replace [a]g by [a]* [ 1 ]* The mati'ix [X]j on which the determination of (bg) 
depends has a lower degi-ee than the function ^ 21 =^“ and is such that 

[ 6 ]* IS divisible by ^ 31 . 

I — 'i, 3 


We have Xii= 0 , Xi 3 = - 1 , Xi 3 = - 1 , [X^j=[X]jj and when we postfix 



on both sides of (13), we obtain as the transformation (bs) 


"1, 0, 

-1, 

-1" 

"aj+l, 

0 , 

0 , 

0, 1, 

0 , 

0 

4 0 , 


0 , 

0, 0, 

1 , 

0 

o! 

0 , ^-1, 

_0, 0, 

0 , 

1 

_ 0 , 

0 , 

0 , 


,(15) 


'2a’®-^ + 1, 2^+1 , 2a/H-l, -2(237+1)" 

where [ 0 ]* = 3a.’2 — 3^7+3, 3 (^’ + 2), 3 , -6 

_2i7^-2a7 + l, 1 , 2 , -4 


In the present case this is also the transformation (ba) or (B) 
From (13) and (14) we see that the transformation (C) is 


- ] , 0, 0“ 
-3,1.0 [ a]l 
_-4, 0. 1_ 


“ 1 , 0 , - 1 , - 1 “ 

0 . 1 , 0 , 0 

0 , 0 , 1,0 

_0, 0, 0 , 1 _ 



(16) 


where the elements of the matrix on the right are easily found From (16) wo can deduce 
a trausform^ion of the form (O') for the matrix of Ex. v in § 209. 


Theorem II. If A = is an imdegenerate square rational integral 
aj-matri{D of rank r lying in fl whose potent factors of order's 1, 2, . . . are 
El, Ez, ... E,, and if 

‘El 0 .. 0 “ 


0 0 ... Er . 


we can always determine two mutually inverse equipotent transformations in 
(I of the forms 


w: K Mr = t^]r > 


Thus the undegenerate square matrix A can be converted into or derived 
from the standard form [i5]^ by equipotent transformations in XI. 
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Taking t, ... to be all the irreducible divisors of A, and applying to 
A in succession an equigradent transformation of the form described in 
Theorem I of § 209 and an equipotent transformation of the form described 
in Theorem la of the present article, we obtain as in Ex. v a resultant 
equipotent transformation of in fl of the form 

(d) 

where is undegenerate and impotent, in fact where = i- Equating 
the determinants of both sides in (d), we see that K is also undegenerate 

I — 

_ . .,1 . r 

and impotent. Let H , [&]^ be the inverses of [h]^, K . Then by post- 

fixing [A?] or prefixing H on both sides of (d) we obttiin the transformations 

(D). When the transformations (D) are determined in this way, then in the 
ith horizontal row of [/i]^ each non-diagonal element has a lower degi'ee in x 
than Exii and each diagonal element diffei*s from 1 by terms having a lower 
degree in x than 

If we apply Theorem 11 of § 209 and Theorem lb of the present aiticle, 
we obtain transformations (D) in which the degrees of the olomenbs of are 
subject to the same limits. 

jEJx xii. For tlio undogenoi’ate aquai’e matrix A of Ex. x we have found the tranw- 
formation (12) which is one of the form (d), Wheu we postfix on both sides of (12) the 
inverse of the postfaotor on the right we obtain the equipotent transformation 

“ 1, 0, 1 ' ■‘^+1, 0,0“ -a,-*’ “ “1, 0 , 0 

0, 1, 0 0 , ^+1, 0 0 , 1, 0 =0, A'+l, 0 

0, A’S+l. . 0 , 0 , _ -1 , 0, ^0, 0 , a’3(j’+1)_ 

corresponding to the first of the bi’ansformations (D) 


§ 218. Derivation of any given rational integral x-matrix from an un- 
degenerate square matrix by equipotent transformations. 

In the foUowing theorem <^=[a]^ is a given rational integral jc-matrix of rank ;• lying 
in any domain of rationality O; and Aj A Aj ••• A the maximum 

and potent factors of 0 of orders I, 2, ... r chosen m any manner so as to lie m Q. In 
proving the theorem we shall make use of some of the results obtained in the chapter 
dealing with primitive degrees and minimum degrees of connection. 


Theorem. We can eUwofl/s conm^i the X'^noUrix ^ egv/^otent tram- 

forma^tion in Q into a similar matrix yjr of the form 



r, n— r 


1, m-r 


( 1 ) 


and [6]|1 ia then am mdegensrate equa/re matrix m Q equipotent with <!> from which 0 oan be 
derived by am equipotent tramfonmation im Q, 
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Let [x]:„,w:=o, w>]:r^=o (2) 

be complete seta of UDOonnooted oonnectious between the horizontal and vertical rows of (ji 
BO ohoseu that and [ju]” * are undegenerate and impotent rational integral 

a;-matrioes in Q of ranks m-r and n-r. This is always possible, for it la the case when 
the equations (2) ai*e complete primitive sets of connections m SI of minimum degi'ces 
between the horizontal and vertical rows of cji Using Ex ii of § 216, let 






be undegenei’ate and impotent aquore matnces in O, rational and integi’al in U7, formed by 
adding initial horizontal rows to ^^nd initial vei-ticol rows to Tlieu if 

(3) 

o] = 

and (4) is an equipotent transformation in a converting (j) into a matrix of the form yfr. 
If fuither P i Q wo the inverses of we deduce from (4) tho equations 

' 'ill ' *H 

^ n n ® M J ^ m Q *= W ; (6) 

and the second of the equations (5) shows that the matnx [&]|| foiuid lu (4) is an un- 
degenerate square mati’ix in Q equipotent Nvith 0 from which (j) can bo deidved by an oqiu- 
potent transformation in Si. Moreover [6]^ must have these properties in every equipotent 
transformation in of the form (4). 

From the above we see that there .always exist pairs of mutually inverse equipotent 
transformations in O of the forms 

1 » I H-»* 

(A) 




riT«*r^, 0“| 

W»UoJ,. 

?*[.]• r-ri’ST"' 

I— in I— 1,1 L.O, Oj 

* -'r, wi-r 




in which [A]’”, M and [/;]”, K ai'o two pairs of mutually inverse uudogouorate and 

'ift « I — 1,1, 

impotent a7-matnces in Si, so that 

[;&]’*= [1]“; (0) 

>— Jwi ^ W-I— J,n ‘-•'to’ '■ -*11. l«j„ I- Jj* I- -’ll ^ ' 

and from these there always follow the two transformations 

[a]:m:w:=[< (ao 

S’” M" !;?’■ = [6]", (B') 

in which [A]^ , and [/fc]”, AT are two pairs of mutually inverse undogenorate and 

"11 L>>^ ,, T I 1 ® 

impotent ^-matrices in Q of rank r, so that 



RATIONAL INTEGRAL FUNCTIONAL MATRICES 


289 


218] 


The matrix [6]^ in all such sets of transformations is an undegenerate square matrix in Q 
equipotent with 0 from which can be derived by the equipotent transformation (A'). 
The transformation (B') is not eqmpotent (except when but it can always be 

derived from (A) by applying the prefactor 5* and the postfaotor Z to both sides, and 

it is the transformation inverse to (A). We can regard (A') as the most fundamental of 
the fom’ transformations (A), (B), (A'), (B') because when (A') is given, we can construct 
undegenerate and impotent square matrices and [k]^ by adding final vertical and 
horizontal rows to [7i]^ and [7;]”, and we then have a transformation of the form (A) from 
which (B) and (B') can be deduced. 


We will now consider some properties of the transforming factors in such trans- 
formations as (A), (B), (A), (B') 


First let 


ra” =[*.«] 


r, m-r 

m 





(a) 


Then if /i and v are positive integers such that /x m-r and w ::|> w - r, we see from (A') 
that in (A) we have 





.(60 


Because these are equipotent transformations m £t, and because the potent divisors of the 
middle factor matrices on the left are respectively those of [l]^ and those of 

[6]^, we see that the transforming matrices in (A) have the following properties : 


If then [a, ia a matrix in ^2 of rank r+fi which has the same potent 

divisors as [a]” i i o its potent factors of orders 1, 2, ... /n, /i+l, ^+2, /i+r ara respeatweLy 
1, 1, ... 1, Ely E^y ... Er. In particular [a, is an undogenerate matrix in SI of rank 

m which has the same potent divisors as [a]^ (a) 


If v'jp’n-Ty then is a matrix in Q of rank r+v which has the same potent 

'm. u 


dwiaoraa»\a\^,i.e. it» ‘potent factors of oTder»\,i,, . v, v+1, v + S, „.v+r a/re i 

In particular ^ is an undeg&nerate matrix in Q of rank 

^ -'m.n-r 

n which has the same potent divisors as [a]^^ ip!) 

Suppose that (A') alone is a given equipotent ti’ansformation in O, and that [u]* 
are rational integral ^-matrices in SI whose elements are to be determined, where 
and V :j> 71 - r. Then whenever the matrices 




pr 




r, V 


are undegenerate and impotent, the matnoes 


.( 8 ) 


0. m. 


19 
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have the properties described m (a) and (a') ; conversely whenever the matrices (8) have 
the properties described in (a) and (a'), the matrices (7) are undegenerate and impotent, aa 
we see by equatmg correspondingly formed complete matrices of the minor determinants 
of orders r+/i- and r+p on both sides of (6) and (S'). 


Kext let 




« I ir.n-r 

V > ■ 


Then (B) is equivalent to (B') together with the equations 


m 


H [a]’‘=0, 

I 1 ^ ■'m 


n-9* 



n 


,(9) 


Tkm the ti'maformiTig matrioea in (B) are always such that the equations (9) reprea&tit 
complete sets of unoonneoted conneotiona between the horizontal and vertical rows o/[a]" . 

.....”(b) 

The property (b) was used in obtaining the transformation (4), i.o. in proving the 
existence of transformations of the forms (A) and (B). 


i. When (jus a symmetric {or ahew-syrrmetrw) matrix [a]”‘, so tlaU there exist 

aymmetiido equipotent tramaformations in Q. of the forma (A) and (B); and in these [6]|[ is 
a aymmetrio (or slcew-symmetrio) Tnatt'ix^ 

For in these oases the matrices ^ in (2) can be chosen to be mutually 

conjugate. 


JSx, ii. There exist equipotent transformations in Q of the forms (A) amd (B) when [6]^ 
ia any given undegenerate aqmre matrix in fl, ratiowil and integral m a?, which ia equipotent 
with <#>, and in particular when 

This follows from Theorem lY of § 216 or Theorem II of § 217, which show that every 

r 1 

such matrix [6]^ con be converted into or derived from \E'\ ^ by equipotent transformations 
in G. For there certainly exists an equipotent transformation in G of the form (A') in 
which [6]^ is some undegenerate square matrix in G equipotent with therefore there 
exists Buoh a transformation when [&]^ is replaced by therefore there exists such 

a transformation when ^ [j^]^ is replaced by any given undegenerate square matrix [6]J| 
which lies m G and is equipotent with ^ ; and from (A') we can deduce (A) and (B), 

If however ^ is symmetric, so that 9i=a?7i, we cannot conclude that there exist sym- 
metric equipotent transformations in G of the forms (A) and (B) when [6]|] is any given 
symmetric matrix in G of order r which is equipotent with 0. 

Ex, iii. If [a]^ ia a rational integral x-matrix in G of rank r, and if r< wi, then by 
adding final verticotl rows to [a]^ toe earn oonatnict rational integral x-matrioes 

in G of ramks r + 1, r+2, ... m which have the acme poteryt diviaora aa The malricea of 

the added rows are neoesaariLy wndegantrate and impotmU 
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We deduce this theorem from the remarks which follow the results (a) and (a'). The 
last part of the theorem can be proved independently by observing that if m-^r, and if 
^/r=[a, has rank r+/i, the only non-vanishing minor determinants of t/t of order 

r-H/i are those which involve all the vertical rows of If then the potent factor of 

of order r+fiis the matrix [u]^ must be impotent as weU os undegonerate. 

Similarly if r<.n^ then hy adding final horizontal rows to we oan oonsirvot rational 
integral x-matnces 

n I- “i» 

j’ ”■ [«] 

»n, a n-r 

in Q of rcmhs y-hl, r+2, ... w which have the same ’potent divisor's as The matrices of 

the added rows are necessanly undegenerate and impotent. 



§ 219. Reduction of any given rational integral ^-matrix to a 
standard form by equipotent transformations. 

The usual method of reducing a given rational a?-matrix 0 to a standard 
form by equipotent transformations is that indicated in the proof of Theorem I 
which follows. The reduction has been effected in other ways in the preceding 
articles — for an undegenerate square matrix in Theorem IV of § 216 and 
Theorem II of § 217, and for any a?- matrix in Ex. ii of § 218 — but it has 
hitherto always been supposed that the potent factors of ^ are known. The 
present method is independent of the results of ^ 216 — 218, and oan be used 
when the potent factors of </> have not been previously determined ; in fact it 
is in many cases the easiest way of determining them. 


Theorem I. If ^ — \a\^ is a matrix of ro/nh r whose elements are 
rational integral fmcUons in ^ of a single variable x (r being not less them 1, 
and XI being any domain of rationality^ then (f) oan be converted by derange- 
ments and elementary vnitary equipotent tromsformations in Xl into a similar 
quasi-scalar matrix 4) of the form 


$ = [®] 


n 

m 


JE, 

0 . 

. 0 

0 . 

. 0 

0 

E 2 . 

. 0 

0 . 

. 0 

0 

0 . 

. Ef 

0 . 

. 0 

0 

0 . 

0 

0 . 

. 0 

_ 0 

0 . 

.. 0 

0 . 

o_ 


(A) 


where j&i, i?a, rational integral functions of x lying in the domain XI 

which do not vanish identically and a/re such that 

is divisible by Ei, (i = 1, 2, . . . r — 1). 


The functions E^y E^, ... Er are then the potent factors of ^ of orders 
1, 2,...r. 


10—2 
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We shall use the notations 

0 ... 0 
0 ... 0 


0 0 ... 

and call 4> the reduced standard form of [a]” for equipotent transformation. 
Lemmas 1 — 4 -will furnish the successive steps by which <f> is reduced to 
this form. 

Lemxna 1. If the x-matrix has a no^ti-mo element a<y which is not a factor 

of all other elemefiitSy then we can comert (j> hy elementary unitary equi^potent transformations 
in Q into a similar matrix lying in Q and containing at least one non-z&ro element 

lohioh has a lower degree in x than o^y. 

The element clearly cannot be a constant ; and <!> must contain at least one non-z&ro 
element which is not divisible by a^y The lemma is obvioualy true when <j) contains any 
non-zero element which has a lower degree in x than Oy. We will consider three cases 
which include all possible oases. 

Case 1. Suppose that there is a non-zero element in the same horizontal row of <j) as 
Oij whioh is not divisible hy (Zy. 

In this case there exists a uniquely determinate equation of the form 

whei-e Q and It ai-e rational integral functions of x lying in a, and where R does not vanish 
identically and has a lower degree in x than ay. If the degree of is less than that of 
Oiji we have §=0, If the degree of Oi^ is not less than that of Oy, then § and jR 

are the quotient and remainder m the division of a<g by a<y. By adding to the ^h vertical 

row of (j) the ;th vertical row multiplied by - we form an equipotent matrix [6]*^ lying 
in £2 in whioh hi^^R ] and has then a lower degree m x than a^y. 

Cash II. Swpp^e that there is a non-zero elmmt in the same v&rtioal vow of ^ as 
Oij which is not dwisible hy o^y. 

In this case there exists a uniquely detei-mmate equation of the form 

where § and J? are rational integral functions of x lying in O, and whei'e R does not vanish 
identically and has a lower degree m x than a<y. By adding to the pth horizontal row of 

the ith horizontal row multiplied by - ft we form an equipotent matrix [b]"" lying in n in 
which hpj=R\ and h^ has then a lower degree in x than ay. 

Case III. Swppose thal all elements of (f) in the same horizorUal row as ay and all 
dements of (fiin the same vertical row as a<y are divisible by a<y, hut that there is some other 
elemmt of (jy whioh does not vanish identically and is not divisible by 0 ^. 

In this case we can wnte 

where Q is a rational integral function of x lying in o, which may vanish identioally. If 
we first add - § times the ith horizontal row of 0 to the pth horizontal row, and then in 


$ 


^ -Jr. m , — r 
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tho matrix thus formed add the jpth horizontal row to the ith horizontal row, we form an 
equipotent matrix [c]” lying in in which 

TCfl 0^2 Oii <kq ••• ~ Sj 1"! T “a ••• 

L<Jpl Cp2 ... Cpj ... OpQ ... CpnJ L ^ J ^ ••• ^ ••• ®pnj* 

whilst every other element of [c]” is the same as the corresponding element of [®]^; 
we see that 

Oij=aijy Oiq=(l — Q)aig + ap^, 

Since is divisible by and Opq is not divisible by a^y, therefore Ciq is not divisible by 
Oij, i.e. not divisible by c<y. Thus Oy is a non-zero element of [c]” which is not a factor of 
OiQ. Therefore by Case I we can convert [c]” by elementary unitary equipotent trans- 
formations in Q into a matrix [i]” lying in Q in which the element 6^ does not vamsh 
identically and has a lower degree in a: than cy, i.e. than a<y , and [^]” can be converted 
into [6]“ by elementai’y unitary equipotent transformations in Q. 


Lemma 2. If the elemeTita of 0 have no factor in common other than a non-zero 
constant, then we can convert <fi by elementary unitary equipotent iransformatiom in £2 into 

a similar matrix >^=[6]^ lyvojg in £2 one of whose elements is a non-zero constant 

If no element of is a non-zero constant, let s, where s > 0, be the lowest degree in x of 
the various non-zero elements of ; and let a<y be one of the non-zero elements of ^ having 
this lowest degree a Then a<y is not a factor of all other elements, and therefore by 
Lemma 1 we can convert 0 by elementary unitary equipotent transformations in £l into 
a similar matiix t/)' one of whose non-zero elements has a lowei* degree than s in x. 

The matnx 0', being eqiupotent with </>, has the same character os If no one of its 
elements is a non-zero constant, let where s' < « and if' > 0, be the lowest degi’ee in x of 
its various non-zero elements. Then by Lemma 1 we can conveit by elementary imitary 
equipotent transformations in Q mto a similar matrix one of whose non-zero elements 
has a lower degree than s' in x. 

If no element of <j>'* is a non-zero constant, we can treat <^" in the same way. 

A succession of such elementary unitary equipotent transformations in O will ultimately 
convert into a similar matrix one of whose elements is a non-zero constant. 


Lemma 3. If and if the elements of the x-matrix have rvo factor in 

common other than a non-zero constant, then we can convert by elementary unitary equi/potent 
trarisformatioTis in £2 and derangements into a similar rnati'ix \fr of the form 



1, R-l 

1 

1, fll-1 


,(a) 


where his a non-zero constant in £2, and where w a rational integral x-matrix of rank 

r — 1 Vyvng in £2. 


By Lemma 2 we can convert by elementary unitary equipotent transformations in £2 
into a similar matrix one of whose elements is a non-zero constant h, and we can bring that 
element to the leading position by derangements of horizontal and vertical rows. K we 
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denote tlie matrix last formed by that hii=h\ add to the 2nd, Srd, ... mth horizontal 

rows the first horizontal row multiplied by 

“ yf; » A 

respeotively; and then add to the 2nd, 3rd, ... nth vertical rows the first vertical row 
multiplied by 

'' yt ’ k 

respeotively ; we shall convert by elementary unitary equipotent transformations into 
the form shown in (a). Since the matrix ^ thus obtained is equipotent with it has 
rank r ; and it follows from the theorem of § 200 that the part [w]” has rank r — 1. 


OoROLLABY. Under the eame drcumetanoes we can convert </> hy elementary equipotent 
tramformationa in Q irdo a similar matmc of the form 

nl.n-l 


K=P’ . 


.(a') 


wh&re w a rational integral ss-malrix of rank r— 1 lying m Q. 

For if we divide every element of by the non-zero constant k, we convert it into yj/j 
where = | 


Lemma 4. ^r^l, then we can always convert ^ hy elementary unitary equipotent 
transforrmtiom in Q. and derangemenls into a similar matrix yj^ of the form 



1, 71-1 

1,771-1 


,(b) 


where is a highest common factor in fl of all the elements of </>, and [&]” _\ i^ rational 
integral x-matrix of ranJs r—\ lying in O. 

If 7 ? is any given h. o. p. of all the elements of 0 which lies in 12 , we can write <#>=77 [a] 
and reduce [a]^ to the form (a) of Lemma 3. The same transformations reduce rj [a]^ to the 
form (b), where Ei=kr] and [&]^ \ ^ J ^ highest common 

factor in G of all the elements of </>, and hes in G and has the same rank as 

i.e. has rank r - 1. 


If f(x) is any soaloi' fhnotion, the transformations which convert 0 into also convert 
f{x).<f> into /(a?) . 

OoROUiABY. Under the some drcrnistances we can always convert </> hy elementary 
equipotent traTtsformations in G into a matrix of the form (h) in which Ex is any given 
in G of all the elements of <^. 

For we merely have to multiply all elements of by a certain non-zero scalar constant 
lying in G. 

We can now prove Theorem I ; and in the proof it will be understood 
that every equipotent transformation employed is either an elementary 
unitary equipotent transformation in XI or a derangement. 
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If r ■<(: 1, then by Lemma 4 we can convert <f> by equipotent transforma- 
tions into the form 

>- ' 1. 


where £!i is a highest common factor in of all the elements of (/>, and where 
[6]* ^ lies in fl and has rank r — 1. 

If 7* -«j: 2, then by Lemma 4 and by Ex. lii of § 214 we can convert 
and <f)i by equipotent transformations into the respective forms 


-^2 = 



],?j— a 

i,m— 2 


and 


1^2 — 


'El, 0,0" 
0 , jS?2, 0 
_ 0 , 0 , E^o . 


1 , 1 , 71—9 


1 , 1 , 771—2 


where 7)2 is a highest common factor in il of all the elements of [6]” where 
[c]^^ lies in fl and has rank r—2, and where ^ 3 = Si 972 - Therefore by 
Ex. iv of § 214 we can convert (jb into by equipotent transformations. 


If r 3, then by Lemma 4 and by Ex. lii of § 214 we can convert [c] 
and <^a by equipotent transformations into the respective forms 


n-2 

771—2 





and 


— 


E„ 0, Q, 0 
0 , 0 , 0 
0 , 0 , Et, 0 
0 , 0 , 0 , Eld 


1 , 1 , 1 , 71—8 


1 , 1 , 1 , 771.— 8 


where rj^ is a highest common factor in H of all the elements of where 

[cZ]”"* lies in XI and has rank r — 3, and where Therefore by 

Ex. iv of § 214 we can convert (j) into <^3 by equipotent transformations. 


Proceeding in this way we see finally at the rth stage that we convert ^ 
by a succession of equipotent transformations in XI (each of which is either 
an elementary unitary transformation or a derangement) into the matrix 
<f>r = ^ o{ Theorem I ; and because 97 a, '»78 , « Vr ar© rational integral functions 
of CO l 3 dng in XI which do not vanish identically, and 


E2 — EiTl 29 Eq = £ 2973 , . . . Ef, = Er^xVrt 


therefore each of the functions ... -Er after the first is divisible by the 

preceding. Moreover smce ^ is equipotent with <l>, and E^, E 2 , ... Er are 
clearly the potent factors of $ of orders 1, 2, ... r, they are also the potent 
factors of 0 of orders 1, 2, ... r. 
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By applying this reduction to any given rational integral /r-matrix, we 
can determine both its rank and its maximum and potent factors. 

Corollary to Theorem I. TTe own always convert (f) by elementary equi- 
potent transformations in XI into a mai/rix of the same form as 4> in which 
Ej, E^,,.,Er are the potent factors of ^ of order's 1 , 2, . , . r chosen in any given 
manner so as to lie m XI. 

Since all potent factors of of any given order i differ from one another 
only by non-zero constant scalar factors, it is only necessary to multiply the 
1st, 2nd, ... rth horizontal (or vertical) rows of the matrix <E> obtamed in 
Theorem I by certain non-zero scalar constants lying in XI, i.e, to apply 
additional elementary quasi-scalar transformations in XI. 

Ex. i. Application of the method of redv^tioTi just deeorihed to the matrix 

' 2.373 +a?2+2jp—l, — 2^_1 “ 

= 2a73-a;+l , 2^-2 , 2^-2 

, ^-1 , 2^172-2 

Observing that the H. o. r. of all the elements of ^ is a; — 1, we have 

”2a?3-^a+Ij 2^-a7-l, 

[a]® = (a?-l-l)[a]g, where [a]^ = 2.372-2:37+1, 2^-2 , 2^-2 

2a;3-2a7+l, x—\ , 2^7-2 

Then usmg the equation 2a73-2a7+l=2:i?(:i7-l) + l, or 031=2^032+1, to reduce [a]® to 
a matrix oontaining a non-zero element of lower degree in :i7 than the element 032=0;- 1, 
we have 


- 1 , 0, 0- 

“ — 2d7® + d?®+2d7 + l, 2d.'3 — d? — 1, 

2d73-d7-l” 

=m:. 

Wj -sto, 1, 0 = 

_2a:S+ar+l , 

2d7-2 , 

2d?-2 

- 0 . 0. i_ 

1 

d7- 1 , 

2d7-2 


"0. 0, 1" 

1 

d7-l , 

. 2d7-2 


1,0,0 = 

- 2d73 + d73 + 2d7 + l, 2d73 — d7— 1, 

2d7®-d7- 1 


_o. 1. o_ 

-2i®>+2a+l , 

2d7-2 , 

2d7-2 

1 , 0, 0 

"1, -x+\. 

-2d7+2“ 



2«a-«®-ar-l, 1, 0 

l-'t 0, 1 , 

0 



2<B*-aB-l , 0, 1 

_o, 0 , 

1 




"1, 

0 

. 0 

- 


= 0, 2d?*— 3a73+:i?® , 4d7^-6a;8+d7+l , 

_^0, 2a78-4!i72+3a?-l, 4d73-8d?3+4d7 
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" 0 , 0 , 1 

1, 0, [a]' 

_ 0 , 1 , 


-a?+l , -2^+2' 


r^+ 1} 0 "1 ' 

-2:r, =|^ q ^ (ir+l)6j ’ 


where 


-.-2 r 2.-C* — , 4 a ?*— 6^+ a ? + 11 

I- -Is ”” |_2a?®- 45a?®+3a7— 1, 4a?^ — 8a7®+4a/ J * 


.(1) 


and this completes the first stage of the reduction. 

Next observing that the H. o F. of all the elements of 5 is a? — 1, we have 


K 


where 


— a?^ , 4a73-2a;2 — 2a7-l" 
2a?+l, 4a?®-4a7 


2 

Then using the equation 4a7^ — 4a7=2(2a?® — 2a?+l) — 2, or 2^21“ 2, to reduce [^]jj to 

a matrix containing a non-zero element of lower degree in a? than the element ^2i “ 2a?® — 2a? + 1 , 
we have 


and therefore 


ro, 1 1 -„ 2 r 2 , 4»a-4j: "1 r 2 (a?-l), 0 "I 

L2, -23r-lJ™^a[.-I, -2a!*+2ar-lJ L 0 > 2(»-l)J’ 


- 1 , 0 , 0 - 
0 , 0 , 1 
_0, 2, -ar-l_ 


p+1, 0 1 ■ 

L 0 , (*+l)6jj, 


2 "1, 0 , 0 ^ 
0 , 2 , 

“ _0, -1, -2«*+2»-l_ 


”« + l, 0 , 0 ~ 

= 0 ,2(a;»-l), 0 ; 

_ 0 , 0 , 2(3!“-1)_ 

and fixjm the last equation and (1 ) it follows that 

"0, 0 , I ■ "1,0, 2a;-2 

0, 1 , aB*-2a;-l [a]“ -2®, 2 , 0 

2, -2»-l, -I _ _ 0 1 “1> -2a®+2a!-l_ 

+ 0 j 0 

= 0,2(®*-l), 0 (2) 

_0, 0 ,2(^-l)_ 


This completes the second stage in the process of reduction ; and in the present case no 
further stage is requii-ed. 
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From (2) we see that A has rank 3, and that the potent factors Es and the 

maximum factors 2)i, JD^y A of are 


Theorem II. If ^ — [a]” is the matrix of rank r described in Theorem /, 
and if E-^y E'g, ... Er are the potent factors of <f> of orders 1, 2, ... r chosen in 
any manner so as to lie in fl, there always exist mutually inverse equipotent 
transformations in XI of the forms 


To’ nl ' * [“]“ > W” rf’ nT'”^ > 

'■ ■'»» 0, 0 Jm’ -‘m i_j„ 0, 0 > \ f 


and therefore also rfiutually inverse tra/nsformations in XI of the f ottos 


Ml w 


the first of the transformations (B') being equipotent. 

This theorem is an immediate consequence of the Corollary to Theorem I. 
The transforming matrix factors in (B) and (B') have the same properties as 
those in the corresponding transformations (A), (B), (A'), (B') of § 218 ; in 
particular the other three transformations of Theorem 11 can be derived from 
the first of the transformations (B'). 


Ex. ii. If [a]^ is a rational integral x-matrix in G, it can he expressed in the form 

(0) 

where and [Icf^ a/re uThdegenerate amd impotent ra/tional integral x-matrioes in Q of rank r, 

when and only when it is an impotent matrix of rank r. 

For when [a]” is impotent and has rank r, we can put Ei=E^—... = Er=^\y and the 
first of the equations (B') then becomes (0). Conyersely when there exists an identity of 
the form (C), [a]” must be equipotent with [1]^, i.e. it must be an impotent matrix of 
rank r. 


Ex. iii. If [af^is a ralional integral x-matrix in G of raink r, it can always he expressed 
in the form 

[a]”=[^’]l[2']^ (D) 

where and [g]” are undegenerate rational integral x-mcUrices in G of rank r. 

Evidently either one of the factor matrices on the right can be impotent. 

Note 1. When is symmetriOy the transformations of Theorems 1 and II are not in 
gen/eral syrnnetrio. 

Accordingly it has not been proved that a synunetrio a^-matnx can be reduced to its 
standard form by symmetrio equipotent transformationB. 
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Noth 2. Alt&maivue proof of TJieor&m lof^ 202 for matrices whose el&mmits are rational 
integral functions of a single variable x. 

The reduction earned out in Theorem I affords independent proofs of Theorem I 
of § 202 and the equivalent results (B) and (D) of § 206 for any rational integral ^-matrix. 
For since the matnx (/> of Theorem I is equipotent with 0, we can take the functions 
-El, ••• obtained in the theorem to be the potent factors of 0 of orders 1, 2, r; and 
the fact that Ei^i is divisible by Ei is equivalent to the results oited. 

Since the H o P. of the minor determinants of $ of order i is EiE^,., Ei, we can take 
the maximum factors of <ji of orders 1, 2, . . r to be the functions A? A* • • given by 

A=Aj A=AAj ••• A+i=AA+ij •• A=A-iAj 

the E^s being the functions obtained in Theorem I. If t is any in*educible (or irresoluble) 
divisor of 0, and if di, dr ^>^0 the indices of the highest powers of t which are factors 
of Aj a, Aj the convention c2o=l bemg adopted as usual, then 

di-do, ... di — di^i, di+i-di, ... A-A-i 

ore the indices of the highest powers of t which are factors of A» Ai ••• Aj A+i> A » 
and because the fimction A+i is divisible by A> follows that 

^+1“ A~ij 

this being Theorem I of § 202. 


Noth 3. Another method of redming a rational integral x-matrix 0 to its standard farm 
by equipotent transformations. 

Yet another method is indicated in Exs. iv — ^vi which follow We can first reduce 0 to 

a quasi-Bcalar matrix, and then reduce the quasi-scalar matrix to its standard form. 


Ex, iv. Conversion of the rational integral x-matrix 0=[a]^ of Theorem I into 
a similar quasi’-soaZar matrix by equipotent tramsformatixms in Q, 

If it IS desired simply to convert 0 mto some quasi-soolar matiix whose diagonal elements 
are unspecified, we may proceed bs follows. 


Let Uij be one of the non-zero elements of 0 of lowest degree. If Oij is not a common 
factor of all elements m the ^‘th vertical row of 0, the highest common factor E of aU those 
elements has a lower degree in x than and there exists a rational integral identity in 
Q of the form 

% + ^2 + ■ • • + = A 


in which ... Wim] ^ S' primitive one-rowed matrix from which (see Ex. iii of § 216) wo 
can form an undegenerate and impotent square matrix [w]^ in by the addition of 
horizontal rows. Then 

is an equipotent transformation in Q converting 0 mto the matrix [6]” in which bij=H; 
and we can treat [6]^ m the same way. We can use a similar prooeas when atj is not 
a common factor of all elements in the ith horizontal row of 0. A succession of such 
transformations and a final derangement will convert 0 into a siimlar matrix in which the 
leading element is not 0 and is a factor of all elements in the leading horizontal and vertical 
rows. Further umtary equipotent transformations in Q will then convert 0 into the form 





l, 71-1 


1, ITl-l 
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where the leading element ou is not 0. We can then apply the same processes to 
and continuing m this way we shall finally convert (j> mto a quasi-soalar matrix of the form 



r, n-j* 

r, TO-r 


where [a]^ is an undeg 606 ra.te quasi-soalar matrix. 


Ex, V Reduction of cm wideg&nerate quad-scala/ir x-mcUrix of rank r to the standard 
form ^ \E] ^ hy equipotent transformations. 

Let be an imdegenerate quasi-scalar matrix of rank r whose diagonal ele- 

ments Oj, Oa, ... a, are rational integral functions in £2 of the single valuable x , let t be any 
one of the irreducible divisors of 0, and let the potent indices of t of oiders 1, 2, be 
fli, 02 j The leading diagonal minor determinants of ore all regular with respect 

to t when and only when the highest powers of t which are factors of a^, aa» are 
and in such a case wo shall say that <f> is completely regida/r with respect to t. 
When (j) is completely regular with respect to all its irreducible divisors, it has the standard 
form ^ where Ei, •• its potent factors of orders 1, 2, . . r. 


We can clearly render cf) completely I’egular with respect to any one of its irreducible 
divisors by a symmetno derangement. Accordingly we will make the hypothesis that (p 
is completely regular with respect to a number of irreducible divisom r, /, r", ... , but not 
completely regular with respect to t, and show that eqmpotent transformations in Q can 
then be determined which will render cp completely regular with respect to ^ os well as 
with respect to r, r", ... 


Let Tit ^ 2 j ... be the products of the highest powers of r, t", . . which are factors 
of Ei,..,Er respectively, so that by the hypothesis we can write 




where bi»7a is some derangement of [tfi 02 ... aj, and where no one of the functions U 
18 divisible by t, /, t", ... or Also let i and j be two of the integers 1, 2, ... r so chosen 
that i<j but rji>T}j ; let M be the h o.f, of Z7< and Uj lying in Q ; and let 


Tj^STit Ui=Eut Uj'=iEu\ 8u'=% 


so that the part of cp formed by its ^th andyth horizontal and vertical rows is 

L® L 0 , 3vw,J 


where 



Then because K is the h.o.f. of Oi and or because fu and v are pnme to one another, 
there exist rational mtegral identities in Q of the forms 

where \hyi ^ J is a primitive one-rowed matrix from which we can form the undegenerate 
and impotent square matrix 


2 


^U j ^12 



219 ] 


RATIONAL INTEGRAL FUNCTIONAL MATRICES 


301 


If we transform </)y by first addmg the 2nd vertical row to the Ist vertical row, then pre- 
fixing [A]j, and then adding to the 2ud vertiool row the 1st vertical row multiplied by 
—h^v, we shall obtain a resultant eq[iiipotent transformation in Q which converts <j>ij and 
<tij respectively into 


i'n‘ 


Jl, 0' 
_0, ^uv 


and 


L 


"iVt, 0 1 

0 , Fjfi 7j ’ 


where Vi^IT^ and ; the form of being that of when the indices rji and ry of 

t are interchanged. By a succession of such transformations we can convert (p into a similar 
qiiasi-soalar matrix \Ia which is completely regular with respect to i as well as with respect 
to T, t', t", .... 

Repetitions of this process will make (ft completely regular with respect to all its 
irreducible divisors, i.e. will reduce (j) to the standard form 

Ex. VI. If (^18 a quasi-scalar x-matrix in O whose elemerUs are expressed as products of 
potent divisors^ the interchange of two potent divisors which are powers of the same ^reducible 
divisor t can he effected by an equipotent transfoi'mation in i2. 

If m Ex. V we determme a rational integral identity m 12 of the form 

and use the undegenerate and impotent square matrix 

*,3 




_ ^11 j ^12 


we can by the methods of Ex. v also convert 


,, w, 0 1, 0 

0, fv 0, fuv 


It follows that we can determine equipotent transformations in Cl which will convert 
(pij mto 0'y, and 

^ [mUi, 0 1 .. ^ 0 1 

and this proves the theorem. 

By a number of such interchanges and by symmetric derangements we can reduce 0 to 
its standard form. An illustration is furnished by Ex xii of § 217. 

Noth 4. The reductions of Theorems I and II cannot in general be effected whm the 
elements of the vimtrix 0=[a]^ cure rational integral functions of two or more variMes. 

Let be an undegenerate square matrix of order 2 whose elements are rational 

integral functions m O of two or more variables and have no common factor other than 

2 

a non-zero constant, let A be the conjugate reciprocal of and let (a) = A, so that 


Then we can reduce 0 by an equipotent transformation to the standard form 




■C;a 


( 3 ) 


if and only if we can determme a rational integral identity in the vanables of the form 

<*> 
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where am - hl=^ 1 ; for this is clearly a necessary condition, and when it is satisfied, we have 
a/i-|8X=l, and the prefaotor on the left and the postfaotor on the right ai-e undegouerate 
and impotent sq[uare matrices. This is possible when and only when we can determine 
rational integral functions a, 6, ?, X, fi of the vanables such that 

(i) P, »i] Ws='^l>i /*]. 

(ii) am- hi =1. 

The condition (i) is satisfied when and only when 

Ml w 

where X and jj. are arbitrary rational integral fanotions of the variables ; and the con- 
dition (ii) is then also satisfied if and only if the functions a and b are such that 

^ {/i^ii “ ^^ 13 } + ^ {/^i “ X<Za2} = 1 v(®) 

Accordingly we can reduce {j) to the standard form (3) by an equipotent transformation 
when and only when there exists an identity of tho form (6) in which X, ^ cr, are rational 
mtegral functions of the variables. 

Now when the elements of </> contain no constant terms, there cannot bo any identity 
of the form (6) , for the left-hand side vanishes when zero values are ascribed to all the 
variables. Thus there oei’tainly exist un degenerate square matrices [a]^ which cannot be 

reduced to the standard form by an equipotent ti'ansformation ; and clearly a similar 
result is true for undegenerate square matrices of any order when there are at least 
two variables. 


Ex. vii 


For the matrix 


9 = L “ J 3 2 ^ 4 - 1 , x-\‘^+2 


]■ 


which lies in the domain i2i of all rational numbers, we have 


and the equations (6) and (6) are 

f— 12 


p, 



a;+jf+2 , -(aB+y+in 
-(ar+^+l), 3a;+4y+l J’ 


fl! {/I (3»+ 4^ + 1) -X (2* + 1)} + 6 {m (*+ + 1) -X (a! +3^ + 3)} «1. 


.( 6 ') 

.( 0 ') 


We can convert 0 into the standard form (3) by an equipotent transformation when and 
only when there exist rational integral functions a, b, X, n satisfymg tho identity (0'). 

For given functions X and ft, (see Ex. i of § 180) there exists on identity of the form {&) 
when and only wljen the two expressions multiplying a and h in (0') have no finite root in 
common. If X and js ore constants, this is the case when and only when 


X*-2X;i+2/i>=0. 


■ 0 ) 


If a, b, X, ore all constants, the oondition (6') is satisfied when and only when 
X»-2Xp+2/i»=0, 2X»a'=/i, 2X*6=-(X+,t); 


in particular it is satisfied when 
x=ii 
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Thus when \ have the values last given, and I and m are the hnear functions given 

hy (6'), we have an identity of the form (4) in which am - 1, a/i - jSX = 1, from which we 

can deduce an equipotent transformation converting into the standard forai (3) ; h\\t this 
is not a transformation in Oj 

Again if X and /x are constants, and a and b are the linear functions 
a==px-\-qy+r, h=ux+vy-\-Wy 
there exists an identity of the form (6') when and only when 

2X — 3/x, 0 , 0 , X — /i , 0 , 0 

0 ,X-4/Lt, 0 , 0 ,X — 2/1, 0 

X — 4/1, 2X— 3/1, 0 , X — 2/1, X—/1, 0 

X — /I , 0 , 2X — 3/1, 2X— /i, 0 , X— /I 

0 , X — /I , X — 4/1, 0 , 2X— /i, X — 2/i_ 

and (X— /i) r+(2X—/i) '20+1=0 

The maximum factors of orders 1, 2, 3, 4, 6 of the prefactor on the left in (8) are 

1, 1, 1, 1, (Xa-2X/i+2/ia)2; 
and the matrix of its affected simple mmor determinants is 

(X2-2X/1 +2/13)2 0-X, 2/i-X, /1-2X, 2X-3/1, X-4/i, X-/i] (10) 

If X2-2X/1+ 2 / 12 + 0 , there is only one distinct non -zero solution of (8) given by the matrix 
(10), and this solution is inconsistent with (9) We are therefore again led to the necessary 
condition (7), and when this is satisfied, we can determine equipotent transformations, not 
in Oi, which convert mto the standard form (3). 


P 

9! 

r 


= 0 , 


.( 6 ) 


V 

w 


fQ\ 


Ess. vili. Modification of Theorem II when there are several variohles 

In this case we can replace the equations (B) by 


m: 


where 


: K 3 """’ w; t-c ^ K 3"^ 

r, r, tn-r 

w: [A']:= F: [ 1 ]™ ml r, w: <12) 


the prefactors and postfaotors on the left in (11) being undegenerate square matrices whose 
elements are rational integral functions of all the variables, and whose determinants 
are independent of and F, F', Fi, F 2 bemg non-zero rational integral ftmctions of 
yu y%, ys. - only. 

There still exist equations of these forms when Ei means the product of all those potent 
divisors of [a]” of order i which actually contain a?, Ei being 1 or any assigned non-zero 
constant in Q when none of the potent divisors of order i contain x. 


§ 220. Necessary and snffloient conditions for the equipotenoe of two 
rational integ^ral JMnatrioes. 

Theorem. Any tm roUwnal integral x-matrioes A =[a]^ and B^[hY^ are equipotent 
with one another when and only when there esoists a relation of the form 

w: w: [<=!>]: [6]; m: (a) 

where the prefaotora and postfaotors are undegenerate and impotent x-matrioes whose ranks 
are equal to the/ir passivities. 
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ThU theor&m remains true when we resirict u to he the larger of the two integers m and 
and V to he the larger of the two integers n a/nd v. 

The theorem simply states that A and B are equipotent when and only when there 
exists a rational integral :i7-matrix C'=[c]” such that both A and B oan be converted into C 
by eqmpotent transformations. 

First suppose that there exists a relation of the form (A), and let C=[o]^ be the common 
value of the two product matrices. Then by Theorem II of § 214 the matrices A and B 
are both equipotent with C7, and are therefore equipotent with one another. 

Next suppose that A and B are equipotent with one another ; let their common rank 
be r\ let their common potent factors be Ex, E^, and let 

"^1 0 ... 0 ‘ 

r, v-r 


the second notation being employed only when u^r and D’^r. Then by the second of the 
formulae (B) in § 219 or by Ex. ii of § 218 wo have 



where the prefactors and postfactors on the nght are uudegenerate and impotent. If 
and ® <t n, v <|: i/, we deduce that 





n, v—n 
n 



[5];[?.o] 


V, v-v 




and this is a relation of the form (A). 


In the above theorem we can introduce the additional restriction that the prefactors and 
postfaotors on the two sides of (A) he in any domain of rationohty m which A and B 
both lie. 


CJoHOiLABT I. Two Similar rational integral x-matriees [a]^ and [6]^^ both lying in the 
aoTTiain O are equipotent with one aTiother whm and mly when thei'e exists an equipotent 
transformation in a of the form 

[A]^ and being undegenerate and impotent rational integral x-matrioes in Q, 

CoROLLAEY 2 Jf [Zj]|[ is an undegenerate square rational integral x-maVrix lying in tlw 
domain Q, [a]^ will he a rational inlegral x~matrix in Q equipotent with it when and only 
when there exists an equipotent transformation in Q of the form 

[A]^ and being undegenerate and impotent rational integral x-mairioes of rank r 
lying in 


8 221. Rational Integral transformations of a rational integral a>-matrlx. 

The ciroumstonoes under which one given rational integral ;i 7 -matrix con be converted 
into another by a rational mtegral transformation of TynTniy^nm passivities are given in the 
following theorem . 
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Theorem. If A= [a]" and B=\hY Tiiatricea whose elements are rational 

integral functions of the single variable there exists a relation of the form 

[A]:M:m:=ra; w 

in which the elements of [h]^ and \fY^ rational integral functions of x wh^n amd 

only when the following two conditions are satisfied. 

(1) The rank (or number of potent factors) of B does not exceed the rank (cw* number 

oj potent factors) of A. 

(2) The potent factor of each order i of B u divisible by tlve potent factor of the same 

order i of A. 

Firat suppose that there exists a relation of the form (A). Then by § 133 and Ex. vi 
of § 206 the oonditions (1) and (2) are satisfied. 

Next suppose that the conditions (1) and (2) are satisfied. Let the ranks of A and B 
be r and 5 , where s^ r; let the potent factors of A and B be respectively JSi, ... Ej. 
and Fi^ E^\ and let 

Fi=T}^Eiy (i=l, 2, . . «), 

where is a rational integral function of x which does not vanish identically. Also* let 

~Ei 0 .. 0 ‘ ~Fi 0 ... 0 ” “771 0 ... 0 " 

0 E 9 ..0 rm® 




[^ = 


w:= 


0 0 ... Er_ 


_0 0 


_ 0 0 ... 17, _ 


^ ’ "^r, T»-r --•Sfti—8 

Then by § 219 we have 

w 

where the prefaotors and postfaotors on the right are undegenerate and impotent rational 
integral ^-matrioea whose ranks are equal to their passivities. From the first of the 
equations (1) we deduce that 

(2) 

where the prefootor and postfactor on the right both have rank 0 . We also have 

(3) 

When we substitute for and [E'\\ their values given by (3) and (2), it follows from the 
second of the equations (1) that there exists a relation of the form (A) in which 

w; [A-]” w 

both these matrices having rank s. 


0 , in. 
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CHAPTER XXV 


RATIONAL INTEGRAL FUNCTIONS OF A SQUARE MATRIX 


[In § 222 define the latent roots and also the oharooteristio matrix and the 
characteiistic determinant of a given square matrix. In § 223 we define the rational 
integral function /(<^)) of a square matnx rp which corresponds to a given rational integral 
function /(^) of a scalar variable x , we show that the product of two such rational integral 
functions of (j) is always commutative ; and we express the determinant and the latent roots 
of /(^) in terms of the latent roots of 0, In § 224 we determine all those rational integi’ol 
equations (including the rational integral equation of lowest degree) which are satisfied by 
a given square matrix Finally § 225 contains some algebraic lemmas with the aid of 
which particular solutions of the matrix equation can be foiuid when ^ is any given 

iindegenerate square matrix.] 


§ 222. The latent roots and the charaoteristic matrix of a 
square matrix whose elements are constants. 

The latent roots of a square matrix = [a]™ whose elements are constants 
are quantities which occur when we attempt to solve the equation 


[ar a? , or ] oi = 0, 

where X is an unspecified scalar number. When we put 

[<=<#>- 

the equation (1) can be written in the form 


.( 1 ) 


.( 2 ) 


X, Ctia > • ■ • 

(<^-Xj)V = ““ .Oaa-A, ... Clam “'n = Q. .,,(3) 

* • I 

1_ ®na J fhm > _®m_ 

If we determine a scalar quantity X and scalar quantities aii, iVm, not all 
zero, such that the equation (3) is satisfied, then X is called a latent root of 

the square matrix <^ = [ffl]”,and a is called a solution of the equation (3) 

or (1), or a pole of <}> corresponding to the latent root X. The poles of <f> will 
be considered in greater detail in Exs. xi and xii of § 286, where the total 
number of unconnected poles is found. 
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Since the equation (3) admits of non-zero solutions for a> when and 

' — 'm 

only when the prefactor on the left is degenerate, we see that the latent roots 
of the square matrix </> = [a]^ are the roots in \ of the scalar equation 

ttn — Clia , . . . Oq^tn 

Aeti4>-\I)= .cta-X,, ... (w ^0 (4) 


Again since the equation (4) has degree m in X, the square matrix of 
order m has exactly m latent roots. These are all finite ; but they £u:e not 
necessarily all distinct, as some of them may be repeated roots of (4). 

When X is regarded as a scalar variable or an arbitrary parameter, the 
square matrix 

0 (A) = =[«];;;= A [i]“ (6) 

which occurs as the prefactor on the left in (3), is called the characteristic 
matrix of [a]^, and its determinant in (4) is called the cha/ract&i'istio deter- 

minart of Clearly X = a is a latent root of the square matrix = [a]^ 

when and only when X - a is a linear divisor (or an irresoluble divisor) of its 
characteristic matrix (6), i.e. when and only when X — a is a factor of the 
characteristic determinant (6). Whenever we speak of the charactei^tic 

linear divisora or the characteristic potent divisors of a square matrix = [a]™ 

whose elements are constants, we shall mean the linear divisors or the potent 
divisors of the characteristic matrix (X) of (jf). 

When we expand the determinant det - XI) in powers of X, the equa- 
tion (4) giving the latent roots of ^ assumes the form 

+ q^X^ +...+(- VTqm = 0, .. .(6) 

where qi is the sum of the diagonal minor determinants (corranged or 
affected) of of order i, and where in particular q^ = (^)^- To show 
this, let 


Oil— Xi, a^ , dim dia j 

Obi , Otaa^Xai ••• ^ » dja— Xj, ... a^m _ 

L -*m* ' 'm' 

_ > • • • O'min*” ^1 j > ••• (hrvm " 


Then if Va . . . Um-r] two complementary corranged minor 

sequences of [1 the coefficient of X,*^ Xi^^ ... X^ in (b)^ is the same 

20—2 
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as its coeffioient in is therefore (— 

Xi = Xa = ..- — X^ = X, it follows that the coeffioient of V in det ^ Xl) 

= (— I)** 2 (o^o) = (“ 3m-r» 

V 

the summation extending over all distinct values of the corranged minor 
sequence [v^ Wq . . . Vm ^] , Accordingly we have 

det (<f>-7J) = q^- gw_i\ + +-. + (- 1)™V'‘ 

= (- 1)”* {\« - jiX’*-' + 1)"*^V + . . . 

+ (-1)”*?™} (1) 


We shall oftea for the sake of brevity write 

2 ( 8 ) 

‘ — 'to 

and when this is done, the equations (1) assume the forma 

</mi 7 = Xaj, (0 — \I) iC = 0 (1') 


Oil- X 

012 • 

®lr 

+ l ■ 

- aim 

<h\ 

022 "X . 

a2r 

®2,r + l • 

■■ 

On 

Ort • 

■ • X 

Or,r+l 


®r+l.l 

Or + 1,2 • 

• ^ + l,r 

^d-l.r+l •' 

“■ Or+t.ni 


0,n2 • 

' ®mr 

^r + 1 

a^m 


we can expand A in powers of X by a method similar to that used in the text in the 
expansion of the determinant det - X7), and we then obtain 


A-(-l)MCoX’‘-eiX"-M&Xr-a- 

where Qi is the sum of those corranged diagonal minor determinants of M ” of order 
m-r+i which involve the last m~r horizontal and vertical rows of [a]^ and i additional 
horizontal and vertical rows belonging to [a]\ In particular we have 


«o« 



Qr=Wl 


£a. ii. Any square matrix and its conjugate have the same latent roots. 

Ess, iii. The equation giving the latent roots of the square matrix 

Oi — X Cl 

Ota Jg — X Og »0, 

Ota &8 ^3 ■" X 

5^®-(«i+6j+os)X*+{(6o)^+(ea)^^+(a6)^} X_ (a6o)^^=:0. 
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Ex. IV. If we use the notations of § 129, the equation giving the latent roots of the 
symmetric matruf 

"a h g u"' 

^ f ^ 

g f c \o 
ji n) w d _ 

IS X^ — (ot + 6 + fl+ X®+(.4i+ jBi+ 0i + ^42 ■t'^2 “H ^a) ■“ +-5+ O-^D) X4- A=0. 

Ex, V. The square matrix has the latent root o repeated exactly h times when and 

only when its choracteristio matrix [a]^-X[l]™ has the linear divisor X-a repeated 
exactly h times. 

By this we mean that X - a is a factor of the characteristic determinant repeated exactly 
h times. It does not follow that X — a is a linear divisor of the characteristic matrix of any 
order less than m, nor that X - a is a repeated potent divisor. 

Ex vi. The square matnx has a zero latent root when and only when it is 
degenerate. 

Ex vii. If the squai’e matrix [a]™ is degenerate and has rank r, it has at least m-r 
zero latent roots. 

Ex. viii. Latmt roota of the 'powers of a square mairix. 

The lateffU roots of the matnx ore the squares of the latent roots of the 

matrix 

This follows from the identities 

- X/) (</> +X/) = (#>2 - X^/, det ((^ - X/) . det (</> + X/) = det (<^a - \^I) 

More generally if his arvy positioe integer^ the latent roots of the matrix 

[< 

are the hth powers of the latent roots of the matrix 

For if 1, d)i, a> 2 , 1 .. a)fc,i are the ifcth roots of 1, we have the identity 

(0-X/) (</)-0)iX/) (0 - <»2X7) ... (<^-a)j._iXjO«<^*' — X^/. 

These results are particular oases of the theorem proved in § 223 . a. 

Ex, ix. J=[l]^, and oJ, where a is any scalar qua/ntity^ ihm the 

latent roots of yjr are the latent roots of <ft each diminished by a. 

For if det (<#>-XJ0 =(-ir(X-X 3 ) (X^Xg) ... (X-X^), 

then det(i/F-X/)=(-l)«(X+a-Xi)(X+a-X 2 )... (X+a-X^). 

Hence <f) has the latent root a repeated h times when a/nd only when ^ has the latent root 0 
repeated h times. 
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Again if A (X) is any minor determmant of order i of tlie oharaoteristio matrix - XZ 
of then A(X+a) is the oorrespoudingly formed minor determinant of order i of the 
charaoterifltic matrix yfr-Xl of 

H&nce (X - a)® is a maximv/m or potent divuar of — XI of order z ijolim and only when 
X® is a vnaximum or potent dvmor of -XI of order i 

Ex. X. -5^ = M Z= [i] ™ j o>nd if ■\\r=p<ii-\- qlj where p and q are any scalar constants 
such that JD 4= 0, then : 

(1) </) has the latent root a repeated h times when and only when ^ has the lat&nt root 

pa-^q repeated h times. 

(2) (X-a)® is a maximum or potent divisor of (f) -XI of ord&i' i when and only when 

{X - (pa + q)y is a maodmum or potent divisor of -XI of order z. 

For if A (X) IS any minor determinant of <^-X7 of order % then p^A ^ is the 
correspondingly formed minor determinant of -X/of order i. 

Ex. XL If the square matrix =[a]™ /tas one and only one z&i'o latent root^ thm 0 must 
have rank m-l. 

For in the equation (6) we must have qm=0, qm-i^O. Thufl 0 is degenerate, but has 
a non-vamshing diagonal minor determinant of order m-l. 

Ex xii. If a IS an unrepeated loutent root of the square mcdi'ix 0 *=[«]”[, tJi£n the matrix 
(fi-al must have rank m — 1. 

This follows from Exa. ix and xi. 

Ex. xih. When the elements of the square matrix 0=M” are arbitrary parameters^ its 
charaote^istio determinant 

A (X)=det(<^-X/)=det{M“-X [1];;) 
is an irresohihle function of X and the elemmts of 0. 

Clearly A (X) is a homogeneous rational integral function of degree m in X and the 
elements of 0, and is not divisible by X. If A (X) were not irresoluble, it would have 
a factor P (X) which is homogeneous of degree p in X and the elements of 0, whore p is some 
non-zero positive integer less than m, and by putting X=«0 it would follow that the 

determinant A(0)=(a)^. has the factor P(0) which is homogeneous of degree p in the 

elements of 0. This is impossible because the determinant (a)" is an irresolublo function 
of its elements. 

Ex. xiv. If 0“[a]^ is a compartite matrix of sta/ndard form whose parts are square 
matrices and whose elements are constants.^ then: 

(1) The latent roots of 0 are the latent roots of the several parts of <(>. 

(2) The potent divisors of the cftaraoteTistio rnatrix of 0 are the potent divisors of the 

characteristio rnatrices of the several parts of 0. 

This follows from Theorem II 5 of § 207 when we observe that the oharaoteristio matrix 
of 0 is a compartite matrix of standai’d form whose successive parts are the characteristio 
matrices of the successive ports of 0 
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§ 223. Rational integral fonctions of a square matrix. 

1. Definition of a rational integral function of a square matrix. 

Let <f> = be any square matrix of any order m. Then if J= [1]^ is 

the unit matrix of the same order m as </>, the positive integral powers of 
are the square matrices of order m defined by the equations 










and these are such that for all positive integral values of r and s 


( 1 ) 

If f{x) = + a„ (2) 


is any rational integral function of the scalar variable x, then for all positive 
integral values of the order m of 0 and for all values of the elements of we 
will write 

f (^) ” ^0 "h ^ ^ 4" . • • + Ct^n— 1 4“ 

= ao<^"4-ai</>’^^4“... + a„-i</)4-a„I, (2') 

and call /(<^) a rational integral function of the square matinx <^. Clearly 
f(<j>) is a square matrix of the same order m as whose elements are rational 
integral functions of the elements of 0. We call f{4>) a function of </> because 
in using the notation (2') we can regard the matrix <j> as vonable ; in fact we 
can regard </> as a square matrix of any given order m whoso elements are 
arbitrary parameters; and we can also regard it as a perfectly arbitrary 
square matrix provided that I always means the unit matrix of the same 
order as </). The coefficients Oo, cii, ... On of the various powers of <}> in 
(2') are finite scalar quantities which will usually be considered bo be given 
numerical constants; but they may be arbitrary parameters. When the 
square matrix <j> is regarded as variable, we call /(</>) = 0 a rational integral 
equation in </>, and any particular finite square matrix will be said to satisfy 
this equation when its elements have such values that every element of the 
matrix /(</>) vanishes. 

There is a one-one correspondence between all rational integral functions 
of the square matrix 0 and all rational integral functions of the scalar 
variable x, two such corresponding functions /(^) and /(a?) always having 
the forms (2') and (2). The matrix function f(fi>) m said to vanish identically, 
and the equation f(^) = 0 to be an identity m <f), when the corresponding 
scalar function /(a?) vanishes identically, i.e. when the coefficients ao, ai, ... 
a^i, On in (2') all vanish. This is the case when and only when the equation 
y‘(<^) = 0 is satisfied by every square matrix <f>; for when Oo, Oj, ... On-n 
do not all vanish, we can choose x so that /(a?) =1= 0, and if we then put 
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<j> — a} [1]”, we have /(</>) = /(is ) . / =j= 0. When /(</>) and /(co) do not vanish 

identically, the degree of f(jv) in a? is also the degree of /(</>) in </), and the 
degree of the equation /(0) = 0 m Accordingly a rational integral function 
of ^ of degree ii can always be expressed in the form (2'), where ao=i= 0- 

Two rational integral functions /(^) and 5^(<^) of the square matrix ^ 
are identically equal, and the equation /(0) = g (0) is an identity in (j>, when 
the difference /(<^) vanishes identically, i.e. when the coefficients of 
corresponding powers of in f(if) and g(<l>) are equal, or when the corre- 
sponding scalar functions /(os) and g {x) are identically equal. 

If/(^) and /(<^) are the corresponding rational integral functions of x and 
(jy given by (2) and (2'), and if ai, a^, ... are scalar numbers, the second of 


the equations 

/(aj) = a,(i»-ai)(«- «a)... («-«„), (3) 

= a^I ) . . . - «„/) (3') 


is an identity in when and only when the first equation is an identity in x , 
and in both equations the order of arrangement of the factors on the right is 
immaterial. More generally if f{x), f,(x\ f^{x), and /((/>), 

/ 2 (</)), are corresponding rational integral functions of x and 0, the 


second of the equations 

/W =/i W/a W • • -/r (fl?), (4) 

(4') 


is an identity in ^ when and only when the first equation is an identity in x ; 
and in both equations the order of arrangement of the factors on the right 
is immaterial In particular if p is a positive integer, the second of the 
equations 

/(«)={/». 

is an identity in j) when and only when the first equation is an identity in x. 
These considerations enable us to express any given rational integral function 
/(<^) of the square matrix as a product of irreducible or irresoluble (ie. linear) 
factors. They also show that : 

The product of two rational integral functions of a square mai/rix ^ is 
always coTmivlative. 

For if / {j>) and g (^) are two such functions, we always have the equations 
/ {a) g{ai) = g {a>)f{x), f(4>) g(<f>) = g (^)/(0) 
which are identities in x and 0 respectively. 
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Notb 1. Svm^lc^t linear fxLTiotiom of a square matrix: 0=[a]^. 

To the liuear funotioa a; - X of x there con’esponds the linear function (^) — X/of 0, which 
by § 222 IS degenerate or tmdegenerato according as X is or is not a latent root of (J>. 
From (3) and (3') we see that every rational integral function of 0 with numerical co- 
efficients can be expressed as the product of a constant scalar factor and linear factors of 
this simplest form in one and only one way. 

Note 2. Solutiom of the equation f{^)x =0 where (jx is a givexi square matrix of 

order on 

It has been shown in § 222 that the equation (0 - X/) 7 =0, which is the simplest 

' — 'm 

equation of this form, has non-zero solutions for when and only when X is a latent 

' — 'm 

root of The non-zero solutions of the more general equation will be considered in § 235 
Note 3. Solutions of the rational integral equcLtion /(0)=O. 

Whenever the scalar function / in which the coefficients have given numerical 
values, does not vanish identically and is not merely a constant, it is always possible 
to determine finite values of x which satisfy the equation /(a?) = 0. Similarly, as will be 
shown in g§ 224 and 228, whenever the matni function /((/») does not vanish identically 
and is not merely a constant, it is always possible to determine finite square matrices 

satisfy the equation /((^)c=o. There does not exist any one-one corre- 
spondence between the values of x which satisfy the equation /(a7)=>0 and the matrices 
satisfy the equation /(<#))=0 , but when the linear factors of f{x) and the 
correspondmg linear factors of are known, it is possible (see Ex. iv of § 228) to 
determine all those matrices which satisfy the equation /(<^)=0. 

Note 4. Cases in which the equation f is an identity in the dements of <j>. 

The coefficients of the function f(^) are usually considered to be given numerical 
constants. When however is a square matrix of given order m with arbitrary elements, 
and the ooeffioients of /((|)) aro rational integral functions of the elements of 0, it may 
happen that the equation /(<^)c=0, though not an identity in (^>, is true for all finite values 
of the elements of <^. In suoh oases the equation will be said to be an identity in 

the dements of 

Note 6. Negative •powers of an undegenercUe square modrix. 

First let bo an undegenerate square matrix of order m whose elements ore 

given numerical constants, lot and let •p be any positive integer. Then we define 

(^”1 to he the inverse matrix of </>, which is also an undogeuQi*ate square matrix of order 
and is the unique solution of each of the equations 

( 6 ) 

and we define to be i.e. to be the ^h power of the square matrix <f)-\ With 

these definitions the equations (1) are true for aU positive and negative integral values of 
r and s so long as is und^enerate ; but the definitions become inadmissible when (j) is 
degenerate. 
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Next let <#)=[a]^ be a square matrix of order m whose elements are arbitrary 
parameters, let and let 'a be the conjugate reciprocal of Then we define 

1 to be the square matnx of order fJi, 


1 I iTO 

^ I— 'm 


( 6 ) 


which is the inverse matrix of and la the unique solution of each of the equations (5) ; 
and we define as before to be the pth power of 0"^ With these definitions the 
equations (1) are true for all positive and negative mtegral values of r and s When 
particular values are ascribed to the elements of (j), we see from § 124.6 that is infinite 
when <j) has rank m- 1, and indeterminate when has rank less than w- 1. Thus for 
particular values of the elements of the matrix defined by (6) has a uniquely deter- 
minate finite value when and only when <j> is undegenerate , and the same is true of the 
matrix 0“^, where p is a non -zero positive integer. 


Noth 6. Use of the notation — when (jy and >/r are square matrices of the same ord&r m 

Let and be two square matnoes of the same order m whose elements 

ore given numerical constants, and which are such that 

(1) the product la commutative, 

(2) the matrix ^|A is undegenerata 

Then there exists a square matnx ^bich is the unique solution of each of 

the equations 

[6]:[o]:=m:. m:[6]:=w:, 

or 'hx=4>7 xf=1> (7) 

For if = 5 is the inverse matrix of -v/r, the two equations (7) have respectively the 
unique solutions i since 

it follows that ^ (fyyfr “ ^ 

When X is the matrix thus determmed, we wnte 


and the matrix ^ which con be defined in this way when the conditions (1) and (2) are 
satisfied is such that 




.( 8 ) 




.(9) 


It corresponds to the algebraical fraction - which has a definite meaning when y 4=0, 

When (^=[a]^, /=[!]”, the product is always commutative Hence we can 
always write 




•(S') 
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both when ^ is an imdegenerate square matrix with constant elements, and when the 
elements of ^ are ai’bitrary parameters ; and we then have 




•O') 


Note 7. Ratioml Jhinotiona of a square mcUrvc 0. 

Let / {<\i) and g ((/>) be given rational iutegi’ol functions of a square matrix 0 = Since 

the product/(( 3 f))^((^) is always commutative, it follows from Note 6 that we can write 

x={9 {ff w}-‘ (10) 

where x is a squai^e matrix of order m which is finite and uniquely determinate whenever 
the elements of cj) have such values that 

det^(^)=i=0, (11) 

it being then the umque solution of each of the equations 

5^(0)*X=/(0)> X- (<#>)=/(<#>)• 

We may regard the matrix as a rational function of the square matrix con-e- 

d \r) 

spondmg to the rational algebraic fraction possesses the property 

and IS uniquely determinate and finite whenever the condition (11) is satisfied. 


2. Latent roots of any rational integral function of a square matrix. 

In the following theorem = [a]^ is any square matrix of order m whose 

elements are given constants, F (^) is any rational integral function of the 
square matrix and F{x) is the corresponding rational integral function of 
the scalar variable x. 


Theorem. ^ Wi, «a, ••• Om latent roots of the square matrix 

^ [af^^ and if F{<^) is any raMonal integral f motion of then: 

(1) F(u,)F(ci,) . . . F(arrd = det 

(2) The latent roots ofF{<j)) cur^e F{(xf), ... F{a^, 

To prove the first part of the theorem let I = [1]^> ™d let 

m = det - ml) = det {[«]“ - [113 
= (- 1 )« (<D - tti) (a - «a) . . . (a; - ; 

also let n be the degree of F(a>) and F{4>), and let 

F{ai) = io («» - A) (® - A) • • • (® - iSn), 

F(<f>) = b,{<f>- AI) ii> - AI) y9n/ ) = 6o [c]”. 


so that 
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Then 

det F («/)) = &o“ • det (4> — ^il) . det (<j) — y9a/) . . . det ((f> — /S„7) 

= (-l)’»»6.™n(^,-a0. 0 = 1,2....«; i = l,2,...m), 

= 6„™n(ai-/9j) 

= F(tt,)F{as)...F(a„,). 

To prove the second part of the theorem let X be any scalar constant, and let 
F'{x) = F{is)-X, F'(<l>) = F((t,)-Xl 
Then from the first part of the theorem we see that 

det F' (<#.) = F ' (aO F' (a,)...F'(a^). 
i.e. d6t{J((^>)-\/l =(-l)™{\-J’(ai)} 

Since this equation is true for all values of X, it is an identity m X when we 
regard X as a scalar variable, and therefore F (ai), F(ttt), ...F(am) are the 
latent roots of F 

Some special cases of the above theorem are contained in Exs. viii and ix 
of§ 222. 

§ 224. Rational integral equations satisfied by a given square 
matrix. 

As before we will write ^ = [a]™, ^ = [1]”> ^ being a square matrix of 
order m whose elements are constants. The charactenstic matrix of 0 will 
be taken to be the undegenerate rational integral ir-matrix 

( 1 ) 

and the maximum and potent factors of this characteristic matrix will be 
denoted by (x), (^), • . • (^) and jEi {x), (a?), . . . {x), these being 

rational integral functions of the scalar variable x. It will always be con- 
sidered that Dm (p) is the characteristic determinant of so that 

(®) = det (^ - «/) = det {[a]” - ir [1]“} (2) 

The conjugate reciprocal of the characteristic matrix ^ — a?/ will be 
denoted by A , this being a rational integral ir-matrix of the degree m — 1 ; 
and the inverse of (^ — a?/ is then the matrix 



whose elements are rational functions of x. The matrix yjr has a determinate 
finite value for every finite value of x which is not a latent root of <f>, i,e. when- 
ever Dm (^) + 0 ; and it is then the unique solution of each of the equations 

((f) - xl) yjr = I, ylr(^—xI) = L (4) 
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Using Notes 6 and 7 of § 223, we can regard 'i/r as a rational fwaction of 
and use for it the notations 

+ ( 6 ) 

For values of a? sufficiently great to render the series on the right con- 
vergent, we have 

^ m 

where = for this value of 'i|r clearly satisfies the equations (4), and we 
can regard (6) as the expansion of ((j) — xiy~^ in descending powers of w. 

Noth 1. Cases in which the el&mefiits of 0 are arbitrary •parometm's. 

The elements of 0 are usually to be regarded as given uumerioal constants. When 
some or all of them are arbitrary parameters (or are rational integral functions of certain 
arbitrary parameters), the elements of the charocteristio matrix 0—5?/ are rational integral 
functions of x and those arbitrary parameters. In such oases Bi (a?) is the product of bJI 
those common factors of the minor determinants of ^ — of order i which are rational and 
mtegral both m x and the arbitrary parameters, those which do not contain x bemg non- 
essential. If all the elements of 0 are arbitrary parameters, it follows from Ex. xui of 
§ 222 that 

Bi {x) = {x) ^ {x) =a 1, Bfn, (j?) =2)n» (^')* 

In the following lemmas and theorems wo speak of functions of the elements of 0 only 
when all the elements of 0 ore to be regarded os arbitrary parameters. 

Lemma A. If -^is the inverse of the oharaotmistio malQ'ix <l>-xl of the square mat7*ix 
0=a[a]^, and if f{x) axdf{<\>) are corresponding rational integral functions of x and 0, the 
product f {x) is ralionol and integral in x when and only when 0 satisfies the equation 
/(0) = O. 

Let f(x) and /(0) have degree r in x and 0, so that we can write 

/ (a?) “ 0^ + CiX + C2X^+ . . . + Cr^xTy 

/ (0) « Co 0° + Cl 0' -b Ca 0* -I- . . . 4- Cr 0^ 

where Co» ... c,. are finite scalar constants and c,.=}=0, and where 0'^=/. Then from the 
equations (4) we can deduce the r 4-1 equations 

a;®0-=0®0 — 0*— 070 —x^Iy 

07* -0 = 0^ 0 — 0® — 070® — 0 — 0?^ jT, 


OT** 0^ = 0’* 0 - 0»- 1 - ^0’* “ 2 _ . . , - ^ - a 0 _ 07^ - 1 /. 

Here the second equation follows immediately from (4) ; and the equations after the second 
are formed in succession by a uniform rule, the fth equation bemg formed by multiplying 
the (i— l)th equation by x and then substituting for xyjr the value given by the second 
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equation. If we multiply these equations by cqj respectively and then 


add, we obtam 

/ (a?) ifr =/( 0 ) + {yiro + +^1/^2 + • • • + ^ - 1} j C^) 

where — Ci+i/— a —flr ^^>. 1 = — c,./#=0 (8) 


If /(^)=»0, we see from (7) that /(^) i/r is rational and integral in x. Conversely if 
f{x)'^ is rational and integral in we see from (7) that must be rational and 

integral m and it follows from (6) that f(<f))=^0 ; for if 

for all values of x whose absolute mogmtudes exceed jff, where R is real and positive, then 

for all values of z whose absolute magnitudes are less than ^ , and this is only possible 

when the coefficients of all the powers of z on both sides vanish. 

Thus /(a;) yj/- is rational and integiul in x when and only when/(0)=O, and is then the 
rational mtegi'al ^'-matnx given by 

/ (x) ^ =‘^Q+Xyp‘i + X^‘\l/‘ 2 + (9) 

Lemma B. 1 / all the elemonU of (/> are arbitrary parameters^ atid if the coeffioieTUs of 
f{x) are ratioml mtegraZ fwnctioiis of the dements of then f{x)y\r is rational and integral 
both in X and in the elements of <#) when and only when the equation f{<l>)^Q is an identity in 
the elements of ip. 

In this cose Lemma A holds good for nU particular finite values of the elements of (p. 
Hence when/(0) vanishes for all finite values of the elements, the equation (9) is true for 
all fimte values of the elements, and therefore f{x) is rational and integral in the 
elements of as well as in x. Convei-sely when f(p) does not vanish for all finite values 
of the elements of </), then f(x) yp cannot be integral in x^ for there are particular values 
of the elements for which it is not integral in x. 

Theorem la. J/ = [a]^ is a square matrix whose elements are ooustants, 
and if i)m(®) = det{[a]^ — a;[l]^} is its characteristic determinant, then <p 
satisfies the rational integral equation 

jDrn(i>) = 0 (A) 

Further the equation (A) is an idmtity in the elements of <p when those 
elements are all arbitrary. 

From (3) we see that 

I — |W 

^ ( 10 ) 

Therefore {si) -ip is rational and integral in x, and it follows from Lemma A 
that Dm {<!>) = 0. Smce this is true for all finite values of the elements of <p, 
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the equation (A) must be an identity in those elements when they are all 
arbitrary. The second paxt of the theorem could also be deduced directly 
from Lemma B. 

The equation (A) is known as Cayley's Equation or as the Cayley- 
Hamiltonian Equation after the names of its discoverers. 

Theorem Ib. If all the elements of the square matmx = are 

arbitrary parameters, and if f(<l>) is a rational integral function of <f> in which 
the coefficients are I'ational integral functions of the elements of <f>, then the 
rational integral equation f (<^) = 0 is an identity in the elements of (f> when and 
only whenf{<^) has the form 

/(</>) = (A') 

where g (0) is a rational integral function of (j> in which the coefficients are 
rational integral functions of the elements of <f>. 

Consequently the equation (A) of Theor'em la is the rational integral 
equation of the lowest degree which is rational and integral in the elements of 
(f) and is an identity in the elements of </>. 

First let the equation /(</>)= 0 be an identity in the elements of 0. Then 
fi*om Lemma B we see that there must exist a matrix r&l’” which is rational 

and integral in x and the elements of ^ and is such that /C®) 
it follows from (3) that 

f{x)A"^DMiK ( 11 ) 

When in the identity (11) we equate the highest common factors (rational 
and mtegral in x and the elements of <^) of the elements of the matrices on 
the two sides, we obtain 

= (A") 

where g(x) is the h.c.f. of the elements of for by Ex. xiu of § 222 the 

I— nW 

H.O.F. of the elements of A is 1. From (A"), -which is an. identity in m and 

' — 'm 

the elements of (^, we deduce the equation (A') which is an identity in ^ and 
the elements of (/». 

Next let /(<^) be expressible in the form (A'), so that (A') is an identity 
in </> and the elements of 0. Then by Theorem I a the equation /(<^) = 0 is 
an identity in the elements of 

The second part of Theorem 1 6 is now obviously true. 
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Ex. i. With the notation used in the equation (6) of § 222 we have 

W = ( - 1)’” 

where qi is the sum of the (corranged or affected) diagonal minor determinants of of 
. order i ; and (A) oon be written in the form 

+ (Ai) 

Ex li. If Xi, X2, . Xfn are the m latent roots of 0, we have 
AH(^)=(-l)"‘('a7-^i) ... 
and therefoie (A) can also be written in the form 

((jb-Xi/) (<#>-X2/) ... ((^-X„J)=0 (Aa) 


Ex. in. JJ Bq\w,re matrix <f) satisfies the equation 

(ai+Sj) <^+(ai6a— Oa^^i) 7=0 (aj) 

whieh is an identity in the dem^s of (p. 

In this cose p-xl=[^ i. 

Da (x) = det {p - xl)==3i^~ (ai + b^) x+ (oj &a - 
E 2 (<^>) = (cti+&a) 0 + (flti&a— Oa^i) I 

“Kk+i^6s’, ?] 

= 0 . 


Again if Xi and Xa IcUent roots of p, i.e. the roots of the eqy/s^on Da (^)=0, then 

^ satisfies the equation 

(0 “ h I) (p - Xg/) =0 (oa) 

In fact 

»,y [V: 5 .-xJ-K: 3- 

where Ci=ai®4-a2^i" (^i+^a) ^i+XiXg, 02=a3(ai + 62)“(Xi+Xa)aa, 

i£2=a22>i+&2®”(Xi+Xa) &a+^3^2j di = hi (ai+6a)-(Xi+Xa) &i. 

Since Xi+Xa=ai+2>2j XiXa=ai& 2 “^&ij "we see that Oi, Cg, cfi, eZg are all zero. 


Theorem II a. J/ </> = [a]^ is a square matrix whose elements are constants, 
and if (^) is the potent factor of order m of the oharact&risHo matrix 
[a]™ — X [1]” of ip, then p satisfies the rational integral equation 

^m(<t>) = 0 (B) 

lict Dm (®) Mid Dmr-i (®) b© ths potent f&ctois of orders ni &nd m — 1 of 
the characteristic matrix of <f>, Dm (<c) being chosen to be the characteristic 
determinant of Then the equation (10) deduced from (3) can be written 
in the form 

I— 


(12) 
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I — jW 

where A ia a matrix whose elements are rational inteefral functions of m 

' — 'm 

having no common factor other than a non-zero constant. Since 

(^) ~ (^) 

it follows from (12) that 

I— I Trt 

(13) 

' — 'm 

Consequently must be rational and integral in x\ and it fallows 

from Lemma A that satisfies the equation f{4>) = 0. 

Theorem II b. If ^ = is a squa/t'e matrix whose elements are 

constants, OAid iff{^) is a rational integral function of (j>, then <j> satisfies the 
rational integral equation f{(f>) = 0 when and only when f{(j)) has the form 

f (<!>) = g WE, ,(<!>), (BO 

where gW is a rational integral function of (j). 

Consequently the equation (B) of Theorem II a is the rational integral 
equation of lowest degree which is satisfied hy 

First let (p satisfy the equation fW = 0. Then from Lemma A we see 
that there exists a rational integral fl?-matrix such that /(®)'>/^ = [6]’”; 
and it follows from (3) that 

/(a>)I”"=a„(«)[C (14) 

When m the equation (14) we equate the highest common factors (rational 
and integral in x) of the elements of the matrices on the two sides, we obtam 

f{x) Dm-i W ^ g {x) Art if), (16) 

where g{x) is the il.C.F. of the elements of Since 

(®) “ (f) Art (^)j 

it follows from (16) that 

fW^gWEM (B'O 

From the equation (B'O, which ia an identity in x, we deduce the equation (BO 
which is an identity in (j>. 

Next let /((/)) be expressible in the form (BO, so that (B') is an identity 
in (j). Then by Theorem II a the matrix </> satisfies the equation /(<^) = 0. 

The second part of Theorem II b is now obviously true 

Other proofs of Theorem II b (which includes Theorems I a, 1 6 and 11 a) 
are given in Ex. xv of § 230 and Ex. xiii of § 235. 

0. IIL 


21 
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Notb 2. Gases in wliicli the elements of (j) involve arhitrai'y pamnwtei's 

lu proviug Theorems II a aod II h it has been implicitly assumed that all the elements 
of ^ are given numerical constants. Rut the theorems remain true and the proofs remain 
valid when some or all the elements of 0 ai*e arbitrary parameters, or are i-atioiial integral 
functions of certain arbitrary parameters, provided that a rational integi’al function of x 
or 0 means one whose coofl&cients are rational integral functions of those arbitrary 
parameters, and provided also that A(^) and Ei{x) are interpreted os in Note 1 to be 
rational and integral in the arbitrary parameters as well os in x. 

In the particular case when all the elements of 0 ai’o arbitrary, Theorems II a and 
II h become Theorems I a and I h. 


Ex. iv. The sqyiare matrix 0 = satisfies tho rational intcgnd e(ivathn /(0) = 0 wk(yn 

and only when the potent footor of oi'dei' ui of its characteristic matrix is a factor of 

f{x\ i.e. when and only when all the potent diuisors of order m of (jy—xl are factors of f{x). 

This IS an alternative form of Theorem II h whioh follows from the equation (B' ). 

Hence all the latent roots of 0 must be roots of the equation / (a;) = 0. 

Ex. V. If a;-ai, ... ^-Os the distinct linear divisors of tho characteristic 

matrix ^-xf i o. if ai, oy, ... are the distinct or unequal latent roots of 0, then in (B") 
and (B') we have 

oiY' (^j-oar ... (^- 

(0) =(</> - (0 “ (0 - 

where ki , Ky, . .. kj ai’e the potent indices of oi*der m of the linear divisors x - ai , x - oy , , . a; - 
for the matnx ^-xL 

Ex. vi. If 

" 6 , 6 , 8 " “ 1 , 0 , 0 “ ^G-x, 6 , 8 “ 

0= 6,11,12 , /= 0,1,0, 0-a?/= 6 ,n-x, 12 , 

_^8, 12, 18_ _0, 0, ]_ _ 8 , 12 , 18 

tfie 7 ational integral equation of lowest degree satisfied by cj) is 

Es (0) = (0 - 2/) (0 - 31/) = 02 - 330 + 62/= 0 (h) 

In this case, when non-zero constant factors are disregoi'ded, we can write 
/)x (a?) = 1 , A (^) = “ 2, A (^) = (a* - 2)2 (a* -31), 

A(^)=l» A(^)=^’“2, E^{x)=(.v-2) (.r-31). 

The latent roots of 0, being the roots of the equation A (^)*®0, arc 2, 2, 31 ; lUid tho 
distinct or unequal latent roots are 2, 31. 

The conjugate reoipi’ocal of the characteristic matrix 0 - a;/ is 

g "a;S-29a7-H64, 6a;-12 , a^'-16 “< '".v-27, 6,8" 

T = 6^-12 , ^a-24A--f44, 12X--24 = (x-2) 6 ,^*-22, 12 ; 

__ ar-ie , 12a;-24 , .j,'J-l7ii?+30 j ' _ 8 , 12 , x-lb^ 


Aiid the mveree matrix of (p— ml in 
, _ _ 1 '7° 

{j(-2)>(a;-31)Lf,8 


1 

(®-2)(a!-31) 


«-27, 6,8" 

6 ,*- 22 , 12 
a , 12 , a;-16_ 
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§ 225. Frobenlus’s solutions of the matrix equation \l/^=</). 

Tho solutions of the matrix equation in which (p is any given widegmerate 

square matria: with constant elements are necessarily undegeuerate square matrices of tho 
same order os and can ho regarded os square roots of 0 This equation was fii-st solved 
by Frobenius, his solutions being obtained by the use of the algebraic lemmas which follow. 
The original theorem proved by Frobenius will be given at tho end of this article. Other 
methods of solving the equation will be described in later chapters. 


Lemma 1. Let a he a givmi iion~zero coiistant; let f{x) he any given rational integral 
f motion of x which is not divisible by x- a; and let n he any given non-zero ‘positive intege/i\ 
Then it is posdhle to determine a rational integral function 0 (^) of degree less than n which 


is such that 

^(j 7 ) = {0 IS divisible by (x-a)'^ (a) 

Further there arc two and only two such functions^ those being 

0(a;)= ± Va0(a7), (b) 


whence 0* (:*;) w a uniquely detenninate rational integral fwnetion of x of degree less than n 
whose coefficients are rational fumtiom of a and the coefficients of f{x). 

Lot the iih derivatives of /(a;), 0 (x), x (^) denoted by ft (x), (pi (x)y Xi (^) respectively, 


and let 

0 (a?) = |co + Cl (a-- - a) + (a? - a)2 + . . . -h ] - a)** “ ^ j- ( 1 ) 

Then the lemma can bo proved by detemiining such hnite values of the constant 
ooofiioients Cq, Ci, Co, ... c^-i that 

X(a)=0, xi(a) = 0, xa(^)=<^i Xi*-i(“) = 0 (2) 


Evaluating tho succesaivo deiivatives of tho product 0®./^ by Leibnitz’s Theorem, wo 
see from (a) that 

Xi(^) = 200i/H20«^i-1, 

X<i { x ) => 2 {(002 + 01®)/^ + A ( p(piffi + 0“ (ffi +/l“)}, 

and that when i> 1, 

X< = + + <E‘i_2^a+*-- + ^2) + + (3) 


whore = 0r-2</>3+ ' ( 2 ) + + 

and Fr =frf + ?/r - l/l + ^ 2 ) /»• “ + ■ • ■ ( 2 ) - *2 + ^flfr - 1 +j5^r • 


The first two of the conditions (2) are satisfied in succession when and only when 

. ^ 1 0i_f{a)-9xifija) 

Co .' 2a/(a) 

When Co and 0i ore chosen in accordance with (4), tho remaining ^ - 2 of the equations (2) 
determine in succession unique finite values of the ratios ^ ^ , ... ; and this establishes 

^ Co Co Co 

the lemma. 


21—2 
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The actual ovaluatiou of the suooeBsive coefficients of cf> (j?) is more easily effected 
by putting 

A-2a/(a)+0. 

and replacing (1) by 

= (!') 

where ^“Va.CoalsO, aj=if:*— ; so that (a)=\/tt.Cj= 

C'o K* 

The firat two of thu conditions (2) are satisfied in succession when and only when 

«= , ai=/(a)-2a/i (a) (4') 

Suppose that 6, oi, aa, ... a£_i are finite quantities which have been so determined that 
the first i of the oonditions (2) are satisfied, where i <|:2, and for the sake of brevity lot 

/o>/i7 —/i, ... now stand for / (cs), /i (a), .../i(a), (6) 

Then fi*om (3) we see that 

+ Q + , . ..(3') 

where + ap_2a2+... + 02<ir_3+raiOp_i+ap, 

and ■^r=/r/o + ’/r-l/l+ Q^/r-a/a+” + 

It follows that the (z + l)th of the conditions (2) will also be satisfied when and only when 
fli has the unique finite value given by 

2ai/o®« - (3'') 

where jl('=ia<_iai + ^g^at_aaa+... + Q^ — 2 “b loi . 

If we put /!=2a/„ in (3"), and observe that i?'i=2/o/i and that is divisible by 2, we can 
cancel 2/o* on both sides. Therefore oi is a rational integral function of aj, aa, ... a<-i, 
/o) /i» .*•/< a in which the coefficients are integers. Moreover it is oasily hcoii by 
induction that a< has the following properties : 

(1) It is a rational integral fiinotioii of /o, /i, .../< and a which is homogonoous of 

degree i xu/o, /i , , . /<, and also has degree i in a. 

(2) It can bo expressed in the form 

+ + ••• '\~Fi(jb\ 

whore Py is a homogeneous rational integi’al fnnctioii of degree i of/o, /j, ... /j 
which is isobaiic of weight r in the suffixes of /o, /i, ... /<• 

For if we assume that the properties (1) and (2) ore true for aj, oa, ... a<.i, then they 
must also be true for every term on the right in (3") after the factor 2/0“^ has boon removed. 

Ex, i. With the notation (6) the values of aa and 03 in (3") are 
02* -/o’*- 4»/o/i+4a2 (/o/a-2/ia), 

aa * 3 /oH 6a/o Vi - 1 2aVo (/0/2 - S/a) - 8 a 3 (/0V3 - 6/o/i/a + 6/^ 


" I t ’ 

i t li 
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Ex, 11. The expressions for the ooefficients of ^ {x) which occur in (1) and (T) are 
always the same no matter what the value of n may be. 

Ex. ill. Special cam when f{x)=x~~h and ?i«»2 

If a =1=0 and a - 6=|=0, there are two and only two functions (j) {x) which have degree leas 
than 2 and are such that {0 {x) {x-b)}^-x is divisible by {x-a)^ From (!') and ( 4 ') we 
see that they are given by 

<#•(•*)=« {l+“'2aV-6)}' «!=-(«+&), 

i.e. by (t> (a) = ± {(« + i) a; - a ( 3 a - i)}. 

For these two values of 0 (x) we have 

{0 (x) . (.-r - &)}2 - ^ - 2 (a + If) ( 2^2 -ab-i-b^)x + b^ ( 3 a - &)®}. 

Ex iv. Those functions cf>(x) which have degi’ee less than 2 and are such that 
{0 (x) . (.^?+3)}® - a? is divisible by (x - 3)® are the constants 

This is the portioular case of Ex. in in which a = 3 , 6= -3 

Lemma 2 . Zet E(x) be any given ratioTial mtegTal function of x of degree n which m 
not divisible by x. Then it is possible to determine rational integral functions f (^) of degree 
less than n which are &mh that 

^ (x) ■» {/ (ir)}® - X is divisible by F (x) (a') 

Fuvth&r if F(x) hots exactly s unequal roots a, 6, c, eveiy s^ich function f(x) must 
satisfy the conditiofis _ 

/(«)■= /(&)=±*y^, /(o)“±>/c, (6) 

and it is uniquely detmninate when f(a\ f(b\ /(c)i ... have any assigned values consistent 
with these s necessary conditions; consequently thexe are exactly 2" such functions f(x); 
moreover these are given by 

f(x)=±^a^i (x) ± *Jby\r% (x)±^o^^(x)± . . . , (b') 

wh&re (x\ 0-2 (^), 03 (x\ ... are uniquely determinate rational integral functions of x each 
of which has degree less than n. 

Wo can suppose that 

F(x)=k{x-a)°-(x-^h)^ (x-of ( 7 ) 

where A is a known non-zero constant; a, o, ... are known non-zero constants 'no two 
of which are equal; and a, jS, 7, ... are known non-zero positive integers such that 
and wo will further suppose that ,Ja^ ... are definitely selected 

square roots of a, c, ... respectively. 

In the first place let the ith derivatives or/(^) and x (x) be denoted by/< (^) and Xi(x) 
respectively. Then 'df(x) is any function having the properties mentioned m the lemma, 
the necessary equations X X conditions (6) must 

be satisfied. When the value of f{a) has been fixed, the necessary equations xi (a)= 0 , 
(a)=:0, ... xa-i (a)“0 show that the values of fi (a), /g (a), .../a-i (a) are uniquely deter- 
minate. Similarly when the value of f{b) is fixed, the values of fi(b), ... //a-iC^) are 


fl ^ t 
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uniquely determinate ; when the value of f{c) is fixed, the values of fx (o), /2 (c), . /y_i (c) 
are uniquely determinate; and so on. Hence if there are two functions / (.r) (a?), 
f{x)=q {x) for which the signs in (6) are the same, then 

P G^)“ ? first a - 1 derivatives must vanish when 

P W”? 0^) first jS - 1 derivatives must vanish when 

P (^)”(? W its firat y — 1 derivatives must vanish when 

and so on. Thorofore 'p (.r) - q {x) must be divisible by F{x) Since p [x) — q (x) Inw degree 
less than n in this is only possible when p{x) — q {x) vanishes identically, i e. when 
q{x)=pix). Consequently there cannot be two different functions f{x) satisfying the 
conditions of the lemma for which the signs in (6) are the same. 

It remains to show that we can determine a function f{x) having the properties 
mentioned in the lemma when the signs in (6) ore arbitrarily assigned. 

Changing the meaning of the suffixes, let Fi{!g\ F<i{x\ F^{x\ ... be the functions 
obtained by dividing F{x) by respectively, i.o, by omitting 

these I'espeotive factors m (7) ; let 

</)i («) = Va 0 + (« - a) + ^ . 

<#>8 (*)='/? + C^{fe-c) +fj(a_fl)a+... + -f£'ri^ 

where uio, -^i* -^aj —i -^oi Aj Oi^ Ci? • •» •• ti-re constants to bo determined; 

and let 

/(^)=0i (^) ^1 (^) -f <#>2 (a?) F^ {a ;)+<^3 {x) F^ (^)+ (8) 

where each term is a rational integral function of x having degree loss than n. Then since 
F^{x\ F^{x\ ... ai’e all divisible by (a? -a)®, the function x{^) in ('0 will Ixa 

divisible by (ay-a)* if and only if Fx {x)Y-x is divisible by (ar-a)®. By Lemma 1 
the a constants in (x) can be chosen so that this condition is satisfied. Similarly the 
p constants in (/)a (x) can he so chosen that x (^) is divisible by (x - 6)^, the y constants in 
<l>s{x) can be so chosen that x(^) is divisible by {x-cY^ and so on. The function /(a*) 
defined m (8) will bo such that x (^0 is divisible by F(x) when and only when tlio ooimtants 
^oj ... -^oi ^ 1 } ... ^Oi ('u ...j ... are obtained in this way. By Lemma 1 the ratios 
ilo : : -^i : -^a ■ ... : OqiCxi ... : ... are then uniquely 


determinate, and the constants .do, Bq, Oq, ... must bo so chosen that 

ilo-?i(a)— ±1, .Soi?2 (&)= ±1, Co^a(c)"=±l, (9) 

the corresponding values of /(a),/(6),/(o), ... being 

/(a)«±Va, f{b)^±s/b, /(o)==±\/^ (9') 


The signs in (9) can be chosen arbitrarily, and the signs in (9') are the same as in (9). 
Thus corresponding to each choice of the signs in (6) we can determine one (and only one) 
function /(a?) having the properties mentioned in the lemma. 

Fx, V. Fetermincbtion of all those ratioTixJ, vniegTalfunotion8f{x) of x whose deyvees are 
less than 3 and which are such that 

{/ ^x is divisible by the function F{x) = (.a? - a)* {x - h) 
when a=l=0, 6=1=0, a-6=#=0. 
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In this case / («) = <#>i («) -Pi («) + <#>8 (*) Pt (®), 

wliere -P'i(a-)=«- 6, </)i(ii:)=^yS{ilo+^i (.«-«)}, 

Determining the constants and Aj so that {<#)i(af) Fi{v)}^-i}o is divisible by (a;-a)2 
iis in Ex 111, and determining the constant Bq so that {tl)s{x) Fi{iG)Y-os is divisible by 
we find that 

A-+— ^ + w„ + _J_ 

“ “a-i’ Jn“ 

and wo have tborofoio 


/(•®)=^-( ji- Jja [7« • {(« + P) - a (3a - i)} (a: - J)+ ^/5. 2a (®- a)'-*], (10) 


where Ja and Jb are respeotively either one of the two square roots of a and either one 
of tbo two square roots of />. 

For all four of these functions / (a;) we have 


vt SI, .. 

whore P = (a^ 4- Qah + ^ - ( 4 a^ + 9 a% - 6 ah ^ + 

4 {(rt + i) A’ - a ( 3 a - 6)}, 

/s/a and Jb being the sarao square roots of a and i in (11) as in (10). 


( 11 ) 


JKr. vi. BeteT^imation of all tko&e Q'aticniaZ vniegral funatiom f{x) of x whose degrees 
(m less than 2 and which are such that 

{f{x)Y-x is dvdsihle by the function F{x)=^{x-a) {x-b) 
when asjsO, ?>4=0, a — h^O. 

In this COSO {'^ (a? — &) + \/£ (^-«)}; 

mid then {/(*)}» - {(a+6)+2 Jl, ^l). 

Hero tja and Jh oi’e the same square rootgr of a and h in both equations. 


Theorem. If undegmorate square matrix of order m whose elements 

are given coustants, it is posdble to determine a rational integral function f of (p whose 
degree in <p is less thani «i, and which is such that {/(0)}*=0* I^he matrix ^=/(^)*=P]„j 
\s then a 'particular solution of the matrix equation 

If (j) has exactly s unequal roots^ there are exactly 2* particular solutions of the equation 
which can he detmnined in this way. 

Let /=[ 1 ]’J|; lot X bo a scalar variable; lot Oqi •- c^n-l scalar constants; 

^ndlot ^ , 

/(^) + ~ i 

y ((^) = Oo/+«l<^+C8l^“+ ... 

Then we have to show that it is possible to determine the finite constants Co, Ci, Cj, ... Cm-i 
so that the given wndegeneraU square matrix </>=W” satisfies the equation 


,( 12 ) 
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Let Xj, Xj, . Xj be the distinct or unequal latent roots of [*]„,> which lU'e all difibrent 
from 0 because (a) ”‘4=0: and let 

(*) = ( - 1)”* (* - Xi)^ (:r -Xa)*** . . . (a? - X,)"*, 
and ^„(a:)=(,ir-Xi)‘i(j;-Xs)‘’=*. (ii-X,)\ 

where G?i + a?2 + . +<^a=m, ^1 + 62+. +c«=9i>«i, 

be I’ospeotively the determinant and the potent factor of order m of the oharnctoriatio 
matrix By Theoi’em II Z» of § 224 the given matrix 0 = aatiafioa the 

equation (12) when and only when there exist identities in 0 and co I’ospcctively of 
the forms 

((#>), (13) 

whore g (<^) and g (x) are corresponding rational integral functions of 0 and .r, i.e. when 
and only when {f(jxi)Y—x is divisible by En^{x), 

Now let F{pt}) be any rational integral function of x of degree r, where which is 

not divisible by x and which contains En^{x) os a factor. By Lemma 2 wo can dotormiiio 
a rational integral function f{x) of degree less than r which is such that {/(-v)}^— .a: is 
divisible by F (a?), and therefore by (jc ) . There tlien exist identities in x and of the 
forms (13); and since the given matrix satisfies the equation ^„i(0)«O, it also 

satisfies the equation (12). Thus in the above theorem /(qb) may be the matrix function 
which corresponds to the scalar function f{x), A solution obtamed in this way will not be 
in its simplest form when its degree exceeds n — \\ for it can then be reduced 111 degi’eo by 
the equation E^ (</>)= 0. 

Again by Lemma 2 there are exactly 2® functions f{x) having degrees less than n which 
am such that {/(a')}^-^ la divisible by Ej„,{x). Therefore there are exactly 2" functions 
/(0) having degi’ees less than n whicii satisfy the equation (12). Wo obtain them by 
taking F{x) to be in Lemma 2; and when so obtamed, they twe in their simplest 

forms, and are all independent Since eveiy rational integral function of can bo reduced 
to one whose degree is less than % by the equation (<#>) = 0, it follows that every function 
/(0) satisfying the equation (12) must be identical (when its degree is mode loss than n) 
with one of the above 2* independent functions. 

Supposing then that the latent roots of 0 have been found, we can determine particular 
solutions of the equation ip=0 in either of the following two ways, of which the fli'st is 
the simpler. 

Firat igay of deUrminhig aolutioTis 0/ 1^=0. Taking F{x) to be E^^{x) in Lemma 2 
we obtain 2* independent solutions of the forms 

'\'=9 («)== ±^/Xl^rl (<^.)± (<^>)±... ± Vx,flr, (</>), (14) 

where Qiiso), gtisi), are uniquely determinate rational integral fhnotlona of x of 

degrees less than » whose ooefiBoiants are rational functions of Xi, Xj, ... X,. Tho funotioiis 
9u 9ii 9t 9 same for all matrices 0=[a]^ whose oharaoteristic niatrloos 

have the same potent divisors of order m, Le. for which Xj^Xs, ... X, and Si, ... e, are tho 
same. The function gi{x) is divisible by (a?-X,)‘i (a!-X3)«8 ... («-X,)*i; it is snob that 
{91 W}® - to IS divisible by (m - Xi)”! ; and such that s'! (X,) = 1. Consequently ((^) has the 
latent root 1 repeated dj times, and all its other latent roots are 0. 

Second way of determimng aahttwM of iP=^. Taking F{jc) to bo in Lemma 2 

we obtain 2* independent solutions of the forms 

't'=fi<l>)=±>J\ifi W ± VM, (,<f>)±...± JT.f, {<!,), 


( 16 ) 
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where /j (/»), -/aW uniquely determinate rational integral functions of .r of 

degrees less than m whose coefficients are rational functions of Xi, X 2 > ••• The functions 
/i» /a» fa *^iid / ai'e the same for all matrices <^=[a]™ which have the same latent roots, 

i.e. for which Xi, X 2 , ... X^ and di^ dg are the same. The function /i(^) is divisible 
by - Xy)**!! (.17 - . .{x- , it IS such that {/i (a?)}® - ic is divisible by {w - Xi)^i , and 

such that fi (Xi)=l Consequently f (0) has the latent root 1 repeated di times, and all 
its other latent roots ore 0. When the solutions (16) are reduced in degree by the equation 
-^m(0)=O, they become the solutions (14). 

Ex. vii. If (j)=[a]^ IS an undegenerate square matrix of order 3, and if the determinant 
3 8 3 

and the potent factor of order 3 of its characteristic matrix 0—^37/= [ajg- ^[1]^ are 

respectively 

-^3 (■®) = - (^ - m), -^3 (^) = (^ - X) (^ - /a), 

whore X/i=t=0, X4 =/a, then the particulai* solutions of the equation obtained by taking 

F (.v) to be 

(x - X) (^ - /i), (.^• - \y (.r - fi), {x - X) (x - /i) {x - v) 
ill Lemma 2, where \^v =1=0, (/a - r) (v - X) (X - /i) =t= 0, are respectively 

(1) ^|'=5^{±,A.(^-^^)TV;^.(<#.-X7)}; 

A-/a 

2X(.#)-X7n 

[(X+m) ^“-(3X“+/i.®) ^+X/t (3X-/t) /] 

2X (</)^— 2X(/>+X®/)} ; 

The solutions (2) and (3) become the solutions (1) when their degrees are reduced by 
the oqiuition 

^ 3 (<^) = (0-X/)(</)-ft/)=O, or <^a=(X+/A)0-X/A/ 

Ex. viii. If is the square matrix considered in Ex. vi of § 224, we obtain particidar 
solutions of the equation yjr^e=(j) by putting X=2, /a= 31 and v = 7 in Ex. vn above, these 
solutions being 

(1) ^^=^{ + V2.(0-31/)±^3r.(^-2/)}; 

(2) ^/2. (830+60/) {<f>-SlI)±J^ . 4 (0-2/)*}; 

(3) ± (^ - 31/) (0 - 7/) ± ^ (0 - 7/) (<#> - 2/) + (« - 2/) (^ - 31/). 

The solutions (2) and (3) become the solutions (1) when their degrees are reduced by 
the equation 

.£i(</>)=((^)-2/)(<#>-31/)=0, or 0a=33<i)-62/. 

Note. When </> is symmetric, the solutions of the equation yp^=(fi obtained in this way 
are all symmetric A simple equation of this form was solved in § 162, i. (a). 



CHAPTER XXVI 


EQUIMUTANT TRANSFORMATIONS OF A SQUARE MATRIX WHOSE 
ELEMENTS ARE CONSTANTS 


[In §§ 226 — *7 we define equimiitant transfonnatious, point out their importance in the 
Theory of Substitutions, and find conditions for the existence of an equiinutant trans- 
formation between two given square matrices In g§ 228 — 9 we describe the canonical 
fomi n to which a square matrix 0 can be reduced by eqiumutant transfomiations and the 
construction of its parts and super-parts ; we define umpotent and unilatent square matrices ; 
and we consider some of the pi*operties of a simple canonical square matrix. In g§ 230 — 1 
we determine the rank of any given rational integral fimotion of a given squai'o matrix, and 
find conditions that such a function shall be non-extravagant In §§ 232 — 4 we define the 
transmutes of a square matrix, and show that there exists an equiinutant transformation 
between two given square matrices when and only when they have the same transmutes. 

In g 235 we show how to determine complete sets of unconnected solutions of any equation 
1—1 

of the form /(0) x =0 when 0 is a given square matrix of order m iwirticular we 

' — 'w 

determine the total number of unconnected poles of 0 PinoUy in § 236 we show that the 
conjugate reciprocal of the oharaoteristic matrix 0-X/ of a given square matrix 0 is 
a rational integral fimotion of 0 ; also we obtain expansions for the inverse matrix (0 - Xi) " \ 
and give the eqmmutont transformations derived from them by Frobenius which convert 
0 into a compai'tite matrix whose parts are all unilatent squai’o matrices.] 


§ 226 . Definition of an equimutant transformation. 




If = and _B = [6]” are square matrices of orders r and m, and if 
m, a relation of the form 




(A) 


r ' — ‘ 

in which [/i] and H are two mutually inverse undegenerate matrices of 
rank r with constant elements, so that 

2"ra'.-Pi: » 

will be called an equimvitant Pt'ansformation converting the square matrix A 
into the square matrix B 

In particular if A and 5 = [6]^ are two square matrices of the 

same order m, a relation of the form 


iWlH =[ 6 ]! 


(B) 
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. . Trt r— i’'* 

in which and H are two mutually inverse undegenerate square 

matrices with constant elements, so that 


H [hy' = [hfH -[I]’”, 


.(b) 


Will be called an equimvtant transfomaUon converting the square matrix A 
into the similar square matrix JB, and may be distinguished from the more 
general transformation (A) as being an isomo7'phic transformation. Since all 
the matrices which occur in (B) are square matrices of the same order m, and 

is undegenerate, we can in this case write /i = [A]^, = , and 


replace (B) by 


ItAlr^ = B. 


When there exists an equiinutant transformation of the form (A), we can 
(see Note 7 of § 141) deduce from it another transformation of the form 




r, wi— » 


r, m— r 




(C) 


m which [A]^ 


(— i?7l 

and S are two mutually inverse undegenerate square 


matrices with constant elements formed respectively by adding m — r final 

r ' — 

vertical rows to and m — r final horizontal rows to H ; and (0) is also 

an equimutant transformation. Conversely the equimutant transformation 
(0) leads at once to the equimutant transformation (A). Thus every 
equimutant transformation such as (A) can be replaced by an equivalent 
equimutant transformation of the special form (B). 


The inverse of (B) is the equimutant transformation 


[A]^=[a]”\ 


,(B') 


converting [6]^ into ; and similarly the inverse of (C) is an equimutant 
transformation convening the square matrix [h]^^ into the similar square 

[ a 

Q ; but the inverse of (A), viz. the transformation 
i J r,m-T 

(A') 

is not an equimutant transformation except when r = m. 

Since equimutant transformations are a special class of equigradent trons- 
formabiona, two square matrices such as [a]^ and [6]^ in (A) between which 
an equimutant transformation exists must have the same rank. 
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Equimutant transformations play a large part in the Theory of Substitu- 
tions. It will be seen from Note 6 that in finding the simplest form to which 
a given square matnx can be reduced by an equimutant transformation, we 
are at the same time findmg the simplest form to which the scalar equations 
of a given homogeneous linear substitution can be reduced by a change of 
variables. 


Note 1. A]^ropTicitmm of the deaigiiation ^ equimutaiU,^ 

It IB convenient to give a name to transformations of the form (A). The appropriatenewB 
of the name ' equimutant ’ will become clear in the following articles of the pi'oaent chapter. 
In §§ 233 and 234 the successive transmutes of a square matrix whoso elements are 
constants are defined, and in § 235 it is shown that two square matrices with constant 
elements are such that one of them can be converted into the other by an equimutant 
transformation when and only when the two matrices have the same successive transmutes 
of all orders starting from the first. 


Note 2. Symmetric equimutant ti'amfoimaiiom, , 

The equimutant transformation (A) is syrnTfietric when and it are mutually con- 
jugate. Thus the most general symmetric equimutant transformation bos the form 


I [ay [iy^[hf, 

I tjn >- Jr ■'r -‘ot’ 

where is a semi-unit matrix of rank r, so that 


.(D) 


In particular a symmetric equimutant transformation converting one square matiux into 
auothei* similai* square matnx has the form 


*■ ■‘ni *• ■'m 


.(E) 


whei*a IB a square semi-unit matrix, so that 

‘■■'wi-im 1— ™ ‘'■’’ft 

We shall also call (D) and (E) symmeirio 8emi-u7iit tramf<yrmatio 7 is. 


Note 3. Composition of equimuiaut transftynnatiom. 

Any number of equimutant transformations applied in suooeaaion to a square matrix 
are clearly together equivalent to a single resultant equimutant transformation j and if the 
component ti'ansformations are all symmetrio, then the resultant transformation is also 
symmetric. 

The resultant transformation is formed in the same manner as the resultant of a 
number of successive equigradent transformations in Note 2 of § 141. 

Note 4 Equimutant tramsformaMom of a conypartite matria;. 


-a, 0, 


1 

p 

Q- 

0, 6, 

... 0 

J 


.. 0 

P 

P 

... c 

-.0, 0, . 

. y 


^ Piflt r 


-P,Q, . 
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where P <1:^, § <t: . iZ r, be two compartite matrices of standard forms having the 

same number of parts, all the ports being square matnoes. Then if 

wi g^=[a]^, ml ml . . [A"]; m; =m* (d 


are eqmmutaut transformations converting the succesaive ports of <jf) into the corresponding 
poi’ts of llr, 

p, a R 

“A, 0, .,.0 - " jy, 0, . 0 ‘ 

^ A. Q j ^ _ ,1. rty\ 


0, 0, . . A" 


0 , . 0 
0, 0, . . IP' 


18 an equimutant transformation converting 0 into Conversely if (2) is an equiinutaut 
transformation converting <f) into then all the transformations (1) are equina ii taut. 

Note 5 Substiiiiitons who^e matrices are equvtnutant 

If [a]“=[/ij“[6]”*'^“ 

^ -'wi '■ -’m 

is an eqmmutont transformation, the two ordinory homogeneous linear substitution a (or 
transformations) 

af =[a] a: , af =[6] a; (3) 

•— ' — 'm ' — 'ttj, ^ I — 'm 

are often called ‘similar’ substitutions (or transformations), because if the two equivalent 
equations • 

^ 2/ 1 2/ ^ W 

I — mi — i„j I — I — 1,,^ , — 1,^ 

define a transformation of independent variables, then the substitution defined by the firat 
of the equations (3) when a;i, .ra, . . are independent voi'iables is the same as the 
substitution defined by the equation 

when yi, ?/a, ... 8-*^® independent variables. To give a more prooiso form to this 

statement, let /i,/a)/ 3 . ••• and yi, g^, g^t •• be corresponding rational integral functions of 
the and ^s defined by the transfonuationa (4) in the way described in 187. i, so that 

9t{s/u2/i, ■ ■ ym) =f{{klVl + f‘uV^+ - -), 

A(*i> •• (^n®i+-S'ai'®2+- •••> — )' 

Then/i (*i', «!•/, ... *«/)=>/2 (.«i, * 2 , ... »„) is an identity in the afa when 

7 «[»]** 7 (6) 

l_ito ■'m I_|„ 

if and only if gi (y/, yi , ... (.1/u !/i, •• ym) is an identity in the y’s when 


y. =[6]!! y • 


If/i(®/i ^ 8*1 ••• *mO=/i • ®m) 18 an identity m the when 7 =[(j]’"7 , the 

^ ' — 'm 

function fi is called an invariaiU of the substitution ( 6 ), This is the case if and only if 
yi (yi'. ya'. — y«')=yi (yi. ya, ••• y™) w an identity in the y’s when 7 =[*]!! 7 , i e- if 

Jm ^ — 'm 
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aod only is an invariant of the substitution (6'). Thus the ti’ansformatioiis (4) convert 
evei'y invariant of the substitution (6) into an mvanant of the substitution (5') and eveiy 
invariant of the substitution (6') into an invariant of the substitution (5) 

Ex, i. Every symmetric derangement of a square matrix is an eqiiimutant trana- 
fonnation. 


Ex, ii. The equimutaut transformation (B) can always be replaced by or derived from 
the equivalent relation 

w: [<=[&]: tc (B") 

Thus [/i]“ must 1)6 a commutant (see Chapter XXVII) of B and A. 

Ex, iii. Wkme^er there exieta an equvmiioM tt'amformation of the (B), the aqmre 
matrices [a]^ and if their elemenU are comtants, must ham the same latent roots. 


For then 

this equation being an 
we obtain 


(«) 

identity in X ; and when we equate the determinants of both aides, 


d3tp]:;:-x[in=det{w:-x[i]:j. 


Mareover ths clharact&riatic matrices X[l]^ and [6]’"-X [I]**” are equvpotent and 

have the same ‘potent divisors 

This follows from Thooi*em II of § 214 j for (6) is an eqiiigi*adeut transformation, and 
therefore au equipotent transformation 

Furth&i' if X is a pole of [a]*” corresponding to the latent root p, then y ^ 

‘ot w '7U 

i» a pole of [6]“ corresponding to the same latent root p. 


For if 


[a] . n =p n , then a 


=/’w: 


Ex, iv. Whe?iever ikere exists an equvnmtaiit trarisjormation of the form (A), the square 
matrices [a]^ and if their elements are constants^ have the same non-z&i'o latent roots. 
Replacing (A) by (C), we have the identity in X, 


J] Jj-’} 11 (.') 

and when we equate the determinants of both sides we obtain 


det{[6]:-X[lO=(_X)”‘-detUa]:-X[l]:}. 

Thus [6]^ has certainly th — r iiero latent roots, and its remaining latent roots (each of 
which may or may not be zero) are the r latent roots of [a]|| 

Moreover the potent divisors of the characteristic matrix [&]^-X[l]^ are the potent 

divisors of the characteristic mcOrix [a]^- X [l]^ together withm-r additional potent divisors 
all equal to X. 
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For (6') ifi ail eqmpoteiit trauaformation, and the middle factor matrix on the right is 
a'oompartito matrix whose parts are and Therefore the potent 

divisors of [1]'” are the potent divisors of [«]|^-X [1]| and X 

Ex V. Let 0 and yjr bo two square matrices of the same order m, and let and/(}l^) 
be co7Tespo7idin^ rational integral functions of and \p‘. Thm if aii equvmbtant transforma- 
tio7i converts (j) into the same equimutant transfo7'mation converts f {<!>) into f{y\ry 

M ♦-[»]- +.p]- 4.[J]- ff.g;, /_[!]» 

and lot (where /iZr=F/i=/), (7j 

be an equimutant transfoiination eouvertiug (jE) into Then 

If wo multiply those equations by scaloi* constants and add, wo seo that 

m = hmE, i.e. hf{<f>)E^f{:^) (70 

Since h is an undegenerato square matrix, we can put and replace (7^ by 

f{k^h-^)=hf{cl>)h-^ (7'0 

Ex. vi. Let a givefn equmntayit transformation oonvei't tioo square ^natrices 0 aiid 
of ordofi' m into two other square matnees a^id ^ of the sa^ne oi'der m. Then if is a 
o'ationoZ integral function of (ji^ the matrix ^ must be the same rational integral function 
0fiJ>. 

Lot h be an undogenorate square matrix of order ?a with constant olonioiits, and lot 

/tqE)A“l5=^, k^jrh~^ = ^. 

Then if ^^^ =/(</)), it follows from Ex. v that !=*/(<&), i.e. ^ «/(^). We conclude that : 

The matrix ^ is a rational integral function of when and only when the ^natrix yfr is a 
rational integral function of (/>. 


Ex. vii. w omy square matrix of oi'der rti with constant elements^ it is possible to 

l,7rt— I 


.( 8 ) 


detmnine equimutant traiuformationa of the form 

[/i]’"[a]"*!F"‘=r"’ “1 

Then a is om of the latent roots of and the latent roots of axe ike re^nainvng 

m - 1 latent roots of [a]^. 

Lot p lio any latent root of [a]”‘; let '"x bo any non-zero solution of tho equation 

VL I — 

H tji 

X X ; 

let be any undegenerato matrix of rank wi- 1 satisfying the oquatioii 

W — l I | „1 


let 


[A] 


m /m 

'l.m-l 
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be an undegenerate square matns formed by adding an initial boi-izontal row to ; let 

H be the inverse of [4] ; and let 


[6] 


m 

m 




w 

m 


,(9) 


Then because [A]” is undegenerate, we have 


[aj: 


c= M , where K+0, 

L“Jl,m-l 


and because by Ex. lii 


therefore 


[by\[h]^ a; =p[Ar^ , 

■■ -’-m I ^ ^ i — 

ra:C]‘ ■ 


The last equation shows that 52i=^i=* =^»ni'“Oi therefore after a change in the 

notation the equation (9) becomes (8), where a=p. 

The latent roots of [a]*^ are the latent roots of the matrix on the right in (6), i.o. they 
are a and the latent roots of . 

*• -‘m-l 


Ux. viii. If [a]^^ is any square matrix of order m with coTistant elements^ it is possible 
to determine eqmmwJta/nt transfo^^mations of the form 




"ill 

bi 2 

Ks • 

-• Km 

0 

bs 2 

62a • 

.. &2ni 

0 

0 

&33 • 

■■ ^ 3 hi 

_ 0 

0 

0 . 

•• Ktm_ 


( 10 ) 


Then 6n, 6221 ••• Km ^ latent roots of 

After obtaining the transfonnation (8) of Ex. vu, wo can treat hi the same way, 

and so obtain an equimutant transformation of the form 


’'Y' 


from which we can deduce on equimutant transformation of the form 

1, 1, m-a 

rf 

0 

~ 1, 1, 7n-2 

We can now treat in the same way ; and so on. Thus by a succession of equimutant 

ti’ansformations we con convert into a square matrix having the form shown on the 
nght in (10) ; and the matrix on the right has the same latent roots as [a]”*. 


, ,1, 

r“i Tfl"! ^ ^ t?l“l ^ ^ 

p, on To, 1, 0 

L 0, ij Lo, & 0, ^ 

' 'i,m-l 


a, U', 
= 0, 13, 
P, 0 , 
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§ 227. First form of the necessary and sufl9.oient conditions 
for the existence of an equimutant transformation between 
two given square matrices. 

Before stating these conditions we will prove tin important lemma which 
will be extensively used in later articles. It is a particular case of a more 
general theorem given in the chapter on matrices which are homogeneous 
and linear in two scalar variables. 

Lemma. Let ^=M”=»[a]”+[a]™, [6]”+|j3]” U two square mMrices 

of the same order m whose demeftils are linear functions of the single variable n, the oo^cients 
of X in both of tlKyni^ i,e. the mati'icea [a]^ and [&]”*, being undegeiierate 

Then (j) and yj/' are cquvpot&nt wli&fi and only when there esoists an equigo'odent trane- 
formation of thefo'i'm 

w 

lohdi'e and are wndegenicrate square matinees with oonstanJt elefm&tUs, 

For the sake of brevity we will wi’ite /=[1]^ and 

?=[?]’:. 5=m:, 

each of those lettei’s denoting a squaa’o matrix of order wi. 

Fiist suppose that 0 and ^ are equipotmt 

Then by § 220 there exists an equipotent transformation of the form 

(®) 

whoi-o jt? and q are undegeiierate square matrices of order m whose elements are rational 
integral fimctiona of x, and whose determinants ore constants independent of x. Lot P 
and Q be the inverses of p and these being matrioes having the same properties as p and q 


and satisfying the equations 

pP^Pp^I, qQ=Qq=L ( 1 ) 

By Bx. V of § 201 wo can write 

p^yjrU-\-h, q^Vyjr + ky ( 2 ) 

P^^w'+JTj Kj «.-(3) 


whore u, v, u\ if are square matrices of order m whose elements are ratioiifij integral 
functions of x; and where h, k, K are square matrioes of order m whose elements 
ai'e Gonstants. 

Now from (B) and (1) we deduce the equation 

P^^4q 

which IS an identity in x ; and when we sulistitute in this identity the values of P and q 
given by (2) and (3), we obtain 

</) {v! -v) 


0. m. 
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Here the degree in a; of the matni on the right cannot exceed 1, and therefore the degree 
in of <f) v) yf/ cannot exceed 1. But if u* does nob vanish identically, we see hy 
successive applications of Ex. iii of § 201 that the degree in a? of </> {v! — v) cannot he less 
than 1, and that the degree in a; of (j> {u' -- v) yfr cannot be less than 2. We conclude that 


u' — v must vanish identically, and that we must have 

Similai’ly from the identity we deduce that 

Hence we can replace (2) and (3) by the equations 

p=ylru + /Lf q = v^|f-{^k, P=^v+ffi Q—uip + K, (4) 

in which yl/K=^h<p (P) 

Again from (4) and (5) we see that 


Pp=I=:((l}V’hM)p=(l)vp+B^(ypu+/i) = (l)(‘vp+ku)+B/i, 
or (vp+ku). 

Since I-JEHi m independent of a?, and cp has degree 1 in it follows from Ex. iv of § 201 
that I-Ek=0, i.e. 

vp’^ku=Q\ ( 6 ) 

and from a consideration of the product qQ we can show in a similar way that 

KJe=JcKt>^I^ qu+vh^O (7) 

Thus A, H and K are two pairs of mutually inverae uvdegenerate square matrices. 

By prefixing the undegeywrate matrix h in the first of the equations (6), or by postfixing 
the uTidegmerate matrix k in the second of them, we now obtain the equation 

h<pk=^^P (B') 

which IB sm equigrodent transformation of the form (A). 

Next suppose that there exists an equxgradmt transfomiatioyi of the form (A). 

Then by Theoi’em II of § 214 the matrices <p and yp are necessanly equipotent ; and 
this completes the jiroof of the lemma. 

Note If <p and yp both lie in a restricted domain of mtionality 12 and are equipotent^ 
tlmi the matrices [A]™ and [Z;]™ in (A) can be so chosen as to ho in 12. 

For we can then choose p and q in (B) and ?z, u\ if, A, k^ K m (2) and (Z) so that 
they all he m 12. 

Ex, 1 . The sqwM'O mat^'ices u and v are equipotent 

For from (6) and (7) we obtain the equipotent transformations 

huP^ - V, — v. 

Ex, li. When fp and yp have any degrees r and s m x, and the coefficient of the highest 
power of x in each of them is undegenerate, we still have the equations (B), (4) and (6) 
holding good whenever ^ and yp are equipotent, the degrees of h and k in x being now less 
than Sf and the degrees of E and E in x being now less than r. 

We will now use the foregoing lemma in proving the two theorems which 
follow. 
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Theorem I. Let ^ = and = be two square matrices of the 
same order m whose elements are constants lying in any domain of rationality n. 
Then there exists an equimutant transformation of the form 


[/i]’" [af = [6]”*. (whei'e [A]™ S’”* = S"* [h]^ = [I]’”). ...(0) 

-'m L •'m i_j,„ V ^ ’"i— 1»» I— i«i "* »*/ 


luhen and only when the oharacteristio tnatrices 




m 

m 


and 




m 

m 


of (f) and a/t have the same potent dimsors, Le» when and only when ^ (X) and 
are equipotent; a7id luh&n this conditmi is satisfied^ thei*e eadsts aii 
equimutant transformation in fl of the form (0). 


Corollary. In the paiiiouloA' case when (p and in Theorem I are 
squa^'e matrices whose characteristic matrices have only linear potent divisors^ 
theif^e eadsts an equimutant transformation of the form (0) when and only when 
p and yfr have the same latent i^oots, i 0 . when and only when 

det{[a]:-X[l]:} = det{[i]:-X[l]:}. 

Since p (X) and (X) ai'e undegenerate square matrices having the same 
rank m, they axe equipotent when and only when they have the same potent 
divisors. 


First suppose that there exists an equimutant transformation of the 
form (C). Then as shown in Ex. iii of § 226 the characteristic matrices (f> (X) 
and ^|r (X) are equipotent, and have the same potent divisors. 

Next suppose that (j> (X) and ^lr (X) are equipotent. Then by the lemma 
just proved and the Note which follows it there exist undegenerate square 

matrices [h]^ and in fl with constant elements such that 


and because this equation is an identity in X, we have 


Thus [h]^ and [&]” are two mutually inverse undegenerate square matrices 
lying in ft ; and when we write [A] = , we obtain the equation (0), 

which is an equimutant transformation in ft 

To deduce the Oorollaiy, we observe that when the potent divisors of each 
of the characteristic matrices (p (X) and yjr (X) are all linear (but not neces- 
sarily all different), they are X-ai, X-aj, ... and X-/9i, X-/8a, ... 

22—2 
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A,-/3,„ respectively, where a,, .. o« are the m latent roots of «/> and 

ft, ft> ftn latent roots of ■\Jr. Consequently and 

have the same potent divisors when and only when ^ and ■»/<• have the same 
latent roots 

Theorem II. Let and ^|r = [6]“ be two square matrices of orders 

r and m whose elements are constants lying in any domain of rationality fi, 
r being not greater than m. Also let 

<^(\) = [a]’^-\[l]|; and f (X) = [&C-^[1]!“ 

be the characteristic matrices of <j) and -i/r. 

Then there exists an equimutant transformation of thefo^'ni 

[hll la]l = U>]1> Ml =[!]!•') (D) 

when and only when the potent divisors of 'ijr (X) are the potent divisors of (f> (\) 
together wvth m "* r addititonal potent divisors all e(pu.aX to \_i and when this coii" 
dition is satisfied, there eodsts an equimutant transformation in O of thefonn (D). 

Corollary. In the particidar case when cj) and in Theorem II are 
square matrices whose characteristic matrices have only linear potent divisors, 
there eosists an equimutant transformation of the form (D) when and only when 
the latent roots ofyjr are those of (f> with the addition of m — r zero latent roots. 

Since ^ (X) and ^ (X) are undegenerate square matrices having ranks r 
and m respectively, it is only possible for them to bo oquipotent in the special 
case when m=r. 

First suppose that there exists an equimutant transformation of the 
form (D). Then as shown Va Ex. iv of § 226 the potent divisors of ^(\) 
are those mentioned in the enunciation of the theorem. 


Next let the potent divisors of '^/^(X) be those mentioned in the enuncia- 
tion, and let 



m-r 

7«— r 


^(\) = 



m-r 

f)i-r 


-X 



r, 

r, 


»t-r 


so that $ is a square matrix of order m lying in fi, and <E> (X) is its charac- 
teristic matrix. Then (X) has the same rank and the same potent divisors 
as the compartite matrix <E> (X), and is equipotent with $ (X). Therefore by 
Theorem I there exists an equimutant transformation in fl of the fonn 


[A]”* r®’ S’” = [6]“, (where ;S” [A]"* = [1]"') , . ..(D') 


and from (D') we deduce the equation (D), which is an equimutant transforma- 
tion m ft. 
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To deduce the Corollary let ct^y ... ctr and y8i, j9q, ... be respectively 
the r latent roots of ^ and the m latent roots of Then in the particular 
case when the potent divisors of each of the matrices </> (\) and •yjr (X) are all 
linear, those potent divisors are respectively X — exi, X— erg, ... X — a,, and 
X — )9i, X — ^ 2 > • • X “ Hence by the theorem there exists an equimutant 
transformation of the form (D) when and only when r of the latent roots 
ffiy /9a, ... /9„i are the same as oti, a^, ... cr,., and the remaining m — r ot the ^*s 
are 0*b. 

A way of proving Theorems I and II without using the lemma of this 
article is indicated in Notes 2 and 3 of § 230. 


Ea:. 111 . There exists an equimutant trauBformation of the form (D'), which may be a 
transformation in G, when and only when the charaoteristic matrices of * and are 
equipotent In the particular cose of the Corollary to Theorem II this condition is satisfied 
when and only when $ and have the same latent roots. 


Eos. iv. If [a]’^ and 7 are any two mutually conjugate equare mairicee with constant 

elements^ each of them can he com&iied into the other hy an equimntant transformation. 

For their characteristic matiices clearly have the same maximum factors of all orders, 
and are therefore equipotent. 


Ex. V. . 5 ^ 0= [fit]™ w fit square mati'ix whose characteristic matrix (f) (X) /icw only linear 

potent dxmsorsy and if CiyC^y ... 0*^ are the m latent roots of 0, there always exists an 
equimutant transformation of the form 

ra;i:”-g w 

For the charactenstic matrix X[l]^ of the quasi-scalar matnx has the 

same potent divisors X - Cj , X - oa , . X - os 0 (X) 


Ex. VI. w a square matrix, of rank r whose characteristic matrix cj) (X) hoie 

only linear potent divisorsy then it has exactly r non-zero latent roots Ci, Cg, ... 0r> there 
exists an equimutant tramfoTTmtion of the form 

(E') 

For must have wi-r zero latent roots, and if its remaining latent roots are Ci, Ca, ..i Cy^ 
there exists an equimutant transformation of the form (E) in whioh the last m-r diagonal 
elements of ^[ 0 ] ELve 0’s. Since ^[c]^ must have rank r, therefore ci, Oa, ... 0 ,, must all be 
different from 0; and from (E) we deduce (E'). 


§ 228. Reduction of a square matrix to a canonical square 
matrix of the same order by equimutant transformations. 

Since the detenninant of the charactenstic matrix (p (\) =* [a]“ — \ [1]” 
of a square matrix ^ = [o]™ has degree m in the product of all the potent 
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divisors of (fy (X), which differs only by a non-zero cons bant factor from (let <f) (X), 
must have degree m in X. The next bheorema show that when the ulenieiits 
of <j> are constants which can be chosen arbitrarily, the linear divisors and 
corresponding potent divisors of (/>(\) can have any assigned values consistent 
with this necessary condition. 

Theorem I a. We can construct a square mairia) ^ of order m whose 
charaotenstic matriw (f>(X) has an arhitraHly assigned complete set q/ potesit 


divisors 

{X-cf\ (X^c,T\ ... (x^c,y\ ( 1 ) 

provided only that fii, fia, ... are non-zero positive integers such that 

Si 62 — ni ( 2 ) 


In fact these conditions are satisfied by any compartite matrix 11 = 

of standard form which has exactly s parts Wi, oJa, obtained from the 

square matrix of order e 

'c 1 0 0 ... 0 0 ” 

0 c 1 0 ... 0 0 

0 ) = [(»]'= 0 0 c 1 ... 0 0 

0 0 0 0 ... c 1 

0 0 0 0 ... 0 c 

by giving to (e, c) the values (e^ Ci), {e^, Ca)> (5«> Og) respectively. 


Theorem I b. The characteristic matrix [a]™ — \ a square matrix 

has (1) as its complete system of potent divisors when and only when there 
exist equimutant transformations of the form 


[ar^[hf[UrH, H [ar[hr^[ny\ 


.(H) 


where [n]|^ is cmy one of the compartite matrices constructed as in Theorem /a, 

pi r~i W* 

and where H are mutually inverse undegenerate square matrices 

■— 'm 

of order m with constant elements. 


Noth 1. In these theorems ci, 02 , ... are any scalar constants and need not bo all 
different If there are three potent divisors (X-o)“ (X-o)^ (X-o)'*' oorrosponding to a 
given linear divisor X-c, the integers a, ft y being not necessarily all different, then these 
three potent divisors are three terms of the senes (1), and [n]^ has thi'oe parts corresponding 
to them. 
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Note 2 If there ib a hm&ar potent divisor \-o or in the series (1), the 

oorrespouding paiii of n in Theorem II cr is the matrix with one element 

To prove Theorem la let H be any one of the compartite matrices 
constructed as in the enunciation. Then the characteristic matrix 

n(x) = [n];;-x[i]: 

of n 18 a compartite matrix in standard form whose parts are the characteristic 
matrices a)a(X), ... a)a(\) of the parts a)i, wq, ... Wa of 11, and as in 

Ex. xiv of § 222 the potent divisors of 11 (X) are the potent divisors of ft)i(X), 

0)2 (X), ... a)g(X). Now the characteristic matiix of the typical part o) = [co]^ of 
n IS the matrix 


c 

o)(x)=[o)];-x[i]> 


-X, 1 , 0,0,... 0 , 0 

0 , c-X, 1,0,... 0 , 0 

0 , 0 , C-X, 1, ...0,0 



0 , 0 , 0 . 0, ... C-X, i 

0 , 0 . 0,0,... 0 , c - X 



■which by Ex. viii of § 206 has only the one potent divisor (\ — c)*. Hence by 
giving to (e, c) the values (ci, c,), (cj, Ca), •• (e., o,) in turn we see that 11 (X) 
has (1) as its complete system of potent divisors, i.e. 11 is such a matrix as it 
was required to construct. 

Theorem Ib now follows immediately from Theorem I of §-227 ; for it 
simply states the necessary and sufBcient conditions that (f> (X) and TI (X) 

shall be equipotent. When [/i]“ is arbitrary and [H]™ is fixed, the first of 
the equations (B) is a formula giving every square matrix = [a]” whose 
characteristic matrix <f> (X) has (1) as its complete system of potent divisors. 
When [H]” is given and ^ = is a given square matrix whose charac- 
teristic matrix </> (X) has (1) as its complete system of potent divisors, the 
second of the equations (B) is an equimutant transformation reducing <^> to 

the form [H]**. 

■'m 

A compartite matrix in standard form constructed in the manner described 
in Theorem I a, (Ci, 02, . .. Oa being any scalar quantities, and Cj* • • * being 
any non-zero positive integers), will be called a canonical square matria when 
we are concerned with equimutant transformations ; and if 
square matrix of order m with constant elements, a canonical square matrix 




- -i 
r ^ 
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of order m into which <f> can be converted (or from which can be derived) 
by. eqnimntant transformations will be called the canonical form or the 
ccunonical reduced form of for eqnimutant transformations. 

When the potent divisors (1) are given, the order in which they are 
arranged being immaterial, the canonical square matrices 11 which we can 
construct in Theorem la differ from one another only in the ordem of 
arrangement of their parts, the parts themselves being completely and 
uniquely determinate; and any alteration of the potent divisors (1) leads 
to a corresponding alteration of the parts of the matrices 11. Accordingly if 
we consider two canonical square matrices whose parts are the same but are 
differently arranged to be not distinct from one another, then Theorems I a 
and I h lead to the folio wmg two theorems : 

Theorem II a. There is one and only one distinct canonical square matn-w 
vjhose characteristic matrix has a given complete set of potent divisors. 

Theorem II b. If </>=[a]™ is a given square matrix of order m with 
constant elements, there is one and only one distinct canonical square matrix 
n = [H]^ of order m into which </» ca/n he converted {or from which <f> can be 

derived) by equimutant transformations, 11 being the canonical square matrix 
whose characteristic matrix has the same potent divisors as the characteristio 
matrix of (f>. Further n is the same for all square matrices of order m with 
constant elements whose characteristic matrices have the same potent divisors 
{or are equipotent with) the characteristic matrix of 

More direct methods of reducing a given square matrix to its canonical 
form will be described in Chapters XXVII and XXIX. The canonical reduced 
form itself can be found by the use of Theorem IV 6 of § 233, which enables 
us to find all the potent divisors of the characteristic matrix. 

We shall sometimes speak of equi-canonical square matrices, thereby 
meaning square matrices (necessarily of the same order) which have the 
same canonical reduced form. Thus two square matrices are equi-canonical 
when and only when their characteristic matrices are equipotent with one 
another or have the same potent divisors, or again they are equi-canonical 
when and only when they have equal orders and are convertible into one 
another by equimutant transformations. Two square matrices A and B (not 
necessarily of equal orders) will be said to be equimutant with one another 
under any one of the following equivalent sets of circumstances : 

(1) when one of them (the one of smaller order) can be converted into 

the other by an equimutant transformation ; 

(2) when they have the same successive transmutes, or have any one 

first transmute in common (see Theorem II of § 234) ; 
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(3) when the potent divisors of their characteristic matrices A (X) and 

£(X) differ only by potent divisors which are equal to X (see 
Theorem II of § 227) ; 

(4) when their canonical reduced forma have the same non-zero parts, 

and differ (if at all) only by zero parts. 

A square matrix with constant elements whose characteristic matrix has 
only one potent divisor (which is a power of a linear divisor) will be called 
a unipotent square matrix with respect to equimutant transformations. A (uni- 
potent) square matrix constructed in the same manner as each of the simple 
parts of IT in Theorem I a will be called a simple canmical square matmx ; the 
formula (A) of Theorem la, in which c can be any scalar constant, gives all 
simple canonical aquai’e matrices of order e. The canonical reduced form of any 
unipotent square matrix is a simple canonical square matrix of the same order. 

A square matrix with constant elements which has only one distinct 
latent root, i.e. one whose characteristic matrix has only one linear divisor, 
will be called a unilat&txt square matrix. The matrix ^ of Theorem I a is a 
unilatent square matrix when Ci = Cg = ... = c,. 

Note 3. Domain of rationality of the iransfomuttimu of Theorem Ih, 

When a given square matrix </)=[a]’” is reduced to its oaiiouioal form II=[lI]’J[ as in 
Theorem 1 6, it follows from Theorem I of § 237 that the equimutant transformations (B) 
may he in any domain of rationahty which contains both cp and n, i.a which contains (jy 
and all the latent roots Ci, o^y <^. Hence if n is any domain in which <)!> lies, and 

if Q' is the domain foimod from O by the adjunction of the latent roots of then ^ can 
be reduced to its canonical form, i.e. to a canonical square matrix of order my by an eqiu- 
mutant transformation in The domain is either 12 or a domain immediately over 12. 

Note 4. Square matrioeB whose oanonioal reduced forme are guasi-Bcala>r matrices. 

Every quasi-scalar matrix is a canonical square matrix whose characteristic matrix has 
only hnear potent divisors ; and conversely every canonical square matrix whose ohorooter- 
istio matrix has only linear potent diviBOi*s is a quasi-scalar matrix. Aooordingly from 
Theorem II h we see that : 

A given square matrix (/)»[a]^ whose elements are constants can he reduced to a quasi- 
scalar matrix of the same order by an equimutant transformation when and only when 
the potent divisors of its chmacteristio matrix (X)“[a]”~X [1]^ are all linear y i,e. when 
and only when the potent factor of (jy (\) of ordei* m is a product of un/repeated linear factors. 

In fact this reduction is possible when and only when the complete system of potent 
divisors of <|)(X) is X-Oi, .. X-fl„i; and then Oi, Cj, ... (which are not necessarily 
all unequal) are the m latent roots of 0. We see also that : 

A given square matiix of order m whose elements are constants can be derived from 
a quasi-scalar matrix {of the same or lower order) by an equimutant transformation when 
and only when the potent divisors of its characteristic matrix are all linear. 

For if r'i^my a square matrix </>=[«]” can be derived from a quasi-scalar matrix 
[o]^ of order r by an equimutant transformation when and only when it can by eqmmutant 

transformations be derived &om and converted into the quasi-scalar matrix whose 
last m-r diagonal elements are O^s. 
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Noth 6 The oharacterutio numhers and the chamct&i'iaiw symbol of a square matrix 
with constant elements 

Let 0=[a]”| be any square matrix whose elements are constants ; let 0 (^) 
be the characteristic matrix of and let X-Ci, X — Cg, . X — (3<, .. X — On be all the distinct 
hnear divisors of 0 (X), these being n in number. Further let the indices of those powers 
of X-Of which are potent divisors of 0(X) be this notation to hold good for 

all the values 1, 2, ... of i. Then the integers composing the n groups in the symbol 

{(^llj ^13) fll9j •• )j (flaiJ ®22j 523 j •••)» (^nl> 0ii9s ^t3» ■••)} (^) 

Will be called the characteiistic numbers of the sqiiaa’e matrix 0. The sum of all of them is 
equal to the order of 0. When 0 is given, the number of groups and the integers 
composing each group are perfectly determinate, but the order of arrangement of the 
groups, and the order of arrangement of the integers in each group are arbitrary. We may 
call the expression (C) the ckaracteristio symbol of the square matrix 0 when this arbitran- 
ness has been removed in any specified way. Usually the integers composing each group oi’e 
ari’anged in ascending (or descending) order of magnitude, and if i>y, a group containing i 
integers always cornea before (or always comes after) one containing y iutegers. 

Two square matrices 0 and 0 are equi-oharacteTistio or have the same ohai’octei'istio 
numbera when the symbol (0) is the same for both. This is the case when and only when 
theii* oharaotenstic matrices 0(X) and 0(X) have the same niynber of distinct linear 
divisors, and the two sets of Lneai’ divisors can be so arranged that the successive potent 
divisors of 0(X) corresponding to its itb hnear dmaor have the same indices as the 
successive potent divisors of 0 (X) corresponding to its ith. linear divisor. The canonical 
reduced forms of 0 and 0 constructed as in Theorem I a then differ only in the particular 
values assumed by the unequal arbitrary constants Oi, C9, C3, ... occun*iiig iu them. It will 
be clear that equi-charaoteristic matrices are not necessarily equi-oanomcaJ. 


Noth 6. The super-parts of a canonical sqiKtre matrix. 

Let 11= [U] III be a cauoniool square matrix which has exactly n distinct or miequal latent 
roots Cl, 02, ... 0,1, and let (0) be its cbaractenstic symbol as defined in Note 6. Also let 

0a + fl<2 + ®i3+-**=®<j 2, ... w), 

and let ... be the paiiis of n which correspond to those potent divisors 

(X-oO-*i, (X-oO-*, (X-o,)«<», ... 

of the characteristic matrix n (X) which are powers of X — Then when the arrangement 

of the parts of n is that corresponding to the arrangement of the oharaoteriatio numbers in 
(0), we con regard n as a oompartite matrix in standard form which has exactly n successive 
porta uTi, era, ... where for each of the values 1, 2, ... 71 of i is a square matrix of 
order and is the oompartite matrix in standard form whose successive ports are 
“<ij «i9j “fli This can be shown by the symbolical notations 

- _ rv ^ 

QTl, 0, ... 0 

tl=[n]"‘= 0,ar„... 0 ^ 


_ 0, 


0 , 






j 0 , ... 

0 , a)<8, 0 , . . 
0 , 0 , 0)^3, ... 




■P) 


eit , ... 
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Wlien the chamctenatic symbol (G) is given, we shall usually suppose n to have this 
form ; and wo will call oti, ar 2 , ... the mpe^'-parU of n coiTespondiug respootively to the 
distinct latent roots Ci, Ca, ... (Vi of H, or to the distinct linear divisors X — Ci, X — Cg, ... X - 
of n (X). Each of the super-parts of n is a unilatent canonical square matrix \ for the 
super-part has only the one distinct latent root c^, and its characteristic matrix nr<(X) 
has only the one distinct linear divisor X - o* When the parts of n are aiTanged as in (D), 
we shall call n a canonical square matrix of standard form or simply a standard canonical 
square matrix. 

Ex, i. The canonical reduced form of a square matrix (/)=[a]J of order 9 whose 
characteristic matrix ^ (X)=[a]p-X [1]° has 

X», X-2, (X-3)’, (X-2)* (3) 

OS its complete system of potent divisors can bo taken to be either ono of the squai’e 

u* 

matrices n=[n], given by 


0 

1 

0 1 

1 0 ; 

1 0 

0 

0 ; 

0 

0“ 

“0 

1 

0 , 

, 0 

0 

0 

0 

0 

0 

0 

0 

1 

|0, 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

o' 

'2 ' 

j 

0 

\ 

0 

0 ; 

0 

0 

0 

0 

0 

I 3 

1 

0 

0 

0 

0 




! 



•1 

1 


— 

TT - 0 

0 

0 

0 

3 

1 

0 

0 

0 

0 

0 

0 

0 1 

3 

1 

0 

0 

0 » 
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0 

0 

0 

0 

0 

3 

0 

0 

0 

0 

0 

0 

0( 

0 

3 

li 

0 

0 










0 

0 

0 

0 i 

0 

0 

3 1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 ! 

0 

0 

0 1 

2 

1 

0 

0 

0 

0 

0 

0 

0 

2 

1 

0 

0 

0 

0 I 

! 0 

0 

1 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

0 

2 


0 0 

Here the characteristic matrix H (X) = [n]jj-X[l]jj has (3) as its complete system of 
potent divisors ; and every square matrix of order 9 whose characteristic matiix has (3) os 
its complete system of potent divisors can be derived from (and* converted into) II by 
equimiitant transformations. The ohoracteristio symbol of every such matrix corresponding 
to the standard arrangement X®, (X- 3)^ X-2, (X- 2)® of the potent divisors (3) is 

{(3), (3), (1, 2)}. 

The second of the two matrices given above is the corresponding standard canoiucol reduced 
form of n. It has 4 simple ports and 3 super-parts. 

Ex, ii. Properties of a carionioal square matrix defined hy the potmi divisors of its 
cliaracteristio matrix. 

If n=[n]^ is the oauoniool reduced form of the square jnatrix 0 ==[«]”, and if 
(p (X)=»[a]’^-X [1]^, II choraoteristio matrices of <p and n, we 

may notice the following facts : 

(1) To each potent divisor of ip (X) or n (X) which has the value X there corresponds 
a part [0]J of n having degeneracy 1. 


f 



348 


EQUIMtTTAlTT TRANSFORMATIONS OF A SQUARE MATRIX [CH. XXVI 


( 2 ) 

( 3 ) 

( 4 ) 

(B) 


To each potent divisor of </> (X) or n (X) which has the value X^, where p>l, there 
corresponds a part 




of n having degeneracy 1. 

To each potent divisor (X - of of cj) (X) or n (X) which is not merely a power of X, 
i.e. in which c=t=0, there corresponds a part [{d]* of n which is an uiidegenerate 
square matrix. 

The degeneracy of n is equal to the number of potent divisors of 0 (X) or n (X) 
which are powers of X, le. which are divisible by X; consequently n is 
undegonorate when and only when X is not a linear divisor of <f) (X) or n (X), 
i.e. when and only when no potent divisor of (j) (X) or n (X) is a power of X. 

If <p (X) or n (X) has exactly r potent divisors equal to X, then we can write 




where [«■]”” is the canonical square matrix of order m — r the potent divisors 
of whose characteristic matrix are the remaining potent divisors of 0(X) 
or n(X). 


If we omit all reference to <f} and (X), these are properties of a canonical squai^e 
matrix of order ni which is defined by the potent divisoi-s of its oliaractenstic matrix. 


Ex. 111 . The deg&iieraGy of a square matrix w equal to the total numh&r of tJio&e 

potmt dimsm's of its characteinstio matrix 0(X)=0“X/=[a]’”-X [1]||^ whioh are divisible 
by X, i.e, wMoh are powers of X. 

This follows from Ex. ii, because the rank and degeneracy of 0 aj*e equal respectively 
to the rank and degeneracy of the standard reduced matrix n. 

In particular is undegenerate when and only when X is not a linear divisor of its 
characteristic matidx (X), i.e when and only when has no zero latent root. 

Hs^we if a is a scalar quantity ^ the total number of those potent divisors of tp (X) which 
are powers of \ — a is equal to the degeneracy of the square matrix - al= - a [1]'^ . 

For it was shown in Ex. i of § 222 that (X - a)** is a potent divisor of 0 (X) of order i 
when and only when X" is a potent divisor of order i of the characteristic matadx 
(X) = - X/ of yp. Therefore the total number of those potent divisors of </> (X) which are 
powers of X-a is equal to the total numbei’ of those potent divisors of yp (X) whioh ai'e 
powers of X, and by the first theorem above this number is equal to the degeneracy of yp. 

In particular X - a is a linear divisor of <p (X), i.e. a is a latent root of </>, when and only 
when the matrix -v/r = — a/ is degenerate 


Ex. iv. Construction of all square matrices <j> = [a]^ which satisfy a given rational 
integral equation f {<p) = 0. 

Let let j? be a scalaj variable, and let 

/(0)=c (<^ - nl)" ((/.-^/)* (<^ -ylf ... , f{x) = o{x-aY {x-^f {x-yf .... 
where o is a non-zero scalar constant, and where a, y, ... are all different. 
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By Theorem II b or Ex. iv of § 224 tile matnx (/>=[a]"| satisfies the equation f((j))=o 
when and only when every potent divisor of order m of its characteristic mains 
a factor of /(x). This is the cose when and only when every potent divisor of 
a power of one of the linear footora a? - a, jr-jS, y, . .. off{x) having an index not greater 
than the index of that factor in /(.^). Consequently the matnees 0 = which satisfy 
the equation /(</))='0 are those given by equimutant transformations of the form 




where is a canonical square matrix constructed os in Theomn II a in which each part 
corresponds to one of the linear divisors a? - a, - (9, ^ - y, . . of n - , parts coiTesponding 

to the linear divisors a; — a, ^ - ft ^ - y, . . have ordem not greater than p, r, . . respectively; 
and the sum of the ordoi’s of all the parts is equal to m. 


V. If /=[l]g, then matrices <J)=[a]g satisfying the rational integral equation 
are given by the equimutant transformation 

‘a 1 0 0 0“ 

0 a 1 0 0 g 

,/,=[«]' = r/i]'' 0 0 a 0 0 "F . 

0 0 0 a 0 
^0 0 0 0 

For the potent factors of orders 1, 2, 3, 4, 5 of the oharacteristio matrix (](> - a?/ of every 
such matnx are rospoctivoly 

l, 1, 1, J,-a, (A'-af (4.--/3), 

and the potent factor of order 5 w a factor of the function /(a;)™(j.’—n/ (m-fif. 


^ 229. Some properties of a simple canonioal square matrix. 

Ill the following examples it will be understood that /=[!]’”, and that 




‘o 1 0. 

.. 0 0" 

0 c 1 . 

..0 0 

0 0 0. 

.. 0 1 

^0 0 0. 

.. 0 0^ 


,.(i) 


is the siiiiplo canonical squaw matrix of order m whose oharaotoristio matrix 0 (A)=(^) — X/ 
has only the one potent divisor (X-or. Further k will denote any non-zero positive 
integer, and when 9n we shall write 

7n*=8k+q 

where s and q are positive integers, and where q^k — 1. The oharaotoristio symbol of </> is 
{? 7 i} ; and by 55 224 the rational integral equation of lowest degree satisfied by is 

(0-o/r«o 

Ex, 1 . Degeneracy of 

Case L If o+O, is undegenerate, and therefore 0* is undegenerate. 

In this case the single potent divisor of <f> (X) is not divisible by X 
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Gate II. 


If 0=0, we have 



1, m-1 


m-l, 1 


, and from the identity 


0 , 1 
0 , 0 

we see that 

[ Q fc 

q’ or [0]||| according as or k 

Thei’efore has degeneracy h when A :J> m, and degeneracy m when k <|: wi. 


] 1| n— 1 ~ — Hi _ 

[3 -s 


^m-1, 1 


m-l, 1 


In this case the smgle potent divisor of 0 (X) is 

In both oases tlio degoim'aay o/ w pi+pa+ ..+pa:, 'wlme is the numbej' of potent 
divisors of 0 (X) which a/re divisible by X^. 

For in Case I we have pi=pafc:..,=pj5.=;0; and in Case II wo have pi=pa“...=pnfc=l, 
and pi=0 when i > m. 


Ex, ii. Degenera>cy of (<^ - a/)*', where a is any scalar constant. 

Case L If a=t= c, (/> - a/ la undegenerate, and therefore (<^ - alf is uiidegenerato. 

In this case the single potent divisor of (X) is not divisible by X — a. 


[ Q n-nl. ’'i-i 

’ ; and therefore (0 — 0/)** has 

degeneracy k when ^ ::1> 7?i, and degeneracy m when ^ m. 


In both cases the degen&i'aoy of {(p^alf is pi+pa + .-.+pt, wkei'e p< is the number of 
potent divisors of (j> (X) which are divisible by (X — a)^. 

We can also obtain the last result by applying Ex. i to the matrix — n/, which la 
the canonical square matrix of order m whose oharactenstio matrix yj/- (X)=\/f — X/lins only 
the one potent divisor (X + a - o)”* , for the smgle potent divisor (X + a - c)^ of yl/(X) becomes 
\m ^hen and only when the single potent divisor (X - of </j (X) becomes (X - a)’”. 


Ex, hi. Degeneracy of any rational integral fuTiotion f {(jj) of <j). 

Let /(« = »(«#) 

whei’e a is a non-zero scalar constant, and where ai, 02, • . are scalar constants which are 
all different. Since only one of the quantities oi, ay, . . can be equal to c, not rnom than 
one of the n factors of/(0) can be degenerate; and it follows that : 

The dsgeneraey of /(<^) is equal to the sum of the degeneraoics of its n factors. 

The degeneracy of each factor is given by Ex. ii. 


Ex iv. 
Let 

so that 

Then if 


Value of 

il+x)^=l+pjx+pzx^+ .,.+Piaf^+ 

when and ^7i=*0 when i>k, 

ro 

0’ 0 ’ = 

*- ’ “"m-l,! 


we have 
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Since, aa was shown in Ex. i, 

ro 

X'^\ Q Q when and when 

it follows that (f)^ IS the square matnx of order m formed with the firat m horizontal rows 
and the first m vertical rows of the iiidofinito square matrix 

“c*, pi<^-\ ... 1 , 0 , 0 , 0 . 

0 , , pi€h-\ p^(^-\ ... piC, 1 , 0 , 0 . 

M^(g)= 0, 0 , C* , JPiC*"S ... PlCi 1,0.. 

0 , 0 , 0 , , ,..p3o\ PiO^i PiC, 1 ... 


which we can regai-d aa the I'th power of the indefinite squoi'e matrix 

c, 1, 0, 0, . , 

0 , 0 , 1 , 0 , ... 

^ (c) = 0, 0, c, 1, . • 

0, 0, 0, 0, . 


Ea:, V. Invm*ae of (j) when </> is undoge^i&t'ate. 

When c =1=0, it can be at once verified by evaluating the product </)(;()“ ^ that the invci-se 
of <j) IS the square matnx of order in 

~c-\ - 0 - 5 *, 0-3 , 

0 , 0-1 , -0-5*, .. (-l)m-5*o-m + l 

</>"^ = 0, 0,0-1,.. (-l)w-3o-»»+a . 


0,0, 0 , 0-1 


Ex, VI Value of whm (j) is iiiidegeyierate. 

When k is a positive integer let the expansion of (1 +a’)-*= in asoendiiig powers of a? be 

(1 +a-)'"*= 1 - + ... + (- . . , 


so that 




’^‘+1-1 


■e 



Then when c =1=0, it can ho verified by evaluating the product that (j}~* is the square 

matrix of order m formed with the first m horizontal rows and the first m vertical rows of 
the indefinite square matrix 


-o-» 


, -?a 

0, 

0-* , 


0. 

0 , 

0-* , -fl'io-*’-!, 

0, 

0 , 

0 , 0-* , 


which we can regard as the itth power of the matrix M (a) of Ex. iv. 


1 


In fact if we define in this way, and put it will be seen that a<y=0 

when i>jy and that a<,<+a=a,c-«, where a. is the coeflBoient of iif in the expansion of 
(1 + (I in ascending powers of x. Accordingly we have On^ 1, or<y=0 when i 
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Ba: vii. Values of 

We obtain the value of (c^ — aZ)^ from the value of iii Ex. iv by aubHtituting 
c — a for 0. 

Similarly when a=^c, i e when </)-a/i8 undegenerate, we obtain the value of ((/> — 
from the value of in Ex. vi by Bubatitutiug c - a for c. 

Ex, viii. Foieid divisors of the cliaraoimatic malrix of 

Case L If o=t=0, is an undegenerate square matrix of order m whose charactcnstio 
matrix = has only the one potent divisor (X-c*)”', which is of 

order m ; for from Ex. iv we see that the minor determinant of (X) of order 
\ formed with its first m - 1 horizontal rows and its last m — 1 veiiiical rows 
does not vamsh when X=c*, and is therefore not divisible by X—c^. 

Case IL If 0 = 0, we must distinguish between two sub-ooses. 

Sub-case 1. When /;<{: m, we have <^>*^=0; and therefore 0*^ (X) has m potent 
divisors of orders 1, 2, ... m, each of them having the value X 

Sub-case 2 When we have 

ro 

^=Lq’ qJ 5 m=8k+q, where 

Therefore by Ex. vii of § 210 the matrix 0*^ (X) has k potent divisors, of which 
k-q are equal to X®, and q are equal to X"+i. 

In all cases the degeneracy of is equal to the number of potent divisors of (/)*^(X) 
which are divisible by X. 

Ex, ix. Potent divisors of the characteristio vmtnx of (c/) - a/)*’. 

Since is a canonical square matnx of order m whoso characteristic matrix 

^l/‘ (X) has only the one potent divisor X- (c- o), we can deduce the iiotent diviaora of the 
characteristic matrix (X) of (<jy—al)^ from Ex viii. 

Case I. If a=t=c, then is undegenerate, and its oliamoteriatio matrix has only 

the one potent divisor {X — (c—a)*^}^, which is of order 7n. 

Case IL If we must distinguish between two sub-oases. 

Sub-€€Lse 1. When ^ <(: m, we have - aJ)*^ «0, and the charaoteristio matrix 
of - alf has m potent divisors of orders 1, 2, ... m, each of thorn having the 
value X. 

SvI)-C€L8e 2. When k :|> w, we have 

ro. 

(<^>-07)*'= Q Q ; where 

Therefore the characteristic matnx of {tp—aiy^ has k potent divisors, of which 
h-qsj^ equal to X® and q are equal to X®+i. 

In all cases the degeneracy of (0 - a/)* is equal to the number of potent divisors of its 
oharacteristio matrix which are divisible by X. 
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Ex, X. Potent diwors 0/ the charaotenstio matrices and (</> — a7)“^ 

WTien <!> is uudegenerate, i.o. when c=N0, then as in Case I of Ex. viii tho characteristic 
matnx of has only tho one potent divisor (\- which is of order m. 

It follows tliat when 0 — a/ is undogonerato, i.e. when a=+=Cj the potent divisor of tho 
characteristic matrix of (0- a/)"^ lias only the one potent divisor {X — which is 
of order m. 

Ex, xi. Canonical reduced forms of 0*, (0 - a/)**, 0 “ (0 - al) ~ K 

These are given by Exs. viii — x ; for they arc known when the potent divisora of the 
charactonstio matrices are known. 

Noth. Pote7U divisors of the charaot&'istic matrix of any powai' of Of when $=[a]^ is 
any given square matrix whose elements are constants. 

Lot n=[n]’J| bo tho oanomool reduced form of <&; let <&(X) and n(X) be the oharac> 
teristic matricos of 4> and H ; and let the parts of n corresponding to the various common 
potent divisors of *I» (X) and n (X) be the canonical square matrices 0)2, ©3, .... Also let 

= ( 2 ) 

be an oqmmutaiit transformation convorting n into 0, where A=[/i]^ is an undogenerate 
square matrix with constant olcmenta Then if k is any positive integer, we deduce from 
(2) tho equimutant transformation 

(3) 

which shows that the characteristic matrices 0*'(X) and II* (X) of 0* and n* have the same 
potent divisors , further if 0 is undogenerate, then by equating the invei’sos of both sides 
of (3) wo obtain the equimutant transformation 

(4) 

which shows that tho ohorootenstic matrices 0“*(X) and n*"*(X) of 0“* and II”* have the 
same potent divisors. If we have 

0fcc=.0-fc-0o=[i]’;^, 0O(x)=(i-x).[i];;;, 

and 00 (X) has ??i potent divisors all equal to X-1. Dismissing this trivial case, we have 
two principal coses to oonsidor. 

Case I. Potent disisors of 0* (X) and canonical reduced fot'm of 0* when h>0. 

Lot 0 = [n]’” be the canonical reduced form of 0*. Since n* is n oompartite matrix of 
order m in standard form whose parts are wi*, “8^ therefore (see Ex. xiv of § 222) 
the potent divisors of n* (X), and therefore also the potent divisors of 0*(X), are tho potent 
divisors of the oharootoristio matrices o)i*(X), W2*^(X), «)g*(X), ... of ©i*, oag*, <11)3*, ..., which 
aro known by Ex. viii, and are found as foUows : 

First let at he a part of n corresponding to a potmt divisor (X - 0)** of 0 (X) which is not 
a power o/X, so that c=|=0. 

Then o)* (X) has only tho one potent divisor (X - 0*)*. The canonical squai^o matrix Q 
has one corresponding part, this being the simple canonical square matrix of order e whose 
diagonal elements are equal to 0*. 

Next let 0) he apart o/n eorrespondvng to a potent divisor X® of 0 (X), where 

Then 6)*(X) has exactly e potent divisors all equal to X. The canonical square matiix 
Q, has e corresponding parts all equal to [0]^ . 


0. m. 


23 
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Lastly let to be a part ofn corresponding to a potetU divisov 0 / 4* (X), whoro c 

We write fl=a/?+ 5 , where s and q are positive lutegei's, aud aud then w*'(X) 

hELB exactly h potent divisors, these being 

(1) h—q equal to X* and q equal to X®'*'^ when <^=^=0, 

(2) h equal to X® whoii </=0. 

In sub-oaae (1) the canonical square matnx G has k corrospouding parts, those being 

[ 0 11 ^'**”^ ro 

^ and q equal to . 

In sub-case (2) the corresponding parts of G aro 

k equal to 

Case II. Potent dinsoi's of $’'*'(X) and cano^iioal reduced form of «!»“* ndicn 4» w 
nndegeneraie and^k > 0. . 

Let G = [G]” be the canonical reduced form of This case is simplor l>ccauso <I> (X) 

has no potent divisor which is a power of X Since 11 “*^ is a couipaitito matrix of older m 
in standard form whose parts are cor*', (ag-* 0 ) 3 “^ the potent divisors of and 

therefore also tKe potent divisors of ^”*(X), are the potent divisoi’s of tlio charaoteristio 
matnees a)i“*(X), <b 2 “*(X), q) 3 "*(X), .. , which aie known by Ex. x. 

In fact if 0 ) IS a part of n corresponding to a potent divisor (X - r)'’ of 4> (X), whoro 0 
cannot be 0, then tD“*'(X) has only the one potent divisor (X- c“^)«. The caiioiiiciil Hqiuu'o 
naatris: G has 'one corresponding part, this being tho siniplo cjiiioiiical sqiiaro matrix of 
Older e whose diagonal elements are equal to c"* 

Ex XU. Potent dvmws of the characteristio of any power of <t when is 

any given undegenerate square mati'ix 

In the special case when $ is an undegmerate square matrix, lot 

(X-CiA (X-Cg)^ ... (X-c/* 

be the potent divisors of each of the characteristic matrices < 1 » (X) aud 11 (X). Then if /• is 
any non-zero integer (positive or negative), the potent divisors of tho oharaotoribtic 
matrices n*' (X) and 4«*'(X) of n** and are 

. , , (X-Cu*)'*, ... 

In partioular if and n-J are the inverses of 4> and n, tho potont divlsora of the 
characteristic matrices n“i (X) and (X) are 

(X_0i-i)'i, ... (X-c,-i)"*; 

and tho standard reduced form of n-* and is known. 

Ej;. xiii If 0 and « are two mutually inverse uiidogeuerate square matricoH, tho 
latent roots of ® are the reciprocals of tho latent roots of q|) ; also tho potent divisors of 
the characteristic mataoes <^(X), *(X) of 0, * can be assooiated together in pairs of tho 
form (X-c)*, (x-i)‘ 
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229, 230] 

§ 230. Rank of any rational integral function of a given square 
matrix. 

1. Ro/nk of Cl function which is eospressed cts a product of linea/r factors. 
We shall use the notations (j> = [(i}\ I = 0® “ [l]^j being a given square 

matrix whose elements are numerical constants. The characteristic matrix 
of will be taken to bo 

ip --xl ^ — acp^j 

cc being a scalar variable. More generally if is any square matrix with 
constant elements, we shall use the notations 

(\) = (\) = 

where X is any scalar quantity and i/r® is the unit matrix of the same order 
as so that yp (x) and yjr^ (x) are the characteristic matrices of yp and 
Further II = will denote the canonical reduced form of </> for equimutant 
transformations constructed os in Theorem la of § 228, and f(x) and /(<^) 
will denote con’esponding rational mtegral functions of the scalar variable x 
and the square matrix <p whose coeflScients are numerical constants. 

Theorem I. If oii,a^y ... Ur are distinct scalar constants, and if a rational 
integral function f((j>) of <f> is expressed in the form 

/(<!>) = A (<!.- aJt (<!> - -(4>- «rlt. (A) 

iuhere A is a non-zero scalar constant, then the degenerate of the square mairix 
is equal to the sum of the degeneracies of its r matrix factors in (A). 

Here kj,ki,...Jcf may be any positive integers, but we will suppose that 
they are all different from 0. This involves no loss of generality because 
— aiy is the undogenorato unit matrix I, and the factors m (A) are 
commutative. 

Let h(f>H = Tl, where hH= Hh = I, , 

be an e(iuimutant transformation which converts into 11. By Ex. v of 
§ 226 the same equimutant transformation converts f (</>) into f(TI), and 
(</) - ulf into (H - txl f. Consequently we have 

/(H) = A (n - ajt (H - ajt ... (H - a,/)*'. (A') 

Since/ (11) and its r Bucccssivc matrix factors in (A') have bhe same ranks 
as /(</>) and its r succossivo matrix factors in (A), the above theorem will be 
true if and only if it is true for the function /( 11) in (A ). 

Special Case. When the characteristic matrix <f> {x) has only one potent 
divisor {x — 

In this case 11 is the simple canonical square matrix of order m whose 
characteristic matrix has the single potent divisor («; — \) . 


23—2 
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If no one of the constants «!, ofa, .. ofr equal to X, all the factors of/(n) 
in (A') are undegenerate, and/(n) is undegenerate. 

If Out one of the constants Oi, Wg, ... or,., is equal to X, then (11 — is 
the only factor of /(It) which is degenerate, and all the other factors of /(It) 
are undegenerate square roatnces. Since the factors of /(H) oi-e commuta- 
tive, it follows that /(H) has the same rank and the same degeneracy as 

Thus the theorem is always true in this special cose. 

General Case. Whm the complete system of potent divisors of </> (sc) is 

... ... ( 1 ) 

Here it is to he understood that the potent divisors of j>(x) are those 
corresponding to its linear divisors, that X^, Xg, ... X^ are not necessarily all 
different; and that 0 i, ^g, ... eg are any s given non-zQro positive integers 
satisfying the condition ei + 63 + ... + eB = m. We shall suppose u fco he any 
one of the integers 1 , 2 , ... r, and v to be any one of the integers 1 , 2 , ... s. 

Let the parts of 11 corresponding to the successive potent divisors ( 1 ) be 
fi>i, ©a, ... o>v, ... o)a, so that IS the simple canonical square matrix of 
order whose characteristic matnx ©^(ir) has the single potent divisor 
(a — X^yv. Then /(II) is the comportite matrix similar to 11 whoso succes- 
sive parts are the matrices /(wi),/(©a), • ••/(««)! - ../(g)«) similar to coi, Wg, ... 
©t,, ... 0)8 respectively, and we can write 

/(U) = 4 in («0}‘- in («,)}*■ ... in k)}*.* ... {ri («,))*- ( 2 ) 

/(a>„) = A 1©^ (ki)}*’* {©, (a,))*^ ...{©* (a„)}*^ ... 1©, (a, .)}*’• (3) 

By § 100 the degeneracy of /(H) is the sum of the degeneracies of its parts 
such as /(fl)r) i emd by the special case the degeneracy of f((o>^ is the sum of 
the degeneracies of its r matrix factors in ( 3 ). Consequently the degeneracy 
of/(n) is the sum of the degeneracies of the rs matrices such as [co^ (««))*'“. 

Again [H (««)}*« or (II - is the comportite matrix similar to 11 

whose successive parts are the matrices {o)i(a„))\ {o> 2 («v)}\ {wi,(a„)}\ ... 

{wa (««)}*" similar to Wj , cog, • . . ca® , . ■ . <Wg respectively^ By § 100 the degeneracy 
of {IT (cf«)l^“ M the sum of the degeneracies of its parts such as {a)t,(ffy)}*«. 
Therefore the sum of the degeneracies of all the r matrix facbors in (2) or 
in (A') 18 equal to the sum of the degeneracies of the rs matrices such as 

From these two results we see that the degeneracy of /(H) is equal to 
the sum of the degeneracies of its r matrix factors in (A'), and this establishes 
the theorem in the most general case. 
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Note 1 Another proof of Theorem 1 is given in Note 2 of § 236, 

From Theorem I it follows that the degeneracy (or rank) of /(<!>) will 
be known when the degeneracies of its successive matrix factors in (A) 
are known. The next two theorems show what the degeneracies of those 
factoi-s are 

Theorem II a. If k is any mn-zm'o positive integei% the degeneracy 
of is 

= /^i + ^^2 + ••■ + pc 4- ... -h Pfc, (B) 

ivhere pi is the mmher of those potent divisors of the charactei'istic matrix 
(j) — xl which are divisible by x^. 

If of is the highest poweii' of m which is a potent divisor of <l>—£cl, then 
when fc the degeneracy r* given by (B) is the sum of the indices of all potent 
divisors j> — xl which are powers of x, and when k it is the sum of the 
same indices when every index greater than k has been replaced by k. 

Let the complete system of potent divisors of each of the characteristic 
matrices <j> — xl and II - a;/ be 

ix-^\y\ ..., (4) 

where ei+ 62 + ^+ ••• and where \i, \a, Xj, ... are not necessarily all 
different ; so that 

det {<l> - xl) = det (n - ) = (- 1)’^ {x - \f {x - Xa)®- {x - . . .(6) 

.Also let the parts of IT corresponding to the successive potent divisors (4) be 

cwa, ft)8, ..., so that n*’ is a compartite matrix in standard form similar to 
n whose successive parts are the square matrices ©a*, ©b*, ... similar 

respectively to ©1, ©a, ©a The degeneracies of ©1* ©a*', ©a*, ... have been 

determined in Ex, i of § 229, and utilising those results we see that the 
degeneracy of which is equal to the degeneracy of EL**, i.e. to the sum of 
the degeneracies of ©1*, ©g* ©a*, must have the value (B), where pi = total 
number of potent divisors of ©i(«j), © 2(0?), ©8(«?), ... divisible by = number 
of potent divisors of 11 (a?) or {x) divisible by 

Ex. i. If has no zero latent root, i.e. if no one of the potent divisors (4) is a power 
of then IS uiidegonerate ; in fact </> is uiidegonerate. 

Ex. ii. If bafi ouG or more zero latent roots, and if ar" is the highest power of x which 
is a potent dmsor of the charoctonstio matrix (fi-xl, then /jj, pa» pn are a series 
of never increasing non-zero positive integers; and p(e + i=Pic+B=p«+8=. -“O- Also 
rK«Pi+P2+...+PK is the index of the highest power of x which is a factor of the 
oharacteristio determinant det 1.0. the total number of zero latent roots of 

If ri, fa, ra, ... are as in the text the degeneracies of <l>\ <^®, ..., then ri, rs, ... r* 
are a senes of positive integers which constantly increase by amounts which never 
inoreaso; and r,t=r,j+ia=r,e+a=i... . In fact we have 

^l^Plj ^2-^1 = P27 ^3-^2=P3) ...» ^«“J’ie-l = pic; ^K+l-^jc = Pit + l = 


0 




0 , 
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Thus the Tanks wi, m-ru wi-ra, .. of the sucoessive powers </)3, ... of 

constantly diminish hy amounts which never increase till we reach the power 0* whose rank 
is wi — where r^ is tlie total nwmher of zero latent roots of (jy/ arid all higher powers of cfy 
have the same rank as 

The numbers and k are the maximum and potent indicoa of order m of the linoar 
divisor a of the oharactenatic matrix cjy—seL 

Ex, lii The numbers of the potent divisors of the characteristic matrix (j!> - .v/ which 
are equal to 

X, a?®, 

are respectively Pi"Paj P2“P3> P8”P4» ••• p«— i“P>c> Pk* 

Ex, IV. There is some power of </> which is equal to 0 when and only when 
i.e. when and only when aU the m latent roots of <j> are 0. In this case the lowest power 
of <p which vanishes is where x^ is the potent divisor of — a?/ of older m. 

Ex. V. The matrix 0 has a zero latent root, i.e. has the linear divisor a?, when 

and only when is degenerate In this case all the potent divisois of (/> -a?/con’esponding 
to the hnear divisor a? are Imear (i.e. they are all equal to x) when and only when any one 
of the following equivalent conditions is satisfied : 

( 1 ) . = 1 . 

(2) The degeneracy of is equal to the total number of zero latent roots of <j>. 

(3) has the same rank as (f). 

Ex. VI. The matnx </> has on unrepeated zero latent root when and only when pi«l 
and p2=0, I.e. when ajid only when (p has rank m — 1, and 02 the same rank as 0. 

Ex. vii Potent divisors of the oharacteristw matrix of 0*. 

It has been shown in the Note of § 229 that, when /fe is a non -zero ^Kisitivo integer, the 
potent divisors of 0*^ (a?) correspond to the potent divisors of 0 (a?) in the following way : 

(1) To each potent divisor (a7-X)* of 0 {x) which is not a poimr of x there oorreirponds 

a single potent divisor [x — X*)® of 0* (a?) which is not a pow^ of x, 

(2) To each potent divisor afi of <j> (x) in which c’j^k there correspond exactly e p>otmi 

divisors of 0* (a;) all of which are egyxd to x, 

(3) To each potent divisor x^ of (j) (a?) in which e^k there correspond exactly k potent 

divisors of <j^{x). If we put e^sk+q^ where a and q are positive integers and 
these are 

h-q equal to a?* and q equal to a?" + i whm q^^O; 

k equal to a?" when q=iQ, 

Theorem II b. If a is a given scalar constant, and k a non-^zero ^ositiv^ 
integer, the degeneracy of ((fy^alf is 

= Pi + pa + . . . + Pi 4- . . . + /Ofc, (B') 

where pi is the number of those potent divisors of the characteHstic matnx 
(jy-^ccl which are divisible by (a? — of. 
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j?/ (a? — a)" is the highest poiuei' of oc — a which is a potent divisor of aol, 
then when k the degeneracy rj^ given by (B') is the sum of the indices of all 
potent divisors of ^ — which are poivei's of x — ol^ and when kif^ k it is the 
sum of the same indices whe^i every index greater than k has been replaced by k 

Let = (^ — a J, so that is a square matrix of ordeV ni the potent divisors 
of whose characteristic matrix yjr — xl are 

(flj + a - (a! + a - (a; + a - Xj)'“ (4') 

corresponding respectively to the potent divisoi*B (4) of (jb — xl. Since each 
potent divisor of y]r — xl is a power of x when and only when the corresponding 
potent divisor of — aj/ is a power of a? - ot, and each potent divisor of -v/r — a?/ 
IS divisible by x^ when and only when the con-esponding potent divisor of 
(j> — xl is divisible by (x — a)*, we can obtain Theorem II b by applying 
Theorem II a to determine the degeneracy of 

We can also prove Theorem II b directly with the aid of Ex. ii of § 229. 

Exs. viii — xiv which follow correspond exactly to Exs. i — vii. 

Ex. viii. If a IS not a latent root of e/i, i.e. if is not a linear divisor of the 
oharoctoristio matrix (ji — xl, so that no one of tho potent divisors (4) is a p(^wer of a? - a, 
then (<jb - al)^ IS undogenerato , in fact (/> - a/ is undogenerate 

Ex. ix. If </) has one or more latent roots equal to a, i o. if a? - a is a linear divisor of 
(ji-xly and if {x - a)* is tho highest i)owor of .v— a which is a iiotont divisor oft/) - xJy then 
pi, p 2 j ••• Pk O'l’Q a series of never increasing non-zero positive iutogors ; and 

Pk + 1 — Pk + 2“Px + 8™ • 

Also rK=pi+pa+...+px w the index of the highest power of x-a which ip a factor of tliQ 
clinractonstic deterniiiiaut dot ((/> - xl)y i.e. the totiU number of latent roots of (/> whioh are 
equal to a. 

If ?‘i, ^a, j' 3 , ... are os iii tho text the degeneracies of (</> — aJ)h (</)-a7)^, (t/i-o/)®, ..., 
then ri, r^, ... Tfg are a Hories of positive integers which constantly increase by amounts 
which never increase ; and r * = + 1 e= ^ a « . . . . In foot we have 

’’3-’'2=“Paj --i ^x + i-'^x‘“Px + i“0j •••- 

Thus the ranks 9Ji-ra, w- s’ai ...of the successive poioei^s (</»-a/y, 

((/)-a/)2, (</)-a/)®, ... of (h-al Qoiistamily diminish by amounts which novet* increase till we 
reach the power {^•^aPf whose rank is m—Ticy where r,c is the total number of lat<mt roots of 
(j) which are egu^ tq a; and all higher powers of have the same rank as (</> - a/)*. 

The numbers 9 '« and k are the indices of the maximum and potent divisors of ordei- m 
of the oharooteristio matrix (fy — xl which correspond to (i.e. are iiowors of) the linear 
divisor a; — a. 

Ex. X. The numbers of the potent divisors of the characteristic matrix cl>-xl whioh 
are equal to 

X-a, (^!-a)*, ... {x-alf 

are respectively ft-ps. pt-pi, Pa-pti ••• Pk-i-Pk, Pk- ‘ . 
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jEa?. xi. There is Bome power of <^— a/ which is e(][iial to 0 when and only when 
i.e. when and only when all the uti latent roots of cj) are e(][ual to a. In this case the lowest 
power of ^ — a/ which vanishes is ( 0 — a/)*', where (^— is the potent divisor of ^ — a/ of 
oixler m. 

-Er. iii. The matrix cj) has a latent root equal to a, i e. </> — .vl has the hnear divisor 
js — a when and only when <p — al is degenerate. In this case all the potent divisom of 
(fy-’.vl corresponding to the linear divisor a are linear (i.e they are all equal to ^ — a) 
when and only when any one of the following equivalent conditions is satisfied : 

( 1 ) <= 1 . 

(2) The degeneracy of ^ - a/ is equfid to the total number of latent roots of cj) which 

are equal to a. 

(3) (<!> - a/)® has the some rank as - a/. 

JSx xiii. The matrix <fi has an unrepeated latent root a when and only when pi = 1 aud 
P 2 =C), le when and only when (]E)-a7 has rank w — 1 and — has the same rank 
as 0 - aL 

Ex, xiv. Potent divisors of the characteristic mcUrix of the potoer of the square 

matrix when his a positive mteger. 

If A=0, the characteristio matrix \l/^(x)=ylr^ (x) has exactly m potent divisors all equal 
to a? - 1 . We shall dismiss this case, and suppose ^ to be a non-zero positive integer. 

There is a one-one correspondence between the potent divisors of ^ (x) and the potent 
divisors of tp (x)^ any two corresponding potent divisors having the same degree and the 
same order. To a potent divisor (a 7 -X)* of <f)(x) thei'e corresponds the potent divisor 
(^+a— X)* of and conversely to a potent divisor (^ — X)® of yjr (x) there corresponds 

the potent divisor (^-a-X)® of (p (x). Hence by applying Ex. vii to determine the potent 
divisors of yp* (x) we see that the potent divisors of (x) correspond to the potent divisors 
of </> (x) in the following way : 

(1) jTo each potent divisor {x — X)* of (p (x) which is not a power of x — a there correspotids 

a single potent divisor {a?— (X— a)*}® of {x) which is not a power of x, 

(2) To each potent divisor (^r— a)® of <p{x) in which e^k there correspo^td exactly 

e potent divisors of yp^ (x) all having the value x, 

(3) To each potent divisor {x - a)® of (p {x) in which e^k there correspond exactly k potent 

diinsors of yp^ (a?). If we put e^sk+q, where s and q are positive integers and 

g :}>(; — 1, these are: 

k—q equal to a? and q equal to when 

h equal to afi when q=i0. 

We can obtain the same I'esults directly hy observing that (xp—aPf and (H-a/)* have 
equipotent oharactenstic matrices, and that (n— a/)* is the oompartite matrix whose parts 
are the ^h powers of the simple oanonioal square matrices wi — a<ui 0 , 0 ) 2 - 06 ) 2 ®, <03 — awa^, .... 

Ex, IV. Theorem, If f{(p)=[b]'^ is a rational integral function of the square 
matrix <p=[a]^ whose elements are given constants^ f {<tp) mil have rank 0, i,e, mil he equal 
to 0, when and only when it contains as a factor the rational integral function E^ (<^) which 
corresponds to the potent factor Ef^(x) of order m of the charaxiteristio matrix (p—xl of <p. 
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Conaequmtly the ratioiial integral egyucLtion of lowest degree satisfied bg cj) is 

Theorems I and II Z», which enable us to detenmne the rank of any given rational 
integral function of a given squai’e matrix, will enable us to prove the above theorem, which 
IS Theorem II 6 of § 224. 

Lot Xi, Xa, ... X,* be the distinct or unequal latent roots of (j>, and let 

An (.^)«(- 1)"‘ (^’-Xa)-> ... (^-X,,)^ W = (^-Xar‘ (^-Xar» ... 

be respectively the dotemiinaiit of 0 - a?/ and the potent factor of order m of <^ - xI. When 
/ {(j)) does not vanish identically, we can always write 

whero Ficj>)={<t,-\il)'‘‘ ... 

aud 0{<l>)=A (-^-, 1 ,/)"' (_<!,- 

the scalar constants Xi, Xg, .. Xn, /xi, /ig, ... /ir being all different ; the indices 
/ti, Ag, ... hj. being positive integers, each of which may be 0 ; and A being a non-zero scalar 
constant. Because the factors of (?(</>) are aU undegenerate, therefore 0 (<j)) is imdegenerate, 
and /(0) has the same rank as F {<!>). The degeneracy of is the sum of the 

degeneracies of its n factors; and by Theorem II 6 the degeneracy of the factor (</>— X<7)** 
can never exceed and is equal to Si when and only when 

Since the degeneracies of the successive factors of i^((/)) cannot exceed «i, ^g, ... s^ 
respectively, and since ai+Sg + ...+«,i=7a, it follows that the degeneracy of 7^(0) is equal 
to 771, i.o 7^(0) has rank 0, when and only when the degeneracies of the successive factora 
of J!f’(0) ai'o «i, sg, ... 8f^ respectively, i.e. when and only when 

^ 1 » ... (®) 

Thus/(0) has rank 0 when and only when the conditions (6) are satisfied, i e, when and 
only when Em (0) is a factor of /(0). ' 

2 . Rank of a function which is expressed as a product of irreducihle 
factors. 

When and f{<f>) lie in a restricted domain of rationality fl, the elements 
of the matrix ^ = [a]^ and the coefl&cients of the function f(fii) being given 

numerical constants in we can express the maximum and potent factors of 
order m of the characteristic matrix ^ - a?! in the forms 

where tiim), t,{x ), ... are distinct irreducible rational integral functions 
of 0! in O having degrees pi, p,, p,,... such that 

Pifii + J>iS2 + . . ■ = wi ; 

and ti (x), U ipo), t, («), ... are then the irreducible divisors of <^ - ® J in O. 

If in this case we consider the potent divisors of ^ — xl to be those 
corresponding to its irreducible divisors, so that they are powers of ti(x), 
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^ (®)j U (®), • • . , and if we suppose t (oc) and t (<^) to be any two corresponding 
irreducible functions in fl of degree p of the scalar variable os and the square 
matrix 0, then we have the followmg two theorems : 

Theorem III. If Ti(x), T^{x ), ... T^ix) are ihshiiict irreducible fmetious 
of X in fl, and if f{(}>) %s eospressed in the form 

/C<^)= (C) 

then the degeneracy f{^) to the sum of the degeneracies of its 

r factors in (C). 

Theorem IV. If t{x) is any irreducible funotion of x of degree p and 
if k is a positive intega^ then the degeneracy of (</>)}*' is 

= P (pi + + • • • + Pi + ■ * • + Pidi (^) 

whci'e Pi is the nmriher of those potent divisors of the characteiistic matiix 
0 -- flj/ which are divisible by 

In particular if t (x) is not one of the irreducible divisors of (f> — xl, i.e, not 
one of the factors of Dm. ipo)i then t{^) and all its powers are undegenci'ate. 

These two theorems follow immediately from Theorems I and 11 b when 
we use the fact that no two distinct irreducible functions of x can have a 
linear factor in common, and they enable us to determine the rank of /(<^) 
when it is expressed in the form (C). 

Ex. xvi. If {^ (/e)}® and {t are the maximum and potent divisors of <j}—xl of order 
m corresponding to an irreducible divisor i (x) whose degree in x is jo, the dogenoracios of 
the successive powers of t (</>) constantly increase by never increasing amounts until we 
reach the power {t {(p)}^ whose degeneracy is pa ; and all the higher powesrs of t {(j>) have the 
same degeneracy as {^ (0)}''. 

By an argument similar to that used in Note 1 it follows that /(</>) has rank 0 when and 
only when it has ^^ (</)) as a factor. 

Note 2. Validity of Theorema III and 1 V wimi <p andf {(p) involve arbitrary parameters. 

In the general cose when the elements of the matrix (p and the cooiiioieiita of the 
function / (<p) are rational integral functions m U of certain arbitrary parameters ai , aa, , 

£2 being any domain of rationality, the elements of the characteristic matrix 
rational integral functions in O of .v, ai, ag, 03, ... . Theorems III and IV and the theorem 
of Ex. XV will remain true in this cose provided that . 

(1) we take D^. {x) and Em (x) to be the maximum and potent factors of order m of 

a-/ when a?, oi, aa, aa, ... are aU regarded os independent variables ; 

(2) we consider (a;), ^2(^)1 ••• ix), 2a(^)j to be irreducible rational integral 

functions m G of a?, ai, og, 03, ... which actually contain x\ 

( 3 ) we cancel or leave out of account in each equation a scalar factor common to both 

sides which is a rational integral function of ai, ag, ag, . only. 
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This follows from the fact that if (.^), ^a(.a7), ^ 3(^)1 ai’® distinct irreducible 

functions in O of ai, na» ^ 3 ) •••» then for all ordinary particular values of ai, ag, 03 , . . in a 
they are distinct irreducible functions of x in a. Thus when the above interpretations are 
adopted, Theorems III and IV are true for all ordinary particular values of aj, og, 03 , . . 
in a, and are therefore true when ai, ag, ag, ... are arbitrary We can also deduce 
Theorems III and IV in this case from Theorems I and lift, using the fact that if 
t {£c\ (ic), {so\ ^3 (.'*?), ... are distmot irreducible functions in a of ai, og, aa, , then 

for all ordinary particular values of ai, ag, 03 , ..., they are functions of x whose linear 
factors are all unrepeated and all distinct. 

In the particular case when all the elements of are arbitrary {x) is uTeducible and 
IS the same as (/f). Consequently the rational integral of lowest degree which is satisfied 
by (f} and is an identity in the elements of </> is 

i)J(c/))=0. 


g 231. Non-extravagant rational Integral functions of a given square 
matrix. 

Lot be any given square matnx with constant elements; also let (^'='^™be 

the conjugate of 0, and let /=[1]™. Since the characteristic matrices (ft — xl and (j)' -al 
of 0 and 0' are equipotent, wo may suppose their common potent factor of order m to be 

= ... (.ij-Xb)''’*, 

whoi'e Xi, Xg, ... X,i are the distinct latent roots of both 0 and 0', and write 

=(0-Xi/r*(^-X2/)'^.., (0-x„/r, (1) 

W=(0'-Xi/r (0'-Xa/)^- ... (0'-X„/)^» (V) 

By Ex. xxi of § 165 any matrix [6]” is horizontally (or vertically) non-extravagant when 

and only when [6]^ ^ (or same rank as [5]\ Henoe if /(0) is any 

rational integral fimotioii of 0, we have the following results : 

(1) Tim square matt'ix /(0) is horizontally non-extravagant when and only when 

/(0)/(0') has the same rank as /(0). 

(2) The square matrix f (0) is vertmally non-extravagant when and only /(0') / (0) 

has the same raiik as /(0). 

When /(0) is real, both these conditions are necessarily satis6ed. 

In applying these teats we can stnke out fi*om/(0) and/(0') all those of their linear 
ftictors which are not factors of (<#>') respectively; for all such factors are 

undogonerate. Hence we can always suppose /(0) and /(0') to be reduced to the forms 


/(<#.) =(</.-X,/)*> (0-Xa/)*^ ... (2) 

(0'-X,7)*> ... (</.'-XB7)^ (2') 


where Xi, Xg, ... X,. are any r of the latent roots Xi, Xg, ... X„, and where ki^ ifcg, ... k^ ore 
non-zori) positive integers. We will ogrlsider three important special oases. 
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Gash I. When the square matria: le symmetric. 

In this case /(0) is Ivcrizontdlly {and vertically) non-eoctravagant uh&n and only whmi 
every linear factw common to f{<f>) and »((/)) has at least as great an index in /(<^>) 
asin Eni(j>) (A) 

Smce /(</)') =/(^), the condition for the uon-eitravagance of /(<][)) is : 

{/(0)P rankf i.e. the same deg&nera^, as f{(fi) (a) 

Now when /((^) is i-educed to the form (2), no factor of {/(<^)P can have 

a smaller degeneracy than the corresponding factor of /(</>). Therefore by 

Theoi'em I of § 231 the condition (a) is satisfied when and only when every factor of {f{(j))}^ 
has the same rank as the corresponding factor of / and by Ex. ix of § 231 this is the 
ease when and only when 

Hence when the potent divisors of the characteristic matrix of are all Iwiear^ emy 
rational integral function of is non-extravagant (A') 

The results (A) and (A') olearly remain true whenever f((j)')^ ±f (0), i.e whenever /(0) 
IS symmetric or akew-symmetrio 

Case II. When the sg^are matrix ^ is skew-symmetric 

In this ease /(<^) is hm'izontally {and vertically) non-extravagant when and only wh&n the 
folloioing two conditions are satisfied: 

(1) All linear factors other than cf) common to /(</)) and ((/>) occur in pairs of the 

/om 0+X/. 

(2) Every linear factor common to ficfi) and E^ (</>) has at least as great an index in 

/(i^) CH in Em (0) (B) 

We assume the result proved in Chapter xxxii that if is a linear factor of 

Em then </)+X/ is also a linear factor of E^ (</>) ; and in proving the theorem (B) wo 
assume that /(</>) has boon reduced to the form (2). Then if 

^ w = (^+Xa7)** ... (^+X,0^ (3) 

all hnear factors of g {(fy) being lineai* factors of Em (<#>), we have /((jbO™ ± g and thei’e- 
fore the condition for the horizontal (or vei-tical) extravagance of /{(fy) is 

f{<p) g {(jy) has the same rank <m/( 0) (b) 

HHrat suppose that the condition (b) is satisfied. Then if g (0) had any linoor factor not 
occurring in/((^), it would follow from Theorem I of § 231 that /(<^) g (</>) has a smallor 
rank than /(^) ; and if /((#)) hod any linear factor not occurring in g (0), it would follow 
in the same way that /(</>) ^(<^») has a smaller rank than ^(0), and therefore a smaller 
rank than /(0O) i ® than /(0). Consequently the hnear factors of g (0) are identical with 
the linear factors of /(0), which shows that the condition (1) of the theorem (B) is satisfied. 
Further it now follows by reasomng similar to that used in Cose I that the condition 
(2) of the theorem is also satisfied. 

Next suppose that the conditions (1) and (2) of the theorem are satisfied. Then the 
condition (b) is obviously satisfied ; and this proves the theorem (B). 

In particular when the potent divisors of the eharaet&nstie matrix of 0 are all linear^ 
every rational integral function of (fy satisfying the condition (1) of the theorem (B) is non- 
extravagant (B') 
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Case III. Wlwfii thu square mati’ix ia a amni-unit matt'ix. 

In this case /{((>) is horizontally {arid mrtically) non-exti'amgant whm and only when the 
folloujing two conditions are satia^d: 

(1) All linear factors other than (j) — ! and <I>+I common to /{(j)) and occur in 

pairs of the fomn </) - X/, ^ 

(2) Every linear factor common to f{tii) and E^n{^) has at least as gi'oat an index in 

f ((j)) as in E, ,,{<!}) (C) 

Wo iisaiimo tho rcssult pvovod iu Chapter xxxii that if <^-X/ is a Imeai* factor of 

Wi then ^ / IS also a linear factor of (</)) ; and m proving the theorem (C) we 

assume that /((/>) hoe been reduced to the foi-m (2), where Xi, Xg, . . X,. are all different from 
0, beoaiiso cj) is nudegonerato. Then if 

'*> 

all lino/ir factors of ^(0) being lineoi* factors of E^{(\i\ and if /r=;fci+J (:2 + . . + /{■,., we see 
from the equations 00' = </)'0=7that wc can convert /(0') into g (0) both by prefixing and 
by postfixing tho uudogenerato square matrix 0*^ multiplied by a scalar constant, and there- 
fore the condition for tlie horizontal (or vertical) non-extravagance of/(0) is 

/(0)^(0) has the same rank as f(cli) (o) 

Firat suppose that the condition (c) is satisfied. Then as in Case II the hnear factors 
of g (0) must bo identical with the linear factors of /(0), and thei’efore the condition (1) 
of tho theorem (C) is satisfied Further it follows by reasoning similar to that used in 
Case I that the condition (2) of tho theorem is satisfied. 

Next suppose that the conditions (1) and (2) of the theorem are satisfied. Then the 
condition (o) is obviously satisfied ; and this proves the theorem (C). 

In particular when the potent diviso-rs of the characteriatio matrix of 0 are all linear^ 
every rational integral function of 0 satisfying the condition (1) of the theorem (C) is non- 
extravagant (0 0 

§ 232. The first transmutes of a square matrix. 

Let 0 be any square matrix of order m and rank r whose elements are 
numerical constants. If as in § 164 it is expressed in the form 

(A) 

where tho factor matrices on the right have rank r, then the matrix 

^i=[6]rK 

will be called a first transmute or simply a transmute of 0. 

Ex, i. The degeneracy of a first transmute of the square matrix 0 cannot exceed the 
degeneracy of 0. 

For if fl is the rank of 0i, it follows from § 133 that 

j-t-m<|;2r, i.e, r-s')^m~r. 
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The square matrix <f) has an infinite number of first transmutes, and the 
following theorem shows how these are related to one another. 

Theorem I. If cj) is a square matrix of rank r, the various first trammutes 
of are squai^e matrices of order r which are conv&t'tible into one another by 
equimutant tramformations (i.e. which have equipotent characteristic matrices). 

If (j>i is any one of the first transmutes of </>, th^n yfr is a first tramsmute 
of ^ when and only when it is a square matrix of the same order as </>i which 
can he derived from by an equimutant transformation. 


First let 




be respectively any second representation of </> in the form (A) and the 
corresponding first transmute of ip. Then 

( 1 ) 

( 2 ) 


and by § 152 we have 




where S’” =[Ar 5'’=[ir. 

Therefore f = [/3]; [«][ = [a];; g^= [A]; (3) 

Thus yjr is derivable fi:om (pi by an equimutant transformation, and ^Jr and pi 
have equipotent characteristic matrices. 

Next let yjr = [/i]^ pi H , (where [A]^ H = [1]^), 

be any square matrix of the same order r as pi derived from pi by an 
equimutant transformation. Then the matrices defined by (2) 

are 'matrices of rank r such that 

and this shows that is a first transmute of p. 

Ex. ii. The vanouB first tranamutQB of a given square matrix all have the same rank 
as well as the same order. 

Ex. lii. If two square matrices have any one first transmute in common, then every 
first transmute of either matrix is also a first transmute of the other matrix, i.e. the two 
matrices have the same first transmutes. 
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Eo!, iv. An widegencrate sqna/re matrix is itself one of its first transmutes. 

For if 0=[a]’^ is imdegenorat 
that one of its first transmutes is 


For if is imdegenerate, and if we express it in tlic form 


It follows that all first transmutes of an uudegenorato square matrix of order ni are 
uudegenerate squai-e matrices of order ni, 

[Q 

0* 0 

' -'m-l. l 

WBOne [ 0 , n"-, 

we obtain the first transmute 


TOr-l, 1 


- 1 , 1 ft -2 


rn * n 

3 1 on 

i = 

Jj ij W 

0 u 

3, 0, ij 


i I _i, 


1, m-2, 1 ® 

0 , 1 

m-2, 1 Q Q 


^p, 


“1, m-2, 1 

The vnnous first transmutes of are those square matrices of the same order ?«. - ] as 
(/>! which can be denved from by oquimutant transformations 


Ex, vi. vAvdegmei'ate^ a first trarmrmte cj^i of the square mat/rix 0 = Ks] 

is obtained by sinking out the first p horizontal and Wtical rows of (j) 

For wo can write 

♦-[;]' [“■ ‘ir*’ ■ 

nr. n 


QftJ» 


■'v.p 


When jD g', we have 


according p'lf^q or p-^q. 

m ro 

Ex. vii. Eirst transmutes of the square matf'ix (^i=i[a]^^^= ^ ^ in which p^\ 

and p :j> m. 

If wo put w=?^+g', who^o n and q ai’o positive ii^togora satisfying the conditions 
1, git n-1, so that ; ■ ’ 

, j 

oj ’ ' 

we BOO from Ex. vi that a first transmute of 0 is given by 

rn ^ ?>,(n-a)y+ri 

' “[oioj whenn-1 + 0. 




(n-2)iJ-hf,P 


01=[O]„ 


when 


The^ various first transmutes of (f> ore those square matrices of the same order ni-p as 
(pi which can be obtained from (pi by equlinutant ti'ansformations 
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Ex viii Tke square inatricea 
Let <ji have rank r, and let 
Then aiuoe $ = ["^1 [ 6 , 0 ]*^ **, 


Iq’ Q I , (3[)=[0]j^ have the same first transmutes. 




'we see that a first transmute of $ is 


=MrMnrM'‘ 


Thus <b and (/> have the common first transmute [c]^, and therefore they have the same 
first transmutes. 


Ex. IX. First transmutes of a compartite vicUi'ix in standard fm'vi whose parts are 
all square 


Theorem. Tf <f> is a oompartite matrix in standard fomi whose siiocessive parts are 
Q>i, 0)2, o)g , these being all square 'nmtrices^ then any compartite matrix in standard 
fom whose successive parts^are first transmutes o/ o)i, 0)2 > 6)3, ... is itself a first trans- 
mute of (j>. 

Let </) be a oompartite matrix in standard form whoso successive paits arc 

B=[bC (?=[<,]; 


having ranks X, jn, v respectively, and let 

m:=[ 7 ]:c 7 ']:. 


so that 


Then 


«, 0 , 0 
(t> = 0 , 6 , 0 

_ 0 , 0 , 0^ 


- l, n 


It m, n 


- 0 , 0 , 0 - -o', 0 , O-'-”’" 

0, ft 0 0, ft, 0 

■>'- z m «. "y’- X 

It n»i n Ai 




are first transmutes of A, 5 , C\ and since (j^ has rank the matrix 




_ . _ m, u . ^ 

0 , 0 a, 0 , 0 


X, fi, V 


0, ft, 0 

- 0 . 0 . y_ 


X, fit V 


0, ftO 

_®> 0 , 7 _ 


It lUt n 


is a first transmute of </>. 


~a\ 0 , 0 ■" 
0 , b\ 0 
. 0 , 0 , c/_ 


X, n, p 


X, fi., y 


It has been imphcitly assumed that X, v are all different from zero. If however any 
part of </) is a zero matnx, or has rank 0 , then by Ex. viii we simply omit that ^larb in the 
formation of 


The next theorem shows that the potent divisors of the characteristic 
matrices of the first transmutes of a square matrix <f> are known when the 
potent divisors of the characteristic matrix of ^ are known. 
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Theorem II. If (/) and 'xjr are two square matHces of the same ordei' m 
which have eqidpoteiit characteristic matrices {%,e. are convertible into one 
another by equimutant transformations)^ theii any two first transmutes of ^ and 
^Ir are square matrices of the same order which have equipotent characte^'istio 
mati'ices (i e. are convertible into one another* by equimutant traasfomnations). 
Consequently ^ and yjr have the same first transmutes. 

As before let ^ have rank and let 


<i>=KsK> w 

Further let ha n square matrix of order m derived from by the cqui- 
mutant transformation 

where [A]^ and H are mutually inverse undegenerate square matrices. 

' — 'm 

Then yjr must have the same rank r as and if we write 

’^=[«]:[/ 9 ]:. (40 


we have [a]' [/9]’“ = B [a]’’ . [6]™ [li ] “ . 

From the hrst equation it follows by § 152 that 

[a]’’ = 'E'" [a]" . [^]“ = [*]’■ [6]"* [/i]”, (6) 

in 7 

T ^ 

where [A;]^ and K are two mutually inverse undegenerate square matrices; 
and from (5) it follows that 

= w]': wi = iK mrMi ml X- 


Hence by § 227 the first transmutes and of </> and havo equipotent 
characteristic matrices, and it follows from Theorem I that (fy and y{r have the 
same first transmutes. 


Biv. X The first trananiutes of a square matrix are the same as the fii’st 

transmutes of its standard reduced fom n= Mm coustruoted os in Theorem I a of g 228. 

Bo!. XI. Canoniocd reduced fw'Qii of the first transmutes of a square matrix 

Let squai’e matrix whose characteristic matrix is (j) = let 

n=[n]” be the canonical reduced form of ooustmeted as in Theorem la of § 228, and 
let rCi be the canonical reduced form of the first transmutes of <j!). Thou we can obtain Hi 
from n by 

(1) omitting every part of the form [0] J corresponding to a potent divisor X of (X) ; 

24 


G. m. 
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[ 0 

Q Q ooiTosponding to a potent 

’ fl-i, 1 

divisor X* of <f> (X) m whioh fl> 1 by its first trausmute 

.-1 ro, 

= U oj, , ! 


''e-2, I 


(3) leaving all othoi* parte of n unaltered. 

For if (X) bafi exactly p potent divlaora equal to X, wo liavo 



m- p, p 


Ui-p, p 


where is a compartite matrix in standard form whoso parts are those pai*ts of n 

which GOiTGspoiid to all potent diviaoi’s of (p (X) except those which ai'C equal to X. Tho 
matrix Hi formed in the manner just described is by Ex. ix a first transmute of 

thei*efoi*e by Ex. viii it la a first transmute of n ; and by Theorem II it is a fix’st transmute 
of Moreover it is a oanoiucal square matrix. 


Oouversely we can obtain n from IIi when p is known. 


The next theorem gives the actual values of the potent divisors of the 
charactenstic matrices of the first transmutes of a sejuare matrix 'when the 
potent divisors of the chai’acteristic matrix of <j> are known. 


Theorem III. Let = he my square matrix of order m whose 
elements are constants; let the potent dinisors of its charactemstic matinx 
<f> (^) = — Xi corresponding to the linear divisor \ be 

cTi equal to X, Ca equal to ... equal to ; (6) 

cbnd let the remaininjg potent divisors of its charact07'istic matrix </>(X) he 

... (x-c,r (7) 

where Ca, Ca, ... Og are not necessarily all unequal, hut are all different from 0. 

Then if (f)^ is any first trans^inite of the potent divisors of its charactmstic 
matrix (X.) corresponding to the linear divisor \ are 

0-2 equal to o-j equal to ... equal to (O') 

and (7) are the r&naining potent divisors o/(^i(X). 

Here cti, cr ^, ... e^ are non-zero positive intcgeipS such that 

cri + 2cra-f ... + /c<r« + + ... +ej=m. 

To prove Theorem III let 11 and Hi be the canonical forms to which 0 
and <l>, can be reduced by equimutant transformations. Then tho characteristic 
matrix of has the same potent divisors as the characteristic matrix of Hi, 
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and those arc the potont divisors of the various parts of IIi Referring to 
Ex. xi wo see that IIi luis no part corresponding to a potent divisor \ of 
and that its parts correspond to the other potent divisors of m 
the following Way : 


(1) To a potent divisor of (\), where p > 1, there corresponds a part 
1 '0 1 ”1 

[^1 = /^’ n of III whose characteristic matnx has the 

single potont divisor 


(2) To a potent divisor (\ — c)^ of ^ (A) m which c 4= 0 there corresponds 
a part of ITi which is the same as the corresponding part of 

[ct)]^ of n, i.e. a part whose charactenstic matnx has the single 
potont divisor (A — c/. 


Corollary 1. If the potent divisors of 4>i (A) and the degeneracy of ^ are 
bnown, then the potent divisors of (j) (A) are known. 

For cTi + <ra + . . . + (7 k IS equal to the degeneracy of (see Ex. lii of § 228), 
and thereforo <Ti is known. 


Corollary 2. If we know any first transmute <f)i of and the order m 
of (f>j then the potent divisors of are uniquely determinate 

For the order of is the rank of and therefore the degeneracy of is 
known. 

Eiv, xii. If p > 1, tlio nuiiil)or of potont divisors of ^ (X) divisible by X^ is equal to the 
number of potent divisors of (j>i (X) divisible by A^”^ 

E.v. xiii. If pi and pa the degmieratnea of (j) and <j>u 0 W exactly pi fotent 
diviam's diviaihU hy X, and exactly pa V^tent divuon divkihle hy QonaequmUly it kaa 
exaatly pi - pa potent diviaora equal to X. 

This follows from Exs. ii and iii of § 228 and Ex. xii above. 

Ex. xiv. If 0 haa the latent root 0, i.e. if(tiw degenerate, then the potent diviaora of cj) (X) 
oorreaponding to the linear dioiaor X are all linear, ie. are all equal to X, wh&n and only wh&n 
<01 ) the Jurat transmute o/0, ia undegeneraie. 

This oaso oocurs wlion and only when the number of zero latent roots of 0 is equal to 
the degeneracy of 0, or when and only when the number of potent divisors of 0 (X) which 
are divisible by X (i.o. are powers of X) is equal to the degeneracy of 0 A proof mdependent 
of Theorem III is given in Ex. xxiii. 

Ex. XV. The matrix 0 haa an unrepeated zero latent root when and only when 0 haa ranh 

— 1 and 01 ia undegen&t'ate. 

With the notation of Ex. xiii this ease ooours when and only when pi=l and pa=0 

24^2 
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Ess. 2 CV 1 . The first transmutes of a real symruetno matnss are undogonm'ate. 

If IS a real symmetrio matrix of rank r^ we know from § 147 that wo can 

express it in the form 

”ei 0 , 0 " "ci 0 .. 0 "" 

(A=ra]"* = T'’ 0 62 , 0 0 6 a 0 r^m 

_ 0 0 . Gr_ _ 0 0 ... C, _ 

whore [2]”^ is real, and ,..Qy are non-zero quantities A lii’st transniuto of (j) is 

~CiO..O' 

,^j= 0 62 ... 0 ° . 

** ' — 'm 

_ 0 0 ... ^00 ... 


Siuoe [2]^ is real, we know by § 72 that the middle factor on the right luis rank r; and 
therefore is nndogenerate 

Now let c/) = be any square matrix of order m whose elements arc 

constants, let J = and let <^(X) = (^ -X.7 be the chai'actoristic matrix 
of \ being a scalar variable. Also lot a be any scalar quantity, let 

'\lr = <f> — al=<j> (a), (X) = — \J =3 0 (X -f a), 

so that ^[r (X) is the cbjoi'acteriatic matrix of lot y[ri be any first transmute 
of yfr, and let yjr^ (X) be the characteristic matrix of '\^i. 

By Ex. X of § 222 there is a one-one correapondonco botwotai the linear 
and potent divisors of <^(X) and the linear and potent divisoi^i of 
such that 

(X — c)® is a potent divisor of <f>(X) of order i when and only when 
(X + a — cy is a potent divisor of yj/ (X) of or<li'r i, 

or (X — c)** is a potent divisor of -v/r (X) of order i when and only when 
(X — a — cy IS a potent divisor of 0 (A) of order i 

In particular X — cf is a linear divisor of cf) (X), i,e. a in a latent root of (f), when 
and only when X is a linear divisor of '^(X), i e 0 is a latent root of or yfr 
is degenerate. Thus the investigation of the potent diviflors of cf) (\) cori'e- 
sponding to the linear divisor X - a of <)!) (X) can be reduced to the invcsfcigfition 
of the potent divisors of (X) corresponding to the linear <UviHur X ] and in 
this way we can obtain the following generalisation of Tlu 3 orem 111 : 


Theorem IV. Let a be any latent root of the square matiix (f) =* let 
cf) (X) be the characteristic matrix of <^, let the potent divisors of <jf> (X) cor?’fl- 
sponding to the linear divisor X — a 6e 

a-i equal to X — or, o-j, equal to (X-a)®, ... c* equal to (X — a)“, ...(8) 
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and let the r^einaining potent divisors of ^ QCj he 

(X-c,)^ ... (9) 


where Cj, Cq, . . c« are not necessarily all unequal, hat are all diff&}'ent from a 
, Then = and if yjr{'K) is the charcictenstic inatrioc of ^jr, the 


potent divisors of^fr{X) corresponding to the linear divisor X are 

cTj equal to X, <r.j equal to X^ ... cr* equal to X“, (8') 

and the remaining potent divisors o/'>/r(X) are 

(X + a-c,r, (X + a-c,A (X + a-CK^ (90 

Therefore if ■\/ri is any first transmute of ^jr, and if^lri (X) is tlie charactei'istic 
matHa) of then the yotent divisors of -y/rj (X) corresponding to the linear 
divisor X are 

( 7 a equal to X, (Tj eqital to X^, ... <7^* equal to X““ ^ (8") 

and (9') are the remaining potent divisors of yfri (X). 


The first part of tliis theorem follows from the correspondences mentioned 
above; and we doduce the second part by applying Theorem III to the 
matrix ifr. 

xvii. Ijt pi and arc the degcjieraoies of yjr and f/mi <ji (X) has exactly pi potent 
dimsors diolsihle hy X-n, and exactly p^ potent dioiAors dioiHihlc hy (X-a)'-*. Consequently 
it has exactly pi - pa poteftU divisors equal toX-cu 

Tina followH from Ek. xiii. 

Ex. xviii. If a is a latent root of 0, i e. if the matrix = - al is deg<ynG/t*ate^ thm tho 

potent divisors of </> (X) coiresponding to the linear divisoi* X — a are all linear^ i.e. are cdl 
equal to\~a, lohm and only when the first transnmtcs of ^ are uiidegenerate. 

This (jiisti occiu’s when and only when the nunilxjr of latent roots of (j> having tho value 
a iH equal to tho dogonoracjy of or when and only when the nnmbor of potent diviaora of 
(j) (X) cori’csponding to tho linear divisor X - a is equal to the degeneracy of 

Ex, XIX. Tho matrix (j) has an iinr&peated latent root a when and only whQ7i the matrix 
has rank m-1 and -v/r^ is nndegefnerate. 

With the notation of Ex. xvii this case occurs when and only when pi=l and pa=0. 

Ex, XX. Square matrices having only linear potent divisors. 

An the potent diviaors of the square matrix ^ aro linear when and only when the first 
transmutes of the matrix are undogenerate for all latent roots a of and thei'e- 

fore for all values of a. 

Ex, xxi Square mati'ioes having only unrepeated latent roots. 

All the latent roots of the squaje matrix <ji are unrepeated when and only when the 
matrix >11^5=0 — oJ has degeneracy 1 for all latent roots a of (j!), and the first transmutes of yjr 
are undegenerate for all latent roots a of (pj i.e- for all values of a 
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Ex xxii. Properties of any two square mcUrices (f> and which are cocpressed in 
the foims 

</>=[«]; Mr, ’i'=MrMi 

The following properties are ti’iie both when (j) has iMiik r, so that r// ih a Ih’st transmute 
of and when cj} has rank less than r. 

(1) If 8 is any non-zero positive integer' suck that 8 ^ni a7id the mni of the 

coi'ranged {or affected) diagonal minor determinants of </j of order 8 equal to 
the sum of the corranged {or affected) diagonal mrnor determinants of ^ oj 
order s 

For if Ig and dg are the sums of the corranged diagonal iiimor determinants of cj) 
and of order s, we have 

/8=2 det [ttpi] [^ijJ ^ 

p a ' V <i " 

•4 = 2 det [^ij ’ 

q * V ^ ” 

where [^] and [t?] are corranged minors of the scqiiciicoH [12.. 7a] and [12.. 7*], 
and where 2 and 2 denote summations for all distinct valiios of [p]^ and [g^] 

P <1 H B 

respectively. 

(2) The matrices 0 and yj/- Mve the same ??oji-zero latent roots. 

Suppose that r and let 

«i> w=m:„ m: -X [i];::, w^m: m;, m:- 

Thou detq!>(X) = (-l)''*!X’>‘-iiX’'-‘ + . . + (- 1)’'4X’'*-''} 

and det,f.(X) = (-l)'-{X'--7,X’-' + . . + (-l)’-/r}; 

and therefore det 0 (X) = ( - X)”‘ “ deb 0* (X). 

Thus 0 has certainly 7 a — ?" zero latent roots, and its remaining r latent roots 
are identical with the r latent roots of yj/j each of which may or may not ho zero 


Ex xxiii, i/0 = [ft] ”1 7a a square matrix oford&i' m and rwtik and ifeji (X) « f«]^ " ^ 
then X 18 not a common factor of all minor det&i'minants of ^ (X) of any one of the orders 
1, 2, ... 7"; hiU if r<in^ then all minor determinants of 0 (X) of orders jm 1, 7’-|-2, ... s, ... 7a 
are divisible respeotiudy by X, X^, ... X®“^, . .X’"”’’. 


This follows from Ex. lii of § 228. We can prove it in a more olomoiitary way by 
moans of the expansion given in Ex i of g 222. 


Let Bg be any corranged minor determinant of 0 (X) of order s, anti lot it uontiui 
exactly a- of the diagonal elements of 0 (X) Then Dg is a derangoment of a dotormhiaiit 
<if the form 


Aa=det 



firvl 


IT, S — <T 

<r, s—<r 


-X 



where [r, w, is a minor of the sequence [12. ,m], and tr can have any value 

consistent with the conditions o- 0, o- :)>a, 771 + tr <(: 2a 
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Expanding A, m powora of X, we have 






where 


( 0-, « - (T 

^Tv\ 

fT a I ' 

StT> ^ue/ 0 -, #f-(r 


and whoi‘e ih the Hum of those coiTanged diagonal miiioi* determinants of 7^ of order 

s—fT+^ which contiim all of winch are minor determinants of (/> We observe that 
7b may bo any minor dotonninant of 0 of order s 


If a=o\ we can have i8=i=0j and then ia not diviaible by X 

If «> ?•, then /a, 7 b-i, ... 7,.^.i all vanish, and therefore Aa ia always divisible by X"'’*. 

Prom E\. xxii wo see that ia the highest power of X which is a factor of det 0 (X) 
when and only when the first transmutes of 0 are un degenerate. This shows independently 
of Tlieoroni III that the potent divisors of 0 (X) corresponding to its linear divisor X are 
all linear, i.o. all have the value X, when and only when the first transmutes of 0 are 
undegonorate. 


§ 233. The successive transmutes of a square matrix. 

Let <p bo ftiiy square matrix whose elements are constants, and let 0 i be a 
first transrimtc of <^, a first bi'ansmutu of (j>ij ^3 a first transmute of 0 a, and 
so on, so that in the series of square matrices 

each matrix after i.he fimt is a fimt transmute of the preceding matrix. Then 
</>ij </>a. 4>.iy ... ... will be called successive transmutes of (j>, and 0 i will be 

called an ’itk transmute of 0 or a transmute of the ith order An ith trans- 
mute of </) can be formed in a great variety of ways, but from § 232 we see 
that the two following theorems are true 

Theorem I. All the ith trmismutes of a giv&i square matrix (j) are squai'e 
matrices of the same ordei' and the same rank which have equipotent charac- 
teristic matrices ^ i,e, which are eonv&t'tihle into one another by equimutant 
transfoimations. Further if 0 i is any one ith transmute of then every 
square matrix of the sarnie order as derived from </>* by an equimutant 
transformation is an ith tm/nsmute of (j>. 

Thus all the ith transmutes of ^ have the same standard reduced form for 
equimutant transformations. 

Theorem II. If </> and (p' are two square matrices of the same order 
which have equipotent charaotei'istic matrices^ then the ith transmutes of <p and 
the ith transmutes of have the swme oommon orde^^ and the sarnie common 
ranlc^ and have equipotent characteristic 7natmces, Gonsequentl/y 0 and </>' have 
the same ith transmutes, where i is any non-zero positive integer, ie. they have 
the saine successive transmutes of all orders starting from the first. 
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Cleoi’ly if two square matrices of the same order have any one set of 
successive transmutes m common, then every set of succos»sivc transmutes 
of either matrix is also a set of successive transinutcH of the other matrix. 
Further if any two square matrices have an ith transmute in common, then 
they have the same ^th; (i + l)th, 2)th, ... transmutes , and if they have 
a first transmute in common, then they have the same successive transmutes 
of all orders starting from the first. 


NoTfl The 0^/i ti*a)mnv,te» of a square matrix qb 

For tliG sako of generality we will regal’d <i) itself as a 0 th ti’.iii.siinito of cj). Tlion every 
square matrix of the same order os (p whose chiiractonstic matrix is cqui])f)tent with the 
charaotoristio matrix of <p must be regarded os a Obh trauHiuute of cp, and may l)0 denoted 
fiy ^0* shall generally assume that (p[i=(p 

Let the order of the square matrix be m = viQ\ and lot the square 
matrices (^, (/>!, 03, ... have ranks mi, qu^, 71/4, .. and degeneracies 

Pij p^} p 33 Pa j so that 

(j>i has order mi, rank and degeneracy p^+i. 


Then we can wnte 



r 1 


= w: 

r 

Mh, 


^1 = 


[a]“‘ 

= c/ 3 ]::; 

[/S'];:;. 


02 — 



= [7]’"’ 

b'C’ 


03 = 


[7]’'" 

= [S]"” 

[8']” 

(1) 

= 00 

and m 

■ = Wio' 

Since 

tlie rank 

of 01 cannot 


exceed its order roi, and since by Ex. i of § 232 tlie (U‘goiu*racy of (j>i cannot 
exceed the degeneracy of we have 

and Pi+i^piy i.e. (2) 


If 0 is undegenemfce, then all its successive transmul-eH art^ uiidoguiKirato, 
and have the same order and rank as 0. If 0 is degeiieratts (.hen in forming 
the successive transmutes 0i, 0a, (j^a, ... we must ulliiinattdy arrive (utlier at 
one which is undegenerate (in which case all the Hiicco(‘(liug tniiiHumtos arc 
undegenerato) or at one which vanishes and has zcto rank ; and ii' wo rogard 
the first transmute of a square matrix of zero rank os an uiidi'g(m(‘rati* square 
matrix of order 0 and raiik 0, we may say that wo must ultimatioly arrive at 
a transmute which is undegenerate. If then 0^, is the firsL of tlu* matricoH 
0, 0a, 08) ■ which is undegenerate (or if 0ft_i is tho last of tliem which is 

degenerate), we have 


i.e. 


77Ja<m, 7na<mi, ... m]o<mjc^i; mis^7njo\i- 

Pi> 0 , p 2 > 0 , ... pjfc > 0 ; = pj(j.|.g = . . . = 


(3) 


0 . 
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From these results and ( 2 ) we see that the ranks of the successive matrices 

constantly diminish by never increasing amounts 
until we reach and that all of these matrices which come after are 
undegenerate S(iuarc matrices of the same oixJer, their common order and 
rank being equal to the rank 7% of 

Now let 0 (\), </>! (A-), <^a(M> denote the characteristic matrices of 
0 ], let the potent divisors of corresponding to the linear 


divisor \ be 

GTi equal to X, 0*3 equal to ... cr^ equal to X“, (a) 

and let the remaining potent divisom of <j> (X) be 

(X-c,)"', (X-c,)““. .. (A.-C^r (b) 


where Ci, c-j, ... Cg arc all different from 0. Then by successive applications of 
Theorem III of § 232 we obtain the following results * 

If /c > 1 , the divisors of <j)i (X) co'i've&ponding to the linear divisor 

\ are 

0-3 equal to X, 0-3 equal to X^, ... equal to X““^ (Ui) 

If /c> 2, the potent ilivisors of </)a(X) corresponding to the linear divisor 
X are 

tTa equal to X, 0-4 equal to X“, ... o-^ equal to X""® (a^) 

If fc>i, the potent divisors of <j)iQC) corresponding to the linear divisor 
X are 

equal to X, 0-^+3 equal to X®, ... cr^ equal to X*"^ (oi) 

>0, the potent divisors of <^k-i(X) corresponding to the linear divisor 

X are 

cr^ equal to X (a«-i) 

The nmtnoes <^«(X), (/)kh.i(X), ... have 7io potent divisors which are powers 
of X. 

The potent divisoi'S of all the matinees (X), (j)^ (X), . . . «^k-i (X), (X), 

0^)> coiresponding to linear divisors other than X are the same, viz. those 
given in (b). • 

Hence if wo write e^ + e^ I- . . ..+ = 0, we have 

0*1 + 2cra + ScTu -b ... + /ccr^ + e = <ri + ••• + (Tk — Pil 

0*3 + 2cro + ... l)o-« + 0 = Wi; 0-2+ 0-8+ ... +o-« = pa; 

0-3+ ... + (/c - 2) o-K + 0 = WaJ 0-8+ ... + trK = ps; 

^ ; o-it = Pk I 

= Wk+q = . . . = 0 ; « /)«+9 = P«+s = . . . = 0 (4) 
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The equations on the left follow from the fact that the product of all the 
potent divisors of must have degree m A , and the equations on the 
right follow from those on the left, or can be deduced independently from 
Ex iii of § 228 . From the equations ( 4 ) we see that 

o‘i = pi'-pij O'a = ^2 ••• (*5) 

and that is the first of the matrices <^, ... which is undegenoratc 

(or is the last which is degenerate). Accordingly the number k in 
( 3 ) is K. 

We are thus led to the first three of the following four theorems in which 
<#>!> ••• ai'e any set of successive transmutes of the square matrix </>, and 

in which <^)(A), <^i(A), 02 (\), ... are the characteristic matrices of 0, 0i, 0u, .... 

Theorem Ilia. If 0 = [a']^ is any square matria; luhose elements are 
numerical constants, and if 0 ,^ is the first of the matrices 0 , 0 i, 02 , 0 a, .. 
luhich is undegen&i^ate {or 0 k-i the la^t which is degen&i'ute), then X'* is the 
highest power of X which is a potent divisor of 0 (X). 

Theorem Illb. Moreover if pu Pa, Pa, •• Pk o.re the degeneracies of cf), 0 i, 
0 . 2 , ... 0,t-i, then the potent divisors of 0 (X) com^esponding to the linear divism' 
X are 

pi divisible by X ^ ^ Pi — pa equal to X 

Pa divisible by X® Pa — pa equal to X^ 

^ or 

Pi divisible by X‘ Pi — p^+i equal to X^ 


p,£ diwtsitie by , p* Cf/wetZ Zo X". 


Theorem IIIc. Further the potent divisors of 0 (X) corresponding to all 
linear divisors othet' than X are identical with the potent divisors of 0«(X), 
which are also the potent divisors of each of the matrices 0^+1 (X), 0,e+u(^), 


Theorem III d. If k is any non-zero positive integer, then 0* has the same 
rank as 0 jfe_i, and more generally 0 i* has the same rank as 
Ooiisequently ifr^^ is the degeneracy of 0 **, we have 

?’* = m-??ljb = pi-|-pa + ... +p*. 

To prove the fourth theorem, we observe that with the notation ( 1 ) wo have 


0/"| ^*1 




ifc-i 


<#>* = w: m:.. <^1* = [ys];::: m 

Therefore by Theorem II of § 131 the matrices 
0* 01* 00* ... 0£* have the same ranks as 0*'"^ 0^ 
and by repeated applications of this result we see that 
</>/> haa the same rank aa ... ... 


Iltj 


. ft-1 , ft-1 . 

0a , ••• 0;+j , 
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Theorems Ilia — IIIo show that if two square matrices and <j>' of the 
same order have the same successive transmutes, then their characteristic 
matrices are equipotent, i.e. (j> and (p' are convertible into one another by 
cquimutant transformations , and conversely if they have equipotent chai’ac- 
teristic matrices, then by Theorems I and II they have the same successive 
transmutes More particularly if <f> and <jf>' have the same rank, if their 
successive transmutes have the same ranks, and if they have a transmute of 
any order in common, then they have equipotent chai-acteristic matrices and 
are convertible into one another by equimutant transformations. 

Fin tiler these theorems show that wo can determine those potent divisors 
of the characteristic matrix cp (\) of a sqiuu'O matrix cp which correspond to 
the linear divisor X (i.e. which correspond to the zero latent roots of by 
determining the ranks of any set of successive transmutes of (p, and also by 
determining the ranks of the successive powers of 0. 

Theorem Illfi shows that pi, Pq, pa, . . . 7’a, . . . have the same meanings 

in tho above theorems as in Theorem II a of § 230 ; and we see (cis in Ex. ii 
of § 230) that ??Zk = m — is tho lowest rank which a power of can have, 
and that is the lowest power of ^ which has rank 7n^, 

1 Up is undogenorato, then pi=0, k= 0, and X in not a linear divisor of (/>(X), 
i.o. (/) has no zero latent root. 

Kr, ii. W/um p in dagemnita ilm potmit divmr and the maximum divisor of p (X) of 
order m cimrs2)<mdi7i(/ to the linear diviem' X are respeatieelg and X*, whe^'e 

S = p\ {h2'\' * • • pK^7)l . 

Esj iii. If if IS the total luunbor of zero latent roots of p, so that 
then; 

The ra7ih of p^ pi, 02, 0.i, ... continually diminish by n&oe^' mci'easing amounts tUl we 
reach the transmute p^-i which has rank and all the following traiwnutes are 

undegenerato square matrices of order and rank «i-a. 

This result currespouclK exactly to that given in Ex. ii of § 230. 

Ex, iv. By repeated applications of Ex. xxii of § 232 we boo that 

(let p (X) = ( - X)’»-' dot Pi (X) - ( - X)^'‘ - "»a det 0a (X) = . . . 

= ( - dot 0i (X)= . . . = ( - X)^-’"x det 0« (X). 

Thus if 2< K, the total nunibor of zero latent roots of the ith. transmute pi is 
w<-7WK=p<+i + p<+a+--'+PK> 

i.e it is the sum of tho degonoracios of 0( and all tho following transmutes. 

Ex, V All the mati'ices 0, pi, 02, 0s, ••• have the same non-zero latent roots, and 
these are the 771 ,^ latent roots of p^. 
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Ea VI. In the case when has one or more zero latent roots or la degenerate, the 
potent divisors of 0 (X) con’eaponding to the huear divisor X are all linear (aoo also Eic. v of 
§ 230) when and only when p 2 = 0 j i.e. when and only whon the fii-at trauamutea of (jb are 
undegeiierate. 


Ex \ii. The DiatiiK (j) has an unrepeated zero latent root (aeo also Ex. vi of 230) 
when and only when 0 has rank wi - 1 and the first transmutes of 0 are undegeneruto 


Ex. viii Gonditions that 0 (X) shidl have oidy the one })otent divimr X’^ 

This is the case when and only when and we then have 

or it is the cane when and only when 0 and its siiocesaive transmutes down to the [m - l)th 
all have degeneracy 1, and we then have 0m-i=[O]i) themthand following transniutes all 
having order and rank 0, or being non-existent 

The condition that 0 (\) shall havo only one potent divisor which is a power of X is 


nt ro 1-]*'’'^“' 

E,v ix Siiccemvo transimites of the square matnx 0 = [«] ^ q’ q 
Referring to Ex vi of § 232 we see that if we can write 

1 ’ -^ 1, 1 


BO that in this case »c=7?i, pi=:p 2 = .. 

It follows from Theorem III 6 that the characteristic matrix 0 (X) Ims only the one 
potent divisor and that tins is therefore also tmo of the square matrix 


"X 1 0 .. 

. 0 0“ 

0X1. 

. 0 0 

[o)j “ 

=<;.(-X). 

0 0 0.. 

, X 1 

_0 0 0 .. 

, 0 x_ 

Ex. X. Siiocessive transmutes of 0=M^ 

ro 

= o’ 0 > whm'Q ^3 1 (mi :|> m, 

*- ’ -'frt-ji.lJ 


Writing m=n'p-\-q, where n and q oi-e positive integers siioh that ?Kj: 1 mid 
we see from Ex vii of g 232 that, if we can tolce the successive transmuti'H of 0 to bo 


. ro, . ro, ir-' . 

0, oj ’ lo, oj ’ 

when 5 = 4 = 0 ; and that we have the some senes tennmatiug with 0,i_i=[O]|| when (/bbO. 
Accordingly in this case we have 


K=w-|-1; pi=pa=--=Pn=P, Pn+i“^ whon5=l:-0; 

Pi=P3=-=Pn"P when 5 = 0 . 


K=n\ 
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It follows from Thoorom III h that the potent divisors of the charactenstic matiii (j> (X) 
aro^ ill iiumbor, vi/. 

p-q equal U) X" aud q equal to X’^+i when 

p equal to X’* when q=0. 

There are no potent diviaoi'H other than those corresponding to the linear divisor X because 
in both CiiHUH 0^_j = O and is uoii-exiateut. 

Those results agi’co with Ex. viii of § 229 and Ex vii of § 207. 

To detonninc t.hu potont divisors of corresponding to any linear 
divisor X. — a wo may use the following inoie general theorems in which 
*^31 any act of successive transmutes of the matrix 

and in which 'v/r, (X), ... are the characteristic matrices of 'xjr, ylri, 

... In these theorems and in the examples which follow Wi, 7/13, . . 
and Ply poy Pay ... are the ranks and degeneracies of t/t, i/tj, i/rg, . , so that 
iriy niiy m^y ... aro the ordera of ■x/r, 'v/tj, and therefore 

’\|r^ has order rank and degeneracy pi+j. 

Theorem IV a. 7/* = (^ - a7 = [a]^ - a [1 and if yfr, is the 

first of the mntnees y/r, •v/tj, y[r.j, yfr^y ... which is undegenerate (or the last 
winch is degenerate)y then (X — «)“ is the highest p>ower o/ \ — « which is a potent 
divisor of ^ (\). 

Theorem IV b. Moreover if piy />a, pa, ... pK are the degeneracies of -^y -v/tj, 
••• 'then the potent divisors of QC} corresponding to the linear divisor 

\ — a iive 

pi divisible hy X — a ' equal to X — a 

Pa divisible by (X — of Pa - ^T^al to (X - 

y or 'i 

Pi divisible by (X—a)* p^-pi+i equal to (X-a/ 

p* divisible by (X - a)* . . p* equal (X — a)“. 

Theorem IV c. Further if the potent divisors of ylr^ (X) are 
(X — Cl) S (X — Ofl)^i “ Cs)^! ■ • • j 

then Cl, Cfl, Oa, ... a 7 *e all different from 0, and the potent divisors of 0(X) 
ccr7'c5pc7ic?i7igr to all linear divisors othei* than X - a a7’e 

(X — Ct — Cl)**, (X — 0£ — Oa) (X — tt Ca) , .... 
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Theorem IV d. Ifkis any non-zero positive vntegei\ then has the same 
rank 77i* as Consequently if r*, %s the degeneracy of the matrns 

= ((^ — cf7)S ive have 

^'fc = m-??lfc = pi + pa+ +pjfe 

We deduce Theorems IV a — IVd from Theorems Ilia — IlltZ in the same 
way as we deduced Theorem IV from Theorem III in § 232, i.c by using tlie 
fact that (\ — cy is a potent divisor of (X) of order ^ when and only when 

— a — cy IS a potent divisor of (f> (X) of order i Those theorems show that 
we can determine those potent divisors of the characteristic matrix <jb(X) of 
the square matrix <f) which correspond to any linear divisor X — a (i.e. which 
correspond to any latent root a of <f)) by determining the ranks of any set of 
successive transmutes of the matrix ^ - aJ, and also by determining the 
ranks of the successive powers of yfr. 

Theorem IVd shows that in these theorems pu pa, 'f'u ••• have 
the same meanings as in Theorem II 6 of | 230 , and (as in Ex. ix of § 230) 
we see that mK = m — is the lowest rank which a power of the matrix 
'yfr = (j) — oti can have, and that (</> — alf is the lowest power of - of I which 
has rank . 

Ess XI. If tho matrix ylr=<f)-al is imdegenerate, then pi=0, k=0, and X — a is not 
a linear divisor of </) (X), i e. a is not a latont root of (p 

Ess xii Wk&n the mati'ix is degeives'ate^ the potent diinsor and thn mit-xhmun 

dim8(yr of <j>(K) of order m corresponding to the linear divisor X-aare resjmtiocly (X-u)* 
and (X- ay, where 

aa=Pl + p2+ = 

Esg, xiii If « is the total niimher of latent roots of (/> which are equal to «, ho that 
8=Bm—7n,t=r^, «, then: 

The ranks o/i//-, . . continually diminish by never inm^camig amounts till ‘m 

reach the tra'nmute of ’sk which has rank m-s, and all the following tmnsmutvs of yj/ 
are undegenerate square matrices of ordes' and rank m 

This result oorrespouds to and is equivalent to that given in Ex. ix of § 230, 

Ess, xiv. The latent roots of which ore not equal t<i a are the latont roots of 
each inoreoeed by a. 

Ex, XV. In the oaae when a is a latent root of <j) tho potent diviflors of 0 (X) oorro- 
sponding to the linear divisor X-o are all linear (see also Ex. xii of § 230) when and only 
when p 2 = 0 , i e, whoii and only when tho first transmutes of tho matrix yp^cp^al aro 
undegenerate. 

Ex. xvi. The matrix (p has an unrepeated latent root equal to a (see also Ex. xiii of 
§ 230) when and only when pi'=l and i.e. when and only when 0— a 7 has rank «i- 1 
and the first transmutes of <^ — aJ are undegenerate. 
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Ex. xvii CmditioH that <}> (X) shall have oidij the one potent dt vuor (X — o)’“ 

riiiH iH tho cftHo when ftiul only whou K = i o. whoii and only when the matrix 
•\/r=(/)-o/aiid its Miioccsaivo IraiiHmutoa down to tho (TO-l)th all have degeneracy 1 

Ex. xviii. Cunditum that the potent dieism-s of<j) (X) shall all be linear. 

The fimt traiiHiuiitos of tho matnx 4- =0 - a/ must he undegonorato for all latent roots 
a of </), and thcroforu for all valuos of the scalar (Quantity a. 


§ 234. Second form of the necessary and sufficient conditions 
for the existence of an equimutant transformation between 
two given square matrices. 

Tho rcHultfl obLjiined m §§ 232 aud 233 onable us to replace Theorem I of 
§ 227 by tho Ibllowing bhoorom ■ 


Theorem I. Let 0 = mid ^fr=i[by^^ be two square matrices of the 
same order m ‘whose elements are ninnencal coiistants lying in any domain 
of rationality O. Th&n there exists an equimutant transformation of the form 


[hr W" U" = M", Uhere 5"":= H'\hr^ [1]^'^) , .(A) 


when and only when <j) and 'xjr have the same first transmutes {and tfm'efore the 
same successive transmutes of all ordei^s starting from the first) ; and when this 
condition is satisjfiedy there exists cm equimutant transformation %n Xi of the 
form (A). 

It follows from Thcoroiii II of § 233 that if and yfr have any one first 
transmute in comiiKJii, then Ihoy have the sumo successive transmutes of all 
ordci's Htarling from tho first. 

First RuppoHti that tlu're exists on equimutant transformation of the 
form (A). Then by Thtiorem II of § 232 the matrices 0 and have the 
same first traiisinuteH. 

Noxt HuppoHO that <f> and ^[r have the same first transmutes. Then they 
necessarily have tha same rank, and by Theorem II of § 233 they have the 
Siirno succt'ssivc traimmiitos of all orders stoi’ting from the first. It therefore 
follows from ’J'hooroms III6 and IIIc of § 233 that their characteristic matrices 
have the samo potent divisors, and are equipotent. Therefore by Theorem I 
of § 227 thoro exists an. etjuimutant transfonnation in fl of the form (A). It 
follows from (A) that (j> and also have the same 0th transmutes 

Wo can further replace Theorem II of § 227 by the following generalisa- 
tion of the theorem given above : 


■ i ; 
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Theorem II. Let </) = [ci]^ and he two square matrices of orders 

r and m whose elements are num&'ical constants lying in any domain of 
rationality fl, r being not greater than in. Then there ewists an equimutant 
transformation of the form 


ra: w: 1 " - w:. (»''«••« I'o: - ty;) <«) 


when and only when and -vlr have the same first transmutes (and therefore the 
same successive transmutes of all orders starting from the first); and when this 
condition is satisfied^ there ecaists an equimutant transformation in ft of the 
form (B). 

It follows from Theorem 11 of § 233 that if and yfr have any one first 
transmute in common, then they have the saino succcbsivc transmutes of all 
orders starting from the first. 

First suppose that there exists an equimutant transformation of the 
form (B). Then if [h]^^ and H are two mutually inverse uudegencratc 
square matrices formed as in Note 7 of § 141 by adding final vcrticaLrows to 

1 rzD 

[A] and final horizontal rows to JT , we have 

^ I I,, 


Therefore by Theorem I the matrices 


<I> = 



»*, w-r 


r, n-r 


>\jr =a [6] 


}rt 

in 


have the same first transmutes ; therefore by Ex, viii of § 232 the matrices (f) 
and ^|r have the same first transmutes. 

Next suppose that and have the same first transmutes. Then by 
Ex. viii of § 232 the matrices <& and have the same first transmutes; 
therefore by Theorem I there exists on equimutant transfonuatioii in ft of 
the form (B'), from which we can deduce an equimutant transformation in ft 
of the form (B). 

i 

These proofe depend ultimately on the lemma of § 227 ; or, if we omit all 
reference to ft, they depend on the possibility of reducing a square matrix i.o 
its canonical form by an equimutant transformation. 


Ex. i. Variation in the proof of Theorm. II. 

Wg can avoid tho use of Note 7 of § 141 in the first part of the proof of Thoorom II iu 
the following way 
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Suppose that there exists an equimutant transformation of the form (B) Then 0 and 
yjr have the same rank. Lot their common rank be s, and let 

[?];. so that [6]>[A];„ [p];, -m; 

Then <j} and ^|r have the common fii’st transmute 

m; gjCK-M! w:- 


^ ■■ '/ HrMi-wnc. 

w/iej’C all maif^ces ham ranh r, so that aiid wh&i*e all matrices lie in fl, then there 

exists an equimutant transformation in £2 of the form 


[^31 w: 




m 

m 


For [a]^” and are two square matrices in 12 which have a common 

fii*st transmute. 

If we could give a direct proof of this result, we could deduce Theorem I from it 
and § 162. 


w/iete and where all matrices have rank s and lie in 12, then there exists an equimutant 

transformation in £2 of the form 

[y]' M”‘=[A]’' [6]* M’ 

For [a] II and are two square matrices in 12 which have a common 

hrst transmuta 


§ 236. Solutions of any equation of the form /(^) x =0 when 4 * 

J m 

is a given square matrix of order m, 

1 . Notation. 

It will be understood that <^ = [a]^ is a square matrix of order m whose 
elements are given scalar numbers, and that /(<^) is some rational integral 
function of <#> whose coefficients are given scalar numbers which are not 
all 0. As usual we will write ; and for the sake of brevity we 

will put 


\ — 1 

X— m , 

r— I 

a= a , 

> •••> 

•— 'OT 


>— 'm 

" 


”/3& ~ 

, i 

i 

: 1 

0 _ ^ia 

P% . 3 ■ • • J 

_ _ 

.OiTTlJ 



0 . m. 


26 
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these letters denoting matrices, whilst \i, X 9 , ... ft, ftj, fta, ... will denote 
scalar numbers. The equation to be solved is then 

/(</)) = 

We will regard as a scalar variable, and take the characteristic matrix of 
to be 

We will suppose that \ is a typical latent root of 0 , and that (z — \y and 
(^ — 'X.)" are the maximum and potent divisors of -- zl of order m corre- 
sponding to the linear divisor so that X is a latent root repeated 

exactly s times. 

We will define and r* to be the rank and degeneracy of — XJ)*, 
k being any positive integer, and p* to be the number of potent divisors of 
zl which are divisible by {z — X)*. Then and p* are the rank and 
degeneracy of the (A — l)th transmutes of qb — XJ; the /cth transmutes of 
^ - X7 ore the first which are undegenerate, i.e. the (/c - l)th transmutes of 
0 - XJ are the last which are degenerate , and we have 

= /^i + Pa + • • • + p* = r* = s = m — m*. 

This notation is the same as that used in Ex. ix of § 230 and in § 233, and 
the positive integers pt, m*, satisfy the conditions 

Pi pa Pfl H: pK-i ^ Pk +1 = Pic+a = p«+8 = ... = 0; 

m > mi > Wg > . . . > m^-i > = 771^+3 = . . . ; 

0< ri < ra <...< r«_i < r, , r, = r,^.i == = ... ; 

to which we may add the interpretations 

Wo = 771, Tq = 0, 

Further we will suppose that Xi, Xj,, ... X» are all the distinct or unequal 
latent roots of <f ) ; and we will define integers 

a 

Si, Kt. ma, Ut, Pa 

for the latent root in the same way as we have defined the integers 

S, K, JWj, fn, ph 

for the latent root X ; so that 

Si -t- + s» = ni. 

At the same time we may suppose that Xj, Xs, ... X^, where r :}^n, aro any r 
disbmet or unequal latent roots of 0. 

2. Solutions of tke special equation ((^ — XJ )* a: = 0, where A :)► k. 

Let p he any positive integer. Then if p. is not a latent root of <f), the 
matrix undegenerate, and the equation 

— pl)^ a = 0 


( 1 ) 
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haa no non-zero solution, and is therefore equivalent to the equation 
(0 — fiiy ai= 0 , i.e. Ix = a! = 0 . 

If X IS a latent root of </>, the matrix (<^ — X/)^ has degeneracy rp=m — mp, 
and the equation 

(0 — X7)J'a; = 0 (2) 

has exactly Vp unconnected non-zero solutions. If q is any positive integer 
leas than p, then every solution of the equation (c^ — XJ)®^=0 is also a 
solution of (2). Consequently if p >a:, so that rp = r^, every complete set of 
unconnected non- zero solutions of the equation 

(^-XZ)*a; = 0 (3) 

is also a complete set of unconnected non-zero solutions of (2), i.e. the 
solutions of (2) are identical with the solutions of (3), and the equation (2) 
is equivalent to the equation (3). Thus every equation of the form (1) is 
reducible to one of the form 

(0 - XJ)*' ZB = 0, where ki^/c, (A) 

X being one of the latent roots of ^ , and as regards the equations of the 
form (A) we have established the following theorem : 


Theorem la. 

equations 


(<f> — Xl) ZB = 0, 


When \ is a laient root of (j>, and k k, the respective 


... 


(6-X7)*zb = 0, ... (</)-XJ)«zB = 0 
(A') 


have exactly Vi, r ^^ ... r*, ... r^ unconnected non-zero solutions; and all solutions 
of any one of these equations are also solutions of the following equations. 

Clearly if k'i^Ky we can determine a complete set of 7'* unconnected 
non-zero solutions of the equation (0 XJ)* zc = 0 of which are given 
unconnected non-zero solutions of the equation (<j> — X/)^^ zb = 0 , and the 
remaining rja-^rjc-.i solutions are then solutions of (^— X/)*'zb = 0 which are 
not also solutions of {<j> - Xl)*-^ zb = 0. By repeated apphcations of this 
result we obtain the following second theorem : 


Theorem I b. If k'^Ky we can determine a complete set of r* unconnected 
non-zero solutions of the equation (A) of which 

r-i are a complete set of unconnected soVuAions of {<f> — XZ) a? = 0, 

rfl — ri are solutions of (<j) — XZ)* zb = 0 but not of (</> — XZ) zb — 0, 

rs — rg a/re solutions of (<^ — XZ)® zb = 0 hut not of (<#> — XZ)® zb = Oj 

a,r 0 solutions of ((j) — XZ)* zb = 0 hut not of {<f> — zb =« 0. 

The above two theorems could be deduced from Note 1, which also gives 
the general solution of the equation (A). 

26—2 
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Ev 1 If we regal’d as a point m homogeueous space of rank the 

solntionw of the siiccoasive equations (A') form a series of k spacelets ^S'l, 
of ranks 7 ‘i, r* each of which is contained m the following 

Note 1 Soluti<yih of tlio equation hy the reduction of<ii to canonical form 

Lot n = [n]’|* ho tho canonical reduced form of the squoi-e matrix = and let 

(a) 

be an equimutant transformation by which 0 can be derived from U Then there is a one- 
one correapondonoe between tho solutiona x , Ar== A' of tho equations (</)-X/)*^ a; =0, 
(Il-~'KlfX=0 such that 

X =[/i] A . 

Therefore if the genei’al solution of ((^> -X/)^^=0 can be expressed in the form 

«=[Ar T“ T (b) 

mi— 

where U, ^a> arbitrary scalar quantities, and where [A"]”‘ is an undogonorate 

horizontal normal to (n — X/)^, so that 

(o) 

•—'711 

'■ We can choose !a to be tho matrix formed from [n]’” when we strike out all vertical 

' '7ft *** 

rows which pass through paida of n correspoudiug to latent roots of <j) other than X and 
replace each port 

“X 1 0 ... 0“ 

H'= (d) 

0 0 0 ... x_ 

of n which coiTesponds to the latent root X by [1]^^ when ei^k^ and by jM when 

. In the particular wise when 

U. 7ft-» 

P~l ® 

^'= K, and when h <t: k, wo have w=a, and in forming A we replace every part of IX such 

' 'Til 

as (d) Gorresponding to the latent root X hy [1]^ 

For if 0 ) 1 , ©21 <i >87 • ■ «-rc tbo parts of n corresponding to tho various iiotont divisors of 
the charoctei’istio matrix (j) thou n-Xi is composed of Hunilar corresponding 

ports wdiich we may denote by Pi.A.Pa,... ; (n — X/)*iB coiniiosed of similar oorrespimdiiig 

r— ,u 

parts PA PA P 3 ^ ; and X is a compai’tito matrix in standard form whose succossivo 

pai’ts* are tlie conjugates of horizontal nor-nmls to tho succossivo parts of (n-X/)*. If 
o)=a[a)]* given by (d) is a part of n corresponding to a potent divisor of (f> (z) which 

is a power of X, the oorrespouding port of n- XJT is 

-GO 


J 
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if the ooiTetipouding part of (n - X7)* is 7**==[0]”, and we can take the corresponding 

rt-ntt g e ft 

part of A' to be [1] , Biiice [0] [1] =0 ; if ^ c, the correMpouding i>ai’t of (II — \/)^ is 

I — 1,^ 0 6 e 

7^*= I? , and we can take the corresponding part of ^ to be , since 

KJf'To] 


Again if a) = [o)]* is a part of n con’ospoiiding to a potent divisor of 0 (s) whioh la not 
a power of 2 — X, then a la an undegenorate square matrix, tlie corresponding parts of n — X/ 
and (n - \/y are undegeiierate squiU’e matriooe of order a, and the coiTesponding pai*t of 

r-n« 0 

A IS the uon-exiafceut matrix [0] . 


3. Reduction of any equation of the form f(<p) os = 0. 

By resolving the scalar function f(z) corresponding to/(0) into its linear 
factors, we can always express the given equation in the form 


= 0, (4) 

where $ = ((^ - (</> ~ («/> — , (5) 


^i 7 H ^7 fh) • . being scalar numbers, which are all different, and pi, 
being positive integers. Let — be any one of the factors of <I> in 

(5). Since the factora of are commutative, we con replace the equation 
(4) by 

{(f>^fjHl)Pi<^iX = 0 (4') 

where is the product of the remaining factoz*s ot 

First suppose that pi is not a latent root of Then (</> — f^iy* is an 
undegenerate square matrix of order m, and the equation (4') is equivalent to 

<E>i/r = 0 (4'0 

Thus in this case we can omit the factor ((^ — in or replace the 
index Pi by 0. 

Next suppose that iB the latent root of 0 and that pi>fCi. Then 
since the solutions of = 0 are the same as the solutions of 

{<j> - \iIYix=^0, 

the equation (4') is satisfied when and only when the equation 

{(f>-Xiiyi<^iX=^0 (4'") 

is satisfied, and (4'") is equivalent to (4') Thus in this case we can replace 
the mdex pi in by /c^. 

Treating every factor of <E> in this way, we obtain the following result . 

Theorem II. Every equation of the farm f(4>) os = 0 can be reduced to an 
equivalent equation of the form 

(</) — Xi7)*' - Xfl7)^ - ■ • x = 0, 


(B) 
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where Xj, Xg, . . are r distinct or unequal latent roots of </>, and where 
ki,k^, .,,kr are positive integers such that 

k-yi^ Kiy ia ^ «aj • ■ • ^ ^r- 

In the particular case when none of the quantities /Xi, /Xg, /xg, ... in (5) are 
latent roots of every one of the indices pi, p^, 2 ^ 3 , ... can be replaced by 0 , 
and the reduced equation is a? = 0 . In this case <E> is an undegenerate square 
matrix of order in, 

4. Properties of the prefactor — piy. 

Here /x is any scalar quantity, and p is any non-zero positive integer. In 
the lemmas and examples which follow, \ is any latent root of and k is any 
positive integer not greater than tc and not less than 1 , k being defined as in 
sub-article 1 . 

Lemma A. If a is any solidion of the equation (c^ — Xl) = 0, thefn : 

( 1 ) (</)-/xJ)a-(X-/x)a; ( 2 ) (0-/x7)i^a = (X-/x)i’a. 

For we have = Xa, and therefore 
(<^-/x/)a =(X-/x)a, 

(</> — /x7)“ a = (\— /x) . (<^ — /x7) a = (X — /xV «, 

{j> - /x7)8 a = (X- /xy . (<^ ^ /x7) a = (X -/x)^ a, 

and so on. 

Lemma B. If a is any solution of the equation (<f)’-\IfoD = 0, then : 

(1) (^ — /a 7) a = (X - /x) a -1- tti ; (2) (<^ — piy a = (X — a -1- a' ; 

where amd a! are solutions of the equation (</) — X7)*~^ «? = 0, 

By Lemma A both results are true when & =s 1 . We may therefore 
suppose that k^2. 

To prove (1) let (<jb - X7) a = ot,. Then prefixing {^ — Xiy^^ on both 
sides, we see that ((/) — X7)*^^ ai = 0 , and we have 

= Xa + tti, (<^ — ft7) a = (\ — /x) a + tti. 

Thus (1) is true generally, 

Agam from (1) we deduce in succession that 
{<l> - fMiy a = (X - /x)® a -h 2 (X - /x) «! -h Wa, 

(^ — fiiy a = (X — /x)® a + 3 (X - /x)“ «! 4- 3 (X - /x) ofa + a^, 

(</> - a = (X - a + g) (X - + . . . + g) (X - «< + . . . 


+ g) 0^ - f^) Op-i + «p, 
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whero ai is a solution of the equation {(f> - Xiy^ a; = 0 when i<k, and 
where oti = 0 when i k Since ai, aai ••• Op are all solutions of the equation 
(<p — a; = 0, we see that (2) is true generally. 

Ex. ii. If /i=t=X, t/is prefactor ((/) — jti7)P cam/not annikiloite any non-zero solution of the 
equation 

(0-X/)*'a?=O 

In fact it converts ■ 

(1) eviyi'y non-zero solution a of the eqv^ion (<^— X/)^=0 into a nmi-zero solution p of 

the same equation ^ 

(2) every solution a of the equation (<^ - X/)* a7=0 which is not a solution of the equation 

(<^-X/)*’“^a?*»0 into a solution j8 of the equation (0 — Xi)*'a;=0 which is not 
a solution of the equation (0— Xi)*'"ia 7 = 0 ; 

(3) &v<rry non-zero solutwn a of (A) into a non-zero solution jS of (A) 

We will establish Ex. ii by proving the results (1), (2) and (3) 

The first result follows immediately from Lemma A ; for we have 

(</) — /i7)*’a=3(X — /L)*’a=>j3^=0, and (^ — X7)j9=0. 

In proving the second result we may now assume that >{?<(: 2 Then by Lemma B 
( (/) - /i / )P a = (X - /4)P a + a' = jS, 

where a is a solution of {(j>—\I)^^^x=0 Since a by supposition is not a solution of the 
last oq^uation, it follows that 

(0-X/)*i9-O, ((#)-X/)^-i/3=(X-/i)P 

The third result follows from the properties (1) and (2) If a is a solution of the 
equation {<l)-\I)x=0, it follows from the propei*ty (1) that is a non-zei’o 

solution of (0— X7)^=0, and therefore a non-zero solution of (A). If a is not a solution 
of the equation (0 - \1) ^=0, there must exist a positive mteger A, not less than 2 and not 
gimter than k 

((#>-\/)'^a=0, (<^-X/)»-ia^=0; 

and it follows from the property (2) that /9=i(0 “/x/)Pa is a solution of which 

is not a solution of (</)-XZy‘“H'«0; therefore p is a solution of (A) which is not zero. 
The third result could also be deduced directly from Lemma B. 

Ex. iii. If the pref actor — converts every set of r unconnected non-zero 
solutions ai, aa, ... o/ (A) into a set of r unconneated non-zero solutions /9i, ftj» •• of 
the same equation (A). 

Let aij 02 , ... Or be any r unconnected non-zero solutions of the equation (A), and let 

i.e. let • 

>»n ‘—•ill 

By Ex. ii the matrices ft, ft, ... jSr are r non-zero solutions of (A). If there exists a relation 
between them of the form 

hPi+h^+-+irPT=T'‘ T =0, 80 that T =0, 



392 


EQUIMUTANT TBANSPORMATIONS OP A SQUARE MATRIX [CH. XXVI 


'where 2i, ^ 2 , If B-re scalar uumbeis, 'then 

r-^T r— I 
* — *m ' — 'r 

IS a solution of the equation (A) which is annihilated by the prefactor and it 

follows from Ex ii that jp = 0, i e 

I — iT 

a I =Q. 

■— 'r 

Since 'ai, 02 , . . Oy ai’e unconnected, and a is luidegenerate of raiikr, this is only possible 

' — 'm 

when «:Z,.=0 Consequently /S^, /32, . . Pr are solutions of (A) which lU’o un- 

connected. 

I 1 V I 1 

If h is any positive integer not greater than ky and if jS I is a solution of 

' — ' — 'r 

((^-X7)*a;=0, then y' = ((^-X/y* a ^ is a solution of ((^ which is anm- 

' — 'jH ' — 'a 

r~ir m 

hilated by ((ji-fiiy, and must vanish. Therefore a’= a ^ is also a solution of 

' — 'm ' — 'r 

H&me if no solution of (</> -X7)*a?=0 connected mtli ai, 02 , . is a solution of 

(<^-XJ)^a;«0, then no solution of ((^ -X/)®^a?=0 conmcted with ft, ^ 2 j • • /3r ^ ^ solution of 

If we use the notation of Ex 1 we see that the prefactor — in which /i=|=X 
converts each of the spacelets ft, ft,, ft^, ft, . ft into itself; it converts every 
spaoelet of rank r lying in ft into a spaoelet of rank r lying in ft , and it converts every 
spocelet of rank r which lies in ft and does not intersect ft into a spaoelet of rank r winch 
lies in ft and does not intersect ft. If /x is not one of the latent roots of 0, then the pi-e- 
faotor (0 - yjy converts every spacelet into itself. 

Ex. iv 2f and the prefactor annihilates every solution of the 

equation (A) when and only whm p k. 

For if ^ the degeneracy of (0 - \iy is gi’eater than the degeneracy of (0 - X/)>*, and 

therefore the equation (A) has solutions which are not solutions of the equation 

(0-X7)P47=rO. 

Inpavticviar the prefactor (0 - \Ty annihilates every solution of the equation (0 - \If x=Q 
when and only when p^ k. 

When this last condition is atitisfied, the prefaotor (0 - \iy annihilates every solution 
of the equation (0“X7y‘;j7=O whatever positive integral value h may have. 

Furth&i* if k>h^py the prefactor (0 — Xj?)p converts every solution a of (0 — X/)*'^ 7«0 
which IS not a solution of (0~X/)^.i7=O into a solution fi of (0 -Xi)*“Pa;™0 which is not 
a solution of (0 -X/)^’“P^’=0 

For if (0-Xi)Pa=ft 

then (0 - = (0 - X/)*'a=0, (0 - X/)*“Pj8 = (0 - X7y*a4- 0. 

In particular the prefactor (0-X7)p converts every soj/ution of (0-X7)*a7=O which is not 
a solution o/(0-X7)Pa;=O into a non-zero solution o/(0-X7^*”P^=iO. 
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Ess V -5^ ^ ;it> Kj ?? < ^5 , i/ Vi, 72 i 7 h ^ Gomphte set of a unoonncGied non-zero 

solntiom of the equation (0 “X7 )p^ = 0; and if 71, 72, . 7jh flij ny, ... are s + j* unconnected 
'twn-zero aolutiom of ths e^wbtion (<^ — X/)^j;=0; then the prefactor — co7Lvert8 
ai , a2, . . Oj, into r unconnected noT^rzes'O solutions /3i, 1821 • jSr of the equation {(p — X/)^”*’j?=0. 

Let (<^-X7)»ni=ft, (</)-X/)>'a2=Ai, .. ((j(.-X/)Par=/3,, 

i.e. let (0 -X/)P 

' — ' 4A ' — ' m 

By Ex. IV the matnees I 3 i, ^2i • ■ Pr non-zero solutions of ((j!)— X//“p.'i7=0. If they 
are not unconnected, there must exist relations of the forms 

I — I** r— ' I — \r I — I 

/3 1 =0, {A-Uy a I =0 . 

•—‘m ‘-‘r '—■.II 'r 

m which . . 1 ^ are not all 0, and therefore a relation of tlie fonn 

r-.r — , ^71 

a t ^ y 6 . 

I 1 ^ 

But this IS impossible because 7, a is an undegenerato matrix of rank Con- 

sequently ft, j92) . ft are unconnected. 

If k>h‘^p^ and if j8 I is a solution of ((f)-X/)^”Pa?=0, then I is 

' 'm ' ‘ )- 

a solution o£((p- 'Kiy*ss^Q. It follows that : 

If no solution o/(<^— X7)*'^=0 connected vrith ai, a2j • • is a solution of(<p-\iy^ss= 0 , 
then no solution of connected mthpii ft, .. ft fffaao/wj{zo?io/((/)-X/)^*“3^.r=0. 

If we use the notation of Ex. i and suppose that k and ^ fc, wo see that the pro- 
factor {<p - X/)p annihilates aS*, when k jp'p^ and converts ft into a spacelet ft^, of rank 
Tfe-Tp lying m ft_p when if k>pt it convorta a spacelet of rank r which lies in ft 

and does not intoraoct ft, into a spacelet of rank r lying in ft_p; and if k>h‘>^p, it 
converts a spacelet of rank r which lies in ft and does not intersect ft^ into a spacelet of 
rank r which lies m ft_p and does not interseot ft*-p. If p <1 : k, then (cp — X/)p anmhilates 
all the spacolots ft, ft, ... ft. 

6. Properties of the prefactor 

^ =fii >) = (^ - )^‘ • • • (^ - /Jhiy’-- 

Here /tj, ... fir are distinct or unequal scalar numbers; p^, p,, ...pr 
are positive integers • and the order of arrangement of the factors of <t> is 
immaterial. In the lemmas and examples which follow X is any latent root 
of <f>, and k is any positive integer not greater than k and not less than 1, 
tc being defined as in sub'-article 1. The equation = 0 has non-zero 
solutions when and only when at least one of the quantities ft, /ttg, is 
a latent root of 

Lemma 0. If a is any solution of the equation (0 — Xl) x — 0, then 

= (X - ft)P' (X - ft,)i'» ... (X — ft.)^^ a =/(X) 0, 

This is proved by successive applicationB of Lemma A. 
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Lemma D. If a is any solution of the equation (0 — X/)** ® = 0, then 
a>a = (A - (\ - a-^a'= /(X) a 4- a', 

where a' is a solutio^i of the equation (0 — a? = 0. 

This is proved by successive applications of Lemma B. 

Ess. vi. If no one of the quantities /^j ^ w equal to \ tl\je pref actor ^ cannot 

annihilate a/ny non-g&'o solution of the equation 

( 0 -X/)*a?=O (A) 

In fact it converts: 

(1) every non-zero solution a of the equation (0 — XZ).a7=:0 into a non-zero solution ^ of 

the same equation; 

(2) &oery solution a of the equation (0 — X 7)*’^=0 which is not a solution of the equation 

(0— X/)*^^a?=0 into a solution 3 of the equation (0 — X/)*^=0 which is not 
a solution of the equation (0 — X/)*'“^a7=0; 

( 3 ) every non-zero solution a of (A) into a non-zero solution j0 of (A). 

We obtain all these results by aucscesaive applications of Ex. ii. We oan also deduce 
Ex. VI from Lemmas C and D in the same way as we deduced Ex ii from Lemmas A 
and B. 


^ vii ^ no one of the quantities /ij, /U2i ••• /V ^ equal to X, the prefactor $ conv&'ts 
every set of u unconnected non-zero solutions ai, 03, ... of (A) into a set of u unconnected 
non-zero solutions ft, ft, . .ft of the same equation (A) 

This follows from Ex iii, and con also be deduced from Ex. vi in the same way as Ex. lii 
was deduced from Ex. ii. 


Since ^ = $ a , we see that if A is any positive integer not greater than A, and if 
y== ^ I IS a solution of (0-X/)^a7=O, then y'=( 6 ’-'\iy a I is a solution of 

'« t— 1„ i_i„ 

(0 -X/)*'“*t<i7=0 which is annihilated by and must vanish by Ex. vi: therefore 4?=^ T 

is also a solution of (0 -X/)*a7=0. 


Hence if no solution of ( 0 -X/)*’^=O connected with aif ... is a solution of 
( 0 -X 7 )^a?=O, then no solution o/(0-X/)*:i7=O connected with ft, ft, ... ft m a solution of 
(0-X/y^=O. 


If we use the notation of Ex. i, we see that in the present case the prefootor converts 
each of the spacelets ft, ft, ... ft, ... ft, ... ft into itself; it converts any spooelet of rank 
u lymg in ft into a spaoelet of rank u lying in ft; and it converts every spaoelet of rank u 
which lies in ft and does not intersect ft into a spaoelet of rank u which hes in ft and 
does not intersect ft If no one of the quantities /*!, /i2, ... /^r is a latent root 0, then the 
prefactor ^ converts every spaoelet into itself. 


Ex. viii. If the prefactor ^ annihilates every solution of the equation (A) when 
and only when for one of the values I, 2, ... r of i we have 
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In order that * may annihilate some non-zero solutions of the equation (A), it is 
necessary (see Ex. vi) that one of the quantities fii, /igs shsiR be equal to X We will 
therefore suppose that /4*=X; and we will denote by the product formed from $ by 
striking out the ith factor {(j)- 

Let a be any non-zero solution of the equation (A), and let 

(<^) — X7)*’ia=j8, ^a = <^ip=y. 

If Pi <f: A, we have jSssO, and therefore y=^i^^O, But if pi < k, we can choose the solution 
a so that j 84=0; then ^ is a non-zero solution of the equation (0 — and by 
Ex. VI we have 'y=:$^j3=t=0. Thus if f4=X, then annihilates every solution a of the 
equation (A) when and only when pi ^ k. 

In particular the pref actor ^ annihilates every solution of the equation (0— X/)''/i;=0, 
i.e. all solutions of every equation of the form (0 — X2)*a’=0, when and only when for one of 
the values 1, 2, ... r o/z we have 

In the case when ;tj»X and Pi<h^ it being still supposed that we deduce 

from Exs. iv and vi the following further result in which h is any one of the integers 
Xr-1, ^-2, 

If and if h>h‘^pi^ the prefaotor ^ converts every solution a of the equation 

(0 — Xi)*^=0 which M not a solution of the equation (0— X/y*a7=0 into a solution p of the 
equation (0-Xi)*'"'’^^=O which is not a solution of the equation (0-Xiy*“^^a7=O. 

Let a = a', $o = (0 — \Tf*d = j3. 

Erom Ex. vi we see that d is a solution of (0— XJ)*'a;'=0 which is not a solution of 
(0 - X/)^J7=0 , and it follows from Ex iv that ^ has the properties mentioned. 

In partioular, when and pi < h, the prefactor $ converts every solution of (A) which 
IS not a solution of (0 —X/)*** a?>=0 into a non-zero solution of (0 - X/ a7=0. 

Ex. IX. If h pi <h^ “if yij 7aj • •• ct oompleto set of v unoonneoted 

non-zei'o solutions of the equation (0— Xjry*<ii;=0, and if y\^ ya? y®* flii oai Ot* <xre v-^-u 
unconnected nan-zero solutions of the equation (0 — X/)*’a?=0; then the prefoator ^ converts 
ai, oa, ... Ou into u vmonnected non-zero solutions ft, ft, Pu o/ the equation 

((#) 

I 1®’” I 1®’“ r-i» _ I— lU r-i» 

Let *< 7> a = y> “ =(d)—\iy^* a! >= 13 , 

where is defined as in Ex. viii. Erom Ex. vii it follows that y/, yg', ... y„' are a® 
complete set of v unconnected non-zero solutions of (0 — Eind that yi', yg', ... y*, 
a/, og', .. 0,4' are v-l-w unconnected non-zero solutions of (0 -X/)*'a;=0 ; hence by Ex. v the 
above theorem is true. 


If k>h‘^pi, and if y= 2 is a solution of (0-Xj)*"^<arBaO, then 

' — 'm ‘—'it 

^=(0— X/)^ a I 

«— 'ffi •— '« 

is a solution of (0— X7)*”^fl7=0 which is annihilated by and must vanish by Ex. vi; 

r~iU t— 1 , 

therefore a 2 is a solution of {<p—'kiy^x=Q. 

•— *m 


- i 
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Hence %f no solution of (0 — X/)*;i7=0 conneotod with ai, ag, .. is a solutioii of 
— tJt£n no solution connected with jSi, ^ solution 

of {(j) - \J = 0. 

If wo uae the notation of Ex. i and suppose that h'^K and k, we see that the pro- 
factor $ m which /l 4 =X annihilates 8 ^^ when and converts into a spaoolet of mnk 

— lying m 8 ie-~ 2 ^ vvhen and if A <(: it converts a spacelot of rank u which 

lies in Sje and does not intersect into a spacolet of the same rank u which lies in and 
does not intersect If <): k, it of course annihilates all the spocelets aS'i, /Sg, 8 ^, 

All these results are genei’alisations of those given in Ex v 
6. Sohitiom of the general equation f{<^) a? = 0. 

Making use of Theorem II we may suppose without loss of generality 
that the equation has the form 

(C) 

where =f{(f>) = {<l> (O') 

Xi, Xa, ,,Xr being r distinct latent roots of (f>, and ki, Icq, ... kr being non-zero 
positive integers which are respectively not greater than Ki, k^, . . /Cy. In the 
excluded trivial case when Ai, ... k^ are all 0, the only solution of (0) 
IS a; = 0. 

Theorem III. 7/ Xj, Xg, . . X, ai'e r distinct latent roots of the square 
mati'ict c/), there cannot eseist any connection between non-zero solutions ofi, Oy, ... 
OLf. of the eiiccessive equations 

((/>-XiI)*>fl; = 0, ((^-Xa7)**£c = 0, ... (^-Xrlfra }:=0 (6) 

Let <i>i, C& 3 , ... <£>, be respectively the products of all the factors of in 
(O') except the 1st, 2nd, ... rth, and suppose that there exists a relation of 
the form 

r— ir I — I 

tiai+ ij0fa + .. +lrar= a I =0 (7) 

I — 'to I — 'r 

where li, L, ... If are scalar constants. Then by Ex. vi 
^>( 0)1 = 0 when y + i, <E>iai = /8i, 

where is a non-zero solution of the equation (<f> — \I)^oii^O. Hence 
•when we prefix <i>i on both sides of (7), we obtain 

k 0 i = O, i.e. Z, = 0 

Prefixing <I>i, Oj. 'I’r in turn, we see that ii = i, = ... = Z,. = 0. Thus there 
cannot exist any relation of the form (7) in which k, It, ... 1^ are not all zero, 
i.e. ax, oij, ... a, are unconnected. 


Theorem IV. //(«„ Og, ...), (/Si, A, ^s, •• ), (71, 7 ^^ seU 

q/* Wi, na, 92a, ... unconnected non- zero solutions of the successim equations (6), 
then «!, Oa, Ota, ..., ^ 1 , A, /3a j 7 i, 7a> 7a> unconnected, and are 

?ii + Tifl H- Tig + . . . unconnected non-zero solutions of the equation (0). 
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Suppose that there exists a relation of the form 

(^lOfi + ulgOfa + ...) + + -Ba^a +...)■•" (^i7i + ■ ..(S') 

where Aq, ... Bi, Ba> - Oi, Oa, are scalar constants; and lot 

a= J!la0fa+ •••» ^ == -Bj^i 4- Ba/Sa 4- ..., 7 = ^^i7i + C^aTa + • ■• , • > 

so that a, y9, 7 , ... are solutions of the lat, 2nd, 3rd, ... of the equations (6) 
By Theorem III we can have a + ^ + 7 + ... = 0 when and only when a, /8, 
7 , . are all 0; and this is only possible when A^, -dg, Bi, Ba, .. , 

(?i, Oa, are all 0. Thus in every relation of the form (8) the constants 

Aj B, Cj ... must all vanish, le. aj, Oa, ..., ^Si, /9a> 7i, 7a) ..., ai'G all 

unconnected ; and every one of them is a solution of (C). 

Theorem V. Any r complete sets of unconnected non-z&H'o solutions of the 
r equations (6) together for^n a complete set of unconnected mn-zet'o solutions 
of the equation (0). 

Let Vu .. V,. be the degeneracies of the factors ((^ - (<jE> — Xa-f)*’8, 

... — of in (O'); lot 

1/ = i/i + z/a + . . + J^r j 

and in Theorem IV take tij, ... to be i/g, z/s, ...; so that (oti, ofa, ...), 

(/8i, /Sg, ...), ( 7 i, 7 a; ...), ... are complete sets of z/i, vg, z/g, ... unconnected 
non-zero solutions of the 1st, 2nd, 3rd, . . of the equations (G). Then these 
together form v unconnected non-zero solutions of the equation (0). But by 
Theorem I of § 230 we know that v is the degeneracy of <E>. Therefore 
these together form a complete set of unconnected non-zero solutions of the 
equation (0). 

The reference to Theorem I of § 230 is however not necessary. It has 
been shown, as a consequence of Theorem IV, that the equation (0) has 
V unconnected non-zero solutions, and it follows that the degeneracy of 
cannot be less than v. But by the second restriction of § 133 the degeneracy 
of $ cannot be greater than p. Therefore v is the degeneracy of <I>. Thus 
it follows from Theorem IV that Theorem I of § 230 is true for all products 
of the special form (O') , and Theorem IV suffices for the complete establish- 
ment of Theorem V. 

N OTE 2. A Itomatiue proof of Theorem / o/ § 230. 

Let F {<!>) be any rational integral function whatever of <j) exproatiecl in the form 
F{<h)^A ... 

where p-u ... ftg are distinct aoalar quantities, pi, pa* •••Pa are positive integers, and A 
la a non-zero soalojr constant; and let the equation F{(^):c=^Q be reduced in the way 
described in sub-ortiole 3 to the equation fi<l>) a?— 0, where /(<^) is a product having the 
special form (O'). It bos been shown to be a consequence of Theorem IV that / (^) has 
degeneracy v ; and because the equations /(^) ip=0y F have identical solutions, it 



398 


EQUIMUTANT TRANSFORMATIONS OF A SQUARE MATRIX [CH. XXVI 

follows that F{^) has degeneracy v. But v, which is the sum of the degeneracies of the 
r factors of /((^), must also be the sum of the degeneracies of the a factors of 
Consequently Theorem I of § 230 is true for the function F {<!>). 

Ex, -5^ >^11 >^21 -- K distinct latenfU roots of the givm square imtinx 

0=[a] ^ we can always form an undegeTierate square matrix a of order m each of whose 
n *— 'ot 

vertical rows is a solution of one of the equatimis 

... (9) 

For since (c^ — \IT^ has degeneracy s^ such that ai + sg + . . . + an= «i, we can form a square 
matrii m which the first Si, the next aa, ... the last s^ vertical rows are complete sets 

of unconnected non-zero solutions of the successive equations (9); and by Theorem IV 
every such square matrix is imdegenerate. 

i— 1 1 ^ 

Ex. zi. FFe can form an undegenerate matrix a of rank t each of whose vertical rows 

*— 'ta 

IS a solution of one of the equaiiom 

(</>-Xi/)a?=0, (0-Xa/)^=O, ... (<#>-X„/)j?=0 (10) 

whm a/nd only when the following equivalent conditions are satisfied: 

(1) i rii - 1-^21 -f- ...+ , where r^ is the degeneracy of <j)- X^ /; 

(2) t is not greater than the total number of potent divisors of the characteristic 

matrix of 

I— lU 

For if vii +^21 + . . -h we can form a matrix 3 whose first , next r 2 i , . . . last 

- 'm 

vertical rows are complete sets of unconnected non-zero solutions of the successive 
equations (10), and by Theorem IV this noatrix has rank u ; and if ^ we can form an 

I— I— iM 

undegenerate matrix a of rank t whose verticsal rows are t of the vertical rows of jS . 

Again if ^ is an undegenerate matrix of rank t each of whose vertical rows is a solution 
of one of the equations (10), all its vertioal rows must be connected with the vertical rows 

r— 11 * 

of Q , and therefore we must have ^ :!> u. 

•— 'm 

The equivalence of the conditions (1) and (2) follows from Ex. iii of § 228 or 
Theorem IV & of § 233; for is the total number of those potent divisors of the 
oharocteristic matrix <\> {z) which are powers of »— X^. 

We see that w=rii-J-r 2 i + ... is the total number of unconnected poles of the square 

matrix 0=[a]^, i.e. the total number of unconnected solutions of the equation 

[a]™T ■ (11) 

when p IS an unspecified scalar quantity to which any value can be ascribed, and that 
exactly of these poles correspond to the latent root X^. 

Thus the total number of unconnected poles of a square matrix is equal to the 

total number of potent divisors of its charaotejistic ma/trix (j) (z), and if exactly p potent 
divisors of (z) are powers of z — X, then there are exactly p u/nconnected poles (or 7io;i-zzro 
solutUms of the equation (11)) oorresponding to the latent root X of<f>. 
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Eso xii. We can form an undegerherate square matrix a each of whose veTi'tical roios is 

a solvUon of one of the equations (10) when and only when ki=ic 2 =«” = whem and 

only when any one of the following equivalent conditions is sodisfied : 


(1) The •potenvt divisors of the characterutio mcdrix (f) = are all linear, 

( 2 ) 

(3) There exists an equimutant transformation convei'ting <j> into a quasi-scalar matrix 
(i,e. the reduced canonical form of t^%s a quasi-scalar matrix). 

For in Ex. xi we have when ^^<5^ when and we always have 

«i + Sa+- . + 5n=W'. If Ki=Ka=... = Kn=l, then •••+»n=wi; but if any one of 

the k’b is greater than 1, then w<«i+aa+.. and therefore iKni. In fact ^ baa m 
unconnected poles when and only when {z) has m potent divisors, and this is the cose 
when and only when every potent divisor is lineai' 

The equivalence of the condition (3) to the other conditions was proved in Note 4 of 
228. Wo can show directly that (3) is a necessary and sufficient condition in the 
following way. 

First suppose that there exists on equimutant transformation 


miiars 




,( 12 ) 


oonvertmg 0 mto a quBsi-soalar matrix. Then the deduced equation 




(120 


shows that the successive vertical rows of E are m unconnected poles of ip corresponding 

' — 

respectively to the latent roots Xi, X 2 , ... X^. 

Next suppose that p has m unconnected poles formed by the successive vortical rows 

of the undegenerate square matrix E , and let these correspond respectively to the latent 

' — 

roots Xi, X 2 , ... X« of which are not necessarily all different Then we have the equation 
(120 ; aiid if [A]“ is the inverse of S’ , wo deduce from (120 the equimutant tranaforma- 
tion (12) oonvertmg p into a quasi-scalar matrix. 


Ex. xiii. Additional proofs of Theorems Ha and IIhof% 224. 

First let E^ (j^) the potent factor of order m of the characteristic matrix p{z)^p- si 
of the square matrix so that 

(</.-Xa7)** ... (,<!> - X./)'* 

By Theorem IV any oomplete sots of ^ 1 , ^ 2 ; ^ unconnected non-zero solutions of the 

successive equations (9) together form m unconnected nou-zero solutions of the equation 

-®'w(<^)=*0. Therefore E„,{p) must have degeneracy m or rank 0. In fact if T is an 

undegenerate square matrix of order m formed os in Ex. x, we have E^{p) a bO, and 

' — '« 

therefore 


E^(<t,)^0. 
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Again let/(<^)=0 bo any rational integral equation satisfied by the square matrix </>. 
Then the prefactor /(<^), which has rank 0 or is equal to 0, nooessanly annihilates every 

matiix ^ It therefore annihilates aJl solutions of every one of the equations (9), and 

' — 'm 

it follows from Ex viii that must be a factor of /(</)), and that /((/>) must have 

the form 

Consequently = 0 is the mtional integral equation of lowest degree wliioh is 

satisfied by 

Noth 3. Solutions of the equation f vyh&n /{(jy) lies in a given restricted domain 

of rationality Q. 

The maximum and potent factors of ordei* 77i of the oharootenstio matrix (j> — si of (p can 
be expressed in the forms 

where ti {s\ {z\ . . t^ {z) are distinct in*educible rational integral functions of ^ in O ; and 

the equation /((^) J7=0 can always be reduced to one of the form 

where $={ii {ij (</.)}*» ... 

Ai, A 2 , . hr bemg positive integera which are respectively not greater than kj, k 2 , ... 
The degeneracy of is equal to the sum of the degeneracies of its factors, and any 
r complete sets of unconnected non-zero solutions of the successive equations 

together iorm a complete set of unconnected non-zero solutions of the equation 0.»=O. 

We obtain these results from those of the text by expressing each irreducible function 
os a product of Imear factors as in § 230. 2 . 


Note 4. Solution of the equalionf{<p)x=0 by the reduction of (p to canonical form. 
Let n=[n]” be the canonical reduced form of the square matrix and lot 


Inyo'S =[ay 

in '■ -■ JB I I fl 


.(a') 


be an eqiumutant transfonnatiou by which <p can be derived from n. Then there is a one- 
one correspondence between the solutions , X='X of the equations 

' — 'm ' — 'm 


/(<<.) a, = (0-Xi7)*- .. ® =0, 


/ (n) X= (n - Xx/)*'- (n - Xji)*> . .. (n - x,/)*' x=o 


such that . 

Therefore if Wi is the degeneracy of (0- and if u^i^+U 2 + the degeneracy 

of /(0), the general solution of the equation f(<p)aj=0 can be expressed in the form 
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whore 7^, 7^, . 7„ aro arbitraiy aoakr quantities, and where is an uudegenerate 

horizontal normal to f(n) ho that 

/(n)?^=o (o') 

It w, iH tho aupor-pai’L of n uorrospondiug to the latent root Xj, we can write 


“®ii 0, 
jj _ 0 5 ®a) 

_ 0 . 0 , 


0 

“ Sj , Wo , . 


= 


"A, 0, 

0, A, 

0 , 0 , 
0, 0, 


0 , 


0 , 


q-, 1Z1,W2, Wr 
0 

P, 

0 

0 

- «1, fl2s --*71 ®r+li *n 


where the itli vortical minor of X is an undegenerate matrix satisfying the 

•— '»» i—im 

equation 

1 I 1 Ui 

(n-Xi/)*'*x, , 

*— 'm 

and determined as in Note 1. The matrix X is a honzontal derangement of the matnx 


ra. 


. When Pi is a unit matiTc of order 


' M, ?rt-?t 

All tho roaults of this ai'tiole could be deduced from the known structures of n 

p— 1 1t 

and A . 


/ 


§ 236. The conjugate reciprocal and inverse of the charac- 
teristic matrix of a given square matrix. 

Let (/> = [a]™ be a square matrix of order m whose elements are given 
constants, let r = [l]l \ let \ be a scalar vanable, let An, W and W be 
rcHpoctivoly the detemunant and the potent factor of order m of the charac- 
teristic matrix — ot <j>, and let 

f(\) = det (XT - (^) = X’" + + C 2 X"»-“ + . . . + (1) 

so that /(X) = (- 1)^ det ((/> - X7) = (- 1)’" A« (X) (1') 

Also, using the notation of Note 6 m § 223, let (X/ — </))“^ and {(f> - Xl)“^ be 
the inverses of X/ — </> and (^ - XT, so that 

/(X) . (X/ — (j>y~^ is bhe conjugate reciprocal of X/ — </>, 

Aft (X) . (0 — XZ)"^ is the conjugate reciprocal of <^ — \I, 
and (i> - X/)“^ = - (X/ </>)‘-\ 


0. m. 
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Then if a is any scalar quantity, /(X) — /(a) is divisible by X — a , and it 


3% (X) = X^ + CjX^ ^ + CaX^”^ + . ■ + Ci__aX^ + C^-iX + , (2) 

9^ (<#•) = + C2<#>^+ ■ • * + + Ci7 (2') 

for the values 1, 2, ... m — 1 of i, we see by actual division that 

/W-/(«) = (^-'«)^(«) ('^) 

where F (a) = X^-^ + (a) + . . . + (cl) ^ + 9vi^i (a) 

= H- g^ (X) + . . . + sr„,_a (X) a + g,^, (X) (4) 

Since the last two equations are rational integral identities in a as well as 

in X, and since / ((jy) = 0 by Theorem I a of § 224, it follows that 

/(X) . I -/(c^) =/(X) .I = {\I^<P),F {<!>) (S') 

and therefore by prefixing (X7 — on both sides of ( 3 ') that 

/(X).(X7-(f))~^ = J^((/)) (A) 

where jP(<^) = + g^ (<f)) + . . . + gm -2 (<l>) (<3^) 


= ^ +5^1 (X) <}>^ + . . . + gm-Q (X) <f> + gm-i (^) • * •(‘10 

From the equation (A) we see that the rational integral function F(<f>) given 
by (40 is the conjugate reciprocal of X/— (/>, and that (— 7^(0) is the 
conjugate reciprocal of the characteristic matrix <^ — X/ of <f>. Accordingly 
we have the following theorem and corollaries : 


Theorem I. The conjugate reciprocal of the characteristic inatHcG (jy — Xl 
of the squa/re niatrvx) ^ = [a]^ is a rational integral function of <f> of degree 
m — 1 luhose coeffidertts are ratioTial integral functions of X, and it is also 
a rational integral fimction ofXof degree m—1 whose coefficients are rational 
integral junctions of <f). 


Corollary 1. The inverse of the characteristic matrix <f> — X/, i.e. the 
matrix 

is a square matrix of order m which is a rational integral fmction of 0 ; and 
it is rational hut not integral in X. 

Corollary 2. The conjugate reciprocal and the inverse of the charac- 
teristic matrix 0 — X/ are both commutative with all other square matrices of 
order m which are rational integral functions of 

Now let a be any latent root of 0, and let (X - af be the highest power 
of X - a which is a potent divisor of 0 - XJ or XZ* - 0, so that it is the potent 
divisor of order m of each of those matrices corresponding to the linear 
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divisor X — a. Also lot and be the maximum indices of orders 7 rL 
and in — 1 of the linear divisor X — a for the matrices </> — X/ and X7 — so 
that — Then (X — a)‘^-i is the highest power of X— a which is 

a common factor of all the elements of the square matrix and (X — a)‘*ni 
IS the highest power of X — a which is a factor of/(X). If we divide both 


sidos of (A) by /(X), and expand j^y 


or 


m’ /w’ 


in 


iiHCcnding powers of X-a, we obtain an expansion of (X/— m ascending 
[lowoi-s of X-a in which the coefficients of the vanous powers of X~ a are 


rational integial fiinctiona of 0. Again if m the equation (X/ ~ 

we cancel the factor which is common to the numerator and 

(lenoininator on the right, and then expand the resultmg fraction in ascend- 
ing powers of X — ck, we see that the expansion of (X/ — in ascending 
powers of X — a has the form 






Aq 

X — a 


H- -h 5a (X — a) + jBn • • • + “h •» •••(^) 


where the As and 5’s ai’e square matrices of order m. Smee this expansion 
must bo the same as that obtained by the previous method, the A'b and 5's 
arc rational integral functions of 0, and are therefore commutative with one 
another and with all other square matrices of order vi which are rational 
integral functions of </> Moreover cannot vanish; for if it did vanish, 
then = /(X) . (X/ - 0)“^ wmuld be divisible by a higher power of X — a 

than (X — ay^n-i . 


We will proceed to determine the ranks of all the matrices A in (B), 
following the methods used by Frobenius and Stickelberger For values of i 
greater than /c — 1 we will define A ^ to be a square matrix of order m having 
rank 0, so that Ai = 0 when and we may then supply an indefinite 
number of terms before the first in (B) 

Prefixing X/— on the left in (B) and the same matrix written in the 
form (X — a) / — — Of/) on the right, and then equating the coefficients of 

X — a on both sides, wo obtain 

Ai = {(j)-aI)A^-i, B^={^-ciI)BiJ^u when ^1, (5) 

and Ao-/ = (</>-aJ)5i 0>') 

Further by repeated applications of (5) and (5^) and tis special cases, we 
obtain 

A, = a/)' Ao, Ao-/ = (<^-a/)'5^, when (6) 

aud (<^-a/)A«_; = A. = 0, (^-a/)«A„ = A, = 0 (6') 

26—2 
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If any one of the matrices Aq, Ai, A 2 , ... vanishes, then by (6) all those 
which follow it vanish. Hence since A^^i does not vamsh, we see that : 

No one ofihe matrices A^, A^j A ^, . . in> (B) vanishes, or has rank 0. 

Let the maximum and potent indices of order on of the linear divisor X — a 
of the characteristic matrix X/ be s and k, so that a is a latent root of <fi 
repeated exactly s times, and ic has the same meaning as before Let on^ and 
pja be the rank and degeneracy of the (k — l)th transmute of — so that 
mjc is also the rank of (c^ — ot//, and p^c is also the total number of those 
potent divisors of (^ — X/ which are divisible by (X — ot)^; and let 

rfc = m - mfc = pi + pa + • • ■ + Pfc 

be the degeneracy of {(j> — aJ)*. The integers mji,, p^, rji satisfy the same 
conditions as in sub-article 1 of § 235 ; and in particular we have 

r* = m — = s. 

Further let all the distinct latent roots of <f> be a, otu a.j, a.,, and lot the 
maximum and potent indices of order m of the Imear divisors X — aj, X — a.j, 
X — ttg, . , , of 0 — XJ or XJ — 0 be Si, Sbj ■ • • ^d /Ci, /Cy, /ca, . . . , so tliat 


-Om (^) = (^ - {<l> - O-JY' (.<!> - “3^)'* i4>-0klY’..., (1) 

E,, {<!>) = (^ - aiy {<!> - aJY' (<}> - «<,ir ( 7 ') 

Then s + + Sj + Sj + • . = wi, 


and Em{<f>) = 0 is the rational integral equation of lowest degree satisfied 
by 

Case I. Let </> have no latent roots distinct from a. 

In this case s~m = rK, nirj = 0, (</> — oT)* = (<^) = 0, and the equation 

(<f) - aiy B^ = Aq — I given by (6) shows that 

It then follows fi:oin the first of the equations (6) that 

Ai={^-ary. 

Therefore At has rank w«=r,-j’f=pj+,+p,+, + ...+p^ ; in particular 

Aq has rank m, and has rank p^. 

Case II. Jjet (f> have at least one latent root distinct from a. 

We will first show that if Aq = Aq ~ I, the rational integral equations of 
lowest degrees satisfied by the square matrices Ag and Ag' iwo respectively 


.4, (4„ - /) = .d,:" - = 0, (8) 

4o' (4„' + 7) = 4o'= + 4o' = 0 (8') 

From (6) we see that when 


AiB, = (</)- aiy AgB, = 4„ - «7)* £, = 4„ (4o - 7) ; 
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mid when we put i — we obtain ( 8 ). Thus always satisfies the eq^uation 
( 8 ), and therefore Aq always satisfies the equation ( 8 ") If then ^Jr (Aq) = 0 is 
■ fclie rational integral equation of lowest degree satisfied by Aq, (Aq) must, 
when we disregard anon-zero scalar factor, be either or Aq- J or Aq^-Aq. 
It cannot be A^, because ^.,,=1=0, and it cannot be Aq — Ij for if it were, we 
ahould have Ao = I, and it would follow fi*om ( 6 ) that (^- aJ)“ = ilK= 0 , 
whicli is only possible when all the latent roots of are equal to a. Accord- 
must have yff (Aq) = Aq, le. ( 8 ) is the rational integral equation 
of lowest degree satisfied by Aq, and it follows that ( 8 ') is the rational 
integral equation of lowest degree satisfied by Aq 

From ( 8 ) wo see that the distinct latent roots of Aq are 0 and 1 , and that 
tliG potent divisors of the matrix Aq — XI corresponding to its linear divisors 
X jxnd \ — 1 are all linear. Let Aq = 7 r( 0 ), where 7 r((/)) is a rational integral 
function of <^. Then from the equation 

7r(0)(<^-a7r = ((#)-a7rAo = O 

and (7') it follows by Theorem II& of § 224 that 7 r(^) must contain the factor 
(<^ — oti/)*' ((fi — CLQrf*((j) - ttj/)''®..., and from the relation 

TT (</>) (<^ - alf-^ = (</)- a/r^ Aq = + 0 

it then follows that tt (<^) does not contam the factor <f) — oJ. Consequently 
X — X — ota, X — fla, but not X — a, are hnear factors of the algebraic 
function tt (X), ne. 

TT (tti) = 0, TT (Oa) = 0, TT (Og) = 0, . . . , but TT (tt) =|= 0. 

We see therefore from the theorem of § 223 . 2 and from (7) that 
det {X/ — u4o} = det {X7 — tt (</>)} = {X — tt (a)}* . {X — tt . {X — tt ( 0 : 2 ) 1 *’* • • • 

= {X — TT (a)}" . where tt (a) 4 = 0. 

Since the only distinct latent roots of -do are 0 and 1, we conclude that 

TT (a) = 1, det (XI - Aq) = X”^« (X-iy (9) 

Further since the potent divisors of Xl - Aq are all linear, it follows finm (9) 
that XI — Ao has exactly m — 5 potent divisors divisible by X, i.e equal to X. 
Therefore by Ex. iii of § 228 or Theorem Ilia of § 233 the degeneracy of -do 
is w — 5, i.e. -do has rank s. 

From (S') we see m the same way that the distinct latent roots of Aq 
are 0 and — 1, and that the potent divisors of Aq — Xl are all hnear. Moreover 

det {Xl — -d,,'} = det ((X + 1) I - tt ((ft)} 

= {X + 1 — TT (a)}* . {X -h 1 — TT (ai)}*‘ . (X + 1 — TT (aa)}*“ 

= X* (X -h 1)”*-* , (9') 

and (9') shows that the degeneracy of Aq is s, i.e. -do' has rank m — 5 . 
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Thus the romks of and, -4o — / are respectively s and m — s. 

Now because <l> — cJ is not a factor of tt (<^), we conclude from the 
equation 

^0 = (Sf> - Oiy TT ((^), 

using Theorem I of § 230, that the degeneracy of A^ is equal to the sum of 
the degeneracies of {\l> — aiy and Aq. 

Therefore if Ri is the rank of A^, we have 

m’- = (7)1’- nii) + (m — s) = w - (qUi — ttIk), Ri^nh. — m^= — r, . 

Summarising the results obtained in Cases I and II, we have the following 
second theorem • 


Theorem II. If a is a latent root of the square ma;brix ^ = [a]’** repeated 

s times exactly j and if ay is the highest power o/ \ — a which is a potent 
divisor of the characteristic matrix (f> — XI, then the eaypansion of the i/m&rse 
of (f) — 7j[ in ascending powefi^s ofX — a has the f(ynn given hy 




Aic^i 

{X-aY 


+ 


■ dw-Ha , . ^1 , ^0 

(X - ay-^ - a)3 X- a 


+ + 5a (X — a) + 5j, (\ — a)^ + - . . , . • • (C) 

where the A's and B’s are square matrices of order m which are rational 
integral fimctions of(f>. 


If n\ and pi are the rank and degeneracy of the (i — 1)^^ transmute of 
(jy — oJ, or if mi and r, are the rank and degeneracy of {(f) — aT)\ the rank 
of Ai is 

= r,c - 7*1 = pi+i + pi+2 + ... + /»« 5 

in particular -d^-i has rank and A^ has rank m — = r,e = 


JSx 1 . The rank of is equal to the munber of potent divisorH of 0 - X/ which Jire 
equal to (X- a)“. 

Ex. li. If and a both lie in a domain of rationality G, then the matrioes A and B 
occumng as coefficients in the expansion (0) all he in G 

Ex lii, Frohemus^a reduotUm of a given squcure vmirix to a eompartite matrix in 
standard form.^ every part of which la a imilatmt square matrix. 

Let cj5)=[a]^ be the square matrix of the text, its latent roots being a, aj, og, ... 

repeated s, Si, jg, ... tomes exactly Smce lu (0) the matnoes Aq and I-Ad have ranks s 
and w - a respectively, we can put 


( 10 ) 
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whore each of the factor matrices on the right has rank equal to its passivity, and when we 
jwid the two equations (10), we see that 

-w:-D]’ tartr- <'« 

MrMr=o, [2 ']:_.m:=o ar) 


that 

and that 




. r=[p.p']r 


are two mutually invoi'se undegonerate square matnees. 
dsing tho notation (12), lot 

[Ar‘[a]’'‘S'‘ = P-'^l 

«o that Mr'=[ri: [ai: mt', w: w: 


( 12 ) 


(13) 


(14) 


Tlion if we in tho one cose postfix " and in the other case prefix on both sides 

of the equation 


=0, [7]^^ ^=0. Conseque 
[/0’'‘[a]™S“ = P’ °1‘ 


wo N06 from (IT) that [/9]” *=0, [7]^^ ^=0. Consequently the eqiumutant transformation 
(1.3) luis the form 


.{D) 


Now m (D) wo havo [ft]‘=[?jr Wm = 

from this aquation we deduce by (10) and (8) the equimutant transformations 

[?>]1 H Mr =^« 0^o=<#.rr W, 


T 




and when wo use the theorem of § 223. a, it follows that 

,8, m-fl. 


dot |a [ 1]" - [*■ J] ' j =det {X/- 4 ,^ ( 4 )}, 


I.O. 


det {X [1]^ -[&]*}. '“{X-aTT (a)}®.{X-ai7r(ai)}*i {X-a3 7r(aa)}"«... 

= (X-a)«.X’»-», 

and therefore det (X [1]] - [^ *} = (X - 0)’' (16) 

Also in (D) we have 


,m— 8, 


i.e. det{x[i];-[6];}.det{x[i];;;:;-M;;;^=.(x-a)* (x-a,)*. (x-oo)*. .. 

and therefore (^“Oa)** (16'). 
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Thiia in (D) the part [6]^ has only the one distinct latent root n, and the latent roots of 
the part P]”"* are ^ihe other latent roots of (f>. 

We have now proved the following theorem * 


Theorem. ]f (li = [a]^zs a square matrix with constant elcmenU which has a latmi 
root a repeated s times exactly^ a'iid which has other latmt roots ai, oy, ... repeated Sj, ^ 2 , ... 
tiTifies exactly^ we can determine an cqwiviutomt transformMion of the form (D) in which 

det{X[l];-[&]) = (X-a)-, det{X[l];;;:;-[c]™:)=(X-a,)MX-aa)«^.... 

We can now treat m the same way as [«]”» and by a succession of such stops we 

con reduce 0 by eqmmutaut transformations to a similar compaiiiite matrix in standai’d 
form whose parts ore all unilatent square matnces, there being one part corresponding to 
each distinct latent root of 0. This result can be used os a first step m the reduction of ^ 
to its standard canonioal form by eqmmutant transformations. 


Ex IV. If in Ex. iii the square matrix is syrrmetric^ we can r^lace (D) hy a 
symmetric equimuia/nt transformation of the form 

T’"[a]"‘[q’”=r*’ fwAwa [i]“T” = [l]™') (E) 

•-Jin « ® LO. \ '»/ 

Por m this cose we can express and 7- Jo in the fomis 


I 1* I— 

b] . [?]!,, 

I — 1^ H I — m-Jt 

and then m (D) we have 

_ —m " “ ■ 

[A]™= ^’1 =1 




=m 


Ex. V. If the square matrix A^is symmetric and real^ then in the symmetrie eqmmutaut 
transforrmtion (E) the square s&tni-wnit modrix [2]^ can he so chosen as to he real. 

Por in this case wo can choose and [o]’” m Ex. u so that the elements in each 
honiiontaJ. row are either all real or all purely imaginary (see § 160. 3 ). Then the elements 
m each horizontal row of I ai*e either all real or all purely imaginary, and the equation 

I H would be impossible if the elements in any horizontal row of 7 were 

'tft ™ 

purely imaginary; consequently 

It follows that when Aq is a real symmetric matru, it must be definite and have only 
positive signants. 

Ex. VI. lf{d\^ IS a square semi-unit matrix, so that a?id if a<= - L 

then the matrix Jo ^ symmetric^ and we can replace (D) hy a. symmetric equimutant trans- 
formation of the form (E). 

1*1 I— ^ wi 

Let = so that Then since the inverse of the conjugate 

of an undegenerate square matrix is the conjugate of its inverse, we see from Theorem TI 


that we oan wnte 

(X7- (^)-‘ =S 1 + (X+ ly-i (16) 

(X/- <#•')-* =2 + SS/ (X+ !)/-■ (17) 
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where Ai and Bf are the conjugates of Af and Bj, and where % reoeivos the values 
0, 1, 2, 3, ... and j the values 1, 2, 3, ; and when we replace X by i in (17), we have 

[v-^J “^(x+i)*+'+^^^ 

Now when we prefix {\I- (^)“i and postfix on both sides of the identity 

(X/- (/>) 7- (^') = I (X/- c^)+X (1 7- (18) 

we obtain (X7- 0) " ^ ^ 7- 0'^ = ^ (18') 

Substituting the expansions (16) and (17') in (18'), we see that for all sufficiently small 
values of X + 1 we have 


.(19) 


_Z?/(X + l)i-l 

^ + X'‘^(X + 1)^+1“‘^ ' X7+1 ■ *■ 

When we expand the positive and negative powers of X on the right of (19) m ascoiiding 
powers of X + 1, and then equate the ooefficients of on both sides, we see that 

A + 1 

*do=-do', 


i.e. iio is symmetric. 



CHAPTER XXVII 


COMMUTANTS 

[A solution of the matnx equation AX=XB^ in whioh A and B niiiNt ho Hquai'o 
matrices, is called a commutant X^{A^ 5}, it is a co-commutaut whon Zf= a contra- 
commutant when and a non-singular commutant when its elomoiits are in- 

dependent of any arbitrary parameters occurring in the elements of A and B, Tho earlier 
articles 237 — 40) deal with the definitions of commutants and ooiumutaiital traiiH- 
formations, and with genei’al principles relating to commutants. It is shown in 241 3 
that when A and B are umlatent canonical square matrices, tho general commutant 

-5} 18 a general ruled compound slope or a zero matrix according as the latent roots ot 
A and B are equal or unequal , and these facts furmsh the complete oonstruotions of 
§244 for the genei'al commutant {A^E} whenever all the elements of A and B ai*G 
numerical constants Special attention is given to the rank of a general commutant, the 
conditions for the existence of undegenerate symmetric or imdogenerate slcow-symmotric 
contra-commutanta, and the conditions that the general co-oommutant {Aj A} shall be a 
rational integral function of A, The concluding articles (§§ 245 — 8) deal with the reduc- 
tion and construction of commutantal transformations, and tho final theorems with the 
construction of equigradent commutantal transformations converting one given undogene- 
rate square commutant into another Particular cases are tho expressions for a given 
undegenerate square matrix as a product of symmetric or skew-Hyramotric matrioos 
(§246), and the construction of symmetric semi-umt transformations converting one 
given symmetric or akew-symmetnc matrix mto another (§ 248) ] 


§ 237. Independent matrices of a given simple class. 

A compound matrix in which the constituents form r horizontal and s 
vertical minors will be said to belong to the class 


M 


(qu ? 2 , ... qs\ 
\PuP2y ... PJ* 


when the r successive horizontal simple minors counted from the top contain 
respectively Pr horizontal rows and the s successive vertical simple 

mmors counted from the left contain respectively ... qa vertical rows. 

We will call Pi, jpa, Pr and gg, ... q^ the horizontal and vertical indm 
nwmbers. A matrix which is not regarded as compound (one in whicli 
r = s = 1) is called a simple Tnatno) or a matrix belonging to a simple class. 

If Xu Xqt ... Xi are i particular matrices with constant elements of a 

given simple class M , i.e each containing m horizontal and n vortical 

rows, they will be said to be mutually independent when there exists no 
relation of the form 


Cl -3^1 + CgXg + . . . -H CiXi = 0, 


( 1 ) 
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where Ci, Ca, ... c, are scalar constants which are not all equal to 0 Any 
particular matrix X of the same class is dependent on Xi, X^, . . X, when 
and only when there exists a relation of the form 

X = c^Xj + CgXg + . . . Ci2i.{, (2) 

where Ci, Cg, ... are scalar constants. 


Let Xij be the matrix of the class which the clement common 

to the ith horizontal and^^'th vertical rows is l,and all other elements are Os; 
and let Xo = [0]“ be the zero matrix of that class Then the mn non -zero 
matrices 

Xij, (i= 1, 2, ... ?il; 1, 2, ... n), 

which are mutually independent, will be called the mnjlenj^tqiy independent 
non-zero matrices of that clossj and they together with Xq are m??. + 1 in- 
dependent matrices of that class. The general matrix X of the given class 

M can be expressed in the form 

X = (i= 1, 2, ... m; 1, 2, ... n\ (3) 

where the 97Wi letters denote independent arbitrary parameters, nr if wo 
please in the equivalent form 


X^ != XxijX^j -h Xq. 


(30 


Because every matrix of the given class can be regarded as a particularisa- 
tion of this general matrix, we see that the given class contains exactly mn 
(but not more) independent non-zero matrices, and exactly mn + 1 (but not 
more) independent matrices. 


We shall be concerned m this chapter with matrices X of the simple 
class M which can be expressed in the form 

X = a;iXi-l-fl!iXfl-h ... + fl3iXi, (4) 

where Xi, ... Xi are independent scalar paramefters^ and Xi, Xa, ... X» are 
particular mdepmdent non-gsero mairices of the same class. When X is any 
such matrix, its elements are homogeneous linear functions of the % indepen- 
dent scalar variables ... Xi, and it has exactly i independent non-zero 

particularisations. We can either regard X as a homogeneous linear function 
of the scalar variables oiq, its coefficients being then independent 

non-zero matrices of the class M , or we can regard it as a homogeneous 

linear function of the i particular independent non-zero matnces X^, Xa, . . . X*, 
its coefficients being then independent scalar variables. If Y is the same 
matrix expressed as a homogeneous linear function of other independent 
non-zero matrices Fi, Fa, F®, ... of the same class, the number of terms in 
F must also be equal to i, because independent non-zero particularisations of 
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X or F are also independent iion-aero particularisations of V or X, and we 
have 

?'=2/iFi + y2Fa+ ...+yiF,, (4') 


where 3/1, i/a, ... y* are algebraic homogeneous lineal- functions of .-rj, ... 

which can be treated as independent scalar variables. We can pass from ( 4 ) 
to (4^) either by expressing Xg, ... X^ in terms of any i independent non- 
zero pai-ticulansations of X, or by using any ordinary homogeneous linear 
transformation to replace the variables a?i, ^g, . . ,ri by 3/1, j/a* 2/v We can 
always express X in terms of the elementary independent non-zero matrices 

of the class M in the form ( 3 ), but ordinarily there will then be more 

than i non-zero terms, and the coefficients will not be independent vai-iables. 

Ex. i. We can replace the equation (2) by 

A=a7i Xi -j-.rgJTgH- ... + Aj), 

where Xq is the zero matrix [0]” , tmd JT:, Za, , . Ji, A-i, are 2 + 1 partioiilar independent 
matrices of the class M 

Ex. u. If i4 = [a]^ and j5=[&]” are general matnees, we can evaluate the product 


matrix m tho product 

[af [6]"=M" or AB=X 

^ -'wi •'p •- ■'rn 

by putting 

A=7,ai^Ai^^ (2=1,2, ... mi 22 = 1,2, ... p\ (6) 

(i;=l,2, ... py ^ = 1,2, ... n), (6') 

X=2av2V (2=1, 2, . . m, j|-=],2, .. n) (5") 


where A**, B^, ^ are tho] elementary independent matrices of the classes 

M s using the law of matrix multiphcation only for the latter matrices. 

We then have 

A^^B^=0 when v^u (C) 

and it follows that for a given pair of values of i andy we have 

2 {oiiu . A^nByj) = (s ciiu ^n/) ■ 

or ssa^'S.OiuK' 

Some wntera regard tho matnoes A, jB, AT as defined by the equations (6), (6'), (5'') in 
which 0 * 4 , &|^, ore scalar variables, and Ai^B^j^ AT^ are * hyper-uumbors ’ which are 
subject to the law of multiphcation defined by (6). 

Noth 1 Imdependont rationed integral functioned matnoes. 

When we are concerned with matiioes X, Xi, Xg, Xg, ... of a given simple class whoso 
elements are rational mtegral ftinctions of given scalar variables X, /x, v, we may define 
a particular rational integral functional matrix X to be one whose elements ore partioulai- 
rational integral functions of X, /x, v, . . ; and the particular rational integral functional 
matrices Xj, Xg, ... X< to be mutually independent when there exists no identity in 
X, /i, V, ... of the form (1) m which Ci, Cg, ... are rational integral functions of X, /a, ... 

which do not all vamsh identically In this case the matrix X is dependmt on Xi, 
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Xy, . . Xi when there exists an identity of the form (2) m which Cj, cg, . . Oi are rational 
functions of X, /n, i/, . , i.e. when there exists an identity of the form 

in which 0, Co, ... c< are rational integral functions of X, /a, v, ... and c does not vanish 
identically, 

Noth 2 . Indepeiidmt rational fvniGUonal mat'i'iooR 

Wlien the elemeate of X, Xj, Xg, X3, .. are particular rational functions of the soalai' 
vanables X, ^ v, we can always detemime non-2ero rational integral functions p, 

P2j psj .. of X, p, V, . such that the elements of the matnces 

X=pX, l^i = piAi, ri^pjjAg, J^s^PnXa, ... 

ai*e mtional integral functions of X, p, v, . , and we consider Xi, A'y, . . to be in- 
dependent or X to be dependent on A^i, Xy, . . A'^ when and only when F, , am 

independent or F is dependent on Yi, Ja> • • 

Note 3. Bdatiom of this and the most two vhapters to the immediately following 
chaptera 

There are many inter-connoctioiia between Ohaptors XXVII — XXIX, which deal with 
commutonts and invariant transformands, and Chajiters XXX — XXXIX, which deal 
with matnces having assigned commutantal types represented by symbolic commutonts, 
and more particularly with the properties of simple and compound slopes. The latter 
chapters are placed after the former because the definitions of symbolic oommutants and 
of matrices bavmg assigned commutantal types ore derived from the definition of a true 
oommutant. Definitions given in the latter chapter’s will often be used in the former 
chapters, and proofs given in the former chapters will sometimes be abbreviated by 
references to the latter chapters for the properties of simple and compound slopes, which 
are discussed in them from a more general standpoint than would have been rocLuirod in 
the former chapters 

Note 4. Indopendent powers of a gwen matrix. 

If IB a given square matnx of order wi, there must exist some smallost positive 
integer r such that ^ is dependent on the lower positive integral powers of 0, which arc 
all independent. This integer r, which has been determined in Ohapter XXV, must 
obviously play an important part in the properties of ^ If wo iiiclnde amongst the 

positive integral powers of and interpret it to be the unit matrix [1]*", the integer r 
cannot exceed m ; if we do not include amongst the positive intogivd powers of (p, tho 
integer r cannot exceed m+1. In both coses there are exactly r independent positive 
integral powers of A, Corresponding remarks (see Appendix A) can bo mode with respect 
to a given matrix of any given simple class. 

§ 238. Conmiutaiits defined. 

1. The commutants of a pair of square matinees ivhose elmimts are 
constants. 

If j4 = [a]^ and S = [&]” are any two given square matriceH of orders m 
and n with constant elements forming a matrix-pair {A, E) in which A 
precedes B, any matrix X = [a?]^ satisfying tho equation 

or AX^XB 


(a) 



414 


COMMUTANTS 


[CH. \XV1I 


Will be called a oomniutant of the arranged matrix-pair (^ 1 , 5 ), or more 
shortly a commutant [A, 5 }. If the elements of X are rational integral 
functions of certain independent arbitrary parameters, it is to be understood 
that the equation (a) must be an identity in those parameters 

The expression {A,B} will frequently be used to denote 'solution of the* 
equation AX = XB’ where A and B must be square matrices if it is iindor- 
stood as usual that AX and XB are standard products in each of which the 
two factors have equal passivities. The equation X = [A, jB} will bo. used to 
indicate that X is a commutant defined as above, and the expression [A, B] 
will then be called the commutantal type of the commutant Z. 

The equation (a) always has the zero solution X = [ 0 ] “ , and if X is any 

solution, then pX is a solution, where p is any scalar quantity , conversely if 
pX is a solution, and p does not vanish identically, then X is a solution. 
Further if Zi, Z3, ... Xr are solutions, then 

piXi + P2Z3 q- . . . -h prXr 

18 a solution when pi, pa, Pr are any r scalar quantities. In solutions 
mvolving arbitrary parameters, the elements will usually be supposed to be 
rational mtegral functions of those parameters. Rational solutions aro not 
thereby excluded, since they can always be replaced by equivalent rational 
integral solutions. 

By a particular com^nutant [A, B] we shall mean a matrix Z = [ic] ” with 

constant or numerical elements satisfying the equation (a). When the 
equation ,(a) has non-zero solutions, let % be the greatest possible number 
of mdependent particular non-zero solutions Then a general commutant 

[A, jB} will be defined to be a matrix Z = [a?]^ expressible in the form 

Z = XiiZi -1-X2-Z2 + - . -h X|Zt, (b) 

where Zi, Zg, ... Z, are any i independent particular non-zero commutants 
[AfB\, and \i, Xg, •• ar© independent arbitrary parameters. If the equa- 
tion (a) has no non-zero solution, we have 2 = 0, and m this case the general 

commutant [A,B\ is the zero matrix Zo=5[0]”, which could have been 

m 

regarded as an additional term in (b). Thus when there exist non-zero 
commutants {-d, jB}, a general commutant [A,B] is a commutant whose 
elements are homogeneous Imear functions of a determinate number i of 
independent scalar parameters or variables; it can be regarded as a homo- 
geneous linear function of those scalar variables, the coefficients being 
independent non-zero commutants , or it can be regarded as a homogeneous 
Imear function of i particular non-zero commutants with constant elements, 
the coefficients bemg mdependent scalar variables. 

When Z is a general commutant [A, B] expressed in the form (b), wo 
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Will call \i, \q, ... \ the parameters of X By a particidarisahon of X we 
shall mean a matrix derived from X by ascribing particular numerical values 
to the Vs ; and by a specialisation of X we shall mean a matrix derived from 
X by substituting rational integral (or rational) functions of certain para- 
meters /^,/iai •• Mr for the X’s, such functions bemg usually homogeneous 
and linear. Every such matrix is a coinmutant Any two general 

commutants [A, B] are mutually equivalent in the sense that each of them 
IS a specialisation of the other. In fact when the equation (a) is replaced 
by mn equivalent scalar equations, it will become clear that every general 
commutant X = {A, 5} is a general solution of the equation (a) of which all 
other solutions are particularisations or specialisations. We shall often speak 
of the general commutant [A,B], thereby meaning some selected general 
commutant {A,E\* 

A symmetric (or skew-sjmimetric) solution X of the equation (a) will be 
called a gen&'al sym/metrio (or general sh&w-symmetriG) commutant {-d.B} 
when all symmetric (or all skew-symmetric) solutions can be regarded as 
particularisations or specialisations of it. When it is not a zero matrix, it is 
a homogeneous linear function of the greatest possible number of independent 
particular non-zero symmetric (or skew-symmetric) solutions, the coefficients 
being arbitrary scalar parameters. 

If A, jB, (7, D are matrices with constant elements, and if X' is the con- 
jugate of X, we can de^e particular and geneml solutions of matrix equations 
of the forms 

2AXB = 0, 2AXB-hS0X'D = 0 

in the same ways as we have defined those of the equation AX=X£, n 
general solution X being a homogoneous linear function of the greatest 
possible number of mdependent particular solutions. 

Notib 1. OoTvtinnarUaZ and altet'ncUviig emnmutants. 

The symbols {-A^-B\ {A^-B)^ (1) 

ill which A and B are always square matrices, mean solutions of the respective equations 
AX^XB, -^X=-X5, -AX=XB, AX^^XB {V) 

When a matrix X is represented by the Ist, 2nd, 3rd, 4th of the symbols (1) to indicate 
that it IS a commutant of the Ist, 2nd, 3rd, 4th of the arranged matnx-pairs 
(A,B\ (-^-5), i-A,B), (A,-B\ 

we will call it a coniinuanted or olternaHnff commutant according as one of the lirst two 
or one of the last two symbols is used. The first two symbols lire interchangeable with 
one another, os also the last two symbols ; and ordinarily we shall only use the two 
symbols {A^B\, {A^-B} But in defining and manipulatmg commutantal equations and 
products it IS convenient to treat all four of the symbols (1) os being different. 

' An alternating coinmutant {A, -J9} can always be regarded us a continuantal com- 
mutant {A, B'} m which B'^ -B. 

The symbols {i?, A}, { - A “ -‘'Bj { ” A {A “ 


.( 2 ) 
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in which B and A are always square matrices, mean solutions of the respective equations 

BY=YA, -BY=^YA, -BY=-YA, BY=-YA, (2') 

and must not be confounded with the symbols (1) 


Note 2. The commutantA and (mitra^commutantB of a single square mcUTisi. 

The particular cases in which B is the same matrix as ^ or the conjugate of A will 
often occur. 


If is any given square matiix, any square matrix satisfying the 

equation 

(«) 

will be called a C07nniuta7it of A (or a co-oommutant of A\ and we can use the equation 
X={A, A} to indicate that AT is a ‘commutant of A.’ Again if A' is the conjugate of A, 

any square matrix satisfying the equation 



will bo called a oontra-corrmutant of A, and we shall use the equation F={A', A} to 
indicate that 7 is a ‘contra-oommutant of A.’ 


A commutant {A', A'} is a 'commutant of A'\ and a commutont {A, A'} is a ‘oontra- 
commutant of A'.^ 


Since A” is a commutant of A when and only when it is commutative with A, the 
determmation of a general commutant of A is eqiuvalent to the determination of all 
square matrices which are commutative with A 


Note 3 Co-conimutants and cooitra-oommuta^iis. 

The genenc term co-commutaiit will bo applied to oommutants of the tyi)Os 
{±A, ±A}, {±A\±A% 

these being the oontinuautal and alternating commutants of a pair of equal square 
matrices. 

The genenc term co7itra~commutant will be apphed to commutants of the typos 
{±A', ±A}, {±A,±A'}, 

these being the continuantal and alternating commutants of a pair of mutually conjugate 
square matrices. 


Ex 1 Gases tn which A or B is a ze^'o matrix 

When ■5=[0]^, a general commutant {A, is a general solution of the matrix 
equation 

and when ^=[0]“, a general commutant {A,E^ is a generri Bolutiou of the matrix 
equation 

or XB^Q, 

When A and B ai-e both zero matrices, a general commutant {A, J!?} is a matrix X=[x] 
whose elements are mdei>endont arbitrary parameters. 

Ex 11 . Cases in which A and B are both scalar or quasi-scalar matrices (^Itich 7 uag be 
zero mairicesy 
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If.l=«[l]“andi?=i[l] II are scalar matrices, the general com mutant {A, B} is . 

(1) the zero matrix [01* when a=^h , 

^ "*711 

(2) a matrix [j?]* with oi'bitraiy oloments when a=b. 

By using this result m conjunction with Theorem II of j^240 we can construct the 
gouoral commutant {A, B} when A and B are given quosi-scalai’ matrices. 

Bx. lii. Cases in which the gmwi'al commutant {A^B} is a onatrix with arbitral^ 
dements. 

If u4=[a]^^ and iii’e square matrices of ordei's m and w with constant elements, 

the general commutant {A^B] wall lie a matrix whoso elements are indoiicndont 

arbitrary parameters when and only when A and B are scalar matrices with equal 
diagonal elements, so that 

where c is any scalar nuiaber, which may bo 0. 

For if Z=[ar]* , the matm obtained by putting all elements of A” equal to 0 except 
will be a commutant {Aj B] if and only if 
when 

and when these conditions are satisfied for all permissible pail’s of volnes of i and y, 
A and B must have the forms given above. 

Ex. iv. Gases in %ohich live genefi'al commutaTit [A^B} w a z&t'o matnx. 

If A and B are defined as in Ex iii, it will be shown in § 240 3 that the general com- 
mutant {A, 5} is a zero matnx when and only when A and B have no latent root in 
common 

Ex. V. The gmei'oL commutant {A, A) of a single square matrix A is always an un- 
deg&n&t'cUe squ/ure matrix. 

For if m is the order of A^ the unit matrix [1]||| is always a pai*tioular undogonerato 
commutant {A^ A). It will be shown in 244 that the gonoiUil contra-commutaut {A\ 
is always an uudegonerate square matrix. 

Ex. \i. Ga^es in which the general commutant {A, B} is an midegefnerate square matrix. 
The condition n=m is of oourse nocassary. Lot A and B bo two square niatncos of 
the same order m with constant elements; and lot h and H bo two mutually invoi’so 
undegenerate square matrices with oonstant elements. 

Then h is a particular undegenerate square commutant B] or H is a particfular 
undegeifieraie square commutant {7?, A) wheoi and only when 

hBH^A 

is an equimutant {or isonwrphio) tramformatimi converting B into A. 

Thus there exist undogonerato square oommutants {^1, B) or uudegonorate squai'c 
commutants {5, A) when and only when A and B are equi-canoniciil, i.o have equipotent 
charaotenstio matricea 

Further h or H is a partiouJar undegmi&rate commutant {A^A} of the single square 
matrix A when and only when 

hAM=A 

is an equvnutaml (or isomorphic) tramofojmation convertvng A %nto itself so that A is an 
invarw/nZ transforniand of a transformation by h and H. 


0. III. 


27 
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Ex. vii. Rational integral fwnotioiis of a square matrix regarded as commutants. 

If A IS any given square matrix of order wz, every rational integral function of is a 
commutant {A, A}, i.e. a commutaut of A ; for (as in Ex. viii) it is commutative with A. 

It wiU be shown m Theorem II of § 244 that all oommiitants of A will bo rational 
integi'ol functions of A when and only when A satisfies no rational integral equation of 
degree less than m 

Ex, viii If 4* = /^ (/I) is any ratumal integral functio^i of a given square matrix A of 
ordefT and if A\ are the conjugates of Ay then. 

(i) Every co-commutant {A, A} is also a oo-commutant {<&, 4»}. 

(ii) Eveiy oQ-commiUaiU {A', J'} is also a co-oommuiant 4>'} 

(iii) Evmy contra-commutanl {A\A} is also a contra-commutant {4>', «!»}. 

(iv) Every conti a-commutant {A, A'} is also a coivtra-oommutant {*!», 4>'} 

Since ^=f{A) when and only when we need only consider the properties 

(i) and (m). Let /=[!]*"> suppose that 

^=C(|/+CiiL + C2il"+ -{-CjjA^y ^CqI-\‘CiA' .. -\-c^^A^', 

Then if A' is any commutant of A, the property (i) -follows from the equations 
AX=XAy A^X=AXA = XA\ A^X=AXA^=XA\„.y 
which lead to ^Ar= ; 

and if X IS any contra-commutant of Al, the property (iii) follows from tho oquations 
XX=XAy A'^X^A'XA^A'A^y A'^X=A'XA^-=XA^, „ , 
which lead to <I>' A" = A4». 

It wiU be shown m § 262 that a square matrix ^ of oi-der m which has any ono of tho 
properties (i), (ii), (iii), (iv) must be a rational integral function of A. 

2. Detei'mination of commiatants by the solution of scalar eqvaUons, 

The matrix X = [it?]” will be a solution of the matrix equation 

[ar[a;]^ = [a;]^‘[6f or AX = XB (a) 

when and only when its elements satisfy the mn homogeneous linear scalar 
equations 

«=f« v^n 

0 ij= 2 a,«a;uj= 2 a;„6Bj=0, (i = l, 2, ... m; j =1,2, ... n), ...(»■') 

26 = 1 <0 = 1 

which are together equivalent to (a). We can therefore determine particular 
or general commutants {JL, B] by findmg particular or general soIutioiiH of 
the mn scalar equations (a') in which the variables are the inn elements 
of X. 

After determining the general commutant {A,B} by this method in 
certain particular cases, we shall be able to determine it for all imrticular 
matrix-pairs by using the general principles described in § 240. 

In all cases the scalar equations (a') can be replaced by a single matrix 
equation of the form 

=0 or Xlf = 0, (a") 
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where ^ is a one-rowed matrix whose elements are the mn elements of X, 
and where H is a square matnx of order mn in which nm {mn — ni — ?i + 1) 
of the 7?iV elements are always O’s. The square matrix XI can be made to 
assume many elegant forma by suitably arranging the vanables such as aiy 
and the equations (a'), i.e. by suitably arranging its horizontal and vertical 
rows. If we adopt the same order of arrangement for 

^11 > ®iflj ••• 0'iid 011 , 012 , ... 0 ^, 

it has resemblances with a symmetric matrix , and if we adopt the same 
order of arrangement for 

iUii, /Kin, .. iKy, ... and 011, 001, . . Qjif 

it has resemblances with a skew-symmetric matrix. The general structure 
of Xi IS most cleai'ly shown when the orders of arrangement are iis in Exs. xi 
and xii. We shall not make much actual use of the equation (a") except 
(see §263) m the determination of the general commutant [A^A] when all 
the elements of A are arbitrary. 

Since the determinant R = det XI (8) 

18 the resultant of the mn scalai' equations (a') or of the mn homogeneous 
linear functions when all the elements of A and B are arbitroiy, we see 
that; 

If A and B are square matrices with arbitrary elements^ then for all 
partieidar values of their elements the general oommutant is a nun-zero 

matrio), i.e. there emst nan-zero commutants {A, B], when and only luheii 
R = 0 (4) 

On this account we will call R the scalar resultant of the two squavu 
matrices A and JB. Although difficulties present themsulvcs when we attempt 
to obtain a complete expansion of the determinant of XI, some important 
properties of R can be immediately deduced from the result stated in Ex. iv. 
In the fii’st place it follows (see § 240. s) that : 

If A and B cure square matrioes with arbitrary elements, then. 

(1) For all partiGular values of their elements the vanishing of R is the 

neoesscury and siiffident condition that A and B shall have a latent 
root in commo'n, 

(2) The scalar resultant R of A and B is the resultant of the Pivo charac- 

teristic determinants 

detA detB(X) = ([&]” 

when these are regarded as functions of X only, the elements of A and B being 
arbitrary parameters (6) 

Prom the second of these two results it follows further that ; 

If A and B are square matrices whose elements are rational integral 
functions of certain arbitrary parameters ji, 73, ..., so that their scalar 

27—2 
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resultant Ris a rational integral funotim of tlie ys, then the identical vanish- 
ing of R is the necessary and sufficient condition that the two characteristic 
determinants det A (X) and detB (X) shall have a factor in common which is a 
rational integral function of X and the ys; and it is of course also the 
necessary and sufficient condition that the equation (a) or (a") shall have a 

non-zero solution ( 6 ) 

To prove (6) let /=d 0 til(X), gr = det5(X). Then if / and g have a 
rational integral fe.ctor in common (which must involve X), the resultant R 
necessarily vanishes identically. Again if / and g have no rational integral 
factor in common, then by Ex. viii of § 188, there must exist rational integral 
identities m X and the /s of the form 

Pf+Qg=4>, (7) 

where is a rational integral function of the 7*8 only which does not vanish 
identically; consequently we con ascribe such particular values to the 78 
that f and g become functions of X having no common root, so that iJ =j= 0 , 
consequently R cannot vanish identically. 

In connection with the last result attention may be drawn to the well- 
known fact that we can always determine rational integral identities in X 
and the 7 ’s of the form 

Pf-^Qg = R, ( 7 ') 

where the degrees of P and Q m X are less than n and m respectively. This 
follows from Ex. iv of § 193, where before evaluating A by expansion we can 
add to the last horizontal row the 1st, 2nd, ... — l)th preceding hori- 
zontal rows multipbed by ... respectively. 

Ex. IX. Jf P=5-o [1]", where e w any scalar nnmher^ the matrix- 

pairs JB') amd (-4, B) have the same commutcmts. 

For we have A'X=XB^ when and only whan AX=XB. The diagonal olotnoiits of 
A and B only occur m the one term (on - 6^) of 0 ^ ; consequently the equations (a') 
and (a"') are the same for the two matrix-pairs 


Ex. X. Reduction to the case in which A and B are square matrices of the same order. 
First suppose that w ™ 771 -Hp > m, 



Then the equation A'X'^^X'B is equivalent to the two equations AX=,XB, YB=0. 
Consequently X' will be a general (or particular) commutant {A\ B} when and only when 
Z IB a gener^ (or particular) commutant {4, and F is a general (or particular) solution 
of the equation Fj5=0 ; and after determimng the general commutant {4', B\ wo shall 
know the general commutant {A, B} If R' is the scalar resultant of A' and B, we have in 
this case 


Next suppose that 


and let 



A'=(det By. R. 

m^^n+p > 71 , 




X=[x] 


11 

TO* 




m* 
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Theu JT' will be a general (or partionlar) commutant {A, B'} when and only when X is 
a general (or particular) commutant B} and F ia a general (or particular) solution of 
the equation A Y=0, If 72 ' is the scalar resultant of A and B\ we have in this cose 

7 i;' = (det- 4 )^>.iS. 

It follows that m discussing the general properties of commutants {A, B] we can 
confine oiu^elves to the cases in which A and B are square matrices of the same order. 

Ex XI. If wi=7i=»2, and if we put the equation (a) can bo replaced by 

either of the equations 
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where the prefactora on the right are forms of the square matrix Q. in (a''). In this cose 
we have 

72 = (oii — bii) {ail ~ ^>22) (^32 “ ^11) (<^2 "" ^22) “ o, {(&n — Oil) (&11 — C622) + (&aa “ {^22 “ ^)} 

“ P {(<% ” ^11) (<^i ^ ^22) + “ ^11) (jha ~ ^22)} + (a — PYi 

where a^aiso^y 613621 

If 013=022=021=0, then in accordance with Ex. x we have 

72 =det B . {(611 — Oil) ” ^0 “ ^i2&2i}j 

where the co-factor of det B is the scalar resultant of the two square matnces [a]J 
and [6]^. 

Ex. xu. If » 71=3 and ?i= 4 , and if we put Ci^^ou-'hjj the equation (a) can be replaced 
by either of the equations 
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where the prefactora are forms of the square matrix SI in (a"). Except in special cases 
the scalar resultant /2=det SI is most easily evaluated as m Exa iv and v of § 193 when it 
IB regarded as the resultant of the two functions det A (X) and det B (X). 

We have corresponding forms of (a") for all values of m and tl The foim corresponding 
to (8) can be replaced by n homogeneous lineaj matrix equations m which the unknowns 
are the w vertical rows of X The foim corresponding to (9) can be replaced by m homo- 
geneous linear matrix equations m which the unknowns ore the m horizontal rows of X 
When A and B are simple square ante-slopes both these forms of SI become quadrate 
hemiptenc matrices in which the diagonal constituents are simple square slopes. 

Ex xiiL If we arrange the elements Xij and the hneor functions % according to their 
difference-weights, i e. according to the values the arrangements in Ex. xii being 

^ai I ^33 j I ^33 j ‘'*^23 J ^11 I ^ 34 j ^ 12 ? ^'24 j ^'isJ J 

®81 5 ^82 J J 638,^221611; 634 > 623 J 612 ; 624 1 61a I 614, 

we obtain auothei* form of (a") which can be replaced bym-f-w-1 homogeneous linear 
matrix equations in which the unknowns are the successive diagonal linos of X. This 
form is particularly useful when A and B ore simple square ante-slopes, the matrix O 
being theu hemipteric 

Esn. xiv If 7a=w=3, and if we put "we can use for (a") the form 
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winch makes i2 a akew-symmoiric matrix when B=A We shall use foious correspomliug 
to this when determining the gouoral oommutant {J, A) in g 253. 

3 . The commutants of a pair of sqnare matiices containing arbitrary 
elements. 

In the definitions of sub-article 1 it has been asauined that all the 
elements of A and B have given numerical values When the elements of 
two square matrices A = [a]“ and B = [6]|| are rational mtegi'al (or rational) 
functions of certain independent variables 7i, 7a, 7a, ■■■, n. matrix Jl = 
will be called a commutant of the matrix-pair {A, B) or a oommutant [A^ B\ 
when its elements are such rational integral (or rational) functions of the 7's 
that the equation AX^XB is an identity in those valuables. If the elements 
of ^ involve arbitrary parameter independent of the 7 s, the equation 
must be an identity in them also. It will be understood that A, B, X can 
be replaced by any matrices derived jfrom them by multiplying or dividing 
them by scalar rational integral functions which do not vanish identically. 
Consequently their elements may always be supposed to be rational integral 
functions of the variables and parnmetora occurring in them. 

A particular oommutant X == [A, B\ will be understood to be a commu- 
tant in which the elements are particular rational integral functions of the 
variables 71, 73, 73, ... with numerical coefficients. If i is the greatest possible 
number of independent particular non-zero commutants [A^ .B}, and if i is 
not 0, a general oommutant X-= [A^ B] is a matrix expressible in the form 

.y = 4 * . ■ . + Xi-Xi, (b) 

where Xi, Xg, ... X^ are any i independent particular non-zero commutants 
[A, B}, and the \'s are independent arbitrary parameters independent of the 
7 a. If ^ 0 , the general commutant [A, B] is a zero matrix. 

When X is any general commutant [A^ B} expressed in the form (b), we 
will call Xj, ... Xi the parameters of X or the parameters peculiar to Xj 
and when A and B are given^ parfcicularisations and spccialisatious of X will 
ordinarily have reference only to the parameters of X', and not to the variables 
of A and B. Thus a pa/rtioularisatioii of X will mean a matrix derived from 
X by substituting particular rational integral (or rational) functions of the 
7 s for the Vs , and a specialisaiion of X will moan a matrix derived from 
X by substituting for the Vs rational integral functions of parameters 
Ph.} fh) independent of the 7s in which the coefficients are rational 
integral (or rational) functions of the 7 s and may be constants, such functiions 
bemg usually homogeneous and Imear m the /a’s. Ordinarily only rational 
integral functions of the 7's will occur in X ; when this restriction is not 
observed, we vdll call X a rational commutant. Every commutant {A, B] is 
a particularisation or specialisation of every given general oommutant [A, B} ; 
and any two general commutants [Ay B} are mutually equivalent in the 
sense that each of them is a specialisation of the other. 
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Commutanta in which the elements are independent of (or have degree 0 
in) the variables of A and B will be called non-singular, other commutants 
being singular. A particular non-singular commutant Z = {A, JS} is a matnx 
with constant or numerical elements which makes the equation AX = XB 
an identity in the 7’s. A general non-singulcur commutant X = {A, B] which 
is not a zero matrix is a homogeneous linear function of the greatest possible 
number of independent particular non-zero non-singular commutants, tlie 
coeflScients being independent scalar parameters independent of the variables 
occurring in A and B. When A and B are square matrices whose elements 
are constants, the distinction between non-singular and singular commutants 
disappears; every particular or general commutant {-4, 5} being also a 
pcu’ticular or general non-singular commutant \A, J5}. The existence of 
singular commutants adds considerably to the difficulty of determining a 
general commutant [A, .B} when A and B contain arbitrary elements. 

In anticipation of § 244 it may be mentioned here that : 

(1) A general ooTmmtant {A, B] is ordinarily a zero matrix; being a 

non-zero matrix when and only when the characteristic determinants 

of A and B have a factor in common. 

(2) A general (pr general non-singular) co-corrmutant \A, A] is always 

an undegenerate square matrix. 

(3) A general contra-commutant {A', -4} is always cm undegenerate square 

matrix. 

To establish (2), it is sufficient to observe that the unit matrix of the 
same order as 4. is a commutant {-4, A}. From Exs. xix and xx it will be 
seen that a general non-singular contra-commutant {A\ A] can only be 
undegenerate under special circumstances, and is usually a zero matrix. 

If A, B, G, D are matrices whose elements are rational integral (or 
rational) functions of certain scalar variables 71, 7a, 73, ..., and if X' is the 
conjugate of X, we define particular and general solutions or non-singular 
solutions X of matnx equations of the forms 

^AXB = 0, MXB-\-XGn) = 0, 
in the same ways as we have defined those of the equation AX = XB. 

The commutants occurrmg in the following examples of this article are 
determined by solvmg the scalar equations correspondmg to (a'). 

N’OTTfi 4. The commutanta of a particulcmaed 03* apeddlued matrix-pair. 

Let Z be a general commutant {Ay B], where A and B are square matrices whose 
elements are rational integral functions of the vanablea yj, yj, yg, ... , let Xi, X2, X3, ... 
be the parameters of Z; and let Aq, 5 o, Xq he matrices derived from A, B, X by 
particularising or specialising the ys. 

Then in aU caaea Xq will be a commiLtant {^io, Bq}, arid wUl therefore be a particulari- 
aation or apedaliaoJtiwi of every general comrmiant B^. 
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l^'or in the most geneml ease we may suppose A^, Bq, Zq to be denved from A, B, X 
by substituting for the ys rational integral functions of certain independent scalar 
parameters cj, cgi Cs, which are independent of the X’s Then because the equation 
AX=^XB is an identity m the X’s and ys the equation iloZ=Zo5o is an identity m the 

and 1.0. Xq is a commutaiit {Aq, B^]. 

Mirriiover if A^^ B^ are particulai'isaiions of A and B^ then for ordinary 'particfular 
mines of the ys tlm matrix Xq mil he a g&neral commutant {-do, B^. 

For when the y’s receive particular values which do not satisfy certain equations, ^the 
process of solving the non-scalar equations (a') will bo exactly the same as when the y’s 
are indopendeut variables Alternatively for oi-diuary particular values of the y’s the 
matrix Q, in (a") will become particularised into a matrix Qq of the same rank, and mde- 
pendent pain;ioular oommutouts {A, B) will become particularised into independent 
pai*ticular commutants 5o} , consequently every complete set of independent commu- 
tants {A, B] will become a complete set of independent commutants {Aq, 5o} This 
iirmciple will enable us to pass from theorems conoermng the commutants of square 
matrices whose elements are constants to theorems concerning the commutants of 
functional square matnees. 

When X is the general non-aingidax commutant {A, B}y which is mdependent of the 
ys, Xq is the same matrix as Z, and the identical equation .doZ=Z5o shows that Z is a 
non-singular commutant (Aq, Bq}. 

T/nts QDefiy general non-eingidar oommvlaivt {A, B)i8a parUmlarisatioii or apecialisation 
of Qv&iy gmieral no'n-smgidar commutant {Aq, .Sq} 

It follows that as the square matrices A and B become more and more specialised, the 
general non-singulai’ commutant {A^ B) tends to become less and less specialised. It is 
most speoiahsod when the elements of A and 5 are all ai^bitraiy, being then a zero matnx , 
and it is least specialised when A and B ajre zero matrices, bemg then a matrix with 
arbitroi'j elements. 

As regards the general commutants {A, B) and {Aq, .Sq} we can show that : 

If general oimmvtaiU {Aq, .&o} ^ ^ matrix^ then the g&n&ral commutant {A, jB} w 
oho a zero matrix. 

For the scalar resultant i2Q=det Q.q of Aq and .So is a particularisation or speciahsation 
of the scalar resultant /£«=det fl of A and B. If the general commutant {Aq, 5o} is a zero 
matrix, Bq does not vanish identically; therefore B does not vanish identically; therefore 
the general commutant {A, .d) is a zero matrix. The correspondmg more general pnnciple 
is that : 

The total number of independent n/ni-zero commutants {A, B] camiot exceed tlue total 
nwnber of independent non-zero commutants {Aq, .Sq} 

Thus as the square matrices A and B become more and more speciahsed, the total 
number of independent commutants {A, B} tends to become greater and greater. 

If the variables of A and B can be divided into two sets oi, 03, og, ... and ft, ft, ft, ..., 
and the fts only are partioulai’ised or specialised, being replaced m the latter more general 
case by rational integral functions of variables &i, &2) which are mdependent of the 
a’s and X’s, all the above theorems remain true except that the third must be interpreted 
to mean that . 

Bhery commutwnt {A, B] independent of the ^ a is a ccmmutcunt {Aq, ft} independent of 
the I? 8, 

When the /3’s ore particularised, the 6’s are absent, and every commutant {A, B} inde- 
pendent of the /S’s is a commutant {Aq, ft}. 



426 


oomruTANTs 


[CH. xxvn 


Ex. XV. In each of the following two cases non-zero commutants exist because the 
characteristic detei*minauts of A and B have a factor m common. The letters t and /j 
denote independent arbitrary pai'ameters, and X and X* ai’e respectively the general and 
the general non-singulai’ commutont {id, 5). In both cases the sealai- resultant R vaiushas 
identically, and has degenei’ocy 1. 




(2) A 


t , 2t+] 

Li+3, 

dati (X)=(\+e + l)(X-2!t+3), det5(X)=(X+<+l)(X-3!:+l). 

r2i+l, -t 
L3<+2, -(2i+l)J’ 


=r 


t , 2i+l-| 

L<+3, 2 J’ 


B=\ 


,1. z=r=p 


1 . -n. 
L-1, 1 J’ 


det A (X)= (X-h^ + 1) (X — 2i-|-3), det B (X) = (X 1) (X — i — 1) 


Ex. XVI We give below three simple illustrations of Note 4 The lettei’s or, h denote 
given scalar numbers such that Z)=t=a ; the letters X, /li, .ar, y denote independent arbitrary 
parameters , the matnoes Aq, paiinculajisations or specialisations of A, B ^ the 

matrices X and X‘ are respectively general and general non-smgular commutants {A, B } , 
and the matrices Y and J' are respectively general and general non-smgular commutants 
{Aq, ^o}- (^) specialisation ft=X, and in (3) we use the piirtiou- 

loiisations X = a, /x = 1 


(2) A: 


(3) 




R3 

; -x:= 

^{a-b).v, /j.r-Xy"| 

_ 0 J (“-^')yJ’ 

A' = 

ro, on 
Lo, oj 

Fa, xn 

Lo. 6_ 

1’ 

na-h)se, \{ai-yj\ 

L 0 ,(«-&) yJ’ 

r'= 

r.i;. 0-1 

Lo, 

E:] 

: 

rx.i:, y"! 

Lo, 

X' = 

G3 




*'-'■-[$ 3- 


In all three coses A”' is a specialisation of i"', and Xq (defined os in Note 4) is a 
specialisation of F, bemg in fact the same os Y. 

Ex. ivii. If a and j8 are variables or ai’bitrary parameters, and if A (X), B (X) tu’e the 
characteristic matnees of the square matrices 


-/3 , 2a + 2)8, a+2)9 “ —3)3, a + 3)3, 2o+)S'" 

A= 3a+i3 , 3a+/3, a+/3 ,5= a , -2)9,2a-/3 , 


a-3)9, a— jS, “a + /3_ -2a-)3, -a+)3, ^ 

we have det A (X) = — (X + a + ^) {X^ — (3a + 2/3) X — (8a® + 2a^ - 63®)}, 

det 5 (X) - - (X + a +3) {X®- (a - 53) X - 2 (a® + 5a3 - 43®)}. 


Smee the ohajuctenstic determmants have the common factor X+o+3, we know that 
there must exist non-zero commutants {A, ^}; and it can be shown that the general 
commutant {A, B] dijBFers only by an arbitrary scalar factor from the matrix 


X= -X, -y, -r = 
- y, »- 


-'-(a-3), (a+3), -23- 

a -3, -(a + 3), 23 

_-(a-3), (a + 3), -23_ 




.. (10) 
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livoii in thiH oomimmtively aimplQ case the direct aolutiou of the scalar equations (a') 
is ti'imblcaomo , but it can be aimphtied by the following considerations 

If wo put = it will be found without difficulty that the 

general coinniutaiits = B^), X 2 ={A^y Z?a} are 

■-I, I, 0- - -1, -1, 2- 

1 , -], 0 , 1 , 1 , -2 , 

-'I, 1, 0_ --1,-1, 2. 

where p and cr ai^o ai'bitrary pai’ametera, there being only one independent non-zero 
oommutant in onoh casa Since a non -singular commutant X= {A, B] would satisfy both 
the equations A^X^XB^^ we see in the first place that every non-zero com- 

luutant {A , B} must be singular Again if the matrix i2 for A and B m (a") becomes 12 1 
when a = l, ^=0 and 122 when a=0, j8 = l, then because the degeneracies of 12i and 12^ 
must be oxjictly equal to 1, we see in the second place that the degeneracy of 12 cannot be 
less than 1, and must be exactly equal to one. We conclude that there is one and only 
one independent non-zero commutant X={A, 5}, and that it must be singular. Its 
elomoiits JU’e proportional to the simple minor determinants of any undegenerate horizontal 
simple minor of 12, and it must be homogeneous and hnear in a and ft the coefficients 
of the highest powers of a and /3 differing only by scalar factora from the matrices 
Xi and A’a. 

The rule for determimng the rank of any general commutant which is given in Note 3 
of 55 244 shows that in the case considered above the rank of the general commutant 
A"™ {*4, B) must bo equal to 1. If we make use of this fact and note the forms of Xi 
and Ar 2 , we see that A” must have the form shown on the left m (10) ; and there is then 
110 diffi.oulty m solving the scalar equations (a'), which reduce to three. 

Ex. xviii. If A and B are hath simple square ante-alopes or quasi-scalar matnees^ the 
gsnei'ctl commiUant {A^ B] is a non-sei'o matrix wh&ti and otdy when one of the diagoTUil 
elemmts of A is identically equal to one of the diagonal elements of 5, i e. loh&n and only 
whsn A and B have a common diagonal element. 

A simple square ante-slope is a square matrix in which aU elements lying on one side 
of the diagonal are equal to 0 Whenever A and D are simple square ante-slopes (which 
may be quasi- scalar matrioes)^ we see from Ex. xii or xiii that R is the product of the mn 
differences 

(i=l, 2, 

and in order that R shall vanish identically, i.e. in order that there shall be a non-zei'o 
commutant, it is neoeasary and sufficient that one of these differences shall vanish 
identically. 

We conclude as in the fourth theorem of Note 4 that . 

The general oommutamt {A, B} is a zero matrix whsnevei' A and B can he parti/yularised 
into simple square amte-slopes {or quasi-scalar matnees) having no comrmn diagonal 
elefmmt. 

It is therefore a zero matrix when A and B are square matrices whose elements are 
independent arbitrary parameters. 

Ex. XIX. If A=s\a^is a square matrix whose elements are independent arbitrary para- 
meters, the general non-smgular oommutant {A, A} w a scalar matrix. 

For when we equate the coefficients of oy on both sides of the equation A.Y’= in 
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which IS a matrix whose elements ai’e ivdependmit of the elmnoMe of wo obtain 

L Jtji 

the scalar equations 

, a;j,i=0 when^=t=i, when 

UTid&r the sa'tne circu^nataTicea tJie general non-nTigvlar contm-conmiUant {/i', /!} 7^f 
a zero matrue. 

For when we equate the coefficient of On on both sides of the equation J A = A^(, we 
see that we must have 

^pi=0 when j?=j=2'*, ^{^=0 when g^=^=^, 

i.e all the non-diagonal elements of X must he 0’s; and the equation A jY=AA then 
becomes equivalent to the ^ (wi- 1) scalar equations 

( 1 ^) 

which cannot be identities in the elements of A unless if is a zero matrix. 

The general oommutant {^, A} will be determined m § 253 

Sx. XX. If A = \a^^u an arbitrary evmjple equare cmte-elope of order the general 
non-eingvlar commutcmt {A, A) is a ecala/r matrix^ and the general non-dngular contra- 
commutant {A', A) ia a zero imlryn. 

For if Oiy IS always 0 when and an arbitrary parameter wheny<(: i, nil the rasults 
of Ex. XIX remain true except that the equations (11) become 

Ex. xxi If A=\<i^ ia a quaeL-scalar matrix whose mocessive diagonal ehnmits 
cLi, a 2 i,-.ctm, are ind^endent arUtrary parameters^ the general nonrdngular oonmutant 
{Ay A} (yr conlror^xmimutant {A', A}y which are the samCy is a quasi-soalar matrix whose 
diagoTutl elements are independent arbitrary parameters. 

For if is a matrix whose elements are mdependent of the elements of Ay the 

matrix equation AX=XA is equivalent to the (m- 1) scalar equations 

{ai’-af)Xii=0y (y+t), 

4. The congugale of a comTmtant ; the inverse and conjugate reciprocal of 
OAi undegenerate squa/re commutant. 

First let ^ = [a]”, B = [6]||, X = [a?]™ be matrices whose conjugates arc 
A\ By X\ Then each of the equations AX = XBy FX = X'A' is deduciblo 
from the other by equating the conjugates of both sides, and it followa 
that: 

The conjugate of a particular or general commutant ^ ^ {Ay B] is a 
particular or general commutant X = [F, A*}. 

Hence when 

X^[AyA}y X={A\A']y X^{A\A]y X=={AyAl 

we have 

X'^[A\Al X' = {AyA}y = r^{AyA% 

where the let, 2nd, 3rd, 4th representations are to be taken in both series. 

If then X is a particular or general contra-commutant of A, its conjugate 
X' IS also a particular or general contra-commutant of A ; consequently 
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X -)r X' and X — X' are respectively a symmetric and a skew-symmetric 
contra-commutant of -d.. In the special case when A is symmetric, there 
are no distinctions between the commutants of the commutants of A\ the 
contra-commutants of A and the contra-commutants of A\ 

Putting ?i = m, so that A and B are square matrices of the same order m, 
we see that : 

A particular or most general symmetric (or skew-symmetric) commutant 
X ^ [Ay B\ is also a particular or most general symmetric (or skew-sym- 
metric) comrrhutaAit X = [S', A'] 

Next let A and B be two square matrices of the same order m ; let the 
square matrix X of order m be any undegenerate commutant {-dL, B ] , and 
let and X be respectively the inverse and conjugate reciprocal of X. 
Then by prefixing or postfioring or -S' on both sides of the equation 
AX = XB we see that 

BX-^ = X-^Ay BX^XA, 

Thibs the inv&i'se and the conjugate reciprocal X of am. undegenerate 
square commutant X = [A, B], as well as all matrices differing from them 
only by non-zero scalar factors, are undegenerate commutounts [B, A). 

In particular if A^ is the conjugate of A, then according as 

X = {^, A], X = [A'y A'}, X = \A\ A], X^{A, X'}, 

we have 

X-^^{A,A}, X-^^[A\A'}, X-^^{A,A'}, = 

If X is degenerate and has rank less than m — 1, we still have X = {ByA}, 
because X = 0 ; but (see Ex. xxii) this is not in general true when X has 
rank m — 1, so that X has rank 1, 


Ex, xxu. The general commutant X={Ay B] and its conjugate reciprocal X for tlie 
square matrices 

3’ a ” “'.“‘'I’ Hi: 

where x and y are arbitrary scalar parameters, and in this case we have B£=XA, so that 
we can put X={B, A}, 

The general commutant X—{Ay jS} and its conjugate reciprocal X for the squai'o 
matrices 

HV^- 

where ai is an arbitnuy scalax parameter ; and m this ease wo havo 


§ 239. Commutantal products of true commutauts ; commu- 
tantal equations and transformations. 

1. Definitions. 

If ^ = 5 = C=[c]^ are any three given square matrices, and 

if fi’= [A]^ , S’ = [A:]” are commutants of the arranged matrix-pairs 


Ui! -- 
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•( 1 ) 


then the product matnx X = [«]“ in the product 

= or HK=X 

IS always a comrautant of the arranged matrix-pair {A^ C) For from the 
equations 

it follows that 

m: • m: [/^]: = = [^j: m; . m:. 

On this account we will call the product HK on the left in (]) a commu- 
tantal product of type [A^ 5} [B, C}, and the equation (1) a cominutantal 
equation of tj^e 

{A,B]{B,G] = {A,G\ (1') 

We may formally define a product of two successive commutants of given 
types [A, P}, {Q, B] to be commutantal when Q = P. 

If -4, Pi, Pa, ... P^, P ai'e any i + 2 given square matrices, where i 1, 
and if H, X^, Xi^u K are commutants of the i-l- 1 arranged matrix- 

pairs 

(4, Pi), (Pi, P,), (Pa, Pa), ... (P^i, PO, (Pi, P), 


it follows by repeated apphcations of the result just proved that in the 
product 

ifZiZa...Z^.iZ=Z (2) 

the product matrix X is a commutant of the arranged matrix-pair (j 4, P). 
This fact we will represent symbolically by the equation 

{4, PJ {Pi, Pal [Pa, Pal . . {Pi_i, P^} {P„ B\ = {4, P}, (2') 

which means that any continued product of commutants of the i + 1 successivo 
matrix-pairs shown above is a commutant of the matrix-pair (4, P). We 
will call the product on the left in (2) a commutantal •product of tho typo 
defined by the product on the left in (2'), and the equation (2) a oonmU’ 
tantal equation of the type (2'). We may formally define a product of any 
number of successive commutants to be commutantal when tho product 
formed by every two successivo factors is commutantal. We may prefix 
negative signs throughout to any number of the matrices 4, Pi, Py, ... i\,P, 
and then the product matrix X in (2) is a continuantal or alternating com mu- 
tant according as the total number of factor matrices which are alternating 
commutants is even or odd. 


More generally an equation formed by equating two commutantal pi'oducta 
whose product matrices are commutants of the same t 3 q)e will be called a 
commutantal equeubion. For example such an equation is commutantal if it. 
becomes 


1^. p\ {P, Q} {Q, E] [E. B] = {A, S) {S, 2') {T, iJ] 

{A, -P} (- P, - Q] {- Q, R] {iJ, - 5) = {A. £r} {8, -T}{-T,- B}. 


or 
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when each cominntant factor i« replaced by the expreaaion representing its 
type. 

If = [a]”^ B = [6]” and P = pail's of given square 

matrices, a commutantal equation 

SXK=7 (3) 

of type {A, P} (P, <2} {(3, S} = {il, S} (3') 

will be called a commutantal transformation converting the commutant X 
of the matnx-pair (P, Q) into the commutant Y of the matrix-pair {A, B), 
the transformation bemg equigrodent when H and K are matrices with 
constant elements having ranks u and v. 

Note 1 In the definitions of Gommutaiital productH and commutantal equations the 
two types {P, (2}i {'-Bj -Q) and also the two types {P, — Q}, { - P, Q] are treated as 
diftbreut. If we were to regard them os interchangeable, which is of coui*hic allowable, and 
were only to use types such as {P, Q], (P, the most general representative of a 
commutantal equation (2) would be 

{A, ±Pi}{Bu ±P2}(P2, tPa}. .{Pi-1, ±Pi}{Pi, ±P}={^ ±P}, 

where the sign of B on the right is -I- or - according os the sign — occurs an even or odd 
number of times on the left, and may not be the same os the sign of B on the loft. 

Note 2 The (true) commutantal products defined above, in which the factor matiices 
are true oommutants, must be distinguished from the (conventional) commutantal products 
defined m Chapter XXX, where the factor matricos have assigned commutantal types 
represented by symbolic oommutants 

2. Some special equigradent commutantal 1/i'ansformatims, 

We will consider equigradervt commutantal transformations (3) in which 
u = m and z; = w, so that the two pairs of given square matrices are 

^ = £ = [6]* aad P = [?]“ (2 = [gj“. 

In the first place let h, h be any particular undegenerate square coni- 
mutants {^1, P}, {Q, B] with constant elementSy so that by Ex. xxi of § 238 
their inverses PT, K are particular undeg&nei'ate square oommutants {P, A\y 
{Q, 5} with constant elements. Such commiitants can only exist when cerUiiii 
conditions are satisfied by the given square matrices. If the elements of 
the given square matrices are all constants, the neoessary and sufficient 
conditions are that A and P shall he equicanonical and B and Q shall be 
equicanonical. If the elements of the given square matrices are rational 
integral functions of cciiiain scalar variables, the identities 

Ah^hPy A=hPH, P^HAh and Qk^kBy B = KQky Q = kBK 

show that P must involve exactly the same variables as and bo equipotent 
with Ay and Q must involve exactly the same variables as and be equi- 
potent with B. Moreover the two matrices in each of the pairs {A, P) and 
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{B, Q) must be expressible as sums of corresponding terms involving the 
same powers of the variables as factors, the coefficients of corresponding 
terns being equicanonical square matrices. We will suppose that these 
conditions for the existence of the commutants A, k and H, K are satisfied, 


as well as any other conditions which may be necessary. 

With every equigradent transformation of the form 

or hXk^Y ( 4 ) 

we will associate the inverse equigradent transformation 

[£^]:::[y]:m:=[< or hyk^x ( 6 ) 


These two transformations are mutually equivalent, each of them being 
deducible from the other. In the most geneml case we may suppose that 
the elements of the given square matrices B, P, Q are rational integral 
functions of certain scalar variables 72 , and the equations ( 4 ) 

and (5) are identities in the 7 's as well as m any additional variables or 
arbitrary parameters which may occur in X and F. The matrix Y must 
involve exactly the same variables as -Y ; it must have the same partial and 
total degrees in those variables as X, and it must be equipoteut with X, 
In the special case when the elements of the given square matrices are all 
constants, the 7*3 are absent. 

With respect to such equigradent transformations we have the followmg 
theorem, which remains true when ‘commutant' is interpreted, so far as 
X and Y are concerned, to mean ‘non-singular commutant' or to mean 
‘commutant independent of certain specified variables,' 

Theorem. If (4) is an equigradent transformation in which h and k are 
particidar nndegenerate squa/re commutants [A, P} and {Q, B] with comtant 
elements, the matrix Y mil be a commutant or a particular or general corn- 
mutant [A, B} when and only when the matrix X is a commutcmt or a 
particular or general commutant {P, Q}. 

The equations (4) and (5) taken together show that X will be a com- 
mutant (P, Q] or (4) will be a commutantal transformation of bhe type 

{AP}IP,<2}{Q,5} = {A51 (4') 

when and only when F is a commutant {4, 5} or ( 6 ) ia a commutantal 
transformation of the type 

= (50 

and because Y must contain exactly the same vanables or arbitrary para- 
meters as X, it follows that Y will be a particular commutant {- 4 , P1 when 
and only when X is^a particular commutant (P, Q}. 

Now let 

Xi = HYiK, Xa := HY^, .. be particular commutants {P, Qj, 
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Fi = hXJc, Fa = hXJe, ... are particular commutants [A, 5 }. 

Then if Cj, Ca, ... are scalar quantities which are either constants or 
rational integral functions of the 7’s, we have 

CiZi -}- CgXa + . . . = 0 if and only if CiFi + Ca Fg + . . . = 0 (6) 

Consequently Fj, .. will be independent particular commutants [A, JS) 
when and only when Xi, Xa, ... are independent particular commutants 
[P, Q} ; and it follows that 

F = hXk Aa Fi + Xa Fa + . . . + Fi will bo a gemnd commutant {-d, P} 

when and only when 

XI = HYK = XiJfi + XaXg +'...+ XjXi is a general commutant (P, Q}. 
This result remains true when the commutants X, X^, Xg, ... and 
Fa, ... are restricted to be independent of certain of the 7’s, or to be 
independent of all the 7 s, i.e. to be non-singulai' commutants. In such cases 
we may without loss of generality suppose Ca, Cg, ... in (6) to be functions 
of only those of the 7’s which occur in the commutants. 

The last part of the theorem can also be proved in the following way. 

Let X = \Xi + XflX’a + ... + XiXi be a general commutant {P, Q}, the X’s 
being arbitrary parameters independent of the 7’s ; let F= hXk ; and lot Yq 
be any commutant {A, P}. Then Xq=HYqK is a commutant {P, Q} and 
must be a specialisation of X ; therefore Fq = hXok must bo a specialisation 
of F. Thus F IS a commutant {A, P} of which every commutant {A, P} is a 

specialisation, i.e. F is a general commutant {A, P}. Similarly if F is a 

general commutant {A,P}, then the matrix X — HYK is a general commu- 
tant {P, Q). 

All the theorems and subsidiary results of § 240 a, including bhose relating 
to derangements of commutants, aro particular cases of the general theorem 
of this articla 

Ess, i. The commiitante {A^ {A\ eP'}, {A', eP}, {A, tP}, loJuire # = ± 1. 

Let A=3[a]|||, P=a[&]|| bo two square matnoos whoso conjugatos nau A', P' ; lot 

particular undegoiiorato coiitra^commutaiits {A', A}, {P, P} with 
constant oloments , and lot X=[a?]” , «= ±1. 

Then X'=UXV is a partio'ular or general oommuiant {A\ eP}, 

Y = DX is a ^artieular or general commutant {A\ eP}, 

XV is apartieidar or general cmnmutant {A, eP}, 
if a/nd ovJ/y if X is a particvlar or general commvlant {A, eP}. 

Smoe the unit matrix [1]|^ is a particular commutant of each of the types {A, A}, 
{A', A'}, and the unit matrix [1]” a particular commutant of each of the types {tfP, eP}, 
{eP, fP}, and smee commutants {P, P} are tho same as commutants {eP, cP}, those 

28 
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1 ‘esults are particular cases of the theorem of the text. They follow directly from the 
respective pairs of equations 

A'. UXY^V.AX. F, UXY B^U.XB, F, 

X.UX -=U,AX , UX .B^U.XB , 

A. XV ^ AX,V, XV .F= XB.V, 
which are consequences of the equations A^U«=UA^ BV— VB, 

When A and B are matnoes with constant elements (see Ex. vii of § 240), there always 
exist such undegenerate contra-oommutants U and F with constant elements ; moreover 
they can always be so chosen as to be symmetnc matrices. Whenever they exist, wo can 
always form four general commutants Z, X\ P, P' of the types mentiouod whioh are 
connected by the relations 

X=UXV, r=UX, P'=ZF, (7) 

all four of them being known when any one of them is known, These three relations am 
then equigradent oommutantal transformations by which X\ P, P' can bo derived from X, 
By prefixing and postfixing inverse matrices we can derive from them thi-ee other sots of 
three equigradent commutontal transformations by whioh the remaining throe gonoral 
commutaints can be derived from X* or from P or from P'. 

If A and B contam ai'bitrary elements, the above results remain true when ‘ oommu- 
tant’ ifl interpreted to mean ‘non-singular oommutant’ or ‘oommutant independent of 
certain specified variables,’ provided that there exist contra-oommutants U and F ^^nth 
constant elements. 

Ex. 11 . Tlie commutants {d, ed}, {d', ed'}, {A\ fd}, {A, ed}, wJiore €= ± 1. 

The results of Ex. i remain true when B=A, B=A'. Thus whenever there exist 
undegenerate contra-commutants V of types {A\ A}, {d, A'} with constant elements, it 
18 possible to form four geneial commutants 

Z, X\ P, r of types {A, ,A}, {A', .d'}, {A\ .A], {A, 
whioh are connected by the relations 

Z'= uxv, p= UX, r=xv= cr-i pf, 

all four of them being known when any one of them is known. In such oases it will bo 
obvious that we can always choose U and F to be mutually inverse, so that 

Z=f7Z?7“i=F-iZF, P'=i7-iPCr--i=FPF. (8) 

When d IB a square matrix mth constant elements (see Ex vii of g 240), wo can always 
choose U and F to be symmetric and at the some time mutually inverse ; and it follows 
that in this case 

If V IS any given pardcuZar undegenerate symmetric co7Ur(L-commutant {d, d'}, it is 
always possible to form two general symmetric or two general shew-syminetrio contm-conwiu- 
iants P, X of types {A', eA), {d, eA'} whioh are connected by the symmetric relation 

r = FPF, 

each of them being uniquely determinate when the other w given. 

§ 240. TlieoreiuB facilitating the detenuinatioxL of commutaiits. 

1. The commutants of equicanonical pmrs of squa/re matnoes. 

Let A = [a]™, B = [6]“ be two given square matrices of orders m and n 
with constant (or numerical) elements; let « = [«]“, /9 = [/8]* be two square 
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matrices of orders m and n equieanonical with A, B ; and let 




.( 1 ) 

( 2 ) 


where Eh = hS = [1] Kh = AiT = [1]" , 

be any two given equimutant (or isomorphic) transformations by which 
At B can be derived from a, yS. Alternatively let A, 5 be square matrices 
whose elements are rational integral functions of certain scalar variables 
7:» 733 783 ••■3 and let (1) and (2) be given oquimutant transformations which 
are identities in those variables. Also let 


e = ± 1. 

Then we have the following theorem which remains true when ' commu- 
taut ’ IS restricted to mean ' non-singular commutant ’or to mean ' commutant 
independent of certain specified scalar vaiiables/ 


Theorem I. If X = [a?]” wnd f = [fl’* CLre two matrices s-tich that 

(^) 

then X is a commutant {A, ejB} or a particular or general commutant {A, eS} 
when and only when ^ is a commutemt {a, e/S} or a particular or general 
commibtant {«, e/8}. 

Here A K are undegenerate square matrices with constant elements, 
and it is to be understood that the equation (A) is an identity in the scalar 
variables (if any) of A and B as well as in any other variables which may 
occur in X and Theorem I is included in the more general theorem 
of § 239, and follows from the identical equations 

(Ax) 

which show that AX — XB when and only when a^ = The com mutants 
mentioned in it are both continuantal or both alternating according as e = 1 
or e = — 1. 

The equation (A) is an equigradont transformation which establishes a 
one-one correspondence between all commutants {A, ejB) and all commutants 
{a, ffyS}; X bemg a commutant {A, eB} when and only when f is a commutant 
[oLi eP}\ X having the same rank and involving the same variables or 
arbitrary parameters os | ; X being a particular or general commutant or 
restricted commutant (A, eB] when and only when f is a particular or 
general commutant or similarly restricted commutant [a, e/3] ; and X having 
the same number of independent non-zero particulansations as 

In most applications of the theorem A and B will be square matrices 
with constant elements, and a and ^ will be standard canonical square 
matnees. 


28—2 
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Ex. 1. Oth&r foj'Tfhs of Thmrem L 

Let A\ a', /O', A', H\ K' be the conjugates of j 4, -S, a, /9, A, A*, //, A", bo that 
A', E can be denved from a , jS' by the isomorphic transformations 

a = 3 ^ 7 T or A!=E'vCli, (3) 

< — * m * m *— * m ■ tn 

b ^ T or (4) 

' — •» •— ' — 'tt •—‘TO 

Also let Z, X\ T, T* and g', rj be matnces 'with m horizontal and n vertical rows 
which are connected by the identical equations 

W 

M>S’’"[r]"T" or (A') 

or F=^',A, (B) 



Then i/ 6=> ±1, the mcUricei^ Z, Z', Z, Y* v)Ul he commutants or particular or fjonoral 
comnntaiUs of the respective types 

Z-{A,.5}/ Z'={A',e5^, Z={A',€5}, r={A,,E] (6) 

when and cmly when the matriaes f, f', 17, f are comTmtants or particular or general com- 
mutants of the respective types 

f={a,^i8}, f = K,6i3'}, = ri'==[a,.p'} (6'). 

These four results are merely four different forms of Theorem I obtained I'ospoctivoly 
by using the two isomorphic transformations (1) and (2), (3) and (4), (3) and (2), (1) and (4). 
In all of them the term ‘commutant’ may have the restricted moanmgs men tinned in 
connection with Theorem I. The equations (A), (A'), (B), (B^ estabheh ono-ono corro- 
spondencea analogous to those described in connection with the equation (A) They will 
usually be i-egarded as formulae enabling us to constmet general oommutauts A', A”', Z, Z' 
of the types shown m (6) when general commutants f, f , 77, f of the types shown in (S') 
are known. 

Ex. ii. Whenever f, g', 17, 77' are given commutants of the types shown in (6'), the 
equations (A), (A'), (B), (B') ai*e eqmgradent oommutantal transformations of the tyiiess 
{A, a}{a, €P}{€^, eA}, 

{A\eE]=^{A\a'\{d,e^}{,ff, ,E}, 

{A , «5'} = {A , a}{a, eP'] {e^', eB'} 

determining the corresponding commutants A', Z', Z, Z' of the types shown in (5). 


Ex. m. Derangements of commntants. 

When the equimutant (or isomorphic) transformations (1) and (2) are the symmetric 
derangements 



p -iWl p, iijOTi _ — . It! 

[a] =[A]„C(i] A or 4=AaA , 

' — 'm 

(1') 


or 

(2') 

so that 
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the formulae (A), (A'), (B), (B') of Ex. i beoome 

Y=kr}if, T^hifld. 

In this oaae general commutants f, f , r^, rl of the types shown in (6') are converted 
into general commutants AT, X\ Y of the types shown in (6) by applying to their 
horizontal rows the derangements apphed to the horizontal rows of «, d in foi*ming A\ 
and applying to their vertical rows the clei’angemonts applied to the vertical rows of ft /8' 
in forming ft E 

We have ooiTesponding results whenever (1) and (2) aro symmetric equiniiitant (or 
semi-unit) transformations. 

The matrices 5, )3, h can be taken to bo the same as the matrices A, a, h. 
We then have n^m\ and A, A' are mutually conjugate square matrices of 
order m derived from the mutually conjugate square matrices ot, d of order 
m by the equivalent isomorphic transformations 

A=haH, A' = H'a'h' (6) 

In this case the formulae (A), (A'), (B), (B^) assume the special forms 
(a), (a'), (b), (b') shown below. Accordingly by using the isomorphic trans- 
formations (6) we obtain four particular cases of Theorem I which constitute 
Theorem I a relating to co-commutants and Theorem I b relating to contra- 
commutants. In both these theorems we can ascribe to the term 'com mutant* 
the same restricted meanings as in Theorem I. 

Theorem la. If Xy X' and are square matrices of order m con- 
nected by the identical eqwimutcmt {or isomorphic) relations 

Z=A|J3-. (a) 

~ P— iTTl 

M: = £ [nZh or X' = H'n' (aO 

then X, X' are co-commuta/nts or partiaula/r or general co-commutants of the 
respective types 

X = {A,eA}. X' = [A\,A'} (7) 

when and only when are co-commutamts or particuLcur or general co- 
commutants of the respective types 

?={ft6a}, r=K,e«'i a') 

Moreover the two corresponding co-commutants X and ^ or X' and 
satisfy the same rational integral equations, amd a/re equicamonicaZ when their 
elements are constants. 

The theorem could be deduced from the two pairs of identical equations 


AX =h , of .H, XA =h .^a . 5 ; ( ej ) 

AX' = E' . a'r . h ' , X'A' (sa') 


It will chiefly be used in the construction of most general co-commutants 
satisfying a given rational integral equation. We can always choose and 
X' to be the conjugates of f and X. 
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Theorem Ih. If Y,Y' and t), tj' are square rmtrices of ordm' m con- 


nected ly the identical symmetric equigradent relcdions 

(b) 

, ,m 

mz-mim:*. <»• ('>'> 

then F, F' are contra-commutants or particular or general contm-commutimts 
of the respective types 

Y^[A\eAi r={A,eA'} ( 8 ) 

^ohen and only when t), r{ are contra-commutants or paHicular or general 
contra-comnmtants of the respective types 

ea}, ea'] (8') 


Moreover F, Y* are particular or general symmetnc or sk&iu-symmetmc 
contra-commutants of the types shown in (8) when and only when rj, r) are 
particular or general syminetric or skew-symmetric contra-commutants of the 
types shown in (8'). 

The theorem could be deduced directly from the two pairs of identical 
equations 

4T=S'.a'7?.5, YA ^W.TioL .H\ (bO 

AT=^h .0L7i\h\ TA'^h .ridM (b/) 

It will chiefly be used m the construction of general symmetric or general 
skew-symmetric contra-commutants. Whenever tj and F are undegeneratc, 
we can choose t]' and Y' to be their inverses. 

Ex iv. The equations (bj), (b/) show that in Theorem I h the first, socoiid, tliircl, 
fourth of the products 

7 A, A' 7, rA\ AY 

will be symmetnc (or skew-symmetrio) when and only when the first, socuiid, thii*d, fourth 
of the corresponding products 

I/a, a' I/, I/' a', ar{ 

is symmetnc (or skew-symmetnc). 

Ex, V. From the definitions of oontra-commutants it follows that : 

(1) A square matnx 7 of order m will be a general symmetrio (or skow-syrnnieLrio) 

contra-commntant {A\ A] when and only when it is a most goiioral Hymmotric 
(or skew-symmetric) matrii such that the product 7A or A'Y^ whiohever we 
please, is symmetnc (or skew-symmetnc), 

(2) A square matrix 7 of order m will be a general symmetrio (or skew-sym metric) 

contra-oommutant {A\ —A} when and only when it is a most general syni- 
metrio (or skew-symmetno) matrix such that the product 7A, or A' 7, which- 
ever we please, is skew-symmetrio (or symmetnc). 

In these results we can of course interchange A and A\ and also replace 7 by 7'. 
Also we can replace A, A\ 7, by a, a', i/, 
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Ex, VI. Si/rtimet7'io d&t^angementa of Qo-coon7nuta7it& a^jnd contra-co'immiiants. 

When the equimutant transfonnations (6) ore the symmetric deraugementB 

il=Aa/t', A'=]uLh\ (6') 

so that M'=7i7i=[l]^’||, 

the formulae (a), (a'), (b), (V) of Theorems I a and Ih become 

7^hrih\ T^hih\ 

Thus when there exists a symmetric derangement converting a into A and therefore 
a into A\ the same symmetric derangement convei’ts general commutants S', if 
of the types shown in (7') and (8') into general commutants X\ I", F' of the types 
shown in (7) and (8). 

We have corresponding results whenevei* the equimutant transformations (6) are 
symmetric, i e. whenever they are symmetric semi-unit transformations 


Ex. viL UTideg&ii&rate symmett'ic ocm^n'Or^QommutaniU {A\ A), {A, A'}. 

If A m Theorem 1 6 is a square matrix with constant elements whose characteristic 
potent divisors are 

... (X-CeA 

we can take a to be a canonical square matrix of the class 


M 


^^ij ^5 


3 


(9) 


The part-reversant J of this class defined in § 263 (see also Note 1) is clearly an 
undegeneiute symmetrio contra-oommutant of each of the types {«', a}, {a, a'}, for we 
have 

»7ai/=a', and therefore clJ^Ja^ aJ=Jci. 


It follows that the two mutually inverse square matnoes 

U^E'JH= {A\ A), F= /aM' = {.1, A'} 

are undegenerate symmetric oontra-commutants of the types shown in which all the 
elements are constants. 


Noth 1. A simple is a square matrix in which every element of the counter- 

diagonal (sloping downwards from nght to left) is equal to 1, and all other elements 
are CHs, The part-rexersant J of the class (9) is a standard compartite matrix of that 
class in which each of the diagonal constituents is a simple reversant, and all other 
constituents are zero matnoes. It is symmetric and inverse to itself. 

We shall use the notation \_f\^ for the simple reversant of order r. 


2. The commvitcurbts of a pair of stcunda/rd compartite sgua/re matrices. 

Let j4 = [a]^ and 5 «=[&]” be two given compartite square matrices 
expressed in the standard forma 

TA, 0,.., 0- -j8„ 0,... 0 

A= 0 » ••• 0 0 , 5a. ••• 0 




Pit fiat * *fia 


. 0 , 0, - 0. 0 , 5a_ 

“j* ... ttr 

their successive parts being all sqxiare ; the ith part Aiot A being a aquarb 
matrix of order ot; theyth part Bj of B being a square matrix of order 
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and tti, fla, - ctr and / 32 , being two sets of non-zero positive integers 
whose sums are respectively m and n. The parts of A and B may be either 
matrices with constant elements, or their elements may be rational integi’al 
functions of certain scalar variables Also let 

€= ± 1 . 

Then the matrix X = \si}\^ will be a commutant [A, e£} when and only 
when 

M:[<=e [<[6]: (10) 

If we express Z as a compound matrix in the form 


-^11 J 

X^z, .. 

. . Xis 

PlJ ^Bl 



-^21 1 

X^f . . 

. 


j 

( 0 ) 


■ 


“u “ai 

Or 



where the constituent is a matrix with Of horizontal and vortical rows, 
the equation (10) is equivalent to the rs equations 

A^X^ = e.XijBi, (i = 1, 2, . . . r, j = 1, 2, . . . s) ; (10') 

and we have therefore the following theorem which remains true when 
‘commutant’ is interpreted to mean ‘non-singular commutant’ or to mean 
‘ commutant independent of certain specified variables.’ 

Theorem H. The mairicG X expressed in the form (C) is a commutant 
or particula/r commutarit {A, eB] if and only if for all permissible values of 
i and j the constituent Xij of X is a commutant or particula/r commutanl 

{Aii eBj], 

Also X is a general oomnutemt [A, eiB} when X^ is always a general 
commulant {Ai, eJ5j}, and the arbitrary parameters of the rs gmei^al commu- 
iants Xij are independent of one another and of the variables {if any) which 
occur in A and B. 

The second part of the theorem is obtained by choosing the independent 
particular non-zero commutants {A, eB] of the form (C) in such a manner 
that in each of them only one of the constituents X^j is a non-zero matrix. 

3. Zero and non-zero general commutants. 

First let A and B be two square matrices of orders m and n whose 
elements are all constants, and let Aq and Bq be canonical square matrices 
having the same characteristic potent divisors and therefore the same latent 
roots as A and B respectively. By § 227 there exist equimutant (or isomor- 
phic) transformations by which A and B can be derived from Aq and Bq 
respectively; and it follows from Theorem I that the general commutants 
[A, 5} and {Aq, £o} have equal ranks, and that each of them is a zero matrix 
when and only when the other is a zero matrix. But by Ex. xviii of § 238 
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the general commutant {Aq, jBo} is a non-zero matrix when and only when 
Aq and Bq have a latent root in common. Accordingly we have the following 
theorem : 

Theorem IH. If A and B are sqm/re matrices with constant elements, 
then . 

(1) the general commidm-d {A, B] is a non-zet'o mat7nw wlmi mid only 

when A and B have a latent root in commum ; 

(2) the general commutant {A, — B} is a non-zero matmic when and only 

when A and — B have a latent root in common, i.e. when and only 
when there earist latent roots a, 13 of A, B such that «+ ^ = 0. 

Next let the elements of A and B be independent arbitrary parameters ; 
let/=detA(X) and 5 f = det5(X) be the characteristic determinants of 
A and B; let 2J = detfl be the scalar resultant of A and B defined in 
§ 238. 3 ; and let R {f g) be the resultant of the scalar fanctions / and g 
when they are treated as rational integral functions of X only. Both R and 
R(f g) are homogeneous rational integral functions of the elements of 
A and B of total degree mn. For all particular values of the elements of 
A and B the vanishing of iJ is a necessary and suflficient condition for the 
existence of a non-zero commutant [A, B], and therefore by Theorem III a 
necessary and sufficient condition that A and B shall have a common latent 
root or that f and g shall have a common root in i.e. a necessary and 
sufficient condition for the vanishing of R {f g). Since R and R (/, g) 
are homogeneous functions of the same variables of the same total degree 
which do not vanish identically, it follows that they can only differ by a non- 
zero numerical factor. But in the particular case when A and B are quasi- 
scalar matrices whose diagonal elements are independent arbitrary parameters 
we have 

J2 == ± n {Oii — bjj), R{f g)=^±U (orii - b^j). 

Therefore the numerical factor must be 1 or — 1, and we conclude that : 

The scalar resultant R of the two sq'iiare matrices A and B is the same as 
the resultant R{fg) of their characteristic determinants f^detAQC) and 
g = d€tBQC) when these are treated as fumtiona of\ only. 

Lastly let the elements of the square matrices A and B be rational 
integral functions of certain scalar variables 71 , 7 fl, Yo, so that /and g are 
rational integral functions of X and the 7 * 8 , and iJ is a rational integral 
function of the 7 'a. If f and g have a rational integral factor in common 
(which must involve X), then the resultant JS = JS (/ g) vanishes identically. 
If /and g have no rational integral fiictor in common, let them be expressed 
as prodijcts of powers of irresoluble factors which are all different. Then we 
can give such particular values to the 7*8 that no two of the factors have a 
common root m X, in which case A and B will have no common latent root, 
the general commutant [A, B] will be a zero matrix, and R will not vanish , 
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consequently the resultant R = R(f, g) does not vanish identically. We 
are thus led again to (6) of § 238 and to the following theorem : 

Theorem IV. If A and B are square matrices whose elements are rational 
integral fwnctions of certain scalar variables, the general conimutant {A, B] is 
a non-z&ro matrix when and only when the characte^'istic determinants det A (k) 
and detB(X) of A and B have an irresoluble factor in common, 

Noa?B 2. Applications of the foregoing theorems. 

We will consider the appheations to square matrices A and B whose elements are 
constants, and we will call (1) and (2) isomorphio tra/iisformations to indicate that each of 
them IS an equimutant transformation converting a square matrix into a square matrix of 
the same order 

Theorems I and II show that the general commutant {A, B} can be constructed when 
we know 

(1) any particular isomorphic transformations converting A and B into canonical 

square matidces a and )9 ; 

(2) the general commutants of all pairs of simple canonical square matncos, and 

therefore the general commutant {a, /S}. 

The existence of isomorphic transformations 

BAh=a, KBh=^ or A=haE, B=kfiK, 

where a and ^ are canonical reduced forms of A and B, has been proved in § 228, and will 
be proved again in a different way m Chapter XXXVII. The actual determination of 
such transformations is best effected by the methods of the later chapter, which consist 
in successive reductions by isomorphic transformations of . 

(i) any square matrix with constant elements to a smple square amte-slopo ; 

(ii) any simple square ante-slope to a standard oompartite matnx whose ports are 

unUatent simple square ante^slopes \ 

(in) any unilatent simple square ante-slope to a standard comportite matrix whose 

porta ore imipotent simple square ante-slopes ; 

(iv) any unipotent simple square ante-slope to a simple canonical square matrix. 

The general commutant of any pair of simple canonical square matrices is detoimiued 
in § 321, and also in § 242 of the present chapter. 

We can choose a and /3 to be standard canonical square matrices, in which the super- 
parts are unilodefrU canonical square matrices, and the simple parts are simple canonical 
square matnoea. Then knowing the general oommutonts of pairs of simple oanonioal square 
matrices, which are simple ante-contmuants, we can construct by Theorem II the general 
commutants of pairs of unilatent canonical square matrices (such as the sujior-parts of 
a and j9), which are compound ante-continuants ; and by a further application of Theorem II 
we can construct the general oommutant {a, jS}, which is a standard oompartite square 
matrix whose parts are compound ante-oontinuants. Finally Theorem I enables us to 
pass from the general oommutant {a, jS} to the general commutant {4, B) by the formula 

{. 4 , 

§ 241. Simple and compound slopes; the greatest common 
canonical of two square matrices. 

1. Simple elopes; simple oontimuivis and alternants. 

The properties of simple and compound slopes will be discussed syate- 



OOMMUTANTS 


443 


240, 241] 

raatically in later chapters, but some of them will be used by anticipation in 
the present chapter. The present article has been inserted in order to reduce 


the number of references to later chapter. 

Squai'e matrices of any order r having the respective forms 

^11 ^13 • • ^\T ^VT ••■0 0 0 0... i27^ • • • ®13 ^11 

0 CO^ . . . (S^r ••• . . . fl7Q2 0 

00^ • • ■ 0 0 CG^ . , . I 

0 0 ... • ■ • ®ia ^11 ®i0 ' • ‘ j • • • 0 0 

where all elements lying on one side of the diagonal or counter-diagonal 
are O's, will be called simple square slopes of the types 

W, ‘tt}, [it', it'}, {nr', nr}, {ir, nr'} (a) 


In each of these matrices the corner which has been specially marked is 
the apeWj and the opposite comer is the base, the position of the apex being 
fixed by the type. 

If m and n are any two non-zero positive mtegers the smaller of which 

IS r, a simple slope of the class M and of any one of the t 3 rpes (a) is a 

matrix which can be formed from a simple square slope of that type by 
adding 

71 — m basical vertical rows of 0*s if = r 4*- n, 
m — ?i basical horizontal rows of O’s if ti 
the added rows of O's being more remote from the apex than the other rows. 
That element of a simple slope which lies nearest to the apex will be called 
the apical element, and that element which lies nearest to the base will be 
called the basical element, the basical element being always 0 except when 
7?^ = w=^L Simple slopes of the first two and the last two of the types (a) 
will be called respectively and counter-slopes. 

Those elements of a simple slope of given class and typo which are 
not 0*s by definition will be called the parametric elements. If r is the 
effective (or smaller) order, they form r pa/rametric diagonal Unes sloping 
downwards from left to right in an ante-slope or from right to left in a 
counter-slope. When double suffix notations similar to those shown above 
are used, the first suffix increasing as we recede from the apex along a 
vertical row and the second suffix increasing os we approach the apex along 
a horizontal row, the element denoted by will be said to have difference- 
weight j — i. Each parametric diagonal line is formed with all the para- 
metric elements having a given difference-weight. In a general simple slope 
the parametric elements are independent arbitrary parameters. 

The forms of simple slopes of all possible types are shown schematically 
in the figures of Ex. ii, where each constituent is a simple slope. In any 
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simple slope of the class and of effective order r the rth or last 

parametric diagonal line counting from the apical element will be called the 
paradiagoricd (or the non-major diagonal). The paradiagonal is the only one 
of the parametric diagonal lines which is a ‘ diagonal/ i.e. which is di^awn 
through a comer element so as to pass through other elements, and it is 
the nearer to the apex of those two of the four diagonals which lie between 
the apex and the base. 

We will formally define the horizontal (or vertical) ojpical distcmce of any 
element e of a simple slope X of given type to be the number of vertical 
(or horizontal) rows extending from the one through e to the one through 
the apical element, both the extreme rows being included ; and in speaking 
of such distances we shall regard the shortest distance between two con- 
secutive horizontal or vertical rows, i.e. the length of a horizontal or vertical 
‘ step,* as the unit of length. The horizontal and vertical apical distances of 
the apical element are both equal to 1, and the horizontal or vertical apical 
distance of any other element is equal to its horizontal or vertical distance 
from the apical element increased by 1. If ^ and rj are the horizontal and 
vertical apical distances of e, and if r is the effective order of X, the integer 

f + 97 — 1 — r 

will be called the apical eoscess of e. It is a measure of the amount by which 
the distance from the apex of the parallel diagonal line through e exceeds 
that of the paradiagonal. 

Simple continuants of the type (a) are simple slopes of those typos in 
which the elements of each parametric diagonal Hne are all equal; and 
simple alternants of the respective types 

{w, - tt}, {tt', - ir'}, (w', - ff}, {tt, - tt'} (b) 

are simple slopes of the corresponding types (a) in which the elements of 
each parametric diagonal line differ from one another only by signs which 
are alternately + and — A ruled simple slope is a simple slope which is 
either a simple continuant or a simple alternant. A continuant will bo 
called an ante-continuant or counter-continuant and an alternant an ante- 
alternant or coimter-alterTiant according as it is an ante-slope or a counter- 
slope. 

The expressions such as (a) and (b), m which tt and tt' are not matrices 
but merely two different letters, will be called symbolic oommutants when 
they are used in the way described in Chapter XYY to indicate the assigned 
commutantal types of matnces; and we will apply the same terminology 
to them as to the expressions representing the types of true commutants. 
Each symbolic commutant is formed with two elements, each of which is ± tt 
or i tt'. a change in the sign of the first (or second) element of a symbolic 


i 
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commutant will ordinarily be taken to indicate a change in the sign of every 
element in every alternate horizontal (or vertical) row of the matrix which 
it represents. For the present it is not necessary to attach any meaning to 
a change in the sign of both the elements of a symbolic commutant. 

Ex, 1. Zero and non-zero el&mmU of a gen&i^al svmple slope. 

Let X be a gehei’al (or gQiioral ruled) simple slope of any given class M and of any 

given type whose effective (or smaller) order is r. Then if f and 7 are the horizontal and 
veiiiical apical distances of any element e of XJ and if E is the apical excess of e, the 
necessary and sufficient condition : 

(1) that e shall lie 011 the paradiagonal is £ - 1 = r, or E =0 ; 

(2) that e shall be a non -zero element is orX:l>0; 

(3) that e shall be a zero element is ^ +17 — 1 > r, or X-cJ: 1. 

We can treat f and j} as rectangulai’ coordinates defining the position of e in X when 
the apex is oiigin. Provided that m and n are both non-zero positive integers, the possible 
values of 7;, f — 1 for all ixisitions of e are those consistent with the respective sets of 
conditions 

The conditions (1), (2), (3) are independent of the notations used for the elements of X. 
When the double-suffix notations indicated in the text are used, we can replace them by 
corresponding conditions to be satisfied by the difference-weight k of a ; for we shall have 

K or 

accoidmg as we choose the element denoted by xn to bo the one in which the first apical 
horizontal row outs the pai-adiagonal or the fii’st basical vortical row. 


2. Compound slopes ; compound continua/nts and alternants. 

If 6 IS any one of the sixteen symbolic commutante such as (a) and (b), 
we will define a compound slope of the class 


/32. ... 

V«i, Ota, Or/' 


(Saj = m,SA = n). . 


.(c) 


and of type 0 to- be a compound matrix 



rxu, 


... z,. 

z= 



... x.^ 




... z„ 


“ aj, Oq, . , a,. 



of that class in which every constituent such os is a simple slope of 
type 6. Such a matrix is a ruled compound slope or a compound conUnuamt 
or a compound alternant when every constituent is a ruled simple slope or a 
simple continuant or a simple alternant. In a general (or general Tided) 
compound slope the constituents are all general (or general ruled) simple 
slopes, the parameters occurrmg in the various constituents being all arbitrary 
and independent. When a compound slope is expressed in the form (A), we 
shall ordinarily denote the effective order of the constituent Xy by 7^, so 
that 7ij is the smaller of the two integers a* and /Sj, 
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By a standardised compound slope will be meant one m which the 
homontal index numbers and the vertical index numbers are arranged in. 
descending orders of magnitude. Every compound slope can be converted 
into a standardised compound slope of the same type by a 'class-derange- 
ment ’ in which the constituents are moved to new positions by rigid dis- 
placements. Whenever we speak of a standardised compound slope M of the 
class (c) expressed in the form (A) it will be understood that the index 
numbers ai, Oa, ... Or and iSi, arranged in descending orders of 

magmtude. The paradiagonals of the diagonal constituents Xu, X ^, ... will 
be called the principal paradiagonals of M, and the elements composing 
them will be called the principal po/radiagonal elements or simply the 
principal elements of 

By a quadrate slope will be meant a compound slope in which the 
successive vertical index numbers are the same as the successive horizontal 
index numbers, a necessary condition for this being 5 = r. All its diagonal 
constituents are simple square slopes, and it is necessarily a square matrix. 
Every canomcal square matrix is a ruled quadrate slope of type {tt, tt}, i.e. a 
quadrate continuant of that type. 

We have already defined a standard canonical square matrix and its 
unilatent super-parts in § 228. By analogy with the terminology of com- 
pound slopes we will understand a standa/rdised canonical square matrix to 
be a standard canomcal square matrix in which each unilatent super-part is 
a standardised quadrate slope, the orders of its successive simple parts being 
integers arranged in descending order of magnitude. 

By a quasn-scalaric compound slope will be meant a compound slope in 
which the only elements which can be different from 0 are those forming 
the paradiagonals of the square constituents. In such a matrix every simple 
constituent which is not square must be a zero matrix. 

It will ordinarily be understood that the index numbers in (c) and (A) 
are different from 0, but the addition of zero index numbers and corre- 
sponding ' non-existent ’ constitue^its of effective order 0 will be regarded as 
allowable. In dealing with a standardised compound slope of the class (c) 
expressed in the form (A) we can always proceed as if we had s = r, provided 
that we interpret Oi to be 0 when i>r, and jSi to be 0 when i > s. 

JK®. iL The following figures show the parametric diagonal hues of the simplo con- 
stituents m general compound slopes, compound continuants and compound altoniants of 
all possible types belonging to the class 

/12, U, 6, 5, 2\ 

V12, 8, 7, 4,3;' 

Elements not lying on the parametric diagonal hues are aU O’s. In a general oompomd 
slope the elements lying on the parametric diagonal Imes are independent arbitrary 
parameters. In a general compound oontinua/nt the elements lying on any given para- 
metric diagonal line are all equal to x, where a? is an arbitrary parameter, and the 
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pavamotoi'B of the vanoiis paramotric diagonal lines are independent. In a geiwral com- 
poutid aUemant the elements lying on any given parametric diagonal line are alternately 
and —a;, whore x is an arbiti’ary parameter, and the parameters of the various para- 
inotrio diagonal lines are independent. In each of the lost two oases the total number of 
iiidopoiidont arbitrary parameters is eq[ual to the total number of parametric diagonal 
lines in tdl the simple constituents. 


Fig. 1- Types i{7r,7r}, ±{7r, -ir}. Fig. 2. Types ± {tt', ir'^, ±{ir', 



The fig\u* 0 B represent standardised compound slopes from which all complete rows of 0*8 
have boon struck out. Moreover they illustrate a case in which m (o) and (A). They 
can bo converted into illustrations of other cases by striking out horizontal or vertical 
minors. 

Ex, iii. If we fix our attention on those constituents of a stamdon'dised general com- 
pound slope M which lie in a given horizontal or a given vertical nunor, we see that ; 

(1) If X IS a constituent lying in a given lioiizontal mvnor^ the total number of 
(basical) liori^itcbl tows o/ 0’s in AT tends oo^tantly to vnxrecLsc (or never 
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dimimshas) as K moves rightwa/rd] on the other hand the total number of 
(apical) vertical rows of O’s tends constantly to decrease in the same movement. 

( 2 ) If X is a constituent lying in a given vertical mmor^ the total numbei* of (apical) 
veHvcal rows of O’s in X tends constantly to vm^ease (or never diminishes) as X 
moves downward i on the other hand the total number of (basical) horizontal 
rows of O’s tends constantly to decrease in the same movement. 

For in the first oase the vertical index number of X tends constantly to deci’oase 
whilst the horizontal index number remains constant \ in the second case the horizontal 
index number of A'' tends constantly to decrease, whilst the vertical index number remains 
constant. We conclude that . 

If a Jboruo'Mal line (yiits a constituent X in zero eiemenis onZy^ it cuts all constituents to 
the right of X in zero elements omly. 

If a ven'iioal line cuts a constituent X in zero elements only^ it cuts all constituents helo^o 
X in zero elements only. 

Ex iv. Let a be the gi’eatest horizontal and jS the greatest vertical index number in 
(c) and (A) Then a general compound slope M of the class (c) and of any typo will 
contain 

complete horizontal rows of (ys if and only if o > j 3 , 
complete vertical rows of O’s if and only if /9 > a ; 
for every complete horizontal row of O’s must pass through a constituent having vortical 
oi-der jS and horizontal oi*der greater tlian and every complete voitical row of O’s must 
pass through a ooustituent having horizontal order a and vertical ordei* greater than a. 

Ex w If J/is a standardised general compound slope, then by striking out all bho 
complete horizontal or vertical rows of O’s (if such exist), we convert ifc into a standardised 
general compound slope of the same type in which the leading constituent is a square 
matrix, and the efioctive orders of all the constituents romam unaltered 

For if y 18 the smaller of the two integers a and jS of Ex. iv, the ohias of the now 
compound slope is derived from that of M by substituting y for every index number 
which is greater than y 


Ex. VI. When i/ is a standardised coTwpound slope of the class (c) expressed in the 
fonn (A), let the oflfectivo order of a simple constituent ATy be always denoted by y^, 
and lot 




bo any corronged minor of M formed by the intersection of two horizontal and tw<^ 
voi’ticol minors, so that 

i ^ y ^ Ic 

Then if i) = (yy - y«.) - (y^ - y «.) = (y^ - yy ) - (y* - 

we have 

This IS merely a property of a standardised compound slope of a class 



with two honzontal and two vertical index numbers. The possible ari’angements of all 
the four index numbers in descending order of me^itude ore : 

(fl, a', P, (a, 3 , a\ 3')» (a, ft ft, a!) for which i)«0, 3-o', 3- ft ; 

(ft ft, a, o'), (3j O) a'), (3» ft) for which i?=:0, a -3', a -o'. 
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It will bo obvious that the eftective order of a simple coiibtituent tends constantly to 
dimmish (i.o. never incimses) as it moves downward in a given vertical minor or rightward 
in a given hori3!oiital minor, and the above result shows that a similar property is possessed 
by the diff'oi’enoe of the effective orders of two constituents lying in the same horizontal 
minor (the second constituent lying to the right of the first) or of two constituents lying 
in the siune vertical minor (the second constituent lying below the first). 

Ex, vii. JjQt Mho a standarduod generol conypound slope of the class (o) expressed in the 
form (A) ; let x he any non~z&i'o element of any constitu&nt X, and let tt\A horizontal line 
through a: <mt the paradiiigonal of a constitumt X' which does not he completely to the light 
of X in tiw el&mmt of ; also let e and d he the elerryynts in which the v&rtical linzs through 
X and x' cut 

any hmizontal row of M lying below X oi' passing through X. 

Then if E and E' are the apical excesses of e and o' in the constituents in which they lie^ 
wo have E' <f: E; consctjuently if a is a zero elem&nt^ then d aXso is a zero elemeiit. 

x' X I— V V 5 d 

t'l r 

Wo will suppose that the constituents in which the elements x, a/, e, he are all 
different. It will bo obvious from the proof that the theorem is true m the other special 

COSOS. 

Since the corranged minor of M foi-med by the constituents in which x, x\ e, e' lie is a 
Btand^lJdisod general compound slope, there will be no loss of generality in taking it to be 
the minor a shown above, this being merely a matter of notation We will denote the 
effective order of any constituent ATy by We can take the (horizontal, vertical) apical 
distanocss of the elements 

X, Oj o' to bo (f, T}\ (g'j 17 ), (^, (f'» lli 

ill their respective constituents X^ A'n, Aaa, A'jji, and we ore given the relations 

S'+’)-l=T'iii involving S'-Hvn-Tia 

Sinoo j®= f + ij’ ~ 1 ~y 2 ai — 1— yai > 

it followH from tlioao relations and Ex. vi that 

Ji," _ ({' - f) - (yai - -yas) <j: (yu -yia) - (yai - yas) “'t 0 ; 

and this ostablishoa tho theorem. It should bo obsorvod that tho tlioorom obviously 
romaiiiH true when tho honaontal line through the nou-soro oloment x outs X' ui a zero 
demmt ,tf ; for thou wo have I'd-!; - 1 yii + !• 

By a similar proof it can be shown that : 

The theorem reinaiiis imio in other respeets when X' does not lie to the left of X, and 
e and d are the elments in which the vertical lines through x arid of out 

any horizontal row of M lying above A or passiiig through A. 

This second theorem also remains true when ^ is a zero element instead of a pora- 
diogonal element. Both theorems ore generalised in Appendix B. 

Ex. viii. Let M he a stamdardiized general compound slope of the class (c) expr^ed in 
the form (A); let y he any non-zero element of any constituent F, and let the vertical line 
through y cut tho paradiagoual of a oonstituerd Y* which does not lie completely below Y 
in the element y' ; also let e and d be the elements in which the horizontal lines throigh 

y and if cut 

any vertiml row of M lying to the right of Y or passing through Y. 

29 


0. m. 
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Then if E amd E* are the apical exceeeee of e and d in the coThstitu&nte in which tliBij iie, 
we have E* E; cmisequently if eu a zero dement^ them d also is a zero element. 


y' 



e y 


We will suppose that the constituents m which the elements y, ,?/, a, d ho are all 
different. It will be obvious from the proof that the theorem is true in the other siiecial 


Since the corrauged minor of M fonned by the constituents in which y\ a, d ho is a 
standardised general compound slope, there will be no loss of generality in taking it to ho 
the minor 12 shown above, this being merely a matter of notation. Wo will denote tho 
effective order of any constituent by yij. We can take the (horizontal, vortical) apical 
distances of the elements 

y> 2^1 e, ^ to t>e (£, Ti)j (I, jj"), O' , jj), (f , q), 
m their respective constituents X21, Xn, X22, Xia, and we are given tho relations 
£+t?-l:t> 72 i, 5+V-1=7 ii» involving f-yj^yn-y2u 

Since E=^-j-ri^l~-y 22 j "’Viaj 

it follows from these relations and Ex. vi that 

( tj ' - t?) - (71a ~ 722) (yii - yai) “ (yia “ 732) 0 > 

and this establishes the theorem. It should be observed that the theorem obviously 
remains true when the vei-tical Ime thinugh the non-zero element ?/ cuts F' in a zero 
element yf ; for then we have { +1;' - 1 711+ 1. 

By a similar proof it can be shown that . 

The theorem r&mavns true in other respects when F' does not lie completely above F, and 
e and d are the elements in whwh the horizontal lines through y cmd if mt 

any vertical row of M lying to the left of F or pacing through F. 

This second theorem also remains true when y is a zero element instead of ti para- 
diagonal element. Both theorems are generalised in Appendix B. 

3. Rank of a general compound slope. 

Supposing the as and in (c) to be arranged in descending orders of 
magnitude, we will define 

p to he the sum of the smaller integers 0/ pairs (aj,/ 3 i),(«a, AX 
when Oi is interpreted to be 0 i > r, and pito he Q if i> s ( 1 ) 

In such a case p is the sum of the effective (or smaller) orders of tho 
diagonal constituents X 23 , X^, ... of any compound matrix of the class 
(c) expressed m the form (A), and it is also the total number of principal 
paxadiagonal elements in a (standardised) general compound slope of the 
class (c). In other cases we will understand p to be the integer detonuinod 
by the rule ( 1 ) after the horizontal and vertical index numhors have boon 
arranged in descending orders of magnitude. In every case we may say that 

p is the 8wm of the smaller integers in all ike pairs of corresponding 
descendant horizontal md vertical index nmahers (!') 

Let X he a general (or general ruled) compound slope of the class (c). 
Then if the a's and As ar^ arranged in descending orders of magnitude, we 
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can form a particularisation of X having rank p by putting all elements 
equal to 0 except the principal paradiagonal elements. It follows that we 
can obtain a particulai’isation of X having rank p for all orders of arrange- 
ment of the a’s and jS’s, and that in all cases 

tJie ranlc of X cannot be less than p (2) 

It will be shown that the rank also cannot be greater than p, so that the 
following theorem is true : 

Theorem I. The rank of a general {or general ruled) compound slope of 
the class (c) is always equal to the integer p defined %n (1) or (1'). 

In the particular case when the yS’s m (c) are the same as the a’s, so that 
s = r and = w = p, 

the rank of X necessarily cannot exceed p, and Theorem I becomes equi- 
valent to the obvious theorem that : 

A general {or general ruled) quadrate slope is always an undeg&nerate 
square malrico (3) 

In Vol. I a ‘derived product’ of order r of any matrix was defined to be 
a product of r elements of the matrix selected in such a manner that no two 
of them lie in the same horizontal or vertical row. In a standardised general 
(or general ruled) compound slope of the class (c) the product of the p 
principal paradiagonal elements is a non-zero derived product of order p. 
Since the parametric elements of a general compound slope are independent 
and arbitrary, Theorem I is equivalent by virtue of (2) to the statement 
that: 

A oompo-und slope of the class (c) cannot have any non-zei'o demved product 
of order greater than p (4) 

There may of course bo derived products of order r, where r is greater 
than p, but at least r — p of the elements occurring as factors in such a 
product must be equal to 0. 

The most natural proof of Theorem I will bo given in Chapter XXXIX of 
Part n ; but Appendix B to the present Part I furnishes the materials for 
other similar proofe. It will of course bo sufficient to prove the theorem for 
a standardised general compound slope M of the class (c) which is expressed 
in the form (A). 

Referring in the first place to the first part of Appendix B, wo aco that 
by moving all the accessary horizontal rows to the bottom and all the 
accessaxy vertical rows to the left we can convert M into a compound matrix 



in which F is a square matrix of order p whose diagonal elements are the p 
principal paradiagonal elements of Jf. 

29—2 
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In the second place by suitably re-arranging the diagonal elements of Y 
(or the horizontal and vertical rows passing through them) we can convert 
Ml into a compound matrix expressible in the form 

“ K P , 3 

P, A, G 

# 2 = 0 , 0, P , where p + g = / 3 , (B) 

0 , 0 , <3 

- <7. fc 

and where A and B are square matrices whose diagonal elements are the 
principal paradiagonal elements of Af. We obtam this form when the 
prmcipal elements are arranged : 

( 1 ) as in the preclusive groups .. g^ defined in the second part of 

Appendix B, the diagonal elements of A and B respectively being 
in this case the principal elements forming the quasi-terminate 
and the pleni-terminate preclusive groups , 

( 2 ) as m the postclusive groups g^ g^y ••• 9y defined in the third part of 

Appendix B, the diagonal elements of A and B respectively being 
in this case the principal elements forming the pleni-terminate 
and the quasi-terminafce postclusive groups ; 

(3) as m the conclusive groups gfi, 5 ^ 2 , ... gy defined in the fourth part of 

Appendix B, the diagonal elements of A and B respectively bemg 
in this case the prmcipal elements forming the postclusively 
pleni-termmate and the preclusively pleni-terminate conclusive 
groups. 

Now a non-zero derived product of Mn cannot contain more than p factors 
which are elements of the constituents P, A, C; and it cannot contam more 
than q factors which are elements of the constituents jB, Q. Consequently a 
non-zero denved product of or M cannot contam more that p + g or p 
elements as factors. Thus the statement (4) is true, and Theorem I is true. 

The derangements Mi and M 3 are most appropriate to a compound slope 
M of type [tt, tt). In formmg the analogous derangements appropriate to 
any one of the four types (a) we commence by moving the accessary horizontal 
rows to the basical side of all the other horizontal rows, and the accessary 
vertical rows to the basical side of all the other vertical rows. 

Ex, ix. Undegeneraie compound slopes. 

From Theorem I we see that a standardised general (or general rulod) compound 
slope of the class (c) contairdng m horizontal and n vertical rows will be : 

(1) undegenerate of rank m when and only when the effective order of every diagonal 

constituent is its horizontal order, i.e. when and only when 
...r), BO that 

(2) uTuiegen&rate of rank n when and only when the effective order of every diagonal 

constituent is its vertical order, i e. when and only when 

(^'=1,2, ... s), so that s^r, m-j^n; 
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( 3 ) an undegmi£rate square matrix when and only when it is quadrate, i e. when and 
only when 

n-m and (i=l, 2, . . r) 

Hence whenever a compound slope is an undegen&i'ate square matrix^ it must he either a 
quadrate slope w a olass-de/t'angemetit of a quadrate slope^ its iionzoutal and vm'tical index 
numhei's being two ajtrangements of the same integers. 


4. The detei'ininant of a quadrate slope. 
Let X be a quadrate slope of a class 


V^l, e^y 



(d) 


in which the s index numbers are not necessarily all unequal ; and let e be 
one of the index numbers which is repeated exactly a times. Then X has 
exactly square constituents (simple square slopes) of order e, exactly a- of 
them being diagonal constituents. If we select correspondingly situated 
paradiagonal elements of the square constituents of o^er e, they form a 
corranged square minor 

F=[y];, 

of X which will be called a paradiagonal prime minor of X, The deter- 
minant det Y will be called a prime determinant of X, It will often be 
more convenient to regard F as a corranged square minor of X of order cr in 
which the diagonal elements are a correspondingly situated paradiagonal 
elements of the <r square diagonal constituents of X of order e. It will be 
proved in Chapter XXXVIII, but will be sufficiently clear from Ex. x below, 
that the following theorem is true. 


Theorem II. The determinant of any quadrate slope X is equal to the 
product of all the prime determinants of X. 

Ex, z. If X is either of the quadrate slopes 


an 012 ^3 

An 

Ai2 Ai8 

^11 

5^18 

Mil" 

Ois O12 an 

Ais Ai2 All 

5 'i 2 ^11 

Mil" 

0 a^ Oga 

0 

Aaa A23 

0 


0 

028 0^ 0 

Aaa /iga 0 

,< 3 ^aa 0 

0 

0 0 083 

0 

0 ^83 

0 

0 

0 

038 0 0 

433 0 0 

0 0 

0 

h\\ hid 

All 

Ai2 Aia 

fii /la 

vii 

Aia' hid hn 

Ais Aia An 

/la /ii 

vn 

0 

0 

Aaa ^23 

0 

/aa 

0 

h^ hjd 0 

A23 Aa2 0 

/aa 0 

0 

o 

o 

0 

0 Asa 

0 

0 

0 ’ 
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0 

0 

0 

eo 

eo 

0 0 

0 

0 g\d 

0 

AaVis^ 

On 

C12 

Wn 

5 'i 8 ^ did 0 

f-id f\d 0 

Oia «Jii 

Wii 

0 0 Sts 

0 

0 /aa' 

0 

O22 

0 

^ 28 ^ 0 0 

/aa'O 0 

Oaa 0 

0 

J> 0 Uid 
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0 ^;ia' 

0 


dii^ 

jiiif 0 0 

Via' 0 ^ 

I iffn' 0 

dn „ 

of the class 





3 , 

2,1\ 

2, V’ 




the prime determinants of X 

are the following six : 




7 ) = 

h f 

/III 

An 

6,1 

, i>a= 

Oaa ^22 

h^ Aaa 

1 » 113“ 

033 /isa 

h^ ^88 ’ 

2)4 = On , Z)fi 

= ^22, D\i 

^dii. 
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We liave det Z= ± i)i . dot Xi, 

where A'l is the minor of X complementary to Di ; and Xj is a quadrate slope of the class 



whose piime determinants are jDg, i^a, 2)5, i)u* Expanding det Xi in the same way, 
we see by repetitions of the same argument that 

det X= 

5. The greatest common ccmonical of two square matrices. 

When A = and B — are two square matrices of orders m and n 

with constant elements whose canonical reduced forms are the canonical 
square matrices A and B, we will define a g^^eatest common canonical of A 
and B to be a canomcal square matrix O of the greatest possible order 
which IS a diagonal mmor of both the matrices A and B, each of its simple 
parts being a diagonal minor both of a simple part of A and of a simple 
part of B. All canonical square matrices which differ from C only in the 
orders of arrangement of their simple parts are greatest common canonicals 
of A and B, and when we speak of ' the ' greatest common canonical of A and 
B, it will be a matter of indifierence which of them is meant. Cirdinarily 
we shall choose C to be a standard canonical square matrix. 

Since the greatest common canonicals of A and B are all square matrices 
of the same order, the order of the greatest common camomcal of A and B is 
a defimte positive mteger which is independent of the choice of C. Let 

-d(X) = [a]™-X[l]^, ■2(X) = [6]”--X[1]" be the characteristic matrices of 
4, B\ and let 

/i (^)i yi (^)j fm (^) Q'^d (X), gTfl (X), gn (X), 

be those rational mtegral functions of X which are respectively tlio potent 
factors 

of orders 1, 2, ... m of A (X) and of orders 1, 2, ... ?^ of B (X). 

Then from the foUowmg examples it will be seen that the order of tho 
greatest common canonical of A and B is the sum of the degrees in X of the 
highest common factors of the pairs 

/m(X), gn{\)i fm—i (^)j Pii—i (^) j • ■ • /r (X), Qf (X), 
where r is the smaller of the two integers m and n. Again because tho 
characteristic matrix of — B is — B (— X), the order of the greatest common 
canonical of A and — B is the sum of the degrees in X of the highest common 
factors of the pairs 

fn (^)j 9n (*' X) ; (X), g^^j (— ^) ; • • • (X), gf (— X). 

It will be shown in § 244 that the rank of a general commutant {A, Bj is 
the order of the greatest common canonical of A and B. 
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JSa:. XI OroaU»t oommcm, oarumical of two umlatent sguwre mairices. 

Let A and B be uniktent square matrices vrith coustaut elements whose latent roots 
are c and d, and whose charaotenstio potent dinaors are 

(X-c)“S (X-o)**, . . (X-o)‘^ and (X-o'A 

i.e. A and - B (see Ex. x of § 222) be unilatent square matrices whose latent roots are 
c and - c'y aud whose charaotenstio potent divisora are 

(X-c)“>. (X-e)““, ... (X-c)“>- and (X+a')^', (X+o'A ... (X+c-/*, 
whore the n’s and are airanged in deaoendtng onrdert of niagmtvde Also let t be the 
smaller of the two integers t aud a ; let 

yi be the smaller of the two integers (c^, j3^) 
for the values 1, 2, ... i of i ; and let 

p=7i+ya+ +7*1 


BO that p is an integer which could be defined as in (1). 

If o' 4=0, the gi-eateat common canonical of A and 5 is a non-existent square matrix of 
order 0 ; but if 0^=0, i.e. if the charaotenstio potent divisors of A and B are 

(X-cr, (X-o)“*, ... (X-c)*^ mid (X-c/-, (X-c)^", .. (X-c)^*, (6) 

the graatost coniniou canonical of A and B can be taken to be the unilatent canonical 
square matrix C whose characteristic potent divisors are 

Thus whm 0^=0, tlm order of tJie greatest cmmion oanonwal of A and B is tlie tntege)’ p 
givo 7 i by (5) ; whilst in other cases it is 0. 

Again if fj'4= —c, the gimtest common canonical of A and — ^ is a non-existent squaie 
matrix of order 0, but if o' = - a, i.e. if the characteristic potent divisors of A aud B ore 

(X-o)“‘, (X-c)**, ... (X-c)*^ and (X+o/', (X+c^ ... (X+c)^*, (7) 

the gi'catost coinuiun canonical of A and —B can be taken to be the square matrix C 
defined above. 

Thus when d=^-Cy the ordei' of the greatest common canonical of A and -B is the 
integer p given hy (5)/ whilst vn other cases it is 0 

Ew* 3C11. Ordei* of tli^ grecUest ootjwtiow. canonical of A and B. 

Lot A and i? bo square matnoos with constant elements whose distinct or unequal 
latent roots are j i. 7 /o\ 

Oiy C 2 , ... 0r» 

where the a’s, £*8 aud o’b ore all different j also lot A and B be standard compartite (or 
standard canonical) square matrices widi unilatent squai-o parts which arc equicanomcol 
with A and B respectively, the sucoessivo unilatent parts of A being 

A„ All, ... A„ Pi, Pii, ... with latent roots fli, a,, ... a,, a,, Oj, ..., 


and the suooMsive unilatent parts of B being 

Bi, Bi , ... By, Qi, Qs> — ®i> 

Then the greatest common canonical of A and B can he taken to he the square matrix 

- « « - - pu p«, (>r 

Cl, 0, ... 0 

*_ 0| ••• ® 


c= 


_ 0, 0, .. Cr 


Pi » Pa I 
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in which Ci is the greatest common canomoal of and Bi, and pi, ... p^ are deter- 
mined by formulae analogous to (6). The order of the greatest common canonical of A 
and B is the integer 

P=Pi + Pa-l- — +Pt, (B') 

which is the sum of the orders of the greatest common canonicals of the unilateut pairs 
Bi), (J3, 5 a), .. (A^y Br) having the latent roots {ou Ci), (ojj, C2), .. (Cr, O 

Ex. xiii. (h'oler of the greatest common camnical of A and — B. 

Let A and B be squaa’o matnces with constant elements whose distinct or unequal 
latent roots are 

Cl, C 2 , ... Cj., Oi, fltaj fl-Qd —Cl, — ... “Ba, (9) 

where the a% and cfs are all dif[0ront , also let A and B be standard ooiupai’tite (or 
standard oanonical) square matrices with unilatent square parts, which are equioauomcal 
with A and B respectively, the successive unilatent parts of A being 

Ai, Aa, ... Ary Ply Piy ... With latoQt roots Ci, Ca, ... c^j ®ij “2* 
and the successive unilatent parts of B being 

5 j, 52, ... Bry Qiy Q2, with latent roots -Cj, -Ca, ... -Crj — -B2J •— 

Then the greatest common canomoal of A amd B can he taken to be the square matrix 
C of Ex. xii m which Oi is now the greatest common canomcal of Ai and - 5 <, and 
Pi, Paj ••• pr ar® integers detei’mined by formulae analogous to (6). The older of the 
greatest common canomoal is the integer p given by ( 5 '), which is now the sum of the 
orders of the greatest common oanouicols of the unilatent pairs (Ai, - 5 i), —B^, ... 

{Ary -Br) havmg the latent roots (ci, c^), (02,03), ... (c^j Or)- 


§ 242. The commutauts of a pair of simple canonical square 
matrices and the commutants correlated with them. 


1. The general cominutant of a pair of simple canoniccd square matrioes. 
Let A = [a]“ and B = [6]“ be the simple canonical square matrices of 
orders m and n whose latent roots are o and e', so that 


0 1 0 
0 c 1 


0 0 
0 0 


c' 1 0 
0 c' 1 


0 O' 
0 0 


A = 


B = 


0 0 0 
0 0 0 


c 1 
0 c 


J 


0 0 0 
0 0 0 


o' 1 

0 0' 


■( 1 ) 


or 


rn T "I ^ I nn 

® 

-Jto— 1,1 >- > 


We know from Ex. xviii of § 238 that the general commutant {A, 5} is a 
zero matrix when c' =1= c ; and when c' = c, it is easily shown in many ways by 
the methods of § 238. a that the equation AX = XB is satisfied when and only 
when Z is a simple slope of type {tt, tt] in which the elements of each 
parametric diagonal line are all equal. 

Thibs when c' = c, the general oommutant {A, B] is a general simple 007 ^ 
tinuant of type (tt, tt} ; and when c' =j= c, it is a zero matrioc. 
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One direct proof of this result is given in Ex. i below, and another will 
be found amongst the examples of § 321. 

Ex, i. Direct determination of the gemrai oommntant 5}. 

If we use the ordinai'y uotationa for the elements of the matrix and substitute 

the forms (2) for A and B, we see that the equation AX^XB can be replaced by the 
equivalent equation 


"0 

.^11 

^’12 

... ^i,n-l 

"«ai 

.1722 

.1?23 • 


0 


-raa 

... 

^ai 

«fla 

.1783 . 

•• ^3j* 

0 


1 a 

... 





_0 

^ml 


• • n - 1 

_0 

0 

0 

„ 0 


.(3) 


First suppose that d=^o. Then when we equate in sucoession the 1st, 2nd, ... iith 
vei-tical rows or the with, (m- l)th, ... Ist horizontal rows on both sides of (3), we see 
that the equation is satisfied when and only when every element vanishes in each of the 
corresponding rows of X, i.e. when and only when A" is a zero matnx. 

Next suppose that c'=c, so that the right-hand of (3) vanishes In this cose the 
equation (3) cannot be satisfied unless 

(i™ 1, 2, ... wi— 1 ; y = 1, 2, ... — 1), (4) 

i.e. unless the elements of each Lne of X parallel to the leading diagonal ore aU equal. 
We will suppose that the necessary conditions (4) ore satisfied, and distinguish between 
two sub-oases. 

(1) If m Alin, we see by equating in succession the Ist, 2ud, ... wth veitical rows on 
both sides of (3) that the equation is satisfied if and only if, for each of the values 
1, 2, ... w of j, all elements of theyth vertical row of X lying below tlieytli element of 
that row (or having difference-weights less than 0) are O’s. 

(2) If we see by equathig in succession the wth, (wi-l)th, ... let horizontal 

rows on both sides of (3) that the equation is satisfied if and only if, for each of the values 
1, 2, ... of i, all elements of the (wi-pl— i)th horizontal row preceding the last i elements 
of that row (or having difference- weights less than n - m) am O’s. 

We have here obtained the mn scalar equations equivalent to the matrix equation 
AX^XB by equating successive elements of successive vertical or sucoessivo horizontal 
rows, starting always with the basical row and the basical dement, where the base of 
each matnx is interpreted to be the bottom left-hand corner, i.e. the base appropriate to 
the type {tt, tt}. 

Ex, il If and the general oommutant A=»{A, B} is the simple square 

continuant 

Xq Xi X2 X^ ... 1 

0 ^0 ^9 ••• 

jr=[*]''= 0 0 ... ®r-8 (0) 

0 0 0 *0 ... Xr-A 


_0 0 0 0 ... .rj _ 

of type {»r, w} in which »j, »j, ... «r-i »' arbitrary parameters. 
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Ex. iu. If c's 0 and m^n, the general comiuutant X=[A, B} la the matrix 
Z=[0, a;] -when 71 >m, Z= f j when 7?i>7i, 

where the non-zero constituent [a?]™ or [a?]” is a general simple square continuant having 
the form shown m (5), i.a JT is a general simple continuant of the class and of 


type {tt, ff}. 


JEa? IV. If A is a simple canonical sqyme matrix of order r, the geim'al commutant 
X={A^ A} can he regarded as an arbitrary rational integral function of or of any simple 
canonical squa/i'e matrix of order r. 

If c IS the latent root of A, and if the rational integral equation of lowest 

degree satiahed by is 

(^-o7)’'=0, 

and there are thei'efore exactly r independent non-zero rational integral functions of A. 
Moreover there are also exactly r independent particular non-zero conmiutants {A, A} 
which could be token to be the coefidoients of ^ij ••• ^r-i matrix (6) The above 

theorem follows from the fact that the matrices 1, A, A^, ... A^'“^ are a complete sot of r 
independent non-zero rational integral functions, and ore also neoessarily uoinmutiints 
{A, A}, In fact from (6) we see that 

X=a7o/+^i(il «c/)+ira(-d-ci)*-h ... -r 

=Xo/+Xiid. -f-X2-d^+ ... 4*X,._i .4’’“^, 

where the X's are arbitrary scalar parameters. The alternative form of the theorem is due 
to the fact that X is the same for aU values of c. 


2. The correlated general commutemts. 

Let A and B be again the simple canonical square matrices of orders 
m and n whose latent roots are c and o', and let A' and S' be their conjugates. 
Also let r be the smaller of the two integers m and n] and (using the 
notation of § 240, Note 1) let 

be the simple reversants of orders m and n. It will be obvious that these 
simple reversants are undegenerate symmetric matrices, and that : 

t/in is a contra-commutant of each of the types ± (A', A], ± [A, A'] ; 

Jn is a contra-commutant of each of the types ±[B\ B], ± \B, S']. 

Therefore if X is a general commutant (A, £}, then by Ex. i of § 239, or 
as IB otherwise obvious, the square matrices 

F = Z/„, (6) 

are respectively general commutants {A\ {A\ £}, {A, B'], Thus tho 

results of sub-article 1 can be generalised as in the following theorem, in 
which the symbolic commutants of § 241 are used. 

Theorem I a. The four general contmuantal comrmtmia 

Z={A,51, X'^[A\Fl F={A',5}, F={A,£'), 
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a/re all zero matricea when c' c. When o' ^ c {where c Tnay be 0), they 
are general simple contimcants of the class M and of the respective types 
[tt, tt], {tt', tt'], {tt', tt}, {tt, tt'}, 

each of them being undegenerate of rank r, and each of them containing exactly 
r independent arbitrary parametei's and hamng exactly r independent non- 
zero particula/t^isatims. 

By changing the eigna of corresponding rows m the equations such as 
AX===XB we can deduce the following second theorem, a formal proof of 
which will be given in Ex, viL 

Theorem I b. The fowr general alternating commutants 

X = T = {A',-B% Y={A\^Bi T={A,^B'} 

are all zero matrices when c' ^ — c. When c' = — c {where o may be 0), they 
are general simple altema/nts of the class M and of tlm respective types 

[tt, - tt}, {tt', - tt'J, {tt', - tt}, {tt, “ tt'}, 

each of them being undegenerate of rank r, and each of them containing 
exactly r independent arbitrary parameters and having exactly r independent 
non~zero particularisations. 


Ex. V The general comfmaants whm m=n=r. 

If - ^r-i arbitrary parameters, the four general oommutauts of Theorem 1 a 

can be taken to be the four simple square continuants 


Xq Xi ... Xy.^1 

0 ^*0 ^r— a 


I 0 0 ... Xq 


Xo ... 0 0 


0 0 ... Xf. 


I Xq 0 0 Xq ... 


U-i ... 


•^'0 ^1 1 


^r-1 . . ^1 
^r— a ••• ^0 ^ 

Xo ... 0 0 i 


which will be denoted by [y]’,, ; 

and the four general commutants of Theorem I & to be the foiur simple square alternants 




=1 

- 

- 

r 

- 

P 

■ ^ — 

^0, 

-^1, . 

.. ±«r-l 

±a;oj 

o 

o 

o 

o 

.. ± affl 

i^V— ij • 


0, 

-^0, • 

• • ±^r-.2 

) 

•t* ^ Q • « i 

» 

. — iCQ, 0 

1 

• i®r-a ’ 


0 

1 

0, 

0,. 

I 

+1 

— •• 3> ) • ■ 

ij •* 

Hz 

. -^1, 

®0J ■ 

A 

1 

H- 

.0,0 


(aU elements m alternate vertical rows having negative signs), which wih be denoted by 

lyi:* 

Id each of these matrices we will call x^ the parameter of 'wdghi « 
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Ex VI JVw general corntMUants for all values of m and n. 
'When we can put 


j^=[o,y]:r”, i"=[y,oj 




X=[0,,ff 


A"=[3',0] 


■=/ T?. 


=[o. yJ™ > 


y'<f, 0 ] ; 


these matrices being fonned from the square matrices of Ex. v by the addition of n-m 
basical vertical rows of O’s. 

When 7i=r :J> we can put 


{Sl • 

II 

^ o 

.n 

j 


1^0 

J1 



7n-n,n 


v,in—n 

[o] ■ 

Hi] 

11 

3 

^-[j] ■ 

vi-ri^n 

?'=[?]■ • 






these matnces being formed from the square matrices of Ex. v by the addition of m-n 
basical horizontal rows of 0’s. 


Each of these eight matnces is a ruled simple slope containing r arbitrary parameters. 
There are no necessary connections between the parameters of different matnces. When 
the parameters are chosen to be the same m all, the eight matnces are coiTelated by 
simple reversals of the horizontal or vertical rows, 
changes of sign in alternate vertical rows. 

Ex, vii. Proof of Theorexi Ih 

Let Bi be the simple canomoal square matrix of order n whose latent root is - c' ; lot 
Bi be the coiyugate of Bi ; let Xi, Yi be the general oommutants 

(7) 

and let I' be a umt simple square alternant of order n in which all non-diagonal elements 
ore equal to 0 Emd the successive diagonal elements are alternately 1 and — 1. Then from 
the isomorphic transformation 

it fdlows by Theorem I of § 240 that we can always choose general oommutants X, X, 
F, F' which are given by the equigradent oommutantal transformations 

X^X^r, F=Fi/^ F'=Fi7' (8) 

After Theorem la has been proved, we know that Zi, Zi', Fi, Y{ ore zero matrices 
when — o' 0 , or general simple contmuants of the types shown in Theorem I cl when 
- o' = 0 ; and this shows that Theorem 1 6 is true. 

It would be sufaoient to prove Theorem I h for because by Ex. i of § 239 we can 
always choose the four general oommutants of Theorem U to be connected by the 
relations 

X = (6') 

Ex, vni. The general commutanta {A, A), {A\ A'}, {A\ A}, {A, A'} ore general simple 
square continuants of the types shown m Theorem 1 a and Ex. v. 

Ex, ix. The general oommutants [A, - A}, {A\ -A'], {A\ - A}, {A, - A'} are general 
simple square alternants of the types shown in Theorem I h and Ex. v. 

Ex, ^ If A is a sample cmonioal squairo urntrix^ tkm all commuiaUs of A are commu- 
iative with one another; and if A' is the conjugate of A, ihm aU oommutants of A' are 
commutative with one another. 
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TlaoHo propertioa follow from Ex. iv ; and they are obvious from the forms of the 
general commutauts A''={d, A}, X'={A\ A'}, being m fact properties of simple square 
continuants of the types {tt, tt}, {tt', tt'} 

Notm 1. Applicatiom to unipotent sq^uire mat^t'ices. 

Since the canonical reduced form of a unipotent square matrix with constant elements 
is a simple canonical square matrix, it follows from Theorem I a that • 

If A and B are two unipotent square matrices of orders m wt\d % mth constant elefmmts 
whose latent 9 vois are o and c\ the genenal commutant X^{A^ is a zero matrix when 
Init if d =0, it is an undegmierate matrix of rank r whose eteimnts are homogeneous 
linear functions of r independent arbitrary parameter's^ where r is the smaller of the two 
integers m and n, 

111 fact if A and B ai^e the simple canonical square matrices of orders m and n whose 
latent roots ai’e c and o', wo can put 

A^hAH, B^k'BK, X^hJLK 

where the fii-st two equations are isomorphic transformations, and X is the general 
commutant {A,B} determined by Theorem I a. 

Since the general commutant {A, id} contains exactly m independent arbitrary para- 
meters, or has exactly m independent non-zero imrticularisations, we conclude (or could 
deduce from Ex. x) that . 

If A is a unipotent square matnx with constant dements, the general commutant 
X=^{A, A) of A is an arbitrary rational irUegral fumtion of A ; and all oommutants of A 
are conimutcUive with one another'. 

3. General symmetric md general sk&iu-symmetrio commutants. 

Let A and B be the simple canonical square matrices of order r whose 
latent roots are o and c',and let J.' and F be their conjugates, so that all the 
general' commutants of Theorems la and 16 are ruled simple square slopes 
of order r. Then by introducing the conditions that these simple slopes ifiay 
bo symmotrio or skew-symmetric we obtain the following theorems ; 

Theorem II a. The two general symmePric or skew-symmetrio oommutants 
X^{A,B], X‘^[A\B% 

are zero matrices when d =t= o. // however d — c (lohere c may be 0), i,e. if 
B==A, then: 

(1) the genei'ol symmetric covnmutants X, X' are undegenerate scalar 

ante-'Continuants of rank and order r each contavrdng one arbitrary 
parameter ; 

(2) the general skew-symmetrio commutants X, X' are zero matrices. 

Theorem III a. The two general syTnmetric or skew-symmetric commutants 
Y^[A\B}, T^{A,Fi 

are zero matrices when d^c. If however d=^o {where c may be 0), i.e. if 
B = A, then : 

(1) the general symmetric corrmutants Y, Y* are general simple sqmire 
ante-coTdmuarls of types {tt', tt}, (tt, tt'}, each of them being unde- 
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ffenerojte of rank cmd order r and containing exactly r arbitrary 
parameters ; 

(2) Ihe general skevj-symvietric corrmvudomts F, F' are zero matrices. 
Theorem II b. The tnuo general symmetric or skew-symmetric commutants 

are zero matrices when c'^—c. If however c' = — c (where c may be 0, 
so that B = A), then : 

(1) the general symmetric commutants X, X' cure undegenerate quasi- 

scalar ante-altemamts of rank and order r, each containing one 
arbitrary parameter ; 

(2) the general skew-symmetric commutants X, X' are zero matrices. 

Theorem III b. The two general symmetric or skew-symmetric commutants 

7 = [A\-B], 7' = {A,-Bl 

are zero matrices when c'=l= — c. If however c' = — c (where c may be 0, 
so that B^A\ we can distinguish between two cases. 

Case I. ^ r is cun odd integer and c' = — c, then : 

(1) the general symmetric commutants F, F' cure undegenerate simple 

square counter-alternants of ranic cund order r and of types 
{t/j — tt}, {tt, — tt'} in which 

the parameters of odd weights are all equal to 0, 
the pcurameters of even weights are all arbitrary, 

the total number of arbitrary parameters in each of them being 

(2) the general skew-symmetric commutants F, F' are degenerate simple 

square counter-alternants of order r and rcunk r — 1 and of types 
{tt', — tt}, {tt, — tt'} in which 

the parameters of even weights are all equal to 0, 
the parameters of odd weights cure all arbitrary, 

the total nwmber of arbitrary parameters in each of them being 

Case II. If r is an even integer and c' = — c, then ; 

(!') the general synvrnetric commutants F, T' are degenerate simple square 
counter-altemmnts of order r cund rank r — 1 and of types {tt', — tt}, 
(tt, — tt'} in which 

the parameters of even weights are all equal to 0, 
the parameters of odd weights cure all curbitrcury, 

the total nurnber of arbitrary parcunieters in each of them being ^ ; 


K 



COMMUTANTS 


463 


242, 243] 


(2') the general skew-symmetric commutants F, F' are undegenerate simple 
square counter-alternants of rank a/tid order r and of types [nr, — tt], 
{tt, — it'} m which 

the parameters of odd weights are all equal to 0, 
the parameters of even weights are all arbitrary, 

the total number of arbitrary parameters in each of them being 

If J IS the simple revorsant of order 7', the two general symmetric or two 
general skew-symmetric commutants X, X' or F, F' or X, X' or F, F' can 
always be so chosen as to be connected by the relations 

T^JXJ, T^JYJ, X'^JXJ, (9) 

Noth 2 Applications to a single unipotmt square nioUt'ia 

Let il bo a single unipotent squoi’e matiix of order r with constant elements whoso 
latent root is c \ let A bo the simple oanonioal square matiix of order r whoso latent root 
IS G \ let 

A^hAH 

be an isomoqihic transformation by which A can bo derived from A ; and lot A\ A' be 
the conjugates of A, A. Then the two general symmetric (or general skew-symmetric) 
contra-commiitants 

Y^{A',A}, Y'={A,A>) or Y={A', -A}, f={A, -AJ 
can be taken to bo the square matneos of order r given by the equations 
Y^E'YE, F'=AY'/4' or 7=H'YE, r'=AYVj', 
whore Y, Y' or Y, Y' are the two aymmotne (or two akow-aymmotric) commutants 
dotennined by Theorem III a or III h ; and wo conclude that . 

The two general symmetric contra-commutajiU Y, Y* are alimys undegenerate of lanh r, 
and each of thmn contams exactly r arhitrary parameters. 

The two general shm-symmetrio contra-comnvidants Y, Y' arc always s&i'o niati^ices. 

The two gcm^'dl symmt'i'ic contra-commutants Y, Y* are zero itiatrioas wkmevor c=f3U. 
If o^O, each of thorn is undegonm'atQ of rank r and contains J arbitrary parameters 

when T is odd ; and each of them is degenerate of rank r — l and contains ^r arbitrary 
parometers when r is exen. 

The two general skew-symmetric contra-commutants Y, Y* are zero matrices whenever 
0=1=0. If 0 = 0 , each of them is degenerate of rank r-1 mid contains J(r-l) arbitrary 
parameters when r is oddj and each of them is undegenerate of rank r and contains ^ 
arbitrary parameters when r is even. 


§ 243 . The oommutants of a pair of luiilatent canonical square 
matrices and the commutants correlated with them. 

1. General commutants. 

Let j 4 = [a]“ and -B = [&]^ be two unilatent canonical square matrices of 

orders m and n with constant elements whose latent roots are c and c\ and 
whose characteristic potent divisors are 

(\ - o)*‘, (X - c)“*, ... (X - oy and (X - c')^‘, (X - o ')^, ... (X - e'f ‘ , . . .(1) 


I 


I 
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where the indices are non-zero positive integers such that 

fl£i + 0 ( 2 + ... + ttr = ^^1, A + /3a+... +/8a = 7l, 
and let A and B be given in the forms 


A, 

0, . 

— ®i i “a 1 • *r 

.. 0 

Bi, 0 3 . . 

^ — Pll Pit Pb 

0, 


.. 0 

1 

0 , Ba, .. 

. 0 

0. 

0... 

s 

o 

o 

1 



where Bj are the simple canonical square matrices of orders of^, /8j whose 
latent roots are o, c', i.e. whose single characteristic potent divisors are 
(\ — c)“*, (X — We will call A and B standardised unilatent canonicid 
square matrices when the mdex numbers ai, Oa, «r and /8i, /9u, ... )8a arc 
arranged in descending orders of magnitude. 

Further let Ja and be the part-reversants (see Note 1 and Ex. vii of 
§ 240) of the same classes as the compound matrices A and B, these being 
undegenerate symmetric contra-commutants of the respective types 
+ {A\ Al ± {A, A'} and ± (B', B}, i {B, B'}, 
where A' and B' are the conjugates of A and B * and let p and or be integers, 
mdependent of the orders of arrangement of the a's and yS's, such that : 
p is the sum of the smaller integers of the pairs (oj, ^j), (ofa, ^a)j (««» 
when Oj, ag, ... ofr and y92, .../Sg are arranged in descending orders of 
magnitude and Oj is interpreted to be 0 if i > r, B% to be 0 if i > s ; 

(T is always the sum of the smaller integers of the rs pairs (of<, /3j), 

When the general commutants in question are expressed as compound 
matrices of the class 


2^ ^a> ■ /5a\ 

Voti, Oa, Or/ 


(a) 


we have the following two theorems, the first parts of which are known to bo 
true by Ex. xviii of § 238 or Theorem III of § 240. The relations (2) and (2') 
follow from Ex. i of § 239 (or Theorem I of § 240). 


Theorem I a. The four genial c(mtinu(mtal commutants 

Z={A,B}, Z' = {4'.B'l, Y^{A\BI r=={A,Bl 
which can be so chosen as to he connected by the equigradent conwiutantal 
relations 

r = Y=JaX, Y'^XJ,, ( 2 ) 

are all zero matrices when o' c. If however d = c {where c may be 0), they 
are general compownd continuants of the class (a) a/nd of the respective types 
{tt, tt}, [ ir \ tt'], {tt', tt}, {tt, tt'}, 

each of them having rank p, containing exactly o- arbitrary parameters^ and 
having exactly a independent v on-zero particularisations. 
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Thus in all cases the rank of each of them is equal to the order of the 
greatest common canonioai of A and B. 

Theorem I b. The four general alternating commutants 

X={A,-B], = 7 = {A',-B], Y'^[A,-F], 

which ca/n be so chos&n as to be connected by the equigradent commutantal 
relations __ _ _ 

Y^JaX, = ( 2 ') 

are all z&>'o matrices when c c If however c' = — c (where c m\iy be 0), 
they are general compound alternants of the class (a) and of the respective 
types 

{tt, -tt}, (tt', -tt'}, {tt', -“tt}, {ir,-ir% 

each of them having rank p, containing exactly a- arbitrary parameter's^ and 
having exactly a independent non-zero particularisations. 

Thus in all cases the rank of each of them is equal to the order of the 
greatest common oanonical of A and — B. 

Reference may be made to § 241 for the definitions of compound con- 
tinuants and compound alternants. There are various considerations which 
could aeiTe to simplify the proofs of the theorems 

In the first place if the theorems are true when A and B are standardised 
unilatent canonical square matrices, they must be true in all cases. For 
A and B can always be derived from standardised unilatent canonical square 
matrices A and B by symmetric class-derangements, which are equivalent 
to re-arrangements of the simple parts, and by Ex. iii of § 240 the general 
commutants of Theorems I a and 1 6 for A and B can be converted into 
general commutants for A and B by corresponding class-derangements, the 
same for each of the eight commutants, in which the simple constituents 
receive rigid displacements. 

In the second place if Theorem I a is true, it follows that Theorem I b 
must also be true. For if /' is a unit compound alternant of the same class 
os B (in which the diagonal constituents ai’e ulnit simple alternants and the 
non-diagonal constituents are zero matrices), and if Bi is the matrix derived 
from B by substituting — d for o\ we have 

-B^rBj\ 

and it follows from § 239 that we can put 

z=Zi/', Z'=A7/', F=y;r, F'-f.t, 

where Zi, Z/, Yu Yi are general commutants {A^ B^, [A\ B^], [A\ jBi}, 
{A, j 9/}, the argument being as in Ex vii of § 242. 

In the third place if the theorems arc true for Z and Z, we see from 
(2) and (2') that they must be true for all the commutants. It would 
therefore be sufiBcient to prove Theorem I a for Z. 


G. ni. 


30 
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We give below a proof which establishes both theorems ; the ranks of the 
general commutants being given by § 241. s when they are non-zero matrices. 

Proof of Theorems I a and Ib. 

By Theorem II of § 240 the two general commutants X={A, B}, J[={A, -5} are the 
most general compound matrices of the forms 



Zi2, . 

-^1* 


. fis 

^11 i 

Zi2, . 



fis 


-^ai 

Z 221 . 

•- ^2b 


• > 

Z= 

‘^22> - 

.. Z2g 


> •• 

....(3) 


Xr2, . 

- 













<h- 




<*-1* «9» 

■ ar 



which can he constructed when the constituent of AT is always a oommutant {Ai^ 
and the constituent Z'y of X is always a oommutant — B^. 

If c'+c, it follows from § 242 that all the constituents of X are zero matricos ; whilst 
if the constituent ATy is a general simple continuant of type {tt, tt} containing yy 
arbitrary parameters, where y<y is the smaller of the two integers (o^, pj). In the latter 
case the parameters of the ra constituents of X must be all independent ; consequently X 
contains exactly o- arbitrary parameters ; moreover it has exactly o- independent non-zero 
partioularisations, which could be chosen to bo the coefficients of those tr paroimetors. 

Again if o'#* - c, it follows from § 242 that aU the constituents of X am zero matrices ; 
whilst if o' - c, the constituent -f’y is a general simple alternant of type {tt, - tt} con- 
tainmg yy arbitrary parameters. In the latter case the parameters of the ra coiistit neats 
of X must be all mdependent ; consequently X contains exactly or arbitrary parameters, 
the coefficients of which form a complete set of independent nou-zero parbioularisations 
of X 

The con’esponding results for the other general commutants can bo deduced from 
these or obtained directly m similar ways. 

It should be observed that the integer o- is the sum of the effective (or smaller) orders 
of all the ra constituents of any compound matnx of the class (a). 

Bcff, 1 . When the successive oharaotenstio potent divisors of A and B are 
(X-o)« (X-o)8, (X-c)7, (X-o)S (X-o)8 and (X o)ia, (X - c)ii, (X-o)o, (X-c)®, (X-o)®, 

the general commutants Z, X\ Y, Y' are the general compound continuants represented 
by Figs. 1, 2, 3, 4 m Ex. ii of § 241 ; and when they are 
(X-c)ia, (X-o)8, (X-o)7 (X-j))4 and (X+c)“, (X+fl)«, (X+o)a, 

the general commutants J*, Z', F, Y' are the general compound alternants reprosontod 
by the same figures. In both these oases we have 

t p = 12-f0-|-6+4 + 2, o-=124, 

cr being the total number of parajnetrio diagonal lines in each of the figui’ea. 

Zii?. ii. UndegeriercUe oomimUarUa. 

The general commutants X, Z', V, 7' are (1) und^enerate of rank (2) uiidogonomto 
of rank n, (3) undegenerate square matnoes when and only when : 

(1) the oharactenstic potent divisors of J of orders m, m-1, m-2, ... are factors of 

the characteristic potent divisors of B of orders n, »-l, n-2 which is 

only possible when wmonis 

(2) the characteristic potent divisors of B of orders p-l, ^_2, ... are factors of 

the oharactenstic potent divisors of A of orders »i, »re- 1, »i-2. which is 

only possible when « :t>r, p=7i:|>m ; ’ ’ 




^ T a 
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(3) A and B have the same charaotenatio potent divisors, which is only possible 
len n=m. 

The oon*esponding results for the general oommutauts AT, AT', Y, Y' are obtained by 
bstituting - B for B, 

Ex. ni Qibadrate commutants. 

If A and B have the same successive index numbers Cg, ... c,, the general commu- 
nts K\ F, Y* when (so that B=A)fQv the genei’al commutants X\ F, Y* 
len ai‘e ruled quadrate slopes of the class 

^2) <S|\ ^ + eg +...+0^6=971, (b) 

\®i5 ••• ^8/ 

d are undegenerate square matnces If 6 Ji, eg, ... Og are arranged in descending order of 
Lgmtude, the total number of ai-bitrary parameters in each of them is the integer 
O’ =01-1-363 -1-503+ ... + (2a — 1) Cg. 

Wo can put a- = o-o + 2o-i , 

IQr© 0-0 = 01 +03 +...+fla = W, O-i = 02+203 + 304+-*' +(fi“ I) 

being the total number of parameters in the diagonal constituents, and o-i being the 
joI number of parameters m the non-diagonal constituents lying on one side of the 
igonal constituents. 

We have o'=m when and only when «=!, i.o. when and only when A and B are simple 
louical square matrices 

Ex. iv. Int&rp'Qtatioiis of oompound oontinuanU. 

Theorem I a shows that the general oompound continuants of the class (a) and of the 
ipectivo symbohc tyjies 

±{7r, tt}, ±{7r; 7r% ±{7r', tt}, ±{7r, tt'} (4) 

1 always be regai'ded as general commutants of the corresponding typos 

±{A,B}, ±{A\B}, ±{A',B}, ±{A,B'}, (5) 

lere A and B ai'o unilatont canonical square matrices whose succossive ohoractonstio 
bent divisors are 

(X-c)% ... (X-o)*^ and (X-o)^>, (X-o)^*, ... (X-c)^* ...(6) 

•eiug any scalar number, which may be 0. Wlien (a) is the quadrate class (b), wo have 
^A. 

We can use those interpretations to pass from general properties of commutants such 
those given in § 238. 4 to general properties of compound continuants. 

Ex. V. Intorpretations of oompound altmiomU. 

Theorem I h shows that the general compound alteimants of the class (a) and of the 
peotive symbolic types 

±{7r, -tt}, ±{7r', -tt'}, ±{7r', - tt}, ±{7r, -tt'} 

1 always be regarded as general commutants of the corresponding typos 
+ {^,-5}, ±{A\^B), ±{A',-B}, ±{A,^B), 

ere A and B are unilatent canonical square matrices whose succossive characteristic 
jent divisors are 

(X-fl)“S (X-o)“", ... (X-c)“>- and (X+o)^-, (X+o)^‘, . . (X+o)^*, 

>eing any scalar number, which may be 0. The square matrix - J? is not canonioaL 
len (a) is the quadrate class (b), we have B=A\£ and only if o=0- 


30-2 



468 COMMUTANTS [CH. XXVII 

We can use these mteipretations to pass from general properties of oommutants such 

those given m § 238. 4 to general properties of compound alternants 

Ex. vi The gm&ral commutant {A^ A} of a single wniloitefrit oanonical egxwe matrix A 
18 a rational integral fwnotion of A when and only when A is a 8m/ple oanonicad square 
matrix. 

Let A be the unilatent canonical squai*e matrix of order m described in Ex. iii, and let 
fl be the greatest of the index numbers ei, e 2 j ••• so that the rational integral equation 
of lowest degree satisfied by A is 

(4-fl7)*=0, where 

The case in which is a simple oanomcal square matrix has lioen considered in Ex. iv 
of § 242. If A is not a simple oanomcal square matrix, le. if «> 1, we have o->m and 
fi <m, thus in this cose there ore more than m independent non-zero oommutants (id, .4}, 
but only the smaller number e of independent non-zero rational integral functions of yl ; 
consequently there must be commutants of A which are not rational intogi’al functions 
of A. 

E'otq 1. Applications to any two unilatent square matriGee A and B with constant 
dements 

Let A and B be any two unilatent square matrices of orders m and n with constant 
elements whose distmct latent roots are c and d and whose characteristic potent divisors 
are 

(X-c)*^, (X-o)“*, ... (X-cr and (X-o'f>, {X-c')^S ... (X-e')^*. (1) 

Then Theorems la and Ih remain true mih the new definitions of A and B so far 
as they relaie to the rank and the total numhei' of arhitrary paramet&i's {or independent non- 
zero partKmlaAisations) of each of the gm&ral commutants 

B}, X'^{A\ BJ, B}, r^{A, n 

r-K,-2?}. r^{A,-iy}. 

For if A and B are standard unilatent oanomcal square matrices which have the 
same characteristic potent divisors as A and By and if 

A^hAEy B^kBK 

are given eqmmutant transformations (which can certainly bo determined), the new 
general commutants can be regarded os given by the formulae (A) aud (li) of g 244. Wo 
may m particular take A and 5 to he unilatent canonical square matrices dorived from 
standard unilatent canonical square matrices A and B by symmetric claHS'dorangomonts. 

The conditions that the new general commutants shall be uiidogonerato lire the aanio 
as in Ex. u In pai'ticular the general oommutants A', AT', F, F ' are undegoiiorato square 
matiices when and only when A and B have the same characteristic potent divisors or 
are equicononioal ; and the general oommutants 5*, AT', F, 7' are undc^onoi’ato squifm 
matrices when and only when A and — jB are oquioononioal, i.e. when and only when tho 
oharaotenstic potent divisore of Ay B can be coupled together in pairs of tho form 

(X-c)-, (X+o)-. 

Note 2. Applications to a single unilatent square matrix A and its conjugate A\ 

Let A = be a unilatent square matnx with constant elements whose oharaoteristio 
potent divisors ore 

{\-of\ (X^o)^S... {\-cf\ 

where the indices are arranged m desceuding order of magnitude j aud let A' bo tho 
conjugate of A, 
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Then from tbo formulae (A') of § 244 we see that each of the four general commutautB 

r={A\A}, 

IS an undegenerate square matrix whose elements ore homogeneous linear functions of tr 
arhifrary pai*ametors, where 

(re=tfii4-3c2H“6fl3 + * • + (2s-- 1) m, 

and that each of them has exactly tr independent non-zero pai’ticularisations. 

Again from the fonnnlao {Bf) of § 244 we see that each of tlie four general commutants 

x={A,-A}, .r={.r,-n r={A\-A}, r-{^, - a'} 

IS a zero raatnx when c+0; whilst when c=0, each of them is an undegenerate square 
matiTx whose elements are homogeneous linear functions of o* arbitrary parameters, where 
(T is the integer given above, and each of thorn has exactly <r independent non-zero 
paiticulorisation s. 

Let e=ei bo the gretitest of the indices ei, (Jo, ... 6*, so that the rational mtegi’al 
equation of lowest degree satisfied by A is 

(A-o/)®“0, whore 

Then if we have fl=cr=»i; therefore A has exactly independent non-zero 
commutants {A, A} which could be taken to be the square matrices 

/, A, A^ ... A«‘-i ; 

1 . 0 . the genoi’al oommiitant {A, A} is an arbitrai’y rational integral function of A. But if 
5>1, wo have e<m and o->7a; therefore A has more than m independent non-zero 
com mutants {A, A}, of which e but not more than e can be rational mtegi'ol functions 
of A ; consequently A bos oomuiutants which aro not rational integi’ol functions of A. 

Thus the general comnutant jr={A, A} is a rational integral function of A 'token arid 
only uoken A is unipotent or has 'no okarcootcrutic ;potent dvoisors of order m — 1, le. 'iolam 
a'nd only 'mhen m is tlus lowest degree of a rational integral equation satisfied hy A \ a/nd 
when this condition 'is saMsJhed^ X is a/n arhitvai'y rational integral function of A. 

2. General symnietHo and general skew-symmetHc commutants. 

Let A = and B = be two unilatent canonical square matrices of 

order m whose latent roots are c and c', and whose successive characteristic 
potent divisors are 

(A-cf, (X-c/S... (X-cr and (X-c'r,(X-c'/", ... (A,-cO^ 
where e, -|- eg + , + 0^ = w ; 

and let A and B be given in the forms 


~A„ 

0, .. 

^ - flu (Jill ■ 

Bij 0 , . . 

. o' 

w 

II 

o 

Ag, 

.. 0 

J 

5 _3 0 , 5a, . . 

. 0 

_0. 

0,., 

flu flgi -.fle 

o 

o 

.5, 


where A^, Bi are the simple canonical square matrices of order e^ whose 
latent roots are c, c\ i.e. whose characteristic potent divisors are"(X-o/*, 
(X - o'/*. Also let A\ B‘ be the conjugates of A, B\ and let J be the part- 
re versant of the class (b), which makes 

JAJ =: A\ AIJ^JA, AJ = JA ' ; , 72 ?/= B\ BfJ^JB, BJ= JB\ 
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The general commutants of Theorems I a and I h are in this case either 
zero matrices or general ruled quadrate slopes of the class (b) as in Ex. iii , 
and the corresponding general symmetric (or general skew-symmetric) com- 
mutants are the moat general specialisations of them which can be formed 
when: 

(i) every diagonal constituent, such as X^i in X, is symmetric (or skew- 
symmetric) ; 

(u) every two conjugately situated non-diagonal constituents lying on 
opposite sides of the diagonal constituents, such as Xy and 
X^ in X when j =j= % are mutually conjugate (or mutually skew- 
conjugate). 

When the conditions (i) and (ii) are satisfied, the diagonal constituents 
have the characters described in Theorems II a, III a, II 6, III & of § 242, 
and the independent parameters in each of the commutants are the para- 
meters of the diagonal constituents together with the parameters of the non- 
diagonal constituents lying on one side of the diagonal constituents. In the 
commutants F, Y\ T, F', which are counter-slopes, the conditions (i) and (ii) 
impose no restrictions on the non-diagonal constituents lying on one side of 
the diagonal constituents ; but in the commutants X, X\ X, X', which are 
ante-slopes, the conditions can only be satisfied when the only elements 
which can be different from 0 are those forming the poradiagonals of the 
square constituents, so that the ante-slopes are quasi-soala/ric or in particular 
scalaric. 

Noth 3. "When the general symmetrio or general skew-symmetric commutants thus 
constructed ore not zero matnoes, they are general symmetrio or general skew-Hymmetric 
quadrate slopes, the properties of which are discussed m Chapter XXXVIII It will there 
be proved (see also Tlieorem II of g 241) that the determmant of a quadrate slope is equal 
to the product of the determinants of all its pEbradiagonal prime minors. Consequently 
any given quadrate slope is undegenerate when and only when all its poradiagonal prime 
minors are undegenerate The poradiagonal pnme minors involve only the elements of 
the paradiagonals of the square constituents, and in detertnining them all other elements 
can be put equal to 0. 

Noth 4 In order to describe the total number of independent arbitrary parameters, 
in the general symmetric or general skew-symmetnc commutants X, X', X, X\ we will 
define. 

to be the total number of non-diagonal square constituents lying on one side of the 
(square) diagonal constituents in any compound matrix of the class (b). 

K there are exactly r distinct or unequal index numbers ej, ... in the series 
6i, ... e,, and if these are repeated exactly 527 ••• times respectively, so that 

... is the total number of diagonal constituents, we have 

= (^l“"l)+^2 («2“1)+ . . +»r(«r "■!)}> 

^ + = (^l + I) + ^(«a + l)+ ... +«r(®r+l)}, 

where k is the total number of square constituents. 
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Note 6 . In oidor to describe the total number of independent ai’bitrary parameters m 
the general symmetric or general skew-symmetnc commutants F, T', F, we will 
dehue . 

T to be tho sum of the smallest integers which ore respectively i^i, i 

T to be the sum of the greiitost integers which are respectively ^629 ••• i^a \ 

(Ti to be the sum of the effective orders of all the non-diagonal constituents lying on 
one side 'of the diagonal constituents in any compound matrix of the class (b); 

BO that r + = fli + Ca + ... + ^ ^ 

is the sum of tho effective orders of the diagonal constituents When ei, eg, . . eg are 
arranged in descending order of magnitude, we have 

<n “ ^2 4 " ^^3 "h • • "h (^ ~ 1 ) j 

+ 01 + 262 + 363+ ... +fl 6 «j 

771 + 2£ri = 0i + 303 + 603+ . . +(26— 1) Oa=(r, 

where a- is tho sum of the effective orders of all the constituents. 

We could also define t to be one-half the sum of the even integei's of the pairs such as 
ei+ 1), and t' to be one-half the sum of tho even integers of the pairs such as (o^, o<“ 1) 

When the notations of Notes 4 and 6 are used, and reference is made to 
§ 331 or § 336 of Chapter XXXVIII for the properties of the paradiagonal 
prime minors, the foregoing considerations lead to the following four theorems, 
the first parts of which were proved in § 240, and also follow from Theorems 
I cb and I b. The number of independent non-zero particularisations of each 
com mutant is equal to the total number of independent arbitrary parameters 
occurring in it j for the coefficients of these parameters clearly form a com- 
plete set of independent non-zero particulansationa, because each of them 
has non-zero elements peculiar to it. The references to Chapter XXXVIII can 
easily be avoided by observing the characters of the paradiagonal prime 
minors 

A = ± (i = l,2, ... 6.), 

which correspond to an index number repeated exactly fi times. They are 
all equal in a continuant, and differ only by signs which are alternately 
+ and — in an alternant. 

Theorem II a. The two general symmetrio or shew-symmetric co-com- 
mutants 

X={A,Bl 

which can be so ohosen that X' = JXJ, are zero matricea whenever c' c. 
Ifc'^e, where c may be 0, i.e. if A, then : 

(1) The 'general symmetric’ commutants X, X' are ‘general symmetric 

amte-continuants of the class (b); they are quasi-scalario ; each of 
them contadns exactly s + h independent arbitrary parameters; 
and they a/re always v/ndegenerate, 

(2) The * general skew-symmetric' commutants X, X' are ^general skew- 

symmetric' ante-conhnuants of the class (b); they are quasi- 
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scalariCj the diagonal constituents being zero matrices, each of 
them contains exactly Aj independent arhitrai'y parameters; and 
they are undegenm^ate when and only when every distinct index 
mmher in the series ei, e^, ... eg is repeated an even number of 
times 

The paradiagonal prime minors A of X and X* are general symmetric 
matrices of order p in (1), and general skew-symmetric matrices of order 
p m (2). 

Theorem Ilia. The two general symmetric or skew-symmetric contra- 
commutamts 

Y=[A',B}, Y' = {A.R}, 

which can be so chosen that T'=^JYJ, are zero matrices whenever c'=t= c 

If d = c, wheii^e c may be 0, i»e. if B = A, then : 

(1) The ^general symmetHc' commutants Y, Y' are ^ gen&t'al symmetric' 

counter-conUnucunts of the class (b) and of the types {tt', tt}, {tt, rr], 
their diagonal coTistitmnts being * genei'dl symmetric' and their 
non-diagonal constituents ^ general' simple count&i'-continuants ; each 
of them contains exactly /n + ci independent arbitrary parameters ; 
and they are always undegenerate. 

(2) The 'general skew-symmetric' commutants Y, Y' are 'general skew- 

symmetric' counter-continuants of the class (b) and of the types 
{tt', tt}, {tt, tt'}, their diagonal constituents being zero matmoes, and 
their non-diagonal constituents being ‘ general ' simple counter-con- 
tinuants; each of them contains exactly a-^ arbitrary parameters; 
and they are undegenerate when and only when every distinct index 
number in the seines e^, ... eg is repeated an even number of 
Umes. 


The paradiagonal prime mmors A of Y and 7' are general symmetric 
matrices of order p in (1), and general skew-symmetric raatrj.ces of order 
p in (2). 

Theorem II b. The two general symmetric or skew-symmetric co-com- 
mutants _ _ 

X=[A,-Bl X' = \A\-B}, 

which can be so chosen that X* = JXJ, are zero matrices whenever c' =|= — o. 

Ifc' = — c, where o may be 0 so that B^A, then: 

(1) The' general symmetHc' commutants X, X' are ^gen&ral symmetnc' 
ante-alternants of the class (b) ; they are quasi-soalaiic ; each of 
them contains ' exactly s -l- Aa independent arbitrary^ parameters ; 
a/nd they are always undegenerate. 
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(2) The 'general sketu-symmetiHc' coonvmtants X, X' are 'general skew- 
S'ymmet^'iG ’ ante-cdternants of the class (b) , they are quasi-scalaric, 
their diagonal coiistitn&nts being zero matinees; each of them 
contains exactly ki independent arbitrary parameters ; and they 
are undegenerate when and only when every distinct index number 
in the series ej, eg, ... e^ is repeated an even number of times. 

The paradiagonal prime minors Di of X and X' are general symmetric 
matrices of order p in (1), and general skew-symmetric matrices of order 
p m (2). 

Theorem III b. The two general syinmetmc or skew-symmetric contra- 
comnmtants 

7=[A\-B], Y' = {A,-B\ 

which can be so chosen that Y' — JYJ^ are zero matrices whenever c' =f — c. 

If d — —c, whence c may be 0 so that B = then • 

(1) The 'general symmetric* commutants Y, Y' are ^general symmetme* 

countei'-altemants of the class (b) and of the types {tt', — tt}, {tt, - ir], 
their diagonal constituents being 'general symmetric* and their non-' 
diagonal constituents 'general* simple counter-alternants; each of 
them contains exactly t+cti independent arbitrary parameter's; 
and they are undegen&rate when and only when every distinct even 
index numb&t' in the series fiaj ••• is repeated an even number 
of times. 

(2) The 'general shew-symmetiic* oommutants F, F' are 'general skew- 

symmetric* counter-alternants of the class (b) and of the types 
{tt', — tt}, (tt, — tt'}, their diagonal constituents being 'general skew- 
symmetric* and their non-diagonal constituents 'general* simple 
counter-alternants ; each of them contains exactly t + o-i inde- 
pendent arbitrary parameters ; and they are undegenerate when and 
only when every distinct odd index mimiber in the seines 0], Sg, ... 
is repeated an even number of times. 

The paradiagonal prime minors 1)% of F and F' are general symmetric or 
general skew-symmetric matrices of order p according as is odd or even 
m (1), or according as Si is even or odd in (2). 

Ex. vii. The sum of a 'general symmetrio * and a 'general skeio-symmetiio ' oommiUant of 
each of the types considered in the foregoing iJmrems ia always a 'general^ oommutant of the 
same type^ provided of course that the two sets of parameters are independent. 

For tile total numbor of arbitrary parameters in the sum is equal to the trttal number 
of arbitrary parampters in the gonecral oommutant of the same type, and a uonizwo- square 
matrix cannot be both symmetno and skew-symmetne. 

Note 6. Applications of Tlieor&ms III a and Illh to a single unHat&nt square matrix A 
and Its conjugate A' 
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Let A=[a]^ be a unilatent square matrix with constant elements whose characteristic 
potent divisors are 

(X - c)«i, (K-~ c)\ 

where the indices are arranged in descending order of magnitude ; and let A' ho the 
conjugate of A, 

Then Theoi&nis Ilia a7id Illh remain true with the new deJi/niUon of A in so far as 
they relate to the rank and the total mmher of arbitrary parameters or ind^endmU non-z&ro 
particuloA'isations of the two general eynimetno {or sh&w-symmetrie) coTUra'Commutants 
7={A\A},T^{A,A^} or f={A\ 

Further it is still true that 

The sum of a ^general symmetries and a ^general shm-symmetric^ contra-oommutant of 
any one of the four types mentioned is always a ^generaV oontra-oonvnmtant of that type. 

In fact if A IS a standard unilatent canomcal square matnx of order m having the 
same latent root and the same charactenstic potent divisors as -rl, and if 

is any given isomorphic transformation by which A can be derived from A, wo oan put 
r=HSYE, r=hYli' or f'^hY'h\ 

where Y, Y' or Y, Y' are two general symmetnc (or skew-symmetno) oontra-oom mutants 
deternuned by Theorem III a or III b. 

It should be observed that the contra-commutants F, T' defined above are neoessarily 
zero matnces when o=t=0. If c=0, then if they are symmetric, they are undegenerate 
when and only when every distinct potent divisor of the form jg repeated an oven 
number of times , and if they ore skew-symmetric, they are undegenerate if and only if 
every distinct potent divisor of the form X®p+^ is repeated an even number of times. 

§ 244. The commutants of any pair of square matrices whose 
elements are constants. 

1. General comrmtants. 

Let A =[a.]™, -8 = be any two given square matrices of orders m, n 
whose elements are constants; and let A\ S' be their conjugates. Also let 
A, B be any two canonical square matrices of orders m, n having the same 
charactenstic potent divisors as A, S; and let A', B' be their conjugates. 
From Theorem I of § 240 we see that constructions for the general corn- 
mutants 

X = {A,B}, T^{A',F], 7j=[A',B], T = [A,F], ...( 1 ) 

I = {A.-B}, X' = {A',-ff}, Y=\A'.-B], ?' = {A,-ff}...(2) 

can be derived from constructions for the general commutants 

X={A,B}, Y.{A',B1, ^ = {^8-1, 

Jt-jA-B), »'-{A'.-B'), Y_{a',-B}, ■?'-1A-B')..(2') 

by determining particular isomorphic transformations 

A = hAH, B=kBK, . 


(a) 
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and using the equigiudent commutantal formulae 

X^ = H'‘K.'k\ Y=H'YK, T=hY% (A) 

X = h^E, J' = ir^X7c', 7 = H^YK, 7'=^hY'k' (B) 

For all choices of A and B, Theorem II of § 240 and the results of § 242 
show that each of the general commutants (!') and (2') can be expressed as a 
known compound matrix in which the non-zero constituents are general 
ruled simple slopes of a given type. When A and B are chosen to be 
standard canomcal square matrices in which the super-parts are unilatent 
canonical square matrices, Theorem II of § 240 and the results of § 243 show 
that each of the general commutants (!') and (2') can be expressed as a 
known compartite matrix in which the non-zero parts are general ruled 
compound slopes of a given type. In determining the general commutants 
(1) and (2) we shall usually choose A and B to be standard canonical square 
matrices on account of the simpler constructions which are thus obtained. 

When A and B ain themselves canonical square matrices, the trans- 
formations (a) are symmetric class-derangements, and the transformations 
(A) and (B) are class-derangements in which the simple constituents receive 
rigid displacements. 

The formulae (A) and (B) do not in general enable us to pass from con- 
structions for the general symmetric or general skew-symmetric commutants 
(!') and (2') to consti'uctions for the general symmetric or general skew- 
symmetric commutants (1) and (2), but they do this for the contra-com- 
mutants when A = A, as can always be the case when B—A, 

Note 1. If U and V are any particular iindegeuei’ate square contra-oomniutantB 
{A', A} and B'\ which by Ex. vii of ^ 240 always exist and can always be symmetno, 
we already know that the four general commutants (1) or (2) can always be so chosen os 
to be connected by the oquigrodent commutantal transformations 
A'=CrZF, T=UX, T=XV, 
or X^UXV, T=^SV, 

and that oil fom* of them have the same rank, and the same number of independent non- 
zero particularisations In particular if the oauonioal square matrioea A and B are 
regarded as compound matrices whose diagonal constituents are aimiile oonomcal square 
matrices, and if J^, and are the part-reversants of the same classes as A and B, the 
four general commutants (F) or (2') can always bo so chosen os to be oon'elated by pai*t- 
reveimls, i.e connected by the oquigradent oommutantal transformations 

Y=J-aX, Y'=X./6, 

To obtain the most convenient constructions for the general commutants 
(1), let the distinct latent roots of A and B be so arranged that they are 

Oi, Cb, ... Or, Oi, Ob, ... and Ci, Oai Cr, 6ii ill) ia» 

where the a% Vb and c's are all different, and where Cj, Oa, ... Or are the 
distinct common latent roots of A and B, Also let A and B be standai’d 
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canonical reduced forms of A and 5 expressed as standard compartite 
matrices of classes 


Va,,et0, .. ar,p) 
in which the successive parts are 

and 

^ (fi ’ b’ 

\Hl> H23 

. . . Pri 

...ft., 

-^01 •• • -P 

and 

Bi, B 2 , ■ . . 

Prj Q » 


and being unilatent canonical square matrices having the latent root Ci, 
P being a compartite square matrix of standard form whose succes- 
sive parts are unilatent canonical square matrices having the 
latent roots ctij •••3 

Q being a compartite square matrix of standard form whose succes- 
sive pg.rts are unilatent canonical square matrices having the 
latent roots &i, &a» •••• 


Then by Theorem II of § 240 and the theorems of § 243 we have 


"Zi, 0, ... 0, 0" 

0, Za, ... 0, 0 


ft ,g 


0 , 0 , 
A 0, 


... 0 

... 0 , 0 _ 


ai,a^3 


• ar,P 


the general commutant X being a compartite square matrix of standard 
form in which : 


Zf is a general commutant [Ai, P^}, i.e. a general compound continuant 
of the type {tt, tt} ; 

' the parameters of Z^, Z 3 , ... Z^ ore all independent. 

The rank of Z^ and the number of arbitrary parameters in it are given by 
Theorem I a of § 243. The rank of X is the sum of the ranks of its non-zero 
parts Zi, Za, ... Xr, and the total number of arbitrary parameters in X 
(which IS also the total number of independent non-zero particularisations 
of X) is the sum of the numbers of the arbitrary parameters occurring in 
Zi, Za, ... Xr. We can choose Ai and P< to be always standardised uni- 
latent canonical square matrices; and then Zi, Zg, ... Z^ are standardised 
compound continuants. 


The four general cominutants (!') are standard compartite matrices of 
the same class and the same form as X in which the r non-zero parts are 
general compound continuants of the respective types 

{tt, tt}, {it', tt'}, {tt, tt}, {tt, tt'}. 

When isomorphic transformations (a) have been determined, the four general 
commutants ( 1 ) are given by the formulae (A), and they have the same 
rank, the same arbitrary parameters and the same number of independent 
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non-zero particular] sationa as the general commutants (l^- From these 
constructions (see sub-article 5 of §241) we obtam the following theorem; 

Theorem I a. The rank of each of the fowr g&neral commutants 

X^{A,Bi Y={A\B], T^{A,B^} (1) 

is equal to the order of the greatest common canonical of A and B. 

The total nmnher of independent arhitrary parameters in {or non-zero 
partioulaHsations of) each of them^is equal to the^sum of the numbers of the 
arhitrary parameters occurnng in 'the general commutants of the umlatent 
pairs (J-i, 5i), {A^, B^, ... {Ar, Br) having the latent roots Ci, Ca, ... Cr common 
to A and B. 

Two mutually conjugate square matrices have of course the same canoni- 
cals, i.e. the same canonical reduced forms 

Note 2. To merely prove Theorem I a without aiming at the simplest coiistr actions 
for the general commutants (1), we could define A and B to bo com partite square 
matrices equicanonical with A and B in which the parts are umlatent square matrices 
(not necessaidly canonical) hawng the same latent roots as before Then the oonstniction 
for X would remain valid, the part Xi of X being n general commutant of the umlatent 
pair (Ai, Bi), and would include constructions for the other commutants. It would also 
include constructions for tho general commutants (2), and Theorem I h would be included 
lu Theorem I a 

Ex, i. Each of tho four general oommiitants (1) is a zero matrix when and only when 
A and B have no latent root in common 

Ex, li. Undcg&nercUe coonmutanta {A, B}, {/!', B\ [A', B}^ {ri, B], 

By Theorem I a each of these general oommutants is : 

(1) undegenerate of rank m when and only when tho canonicals of A are diagonal 

minors of the canonicals of B, i.o. when and only when all the oharooteristio 
potent divisors (X-a)^, (X-&)^, .. of A can ho associated with corresponding 
olnu'ooteriatio potent divisors (X - (X — Z>)“, . of B in wliioh P p, § <7, ; 

(2) undegemreUe of rank n when £uid only when the canonioals of B ai^o diagonal 

minors of the canonicaJs of A^ i.o. when and only when all the oharactoi'islao 
potent divisors (X-a)^’, (X-ft)®, , . of P can bo osaociatod with coiTespondiug 
charooteristio potent divisors (X — a)'', (X - . . of in which P ^p^ § ; 

(3) undegenerate aquara matriooa when and only when A and B are equicanonical or 
have the same obaraoteristio potent divisors. 

Ex, iii. The general commutants 

g={n,n}, r«{n',nq, 7 “{n',n}, V={n,n^ 

when n is a atandoA'd canonical square matrix whose conjugate is n'. 

We can use the constructions for the commutants (1^) described in the text by putting 
A=B=a 

Let the successive unilateiit super-parts of n bo the unilatent oanonioal square 
matrices 

ITi, ETa, . , Ur of orders fli, fly, ... 
having latent roots ci, 0 -^, ... c,., 
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where the c’b are all different ; and let the orders of the successive simple parts of the 
successive super-poi'ts be 

®11> ®12> • •; «2l5 flaaj ; ••• ®rlj fir2, 

where flu+eia-h . (z=l, 2, ... r). 

Then by Theorem II of § 240 and the theorems of § 243 we have 

_ 01 , flfl , flf 




-ruo , 
0 , JTa, 


.0,0, 


where. 


®li ®9i 


F, IS a general commutant {n/, n<}, i.e a general quadrate continuant of typo 
{jr'j tt} and of the same class 


M 


/^il, 6 ^, ..A 

\^iU •••/ 


as Hi; 


the parameters of Fi, Fg, ... F,. are aU mdependent. 

The general commutants f , ??, rj' are compartite matrices of the same class and of the 
same form as m which the r ports ai-e general quadrate continuants of the respective 
types 

{n, tt}, {it', it'}, {«■', ir}, {tt, tt'}. 

They are all undegenerate because by Theorem I a or Note 2 of § 243 the r parts m each 
of them are undegenerate. 

By Ex. ni of § 243 the total number of arbitrary par^imeters in the part F^ of rj is 
never less than and is equal to when and only when n* is a simple oanomcol squai’e 
matrix. Consequently the total number of arbitrary poiametors in each of the general 
commutants f , 7, rj' can never be less than 7?z, where m is the order of n, and is equal to 
7n when and only when all the ports Hi, . . n,. are simple canonical square matnoos. 

Esc. iv. The general square oomimutants 

X^{A,A}, r=^{A\A% F=K,4}, r={A,Ar 

By Ex ii each of these general commutants is always an undegenerato square matrLx 
of order where ?7i is the order of the square matrix A, 

Let the distinct latent roots of .4 be Ci, C2, .. o^, and for each of the values 1, 2, ... r 
of i let the indices of those chorooteristic potent divisors of A which are powers of 
X-cj(be 

••• j where e^i -l-6ia+^<34‘ ••• =<5^. 

Then if n is the canonical square matrix described m Ex. ui, and if 

A<=huH (b) 

is any isomorphic transformation by which A can be derived from n, wo can put 

X^hlLS, Y=E'YE, r=hY% (A^ 

where X, X', Y, Y' are the general commutants f, f , 17, 7;' of Ex in 

The total number of arbitrary parameters in each of the general commutants AT, X, 
1 , F' can never be less than 991, and is equal to m when and only when all the unilatent 
super-parts Hi, 1X2, . , of n are simple canonical square matrices, i.e when and only 
when A has only one charaoteristic potent divisor correspondmg to each distinct latent 
root. 
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To obtain the constructions for the general commutants (2) which are 
usually the most convenient, let the distinct latent roots of A and B be so 
arranged that they are 

^Tj I ^ ■ and Cij — Cg, "”C|i, bij “^ 2 * *•■1 

where the a’s, b'a and c’s are all different, so that the distinct latent roots of 
A and — B are 

Cl, Cg, Or, (hi OLs, ... and Cl, Cg, ... Cr, bi, &2, 63, 

and Cl, Cfl, ... Cr are the distinct common latent roots of A and — B. Also let 
A and B be standard canonical reduced forms of A and B expressed as 
standard compartite matrices of classes 


Jlf /“l. «». 

and 

A, 

... /3r, q\ 

\«i, Oa, ... Or, pJ 



... q) 

in which the successive parts are 

■^i> .^2) ••• ^ 

and 

-2i> B^j ... 

Br, Q, 


A I and Bi being nnilatent canonical square matrices having the latent roots 

C{, — Ci ; 

P being a compartite square matrix of standard form whose successive 
parts are unilatent canonical square matrices having the latent 
roots ci/i, (Xg, Qi^y ■ • • I 

Q being a compartite square matrix of standard form whose successive 
parts are unilatent canonical square matrices having the latent 
roots — &i, - ia, “ 63 , .... 

Then by Theorem II of § 240 and the theorems of § 243 we have 

0 , 0 , C 

0 , J3, ... 0 , 0 

X= 

0 , 0 0 

0 , 0 .... 0 , 0 

- a, , aq, ... 

the general commutant X being a compartite square matrix of standard 
form in which ; 

Xi is a general commutant {At, — J?^), i.e. a general compound alternant 
of the type {tt, — tt} ; 

the parameters of Xi, Xa, ... X,. are all independent. 

The rank of X< and the number of arbitrary parameters in it are given 
by Theorem 1 6 of § 243. The rank of X is the sum of the ranks of its non- 
zero parts Xi, Xb, ... X,., and the total number of arbitrary parametem 
in X (which is also the total number of independent non-zero particularisations 
of X) is the sum of the numbers of the arbitrary parameters occumng in 
Xi, Xfl, ... Xr. We can choose Ai and Bi to be always standa/rdised uni- 
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latent canonical square matrices; and then Xi, Xa, X, are standardised 
compound alternants. 

The four general commutants (2') are compartite matrices of the same 
class and the same form as X in which the r non-zero parts arc general 
compound alternants of the respective types 

[tt, - tt}, {tt', - tt'}, {tt', - tt}, {tt, - tt'}. 

When isomorphic transformations (a) have been determined, the four 
general commutant^ (2) are given by the formulae (B), and they have the 
same rank, the same arbitrary parameters and the same number of inde- 
pendent non-zero particulansations as the general commutants (2') From 
these constructions (see sub-ariicle 5 of § 241) Ave obtain the following 
theorem 

Theorem I b. The rank of each of the four general commutants 
X = [A.-B], = F = {!'.-£}, (2) 

%s equal to the order of the greatest common canonical of A and — B, 

The total numher of iridependent a/rhtrary parameters in (or non-zero 
particularisations of) each of them is equal to the sum of the numh&t'S of the 
arbitrary parameters occurring in the general commutants of the unilatent 
pairs (^ 1 , — jBi), (-4a, — jBb), ... (Ar, “ Br) having the latent roots Ci, Ca, ... Cy 
common to A and — -B. 

Ex, V. Each of the four general ooinmiitaiita (2) is a zero matrix when and only when 
A and - B have no latent root in oommoUj i.o when and only when there do not exist 
latent roots a=c, /3= -c of 5 whose sum is 0 

Ex VI. Uiidegenei'ate com7mtant& {A^ -B'}, {A\ -J?}, (d, 

In accordance with Theorem I h each of these general commutants is : 

(1) undegeiw ate of rank m when and only when the canonicals of arc diagoiifil 

minors of the canonicals of i.e. when and only when all the characteristic 
potent divisors (X-a)P, . of jjI can be 'associated with coiTosponding 

characteristic potent divisors (X-f (X + 6)" of B m which ry, .. ; 

(2) undog&nerate of rank n when and only when the canonicals of - B are diagonal 
minors of the oanonioals of ri, i.e when and only when all the characteristic 
potent divisors (X-i-a)^ (X-|-&)<^, ... of B can be associated with oorrcHpoiiding 
characteristic potent divisors (X-a)'', (X-6)" .. of ri in which 

(3) wndegereft'ate square matrioes wlioii and only when A and - B /iro equicanonical, 
i.e. when and only when the ohiiraoteristio potent divisora of the square matrices 
A, B can be coupled together in pairs of the form 

(X-c)«, (X+c)«. 

If fi (^)> 9< (^) the potent factors of order i of the ohanictoristio matnooa A (X), 
5(X) of ri, B^ the thu’d case occurs (see sub-artiole 6 of § 241) when and only when 
and we can put 

yi(-X)=/< (X), (i=l, 2, ... m). 

Ex. vii. The g&neral commutants 

|={n, -n}, |'={n', -n'}, -n}, ij'={n, -n'}, 

v}hen n IS a standard canonioetZ square matrix whose conjugate is n'. 
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To avoid the iiitroduotiou of two difFerent canonical square matncos A and B equi- 
canoiiical with n (only due of which could be n), wo will replace the construotions given 
m the text by others which are simpler in the present special cose. 

Since a change m the oi-dei* of oiTangement of the super-pai*ts of n is equivalent to a 
symmetric closs-derangonient which merely leads to a con'eaponding symmetric class- 
derangement of the general commutants in which their paiia receive rigid displacements, 
we may and will suppose that the successive unilatent super-pai’ts of n are uuilatont 
canonical square matrices 



n«; Pi, 

Gii 

^2, 


-P., 

Qal 

X2j , 

Q3, 

of ordere 

i 3 

fli; 

02 , 

fl2 ; 

•• e«', 

Og J 

<Dl , 

o)a, 0)3 , , 

with latent roots 

0 ; c, , - 

-CiJ 

fly , ■ 


• Og , 

~“Cg 1 


^ ^ » •••! 

whore the scoloi* numbers 0, Cj, 

1 ^2 5 

— Cfl, 

. .. flg, 

~~ Ogj 

tti, 

I 

1 

1 


are all different We may suppose that the orders of the successive simple parts of 

^'fllj ^03) •• I ^1? ^i3> J 

where 4- ••• =^^1 + ■ ■ =Q>i 

for all permissible values of i We could simplify the couatruction by supposing that the 
index numbers fonniiig every one of these senes are arranged in descending order of 
magnitude, i.e, that all the pai’ta of n are standardised unilatent canonical square 
matrices, or that n is a standardised canonical square matrix. 


By Theorem II of § 240 and the theorems of § 243 we have 


1 

0^ 

0 

0 

0 

, 0 , 

Art, Ci*s ffi, . 0a\ Ofl; w 

0 

0 

0 

, 0 , 

0 

1 

■ 0 

c 

0 

. 0 , 

0 

II 

0 ‘ 

0 

0 

0 

. U„ 

0 

0 

0 

0 

0 

0 

^0 , 0 , 0 , 0 

, 0 , 

5 fil'i 0 i ; * oa*, ca J <»* 

where 0 = •b tay -f* ©3 4" • • • » and ■ 



Iq is a general oommutant {ETo', -’IIo}, i.e a general quadrate alternant of typo 

{tt', -tt} and of the class 

\0Qli 

Omy • 

- 



Uij Fiare general commutants {?<', —Ci}, {§/, - Pi}, i.o. general altonionts of ty^ic 
{tt', -tt} and of the mutually conjugate cIossoh 


, ..y • A . 

W j ) •••/ \e« j flis ) ••■/ 

the parameters of Uif Fi, ... Ffl are all indopondont. 


The general commutants are comporiite matrices of the same class and the 

same form os ^ in which the non-zero parts are general alternants of the respective tyiies 

{tt, -jt}, W , - n-'}, {jr', - tt}, {tt, - tt'}, 

all four of thorn haviog the samo rank aud containing the same number of independent 
arbitrary parameters. 


The square matrix rj cannot be undegonerato unless 6)i=fi)3=<i)3=ff =0, and when 

this condition is satisfied, it is obviously luidegenerate if and only if every one of its 2«-f 1 
non-zero parts is an undegenerate square matrix. Moreover the part Zq is always on 
undegenerate square matrix \ and by Ex. ix of § 231 the parts Ui and Vi are undegenerate 

31 


0. nr. 
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square matrices when and only when they are derangements of quadrate alternants, 
i.e. when and only when Ofi', . and e*, 6^, ... ore two arrangements of the same 
integers. Thus in accoidance with Ex. vi the general commutants are unde- 

generate when and only when n and - n are equicanomcaL 


Ex. vui. The gemral oommutanta of Ex. Yii when EE aTid — n are eqwioanooncal aiid n ia 
in atcmdardiaed form. 

In this cose we may and will suppose that the successive unilatent super-parts of n 
are umlatent canonioal square matnoes 

Hq* -^Is ^ 15 -^ 2 ) Q23 -^81 Qa 

of orders Cq ; «i, fli; es » 02 » j 08 

with latent roots 0 ; Ci,— Ci, Cg . . Csj-Cg, 

which are all different, and that the orclei's of the successive simple paints of the suocessivo 
super-parts are 

(0OlJ 0O2i --Oi (011> 0121 •■■)» (^lli 0l2j • OJ (021» 022? •• )? (021? 029j •••)} ••• 

(0fll» 0fl3» *••)> (0fllJ 0s9j ••■)? 

where Siu 0t3> ••• ^re integers arranged in descending order of magnitude whose sum 

is Oi. 

The representation of ^ becomes 


where 


7,, 

0 , 

0 , 

... 0 , 

Q — 0q\ Oh fill 

. Cg, Oa 

0. 

0 , 

Pi. 

... 0 , 

0 


0, 

Fi, 

0 , 

... 0 , 

0 

1 

0, 

0 , 

0 , 

.. 0 , 

p. 


0, 

0 , 

0 , 

... V., 

Q _ flo , Pn . 

• Oa^Oa 


To IS a general commutant {Ho', -no}, lo. a general quadrate altoinant of typo 

{ir'i - tt} and of the class , 

^ V0O110O21.../' 

Uu Vi are general commutants {P*, - Q^}, {ft', -Ft), i.e. general quadrate alternants 

of type {tt', -tt} and of the class ; 

\0«) 0<2» .../ 

the parametei’s of Fq, 27{, Fi, ... 7. ore all independent. 

The general commutants f , 7? ^ are compartito matnoes of the same class and the 
same form os 7 m which the 2s -Hi non-zero ports are general quadrate alternants of the 
types mentioned in Ex. vii. 


Ex. IX. The gmm'cd aquare commutaiUa 

S={A, -A}, X'={A', -A'}, f={A', - 4 }, 7 '={A, -A'}. 

We may suppose the oanonical reduood form of to bo the matrix n dosoribed iu 
Ex. vii. Then if 

(b) 

is any isomorphic transformation by which A con be derived from n, wa can put 

^h%H, X'=E'X;k', f=E'YE, r=/i^'A'. (B') 

where X, X', 1 ?, Y' are the general commutants of Ex. vii. 

By Ex. vi each of these four general commutants is undegenerate when and only when 
4 and -4 are equicanomcal, 1 e. when and only when the characteristic potent divisors 
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of A oorrespoiiding to its non-zero latent roots ocour in pairs of the fomi 
(X - c)o, (X -h o)*, where c =|= 0, 

so that we can suppose the choi’actenstic potent divisors of to be 

\\ \\ \\ .. , (X-fl)P, (X4a)P; (X-b)% (X + &)«; (X^fl)^ (X + o)’*; .. , 

whei’e a, hjC, ... are non-zero scalar numbers, which need not be all different In suoh a 
cose wo may suppose the canonical reduced form of A to be the matnx n described in 
Ex viii, and use the formulae (B') in which 3SL, Y' are the general com mutants 

f j 5 j of Ex. vin. 

The final results mentioned in Exs iii and iv lead to a theorem giving 
the necessary and sufficient conditions that all commutants {A, .4} of a 
square matrix A shall be rational integral functions of 4. 

Theorem II. If A is a square matrix of order m with constant elements, 
the general commutant A'' = {4, 4[ a rational integral function of A when 
and only when A has one of the following mutually equivalent prope^i/ies : 

( 1 ) It has only one characteHstic potent divisor coi'responding to eaoh 

distinct latent root 

(2) Its charactei^tic matrix A (X) has no potent divisors of order m — 1, 

i.e. has only potent divisors of order m. 

(3) It satisfies no rational integral equation whose degree is less than m 

When these conditio'ns are satisfied, there are exactly m independent non- 
zero particular commutants \A, 4}, and the gmieral commutant X = {4, 4} is 
an arbitrary rational integral function of 4. In all other cases there are 
more than m independent non-zero pa/n^ticular oommuiants [A, 4}, and there 
are oommutants {A, 4} wh%ch are not rational integral functions of A. 

If Di (X) and Ei (X) ore the maximum and potent factors of order i of the 
chariicteristic matrix 4 (X) of A, the conditions (1), (2), (3) of the theorom 
are satisfied when and only when we con put 

jDm-i (^) = 1» or (X) = 1, (whichever we please). 

Let 4 he the square matrix of Ex. iv whoso distinct latent roots are 
Cl, Cjj, ... Cr ; and for each of the values 1 , 2 , ... r of i let be the greatest of 
the mdices Sn, 612 , ... of those characteristic potent divisors of 4 which 

are powers of X — c^, so that the rational integral equation of lowest degree 
satisfied by 4 is 

Eni{A) = (4 - Ci7)*i (4 - Ca/)** ... (4 - Cylfr = 0 , where I = 
this equation having degree s in 4 , where 

s = Cl + ea + . . . + e, ip- m. 

First suppose that 4 has only one characteristic potent divisor corre- 
sponding to each distinct latent root, so that 

S = C] -1-62+ ... = 


31—2 
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Then by Exs. iii and iv there are exactly m independent non-zero com- 
mutants of A, which could be taken to be the coefficients of the m inde- 
pendent arbitrary parameters of X. Since the square matrices 

I, A, 

form a complete set of independent particular non-zero commutanta of A, 
because has degree m in it follows that we could put 

X-=^xJ^X^A H- ... 

where the xb are independent arbitraiy parameters, i.e. X is an arbitrary 
rational integral function of A, 

Next suppose that A has more than one characteristic potent divisor 
corresponding to the latent root so that and 

s<^i + e2-l-... + e^, i.e- 8<m. 

Then by Ex iv there are more than m independent non-zero commutants 
of A, whilst not more than 5 such commutants can be rational integral 
functions of A. 

2. General symmetHo and general skew-symmetnc continumtal contra- 
commutants. 

Let J. = [a]’^ be a given square matrix with constant elements, and let 

A' be its conjugate. If F is any particular undegenerate symmetric contra- 
commutant [A, A% it has been shown in Ex. ii of § 239 that the two general 
symmetric (or general skew-symmetric) contra-commutants 

Y^{A',A}, Y'^[A,A'} (3) 

can be so chosen as to be connected by the symmetric equigradont relation 

r = VYY 

and that they both have the same rank, and both contain the same number 
of independent arbitrary parameters When is a canonical square matrix, 
we can choose V to be the part-reveraant J of the same class as A, 

Let the distinct latent roots of A be c^, Ca, ... o^, and let the canonical 
reduced form of A be the canonical square matrix II described in Ex. in. 
Then after determining a particular isomorphic transformation 

A = hUff, (c) 

and constructing general symmetric (or general skew-symmetric) contra- 
commutants 

Y=^{n^n}, Y' = {n,n'}, (3') 

we can take the general symmetric (or general skew-symmetric) contra- 
commutants F, Y' to be the matrices derived from Y, Y' by the symmetric 
equigradent commutantal transformations 

Y^H^YH, Y' = hY'h\ 


( 0 ) 
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We could use the formulae (C) if 11 were any square matrix isomorphic with 
A, but we have so chosen TI that Y, Y' are the most general symmetric 
(or skew-symmetric) specialisations of the matrices tj, r)' of Ex. iii. Con- 
sequently Y in (C) is what the matrix rj of Ex iii becomes when : 

Ti is a general symmetric (or general skew-symmetne) contra-com- 
mutant {IIi', i.e. a general symmetric (or general skew-symmetric) 
quadrate counter-continuant of type {tt', tt} ; 

the parameters of Fa, ... F,. are all independent, 
and Y' IS a matrix of the same form in which the r parts are quadrate 
counter-continuants of type [tt, tt'}. 

The properties of the parts of Y and Y' given in Theorem Ilia of § 243 
lead to the following theorem, and determine the values of k and k' in it. 
In both ports of the theorem the number of arbitrary parameters in F or Y' 
is equal to the number of independent non-zero particulansations of that 
matrix. 

Theorem III a. The two general symmetric contra-commutants 
Y={A\A], Y'={A,A'] 

are always undegenerate; and each of them contains exactly tc independent 
arbitrary parametm's, where k is the sum of the nu/nih&t's of the arbitrary 
parameters ocem^ring in the r general symmetric coyitra-commutants or ooiinter- 
continua/nts F^, Fa, . . F^ corresponding to the r distinct latent roots 

Cj, Ca, ... C,* of A. 

The i/wo general shew-symmetric coni/ra^commutants 
Y^{A',Al Y'^{A,A'} 

are undegmerate when and only when every distinct characteristic potent 
divisor of A with given indexy such 05 (\ — c)*, is repeated an even number of 
times. In all oases each of them contains exactly k' independent arbitramj 
pesremeters, where k is the smn of the numbers of the arbitrary parameters 
ooourring in the r general skew-symmetrio contra-commutants or counter- 
continuants Fi, Fa, ... Fp coiTesponding to the r distinct latent roots 

Oj, Cfl, . . . Or of A, 

Ex, X, From Ex. vii of § 243 we see that in all cases k-H/c' is the total number of 
arbitrary parametei'B ooourring in a general oontra-commutaiit For F'. Since a non- zero 
square matnz cannot be both symmetric and skew-aymmotrlc, we conclude that : 

The smi of a ^general and a ^geTm^aZ ekew-symmetrio^ oontra-commutant 

{A\ A) or {Ay A*} whose parainetere are independent ia always a * g^neraV oonLrorCfmmiutant 
{A', A) 07’ [Ay A'}. 

Ex, XI. Symmetric and skew-symmetric corvthiuaiital co-oommutants. 

Constructions analogous to those of the text for contra-oommutaiits are only possible 
when A is a canonical square matrix, and in some other special cases ; but it is obvious 
that . 
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The genoral syTiiiifietTic cO'-cwTiTiiutantB {-4, [A\ A'] ave always v/nd/eg&therate 

Foi' each, of them has the unit matnx as a particularisation. 

The general symmetric (or general skew-symmetric) co-commutants X = {nj n}, 
X'={n', H'} are specialisations of the matrices f of Ex ih, and are derived from the 
matrix 7 of Ex. in by taking . 

to be a general symmetric (or general skew-symmetric) quadrate aute-continuant, 
which is necessarily qiiaai-scalaric as described in Theorem TIa of § 243. 

But tbe coiTesponding co-commutants A}y X'‘=>{A\ A'} derived from them by the 

formulae 

X^hlLE, Z'=FXVa' 

are not necessai*ily symmetric (or skew-symmetric) except in the special case when 
1 e when (c) is a symmetric senu-umt transformation This special case occurs when A is 
a canonical square matrix, so that (c) is a symmetric derangement. The above formulae 
then become symmeti'ic derangements determining the general symmotrio (or general 
skew-symmetnc) oo-commutants X' Accordingly from Theorem II « of § 243 we see 
that : 

If A 18 a canonical square matrix^ the gefn/eral BJs&iosymTnetric co-commutants {A, A}, 
{A\ A'} are midegenerate when and only when every distinct charactei'istic potent dinisor of 
A is repeated an even number of times. 

Whenever A is a symmetnc matrix, the general symmetne (or general skew-symmetric) 
co-commutants {A, A}, {A\ A'} can be token to be the geneml symmetric (or general 
skew-symmetrio) contra-commutants {A\ A}, {id, A'} constructed in the text ; and when- 
ever A is a skew-Bymmetno matrix, they can bo taken to be the general symmetric 
(or general skew-symmetric) ooutra-commutants {A, -A% (4', -4} constructed in suh- 
article 3. 

3. Oeneral sym7nettHc and general skew-symmetinc alternating contra- 
Gommutmts. 

Let = [a]^ be a given square matrix with constant elements, and let 

A' be its conjugate. If V is any particular undegenerate symmetric contra- 
commutant {A^ A\ it has been shown in Ex. ii of § 239 that the two general 
symmetric (or general skew-symmetric) contra-commutants 

(4) 

can be so chosen as to be connected by the symmetric equigradent relation 

F'= FF7, 

and that they both have the same rank, and both contain the same number 
of arbitraiy parameters. When U 3 a canomcal square matrix, we can 
choose V to be the part-reversant J of the same class as A. 

Let the distinct latent roots of A be so arranged that they are 

0 5 Cl, — CiJ Paj • •• Cj, — Cj, Q&i, fla* ^9 

where the integers 0 , Ci, -C], Ca, -Cg, ... Cg, -Og, Oi, -Oj, 03 ,- 03 , Oj, -Og, ... 
are all different, and let the canonical reduced form of A be the canonical 
square matrix II described in Ex. vii, where the index numbers of the 
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unilatent parts are arranged in descending orders of magnitude. Then after 
determining a particular isomorphic transfonnation 

A^hUH (d) 

and constructing general symmetric (or general skew-symmetric; contra- 
commutants 

Y={n',-n], Y' = {n,-n'} (4') 

we can take the general symmetric (or general skew-symmetric) contra- 
commutants F, F' to be the matrices derived from Y, Y" by the symmetric 
equigradent commutantal transformations 

F = if'YF, Y' = AY7l' (D) 

We could use the formulae (D) if 11 were any square matrix isomorphic 
with but we have so chosen 11 that Y' oi'e the most general symmetric 
(or skew-symmetric) specialisations of the matrices % if of Ex. vii. Con- 
sequently “Y in (D) is what the matrix ij of Ex. vii becomes when * 

Fo IS a general symmetric (or general skew-symmetric) contra-commu- 
tant {Ho', — Hq], i.e. a general symmetric (or skew-symmetric) quadrate 
counter-alternant of type {tt^ — tt} ; 

IS a general contra-commutant {Pi', - Q^], le. a general counter- 
alternant of type [tt', — tt} ; 

Vi is that general contra-commutant [Qfy — Pi) which is the conjugate Uf 
(or the skew-conjugate — ?7i') of being therefore a general counter- 
alternant of type {tt', — tt} and of the class conjugate to that of ; 

the parameters of To. Ill, CTa, ... Ug are all independent; 
and Y' is a matrix of the same form in which the 2s + 1 non-zero parts are 
counter-alternants of t37pe {tt, — tt'}. In the paj:*ticular case when A and — 
are equicanomoal, 11 becomes the canonical square matrix described in 
Ex. viii, and all the parts of Y and Y' ore quadrate, the classes of and V^ 
being the same. 

The properties of the parts Z7i and Fq given respectively in Theorems I h 
and in & of § 243 lead to the following theorem, and determine the values 
of tc and h! in it. In both parts of the theorem the number of arbitrary 
parameters m F or F' is equal to the number of independenb non-zoro 
particulansations of that matrix. 

Theorem Illb. TIte two general symmetrio oonira-comrmtants 
7=^[A-,-A], 7' = [A, -A'] 

are midegenerate when and only when evet^y distinct oha/racteristio potent 
divisor of A not of the form is repeated an even nrnnber of times, i.e, 
when a/nd only when : 

(1) A and — A are equicanonical so that the oharact&t'istic potent divisors 
of A corresponding to its non-zero latent roots occur m pairs of 
the form 


(\-c)^ (X-l-o)^ 


where c 4= 0 ; 
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(2) every distinct characteristic potent divisor of A such as which is a 
power ofX with even indew, is repeated an even number of times ; 

and %n all cases each of them contains exactly ic independent arbitrary 
parameters, where k is the sum of the arhitrai'y parameters oocurring in the 
* general symmetric ' contra-commutant or counter-alternant Fo and the *generaV 
contra-commutants or counter-alternants i/i, CTa, ... 

The two general skeiu-symmetric contra-commutants 
7= {A', -A], 7' = [A,-A'\ 

are undegenerate when and only whe^i every distinct characteristic potent 
divisor of A not of the foim is repeated an even number of times^ i.e. ivhen 
and only when : 

(1) A and — A are eqmcanonical, so that the oharaoteristio potent divisoi's 

of A corresponding to its non-zero latent roots occur in pairs of 
the form 

{X - c)^ {X + cf, where c 4= 0 5 

(2) every distinct charactetdstic potent divisor of A such as which is 

a power of X with odd index, is repeated an even number of times ; 
and in all cases each of them coritains exactly tc independent arbitrary 
parameter's, where tc is the sum of the numbers of the arbitrary parameters 
occurring in the ‘general skew-symmetric* contra-commutant or counter- 
alternant Yq and the ‘general* contra-commutants or counter-altei'nants 
Vi, E/fl, ... iTs- 

Ex. sh From Ex. vu of § 243 we aee that in all caaea k + /c' is the total number of 
arbitrary parameters occurring m a general contra-commutant Y or Y\ Since a non-zero 
square matnx: cannot be both aymmetrio and skew-symmetric, we conclude that : 

The zuAn of a ^g&aeral syrmrietriG^ and a ‘g&mral skew-^ymmetiio* oontra-commutant 
{A‘i - A} or — A'} whose parameters are independent is always a ^ general^ contra- 
commudant {A\ —il} or {A, — A). 

This theorem and that of Ex, x also follow directly from the fact that a contra- 
conamutant Y of any given type can always be expressed as the sum of a symmetric and 
a skew-symmetrio contra-commutant of that type In fact the conjugate F of F is a 
contra-commutant of the soma type as F, and we can put 

where S=Y+Y\ T^Y’-T. 

Ex nil. Syirvmtrio and skew-symmetrio aZterricUing oo-commutants. 

Constructions analogous to those of the text for the coiitra-oommutants are only 
possible when ^4 is a canonical square matrix, and in some other special coses. 

__ The general symmetnc (or general skew-symmetric) oo-oommutants Xa{n, -n}, 
-n'} are specialisations of the matrices ^ of Ex. vii, and are derived from the 
matnx ^ of Ex. vii by taking : 

Fq to be a general symmetric (or general skew-symmetno) quadrate ante-alternant, 
which IS neoessarily quasi-soalaric ] 

Vi to be mutually conjugate (or mutually skew-conjugate) ante-alternants of the 
some type, which are necessarily qiiosi-scalaric. 


' j- i ■> 
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But tlie oorresponding co>coiumutaiita X^{A^ derived from them by 

the formulae _ _ __ 

.f=AX5; X'=E'liL'h' 

are not necsedsarily symmetric (or skew-syTumetric) except in the special case when 
1 e when (d) la a symmetric semi-unit transformation. This special 0 £Use occurs when A 
IB a canonical square matnx, so that (d) is a symmetric derangement. The above formulae 
then become symmetric derangements determining the general symmetric (or general 
skew- symmetric) co-commutauta X, Accordingly from Ex. vi or Ex vii of this 
ai^Liole and Theorem IIZ> of § 243, we see that • 

If A 18 a canonical square matrix^ then the gerheral symmetric oo-commutants {A , — A }, 
{A\ — A^} are undegenerate when and only when A and — A are equicanoniced ; edao the 
general shew-aymmotric co-commutants {A^ are undegonerate when and only 

whmi A and — A are equicanonical^ aivd further every distinct characteristic potent dwisor of 
A which 18 a power of X is repeated an even number of times^ so that all the characteristic 
potent divisoi's of A can he coupled together in pairs of the fonn 

(X-c)«, (X + c)". 

Whenever A is a symmebno matrix, the geuei'al symmetric (or general skew-sym- 
metrio) co-commutants {id, — A}, {A\ - A'} can be taken to be the general symmetric (or 
general skew-symmetnc) contro-oommutants {A', - A}, {^, - A'} constnicted m the text ; 
and whenever A is a skew-symmetric matrix, they can be taken to be the general sym- 
metric (or general skew-symmetidc) contra-commutants {A, A% {A\ A} conatruoted in 
sub-article 2 

Ex, XIV. If A is a skew-symmetric matrix, every potent divuor of its characteristic 
matrix A (X) which is not of the form must he repeated an even number of times. 

This follows from Theoi’em IIIZ>, bocaiise the general symmetric oommutant {A, - A'} 
can be token to be the general symmetric oommutant [A , J.}, and is therefore undegenei’ate. 
Alternatively the unit matrix n- pailioular undegenerate symmetric contra- 

commutant {A, — A'} or {A\ -A). 

Noth 3. Rank of omy general commutant {A, B}. 

Let A=B\af^ and B=[h]^^ be square matrices of orders m and n whose elements are 
rational integral fimotions of certain scalar variables yi, ya» yoj •••; aiicl Isij ^ the 
smaller of the two integers m and w. Also let 

ilW=[<-X.[l]: and iJ(X)=[6];:-\.[l]: 
be the characteristic matrices of A and B ; and let 

/i W, /a (^). (^) and (X), (X), ... g^ (X) 

be those rational integral fiinotions of X, yi, ya, ys, ... which are the potent factors 
of orders 1, 2, ... m of A (X) and of orders 1, 2, ... noi B (X). 

These we will call ascendent potent factors when they are arranged in the orders shown 
above, and dcscendent potent factors when they are arranged m the reverse orders. Each 
of them IB a product of powers of irresoluble (or iri’oduoible) divisors of A (X) or B (X), and 
every such divisor must contain X ; for by Ex. xxiii of § 185 it cannot be a funotiou 
of the ys only. Using the principles described in Note 2 of 238 we can deduce f 2 *om 
Theorem la that . 

The rank p of the general commutant A!‘={A, B) is the sum of the degrees in X of the 
highest common factors Ai(X), Aa(X), . , 4r(X) of the pairs of corresponding desaendent potent 
factors 

fm (^)j (^) » J^tn-1 (^)j (^) J ••• J^ + 1— r (^)j 5^n+t— r (^) 

of the characteristic matrices A (X), B (X), 


,(E) 
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Here /i (X) or (X) is a member of the last pair of corresponding potent factoi-s 
according as r = ni'i^n or r=n'i^ 7 ri. Moreover there will oidiuai'ily bo only a few of the 
earlier highest common factors which have degrees greater than 0 in X, aJl the rest being 
non-zero constants which can be omitted 

If Tj, 72 j ^3} • fl-re those distinct irresoluble (or irreducible) rational integral 
functions of X, 71, 72 ^ 73 j • which are irresoluble (or irreducible) divisors of both the 
matrices A (X) and B (X), and if the indicas of the highest powera of Ti which are 
factors of 

/i P^), /a (X). -fmO) and 9i W, 9i W, ■ ■ 9». 0) 

are an , aa , otm and , .. / 3 in, 

the theorem (E) is equivalent to the statement that we can put 

P = P1 + P2 + PB "b-'s 

where pi is the sum of the degrees in X of the smaller powers of in the pairs 

Hence if cort^esponding potent divisors are always powers of the some iri’esoluble (or 
irreducible) divisor, we cau re-enunoiate (E) m the following form . 

The ranJe p of the general oommutant X={Ay B} is the sum of the degrees in X of the 
highest cominon factor's of all pairs of corresponding descendent potent divisors of the two 
charaotefi'utic matrices A (X) and 5 (X) (E') 

In this case each pair consists of potent divisors of A (X) and B (X) which ai*o two 
powers of the same divisor T, and the corresponding highest common factor is that one of 
the two potent divisors which is the smaller power of T, 

We wiU prove these theorems by taking A^y ^o, Xq to be portioularisations of Ay By X 
obtained by ascribing such ‘ ordinary ’ particular values to the ys that : 

(1) Xq is a general commutant {Aq, B^ ; 

(2) Xfl has the same rank as Z ; 

(3) the succeasive maximum factors of A (X) and B (X) become particularised into the 

successive maximum factors of (X) and (X) , 

(4) the common divisors ... of A (X) and i?(X) become partiouloi’ised into 

functions which have the same degrees m X as Tiy T^y j? 3, and have no 
common or repeated linear factors. 

These conditions will he secured when certain unspeoifled rational integral functions 
of the ys do not vanisL The successive desoendent potent factors of A (X) and B (X) 
and their highest common factora will then become particularised into the successive 
desoendent potent factors of ido(X) and highest common factors, the 

degrees in X hemg unaltered. Consequently when we regard p as the rank of tho general 
commutant Zo={Ao, 5o}} it follows from Theorem la that it has the value ascribed to it 
in the above theorems. 

Bsv XV. If A and A' are mutually conjugate square matrices whose elements are rational 
integral fumothons of certain scalar Danahles yi, 72, 73, ..., there alwags exist undegenerate 
square oontrorcommutants 

U={A-,A), V={A,A'}. 

For the characteristic matrices of A and A' have the same potent divisors. It may of 
course be impossible for such undegenerate oontra-oommutants to be non-singular, i.e. to 
be mdependent of the ys. 

2 

When A=\a\^ is a square matrix whose four elements are independent arbitrary 
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parametern, there luxi two independent particulai’ non-zero contra-commutants A), 
which can be taken to bo the square matrices 

fail— a;j2j ^2”! r n. 

L ^la , 0 J’ L«2 i, oaa-onj* 

and there ore two independent particular iiou-zqi*o contra-commutants {^4, A% which can 
be taken to be the square matrices 

r®ii“' 0^225 r ^ 1 ®i3 n 

L L^ia? <*22 — c^iij 

Noth 4. Condition that tho gmaval oommntant of any given square matrix A shall he a 
ratioTwl integral function of A. 

By the methods used in Note 3 we can obtain the following generalisation of Theorem II 
relating to a squoi’e matrix A=:[a]’*^ whose elemonts are rational integral functions of 
scalar vai-iablea yi, 79, 73, . .. 

Iqi order that every oommutant {Aj A} or the g&n&ral commutant X={Aj A} slicdl he a 
Q'atio 7 ial integral function of A, it is necessary and siLflffient that A shall satisfy no rational 
integral equation wlhose degree is less than m. 

Wlicfn this comlition is satxsficd^ there are exactly m independent no 7 h-zero parUcvlar 
commutants {-tl, A}, arnd the gen&j'ol commutant A’’={d, A} is an an'hitraiy rational integral 
function of A, In all otke^' cases there are more than wi ind^e'ndent pa/i'ticular 7 io 7 i-eoro 
commutants {A, A}, a 7 id there are commutants [A, A] which are not rational integral 
f mictions of A (F) 

If Di (X) and Bi (X) are respectively the maximum and potent factora of A (X) of 
order i, the condition of the theorem is satisfied when and only when we can put 

- 1 (^) = 1 0^ 1 (^) = * (whichever we please), 

so that the rational integral equation of lowest degreo satisfied by A, viz. the equation 
j5;,i(jd)=0, becomes i>,„(A)=0. 

We will suppose that there are exactly r independent non-zero particulai' commutants 
{A, A}, and that s is the degree of in X, i.e the lowest possible degree of a rational 

integral equation satisfied by A 

We wiU prove (F) by taking Aq, to be partioularisations of A, X obtained by 
ascribing such ‘ordinary’ particular values to tho 7*8 that : 

(1) ATu is a general commutant {A,), ^q} ; 

(2) the highest common factors of tho minor detenniuants of A (X) of ordei's m, wi — 1 

become xiarticularised mto the highest common factors of the minor deto- 
mmants of Aq (X) of orders w, w - 1 ; 

(3) the irreaoluble divisors iTj, Sfa, T’j, .. of A (X) become particularised into functions 

which have the same degrees in X os Ti^ Ta, ... and have no common or 
repeated Imeai* factors. 

Under these circumstanoea there ore exactly r indepoudont partioulor non-zero oommu- 
tanta {Aq, Ao}, and s is the lowest possible degree of a rational intogral equation satisfied 
by Aq, because the potent factors of A (X) and Aq (X) of order m have tho same degree in X. 
Therefore by Theorem II we must have either fl=r=m or a <m, r > m. 

If there are exactly m independent particular non-zero commutants {A, A} 

which can be taken to be the square matrices 

■ i, A, A\ ... where /=[!]" ; 

consequently the general commutant X={A^ A} is an arbitrary rational integral function 
of A. 
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If 8<m^ there are more than m independent particular non-zero oommutants 

{-4, i4}, and there are commutaute {A^ A} whioh are not rational integral functions of A. 

§ 245. Undegenerate square matrix expressed as a product of two 
square matrioes each of which Is symmetric or skew-symmetric. 

Let be a given undegenerate square matriz with constant elements, and 

suppose that it is expressed in the form 

<»• 

where p—\,p^ and are square matrices with constant elements, whioh ai’e 

necessarily both undegenerate. Also let -P=[P]^ and be the undegenerate 

inverses of p and q ,* and let A\ p\ ^ be the conjugates of A, P, We will 

investigate the circumstances under which such representations of A are possible m 
which each of the square matrices p and q is either symmetric or skew-symmotnc. The 
characteristic potent divisors of A will be defined as usual to be the potent divisors of the 
characteristic matrix 

Cash I. Wlh&nf and q are both eymmetfric. 

In this case P and Q ai’e both symmetric ; and by prefixing P, poatfixing Q on both 


aides we deduce from (a) the equations 

PA=AP=A'P'«^, (1) 

AQ = QA^=gA'=p, (!') 


where the intermediate transformations are due to the facts that q and P aro symmetric 
in (1), p and Q are symmetric in (!') These equations show that . 

P, Q must be undegenerate symmetric ooutra-oommutants {A', A}, {A, A'} ; 

1 . 0 . p, q must be undegenerate symmetric oontra-commutanta {A, A'}, {A', A}. 

Conversely if ^ is any given undegenerate symmetric oontra-commutaut {A, A'}, so 
that its inverse P is an undegenerate symmetric contra-commutaut {A\ A}, we have tlie 
equations (1) in which g- is a known undegenerate symmetnc matrix, which by g 239 must 
be a ooutra-commutont {A', A} ; and by prefixing p we obtain a representation of A in the 
form (a). Or if s' is any given undegenerate symmetric oontra-commutant {A\ A}, so 
that its inverse Q is an undegenerate symmetric contro-cominutant {A, A'}, we have the 
equations (!') in which ^ is a known imdegenerate symmetric matrix, which by g 239 
must be a contra-commutant {A, A'} ; and by postfixing q wo obtain a representation of A 
in the form (a). 

Since by Theorem III a of § 244 or Ex. vii of § 240 there always exist undegenerate 
symmetric contra-oommutants {A', A}, {A, A'}, we conclude that : 

If A ia undegenerate^ there always escist equatiom of the form (a) in whioh p and q are 
both eymmetrio. 

In eoei'y such equation the factors jo, q are undegeneroUe symmetric contra-oommutants 
{A, A'}, {A', A}; moreovei' either fattor can he chosen arbitrarily subject to that one of these 
oonditions which wppropriate to it, the other factor being then uniquely determinate. 

Cash II. When p and q are both shew-symmett'io. 

In this case P and Q are both skew-symmetno ; and by prefixing P, postfixing Q on 
both sides we deduce from (a) the equations 

PA=A'P=-A'P'=j, (2) 

AQ = QA'^-qA'=p, ( 2 ') 
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where the intermediate tmnafonnations are duo to the faots that q and P ai’o ekow- 
BTmmetric in (2), p and Q are skow-symmotric in (2') These equations show that 
P, Q must be nndegonerate akew-symmotnc contra-comniutanta {A\ A}^ {^4, A'} , 
i.e. q must bo undegeneiato skew-symmetrio contrarcommutants {A, A'}, {A\ A), 

Conversely if p is any given uiidegenerato akew-aymmetnc ooutra-commiitant {A, -4'}, 
so that its inverse P is an undegeneratc skew-symmetnc contra-commutant {A\ A)y we 
have the equations (2) iii which g' is a known imdogonerate skow-symmotric matrix, 
which must bo a oontra-commutaut {A\ il} ; and by prefixing p wo obtain a reproaontation 
of A in the form (a) Or if g is any given uiidogeu orate skow-syin metric contra-commutant 
{A\ A}^ BO that its iiivei'He Q is au undcgon orate skow-symineti’ic contra-commutant 
{A, A% we have the equations (2') m which ^ la a known undegeuerate skew-symmotrio 
matrix, which must be a conti'a-oominutant {-4, u4'}; and by postfixing q we obtain a 
representation of A in the form (a). 

Referring to Theorem III a of § 244 for the necessary and sufficient conditions for the 
existence of undegeneiato akew-aymmetnc contra-commutauts {^4, A'}^ {A', A], wo con- 
clude that : 

If A ia n7idegen(y}'ate^ th&ce eoaist equations of iha fomi (a) in which p and q are both 
akew-syTnmotnc when and only xohm the charact&inatio potent diviam'a of A can he covpled 
together in pairs of the form 

(X - o)®, (X - o)®, ( where o 4= 0) ; 

every distinct charact&iistic potent divisor being repeated an &vm of times. 

In every mcK equation the factors q are widegenm'ate skew-symnietriG coTUra-oommu- 
tants {^1, A'}^ {A\ -4} ; moreover eithe/t' fgictar ean he chosen arbitrarily subject to thaA one of 
these conditions which is appropuite to the other factor being then uniqudy determinate. 

Case III. When p is symm/stric and q show -symmetric. 

In this case P is symmetric and Q skew-aymmotrio ; and by prefixing P, iiostfixiug Q 


on both sides we deduce from (a) the equations 

PA^-AT^-AT'=q, ( 3 ) 

AQ=^-QA^^ QA'^p, (30 

where the iutemiediate transformations are due to the facts that q is skow-sym metric 
and P syminetrio m (3), ^ is symmetric and § skew-symmetric in (30- These equations 
show that 

P must bo an uudegonei'ato symraotno contra-commutant {-A\ A}^ 

Q must be an undegdherafco skew- symmetric oontra-anmmutant {A, - A'}; 

Le. p must be an undegenorate symmetric contra-commutant {^l, - A'}, 


q must be an undegeuerate skew-symmetric contra-commutant {-^4', j4}. 

Conversely if p is any given undegonerate symmetric contra-commutant {A, - A% so 
that its inverse P is on undegenorate symmetric contra-commutant {—-4', -4}, we have 
the equations (3) m which g is a known mi degenerate skew-symmetrio matrix, wliioh 
must be a contra-commutant A}; and by prefixing p we obtjun a representation of 
A in the form (a). Or if q is any given undegeuerate Hkew-symmetrio contra-commutant 
{-A'y A), so that its inverse Q is an imdegonerate skew-syramotrio coutra-oommutant 
{^j —A% we have the equations (3') in which p is a known uudegeneiata symmetric 
matrix, which must be a contra-oommutaut {A, -A’}t and by poatfixing q we obtain a 
representation of A in the form (a). 

Referring to Theorem III ft of § 2^J4 for the necessary tuid sufficient conditions for the 
existence of undegenerate symmetric oontra-commutants {4, -AJ and undegenerate 
skew-eymmetno contra-commutauts {-A\ A}, we conclude that: 
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If A u undegmemte^ tliore exist equations of the foi'ni (a) in which p is symmetric and 
ahew-symmotric when and only whm the charactei'istic pot&nt divisors of A can he ocnupled 
together in favis of the form 

(X - c)\ (X + c)« {wh&i'e c + 0), 

In every such equation the factor p is an undegen&t'ate symmetric contra-comimUant 
{A^ — and ilije factor qis an U'twLegenerate skew-symmetnc conira-commutant { — -4', A); 
moi^eover either factor can he chosen arhitra/nly sulyect to that one of these conditions which 
18 appropriate to the other factor being then uniquely det&rminojte. 

Case IV. When p w shew-symmetric and q symmetric 

In this case F is skew-symmetric and Q symmetno ; and by prefixing postfixiug Q 
on both sides we deduce from (a) the equations 

= A'F'=q, (4) 

AQ^^QA^=-qA'=p, (40 

where the intermediate transformations are due to the facts that q is symmotnc and F 
skew-symmetnc m (4), p is skew-symmetno and Q symmetno in (40- These equations 
show that: 

F must be an undegenerate skew-symmetric eontra-comniutant {^A', A], 

Q must be an midegeoerate symmetno contra^oommutant {A, - A'}] 

1 e. p must be an undegenorate skew-symmetrio contra-commutaut {-4, —A'}^ 
q must be an undegenerate symmetric contra-oommutant {—-4', ^4} 

Arguing as before, and referrmg to Theorem III & of § 244, we conclude that . 

If A IS widegenerate, thefu'e exist equations of the form (a) in which p is shew-synvrnetric 
and q symmetric when and only whm the characteristic potent divisors of A can he coupled 
together in pairs of the form 

(X - c)®, (X + c)®, {wJm'Q c =1= 0). 

In every such equation the factor p is an undegenerate shew-symmetnc oontra-commvtaiit 
{Ay -A'}j and the factor q is an undegenerate symmetno contra-oomimitant { — A\ A], more- 
over' either factor can he chosen arbitrarily subject to that one of these conditions which is 
appropriate to it^ the other factor being then uniquely determinate, 

AH the equations occurring in the argument are oommutantal ; and the equation (a) 
in 

Oases I and II, Oases III and IV 

can he I'egarded as an equigradent oommutantal transformatida 

ipt [ii: [2 ]:=m: 

of type 

{A, A-yiA', A'}{A'. A}=[A, A}, {A, -A‘}{-A', -A']{-A', A}={A, A). 

§ 246. Reduction of a commutantal transformation. 

1. Reca^tulatory remarks, 

Eveiy matrix can fee regarded as a commutant , for it is always possible 
to determine two square matrices A = [a]”, B = [6]“ such that a given 
matrix Z = [a;]" is a commutant {A, B), in fact this is so when A = c. flT*. 

^ m L 

= But it is not always possible to distinguish between two given 

matrices by representing them as commutants, Le. the possible representa- 
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tions of one may be exactly the same as the possible representations of the 
other. 

If A =[a]^ is any given square matrix with constant elements, and if 

is ^ standard canonical reduced form of A or any square matrix 

equicanonical with A, we know that it is always possible in many ways to 
determine an equation of tho form 

[aY' = [hr [clY' [H r or A^hotH (1) 

in which h and H are mutually inverse undegenerate square matrices with 
constant elements, and every such equation is an equiinutant oommutantal 
transformation of the tyipe 

(!') 

being in fact an isojnorphic oommutantal trwnsformation of that type, because 
all the matrices occurring in it are square and of the same order. Further if 
A and a both he in a restricted domain of rationality fl, then (1) can always 
be a transformation in H. The determination of such a transformation is 
equivalent to the determination of a particular undegenerate commutant 
{A, a) or {a. A}. 


Let -d = [a]^, jB = [!»]” ‘be two given square matrices with constant 
elements, and a = 13 = [/8]” be standard canonical reduced forms of A^ B 

or any two square matrices equicanonical with A, B\ and let 

m: = [K\i [«r: [ir]“ = w: m: [/n: 

hoE. B = kfiK 


or 


r= 

■‘m 


be two given equimutant (or isomorphic) oommutantal transformations of 
the types 

{A, A} = {A, a} {a, a} {«, J.}, {5, B} = {B, /3} 03, 03, B}, 

so that h, h are any two given particular undegenerate commutants {A, a}, 
{jS, /8}. Then it X = [aj]” is any given commutant {A, B], we know that it is 
always possible to express X in the form 

= ^ = (2) 

where f is a uniquely determinate commutant {a, /8}, and (2) is an equi- 
gradent oommutantal i/ransformation of the type 

{A,B}^{A,a}{a,0}{fi,B} (2') 

Or if f is any given commutant {a, /9}, then (2) is an equigradent 

oommutantal transformation of the type (2') in which JiT is a umquely 
determinate commutant {A, B). 



496 


COMMUTANTS 


[CH. XXVIE 


In the following sub-articles we shall use transformations such as (1) 
and (2) to reduce any commutantal transformation to an equivalent coni- 
mutantal transformation in which all the matnces are comm u tan ta of standard 
canonical square matrices , and it will be clear that any commutantal 
equation whatever can he reduced to an equivalent commutantal equation 
of that special character. 

When B = A, = a, BO that n = w, we can take (2) to be the eqiiiviutant 
(or isomorphic) commutantal transformation 

and when B, jS are the conjugates A\ od of -4, a, so that n = rn, we can take 
(2) to be the equigradent commutantal transformation 

of type 4'} 


which is symmetric in form. In both these cases h can be any given particular 
undegenerate commutant {A, ot}. 


Norn 1. OeneraZiaatiori of the ti'amformation (1) ; third form of tho oonditioiia for the 
existmce of an equimutemt traneformatwri. 


Let A=[a]^y he two given square matrices of ordora r with constant 

elements, where 

It has been shown in Theorem II of §22*7 that there exists an equimutaiit trans- 
formation 

(n 

in whioh Eh= [if,, when and only when the canonical rcMiucod forms of a, J con l)c 
taken to be 


m;. 


n, OT'”*-’’ 
, 0, oJr,m-r 


i.e. when and only when the potent divisors of the qharactoristio matrix A (X) ai*o those of 
the characteristic matnx a(X) together with m-r others which are all equal to X. By 
postfixing h, prefixing H on both sides of (1") we obtain the equations 

Ah^hoy aH=HA 


from which we conclude that every equimutaiit transformation such as (1") is an equi- 
mutant commutantal transformation of the type 

{Ay a) {a, a}{a, -4} (!') 

To the two forma of the conditions for the existence of an equimutaiit transformation 
(1") which have been given in §§ 227 and 234, we will here add a third by proving tho 
following theorem . 

In order that there shall exist an eguimutant transformation (1") converting a into A, it 
is necessary and sufficient that: 

(1) there shall exist an undegen&rate commutant {-4, a} or {a, 4}; 

(2) A and a shall have equal ranks 

Moreover when these two condrtions are satisfied^ we can construct an equimutant trans- 
fonnation (1") in which h is any given particular wndegmerate corrmulant {A, a}, or II any 
given particvlar ujidegenerate commutant {a, A) 
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The preceding oonaideratious show that the oonditioiiB (1) and (2) of the theorem are 
necessary ; and we need only consider their sufficiency 

Suppose that A and a have the same rank and let /i=.[A]|j^ be a particular undegene- 
rate commutant {A, a}. Then the equation Ah^ha shows that Ah has rank ty and that 
the equation 

has exactly ^ unconnected non-zero solutions Consequently exactly r — ^ unconnected 
non-zero solutions of the equation 

W ffi ' — ' ^ 

x =-0 

ai'e connected with the vertical rows of A, and we can determine m-r other uuconueoted 
non-zero solutions of the equation forming the vortical rows of a matrix ^ which is 
such that the square matrix [A]’||=:[A, rank m. Wlien [A]”| is an uiidegenerabe 

square matidx thus determined, we have 

W wi p p» rvnri r / r 

=[A]™[«,0], : 

and by postfixing the square matrix [S]^ inverae to [A]||^ we obtain an equimutaut trans- 
formation (1") in which A is the given uiidogenerate commutant {^1, a} Similarly if A and 
a have the same rank t, and if is a given undegenerate commutant {«, A}y we 

can deduce from the equation aE = HA an eqiumutant transformation (1") in which H is 
the given undegenerate commutant {a, A}. 

We have now shown that the conditions (1) and (2) of the theorem are sufficient as 
well as necessaiy, and that the theorem is true in all respects 

We can prove the sufficiency of the conditions (1) and (2) in a simpler way by showing 
that they are equivalent to the conditions m Theorem II of § 22'7, 

If the condition (1) is satisfied, then by Ex. li of § 244 we can toko the potent divisors 
of the oharacteristio matrices a(X) and A (X) to be respectively 

(X-aa)^a, ... X«i, X*S, ... W, 

and (X-ai)-f'i, (X-a 2 )i*«,^... X^^., XC^a, ... X^^p, ... X^., X^'^, ... 

where the a’s and ore all diffei’ent from 0, and where 

'^ 2 '^ ••• Wp ^ ^p> 

and ...) + 0 ^+M 2 + +^p )7 

^=(Pi+P 2+ ...) + (C^i+ 2^2+ •. + C^p)-h(Qi + Qa-l- ( Ti-I- F 2 + ... H- F<r) 
Since the ranks of a and A are respectively r - p and m - (/a + cr), the condition (2) will be 
simultaneously satisfied when and only when w-r — <r=0, i.e. when and only when 
(Pi~Pi)+(P9“Pa)+ ... +(Pi — Wi)+(C 7’2— ^2)+ ••• +61+62+ 

+ (Fi — 1) + (F2— 1)+ »0. 

Because every term on the left is positive, this is only possible when the 6’® ^*6 ^ 
absent, the F’s are all equal to 1, and the potent divisors of A (X) are those of o (X) 
together with wi-r others which are all equal to X, i.e. when and only when there exists 
an equimutaut transformation (1"). 

Note 2. Oefneraliaation of the tmmformation (2). 

Let M:=[A]:ja]:[^]r. [6]:=ra'[/3]:m;‘ 

or .d e= haH^ B »= h^K 


0. m. 
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be given equimutont transformations by which the square makices A, B are derived 
from the square matrices a, /3; so that and s'lf>n 


Then if 




a") 


it followa from the equations AX=h,a^.K that Z is a commutant 

{A^ J3} when and only when g is a commutant {a, ^}, and that under those oiroumstanoes 
(2") IS an equigradent aornmutantal traTisformaition of the type 

{A,B}^\A,a}{a,fi}{fi,B} (20 


The equation (2") eatabhshes a one-one correspondence between all oommutants 
^={a, 19} and all those commutants X—{A^ B) which satisfy the equation 


but it does not establish a one-one correspondence between all oommutants {A^ B) and 
all oommutants {a, j3}, and it does not usually give a general commutant Z={-4, i?}, wheu 
g IS a general commutant {a, /9}. In fact the rank of the general commutant {A^ B] is 
ordinarily greater than the rank of the general commutant {a, j8}. 


2 . ReducUon of any convmutantal transforTnation, 

Remembering that an equimutant transformation is called an isomorphic 
transformation when all the matrices occmring in it are square and of the 
same order, let 

Aj B, P, Q be given square matrices of orders r, s, m, n with constant 
elements, and 

A = kAff of type {A, A] = {A, Aj {A, A} {A, A}, 

B = JeBE of type {B. 5} = {B, B} {B, B} {B, B), 

P==uPU of type {P, P} = {P, P} {P, P} {P. P}, 

(2 = «QF of type {Q. Q} = {ft Q} {Q, Q} {Q, Q) 

be given isomorphic transformations by ■which they can be derived from 
given square matrices A, B, P, Q of the same orders r, 5 , ? 7 i, ti, which could 
he taken to be standard canonical square matrices. Whenever the given 
transformations are isomorphic (or equimutant), they are necessarily com- 
mutantal of the types shown. The square matrices A, A, % v of ordem 
r, 5, n can be any given particular undegenerate commutants of the types 
shown ; or alternatively their inverses the square matrices jff, K, U, V of 
orders r, s, m, n can be any given particular undegenerate commutants of 
the types shown. Then we have the following theorem. 


Theorem. Any commrdamlcd transformation of ths form 

[<[«];[< = [< or XeY=E (A) 

and type {P, A} {A, 5} {P, Q} = {P, Q} (a) 

cm be replaced by am equivalent oommutantal transformaMon 

[fl:M;w:=[a]: or (ao 

{P. A} {A, B} {B, 9 } = (P, Q} (a')' 
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in which co, 77 , H are the mcdrioes derived from X, e, F, E by the inverses 
of the equigradent commutantal transformations 

X = of type {P, A} = {P, P} {P, A} {A, .1}, (i) 

e^ha^K oftype {A, P}= {4, A}{A, B}{B, B}, (ii) 

7 = k7iV oftype {B, Q} = {P, B} {B, Q} {Q, Q}, (iii) 

E = n[lV of type {P, Q} - {P, P} {P, Q} {Q, Q} (iv) 

in which all the transforming factors are square matrices. 

The theorem follows immediately from the equations 

XeY = u . ^a>7 ) , F, E = ii , n , Vi (3) 

which show thab XeY = E when and only when = Cl. 

The equigradent substitutions (i), (ii), (iii), (iv) establish a one-one 
correspondence between all equations (A) and all equations (A'), the equa- 
tion (A) being true, equigradent, commutantal of type (a) when and only 
when the corresponding equation (A') is true, equigradent, commutantal of 
type (a'); for the matrices X, e, F, B in ( 1 ), (ii), (lii), (iv) have the same 
ranks as o), 7 ;, fl, and they are commutants {P, A}, {A, B}, {B, Q}, {P, Q} 
when and only when 77, O are commutants {P, A}, {A,B}, {B,Q}, {P, Q}. 
When e and E are given commutants of the types shown and the equation 
(A) IS commutantal, we will say that X and F constitute a commutantal 
solution of (A); and we have the following corollary. 

OoROLLAEY When e and E are given commutcmts {A, B} and {P, Q}, so 
that 0 ) and ft are given commutants {A, B} and {P.Q}, the matmces X and F 
constitute a solution or a commutantal solution of the equation (A) if and only 
if the matrices f and tj constitute a solution or a commutantal solution of the 
corresponding equaticm (A'). 

3. RediLction of a comnmtcmtal transformation conveiiing one commutant 
into a similar oomnutant 

The commutants 0 and E will be similar matrices when r = wi and s = n, 
i.e. when : 

A, P and therefore also A, P, A, w, if, U are square matrices of the 

same order m ; 

B, Q and therefore also B, Q, A, 71 , if, Y are square matrices of the 

same order n. 

In this case the substitutions (i), (ii), (iii), (iv) enable us to replace any 
commutantal transformation 

[<[<[y]:=[^t 

of type (a) by an equivalent commutantal transformation 
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of type (a'). It is possible for a commutantal transformation (B) of type (a) 
to be equigradmt when and only when the two square matrices P of 
order in are equicanonical, and also the two square matrices 5, Q of order n 
are equicanonical. When these conditions are satisfied, every commutantal 
transformation (B) of type (a) can be replaced by an equivalent commutantal 
transformation (B') of type 

{A, A}{A,B}{B,B} = {A,B}, (b) 

where A is a standard canonical reduced form of A and P, and B is a 
standard canonical reduced form of B and Q ; the transformation (B) being 
equigradent when and only when the transformation (B') is equigi’adent. 

4. Reduction of a commutantal tranafoi'mation converting a square com- 
mutant mto a square commutcunt 

The commutants e and E in (A) will be both square matrices when s = r 
and n — m, i.e. when : 

A, B and therefore also A, B, A, A, E, K are square matrices of the 
same order r ; 

P, Q and therefore also P, Q, w, y, Z7, V are square matrices of the 
same order m. 

In this caae the substitutions (i), (ii), (iii), (iv) enable ns to replace any coin- 
mutantal transformation 

[<[<[y]r = [< 0=^ (C) 

of type (a) by an equivalent commutantal transformation 

or ^.r, = n (O') 

of type (a'). It is possible for a commutantal transformation (C) of type (a) 
to be equigradent when and only when the canonicals of A are contained 
in the canomcals of P, and also the canonicals of B are contained in the 
canonicals of Q ; and this of course necessitates the condition rif^m. 

If the conjugates of A, A, Ky u, v, U, V are denoted by the correspond- 
ing dashed letters, the equigradent substitutions (i), (li), (iii), (iv) will 
establish a one-one correspondence between all symmetric transformations 
(0) and all symmetric transformations (O') when 

k = H\ K'^hy v=U\ r' = n 

or his/ = [iy^y wy'=[l]^, 

i.e. when the given isomorphic transformations are 

A^hAHy B^H'Bh'y P^uPUy Q=nU'Qu' 

In all such cases the matrices e and E are both symmetric (or both skew- 
symmetric) when and only when the matrices o) and H are both symmetric 
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(or both skew-gymmetric). When B and P, Q ai'O two pairs of mutually 
oonjugate squcore matrices, these conditions can always be satisfied by taking 
the two square matrices A, B and the two square matrices P, Q to be 
mutually conjugate. 

The equigradent substitutions (i), (li), (in), (iv) will establish a one-one 
correspondence between all equimutant transformations (0) and all eqwi- 
mutant transformations (O') when 

k = hi v = Uj 

i e, when the given isomoi^hic transformations are 

A=hAH, B-liBH, P = u‘PUj Q = uQU. 

Ill all such cases we have 

e = ha>Hy E = wXl U, 

When B A and Q= Pj these conditions can always be satisfied by putting 

B = A and Q = P. 

§247. Commutantal transformations of co-commutants and 
contra-commutants. 

1. General oonimiitantal transformations. 

Let A, P be two given square matrices of orders ?*, with constant 
elements whose conjugates are A', P'; and let 



be a commutantal transformation converting 

a commutant e of one of the four continuantal types {A, A}, {A', A'}, 
{A^ A), {A, A'} 

into a commutant E of one of the four continuantal types {P, P}, {P', P'}, 

{p',p},{p,n 

so that there are 16 possible types of (A) which can be represented by 

{p, a} {tt, 6} {6. ?} = {jj, 5 ), (a) 

where p = P or P', a = A or A', h = A or A', q=P or P', 

Also let A, P be square matrices of orders y, m equicanonical with A, P 
(or standard canonical reduced forms of A, P) whose conjugates are A', P; 
and let 

(^0 

be a commutantal transformation converting 

a commutant co of one of the four continuantal types {A, A}, {A', A'}, 
{A', A}, {A, A'} 

into a commutant O of one of the four continuantal types {P, P}, {P', P'}, 

{p', p}, {p, p'}. 
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BO that there are 16 possible types of (A') which can be represented by 

{p, a} {a, b} (b, q} = {p, q}. (a') 

where p = PorP', a = AorA', b = AorA', q = P or P'. 

Then we have the following theorem which is included in the theorem of 
§246. 

Theorem I. A commutantal transformation (A) of any one of the 16 
types (a) can always he converted by equigradent commutantal substitutions 
X, e, F, E mto an equivalent commutantal transformation (A') of any om of 
the 16 types (a'), the first transformation being equigradent when and only 
%uhen the second transformoUon is equigradent 

The equivalent tramsformation will always he supposed to be obtained in 
the way described in § 246, and the substitutions used to be compounded of 
those described in Exs. i and ii. The circumstances under which such trans- 
formations can be equigradent are known from Ex. ii of § 244. 

Ex. i. Suhstitutiom used in Theorem I correspoTidmg types. 

Let the type (a') be said to coiTespond to the type (a) when it is derived from (a) by 
substituting P, P', A, A! for A, A‘ Also let 

A^hAE of type {A, A}={A, A}{A, A}{A A], 

P = uPU of type {P, P}={P, P}{P,P}{P, P} 

be any given isomorphic (commutantal) transformations by whioh A, P win bo deiivod 
from A P ; BO that h and E are mutually inverae undegenerate square matrices of order 
r whose conjugates will be denoted by h' and P', and u and E arc mutually inverse 
undegonerate square matrices of order m whose conjugates will be denoted by and U\ 
We can take h and u to be any particular imdegenerate oommutaiits {A^ A} and {P, P} ; 
and 

A* ^WAIK of type {A\ A'}={A', A'} {A', A} {A, A'}, 

F=UT'n' of type {P, P'}={P, F}{P', P^fP, P} 

are given isomorphic (commutantal) transformations by whioh A\ F can bo derived from 

A, F. 

Then the table at the end shows substitutions for X, a, X, E whioh convert a com- 
mutantal transformation (A) of any one of the 16 possible types (a) mto an equivalent 
commutantal transformation (A') of the corresponding type (a'). 

The transformations of the types shown convert • 

a oo-oommutant into a co-commutaut in the four cases I, 
a coutra-oommutaut into a contra-commutant In the four oases II, 
a oo-commutant into a contra-commutant in the four oases III, 
a oontra-oommutaint into a co-commutant in the four oases IV. 

Symmetiio oommutautal tranaformatioDS of the four types II and equimutant com- 
mutantal tranaformationa of the four types I wiU be considered in sub-artiolos 2 and 3 
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Case 

[ Tyj^e of (A) 

^ 1 

e 

Y 

E 

I 1 

{P,A){A,A}{A,P}={I>,P} 

uiE 

lia>E 

hr)U 

utiV 

I 2 

{F,A}{A,A){A,P‘)^{F,1^ 

U^iH 

h^E 

Krju' 

O'Clu' 

13 

{P, A'){A\A'}{A',P}^{P,P} 


E<oB 

E*r)v! 

U'av! 

14 

{P, A']{A',A'){A',P}^{P,P} 

uiB 

EM 

EriU 

uQ-U 

II 1 

{P,A'}{A\A}{A,P}={P,P) 


E<AfH 

KrjU 

U'qU 

II 2 

{P,A'){A',A}{A,P}^{P,P) 


EM 

Kt)U' 

uQu' 

11 3 

{P,A}{A,A‘}{A‘,P)^{P,P} 


KM 

Erju' 

uQu' 

II 4 

{P,A}{A,A'}{A',P]^{P,P} 

u'iir 

KM 

EtjU 

O'aU 

III 1 



htuE 

hr^U 

U'Q.U 

III 2 

{P,iI}{.l,A}U,P'}={P,F} 

u^E 

hcnE 

hvfU' 

uSlu* 

Ills 

{P, A'iiA', AUA', P'}={P, P] 

u^H 

EM 

Et}U' 

tbSlu' 

III 4 

{P, A'}[A', A'}{A\ P}={P, P} 


EM 

Ei^U 

U'qU 

IV 1 

{P,4'}{i',il}{A,P}={P,P} 

u^U 

EM 

hrfU 

uQU 

IV 2 

{P,A‘}{A',A}{A,P}={P,P} 


EM 

krju' 

U'Qii/ 

IV 3 

{P,A}(A,A'}{A‘,P}={P,P} 

U'^E 

hoiU 

E'rju' 

U'Qii/ 

TV 4 

{F.A}{A,A'nA',P}=(P,P} 

u^E 

hoih! 

E'rjU 

uQU 


Bx. ii. SvhsMutiom used in Theorem /. '^lon-corre^oiiding types. 

Substitutions which convert a commutantal transformation (A) of any one of tho 10 
types (a) into an equivalent commutantal transformation (A) of any other of those types 
are most easily obtained by the insertion of factors and iT, K~'\ whore J and K 

are particular undegonerate square contra-commutants {A\ A} and {P's P}. 

Thus let it be required to convert a commutantal transformation 

of type {P, A}{A, A}{A, P}={P, P} (A^) 

into an equivalent commutantal transformation 

of type {P, P}«{P, P} (AO 

When wo replace (AJ by the equivalent commutantal equation 

Kq of the same type os (Ay), 

we see that the required conversion can be effected by the equigradont commutantal 
BubstitutionB 

of type {F, A)^{P\ P}{P, A'}{A\ A}, 
fljj =J-\J of type {A, A}-{A, A'}{A'y A), 

of type {A,P}^{A,A'}{A',P}, 
of type {P, P}-{P, P}{P, P}. 

Substitutions which convert a commutantal transformation (A') of any one of the 16 
types (a') into an equivalent commutantal transformation (A') of any other of those types 
oan be construoted in similar ways. 

By compounding such substitutions with those given in Ex. i wo can obtain substitu- 
tions converting a oommutantel transformation (A) of any one of the 16 types (a) into an 
equivalent commutantal transformation (A') of any non-ooiTOsponding type (a'). But of 
course such substitutions oan be obtained directly in the same ways as the substitutions 
described in Ex. i. 
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Note 1. Commutantal tramformaLVum& of alternating conimvianUs, 

Theorem I is the first of four oorreapoDding theorems which relate respectively to 
oommutantal transformations converting : 

commutantfl {Ay A}, {A\ A'], {A', A}, {-i, A'} 

into commutanta {P, P}, {P, P}, {P, P}, {l\ P} ; 
commutants {Ay {A'y --d'}, {A\ -d}, {A, - A'} 

into commutants {P, -P}, {P, -P}, {P, -P}, {i*, -P}j 
commutantfl {d, d}, {A\ d'}, {d', d}, {d, d'} 

into commutants {P, -P}, {P, -P}, {P, — P}, {P, -P}; 
commutants {A, -d}, {d', -d'}, {A\ -d}, {d, -d'} 

into commutants {P, P}, {P, P}, {P, P}, {l\ P} 

All Huch transformations are reducible respectively to equivalent oommutaiital tranw- 
foimations of the types 

{P, d}{d, d}{ d, P}={P, P}, (oontinuantal into coutmuaiital) ; . .(i) 

{P, d}{d, -d}{ — d, -P}={P, -P}, (alternating into alternating) , .... (ii) 

{P, d}{d, d}{ d, — P}={P, — P}, (oontinuajitol into alternating) ; ...(iii) 

{P, d } {d , - d } { - d , P} = { P, P}, (alternating into continuantal) ; . . . (i v) 

where d and P can be replaced by any square matrices equioanonical with them 

We cannot ordinarily replace a transformation of any one of those four classes by an 
eqm valent transformation of any other of the foiu’ classes by the methods which have 
been described unless there exist undegenerate squoi-e commutants {d, — d} and {P, -P}, 
i.e. unless d and — d eue equioanonical with one another, and also P and - P are eqiu- 
canonical with one another. 

2- Symmetric comonutantal transfortnaUons of a contra-commutanL 
The square matrices d., A of order r and P, P of order m being defined 
as before, let 

= or X'eX = B (B) 

be a symmeti^c commutantal transformation converting 

a contra- commutant e of one of the two continuantal t 3 rpos {A'y d}, {d, d'} 
into 

a contra-commutant E of one of the two contmuantal types {P\ P}, {P, P'}, 
so that there are four possible types of (B) which can be represented by 

{p', a'){a',a}{a,'p)={p',p}, (b) 

where {a',a) = i,A',A) or {A, A'), (p» = (P',P) or (P,P'). 

Also let (B') 

be a syrivtuetric commutantal transformation converting 

a contra-commutant m of one of the two contmuantal types {A', A}, {A, A'} 
into 

a contra-commutant XI of one of the two contmuantal types {P', P}, {P, P'}, 
so that there are four possible types of (B') which can be represented by 
{p', a'} {a', a} {a, p} = {p', p}, (b') 
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where (a', a) = (A', A) or (A, A'), (p', P) = (P', P) or (P, P'). 

Then from § 246. -t we obtain the following theorem : 

Theorem II. A symmetrio commutantal transformation (B) of any one of 
the four types (b) can always be converted by an eqidgradent commutantaZ 
substitution for X and symmetHc equigradent commutantal substitutions for e 
and E into an equivalent symmetric commutantal transfomnatimi (B^) of any 
one of the four types (b'). The transformation (B) is equigradent when and 
only when the equivalent transformation (B') is equigradent; and the contra- 
commutants e and E in (B) are both symmetric {or both skew-symmetmc) when 
and only when the contra-cominutants co and il in (B') are both symmetric (or 
both sJcew-symmetmc). 

The conversion of (B) into (B') is supposed to be obtained in the way 
described in § 246, the substitutions used being compounded of those described 
in Exs iii and iv. There exist symmetric commutantal transformations (B) 
of each of the types (b) in which X is an arbitrary cominutant of the pre- 
scribed type. By Ex. ii of § 244 such transformations can be equigradent 
when and only when the canonicals of A are diagonal minors of the canonicals 
ofP. 

JSx. ill. Siibstitutions used in TImrem II: aorrespording types. 

Lot A^hA,H, P=iiPU 

be the isomorphic* ti’ansformations deacribod iii Ex. i, bo that tho acLuaro mati'ices /i, u of 
orders r, m are particular undegenorato commutauts {4, A}, {P, P}. Thou the following 
table shows tho subatitutionB for X\ e, X, E whioh convert a syuiinotrio commutantal 
transformation (B) of any one of the four types (b) into an oquivaJeiit symmetric oom- 
mutantal transformation (B^) of the oon'esponding type (h) derived from (b) by substituting 
A, P for P. 


Cass 

Type of (B) 

X 

6 

J 

E 

1 

{P,A'}{A',A}{A,P}={F,P} 


E'a>JI 

h^U 

U'siU 

2 

{P,A'){A',A){A,P)^{P,P} 


W^E 

h^vl 

uQu' 

3 

{P,A}{A,A'}{A',P}^{P,F} 

n^Il 

h(oE 

U'^u' 

uQu' 

4 



haih 

H'^U 

U'QU 


Ex, iv. BvhstitvHons used in Theoroin II: non-omrespondmg typos. 

Substitutions converting a symmetric commutantal transformation (B) of any ouo of 
the four types (b) into an equivalent symmetric commutantal transformation (B) of any 
other of those types can be most easily constructed in the way described in Ex. ii. Thus 
if J and K are given particular undegonorate contrn-oommutanta {/I, A'} and {P, P'} 
whose conjugates are P and K\ then symmetric commutantal transformations 

XM^E^ of type {!>, A'}{A\ A}{A , 2^}, 

Xs\X^=Es oftypo {2\A}{A,A'}{A',F}=^{F,r}, (Bs) 

oftype {F,A}{A,A}{A',P}MF,P} (B*) 

oon be converted into equivalent symmetric commutantal transfor^tions 

X{e^X^^Ei oftype {Fy A'}{A\ A){A, P)^(F, P) (Bj) 
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by the respective sets of equigradent oominiitaiitail substitutions 

, 02 " , ^ 2 = -^ 1 ^, 

2V=iS:'XiV'-i, X,=J-'^u\\K, E^^E'E^K, 

AV= ZiV'-i, X^=J--^Xi , Ei= El , 

which are most easily obtained by inserting factors in (Bi) to cluiiigo its ty^jo. Wo can 
always choose J and ^ to be symmetno, so that J'=Jy 

Substitutions converting a symmetric commutaiital transformation (B') of any one of 
the four types (b') into an equivalent symmetno commutantal transformation (B') of any 
other of those types can be constructed m similar ways. 

By compounding such substitutions with those given in Ex in wo can obtain substitu- 
tions converting a symmetno commutantal transfonnation (B) of any one of the four 
types (b) into an equivalent symmetric commutantal transformation (B^) of any u on- 
corresponding type (b'). 

Note 2. SyrnTnetric commutantal t^'ansformations of alt&niatinff oontra-oommutants. 

Theorem II is the first of two corresponding theorems which relate respootivoly to 
symmetric commutantal transformations converting : 
oontra-oommutants {A\ A}^{A, A‘} into contra-oommutants {P', P}, {P, P'}; 

contra-commutants {A\ -A)^ [A^ -A^} into contra-commutants {P, — {P, -P}- 

All such transformations are reducible respectively to eqmvalent symmetrio commutantal 
transformations of the types : 

{F^A'}{A\ A}{ A, P}={P, P}, (contmuantal into oontiimantol); ...(i) 

{P, -A} {—A, -P}={P, -P}, (alternatmg into altornatiiig) ; (ii) 

where A, P can be replaced by any square matnees eqmcanonicol with them. 

We cannot ordmarily replace a symmetrio commutantal transformation of any ono of 
these two classes by an eqmvalent symmetno commutantal transformation of the other 
class. 


3. Equwiutant commutcmtal tmnsformationa of a co-comviutant 

The square matrioes A, A of order r and P, P of order m being defined 
£U9 before^ let 

( 0 ) 

where 

be an equimutant commutantal transformation converting 

a co-commutant e of one of the two continuantal typos {A, A], {A\ A'} 
into a co-commutant E of one of the two continuantal types {P, P}, {P, P'}, 
so that there aie four possible types of (0) which can be represented by 
{p, a}{a, a}{a,p} = {p,p}, where a = A or A', p = P or P. ..,(o) 

Also let [CKWr=[«C or (O') 

[<[?]>[!];, 

be an 6Qu%7wuixx/Yit commutantal transformation converting 
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a co-commutant o) of one of the two continuantal types {A, A}, {A', A'} 

into a co-commutont fl of one of the two continuantal types {P, P}, {P', P'}, 

so that there are four possible types of (O') which can be represented by 

{p, a} {a, a}, {a, p} = {p, p}, where a = A or A' , p = P or P'. . . .(o') 

Then from §246. 4 wo obtain the following theorem: 

Theorem III, An equimutant commutantal transformation (C) of any one 
of the four types (c) can always be converted by equigradent commutantal 
substitiitiojis for X and Y and equimutant commutantal substitutions for e 
and E into an equivalent equimutant commutantal transformation (O') of any 
one of the four types (c') The co-commutamts e, E in (C) satisfy the sarnie 
rational integral equations as the co-commutants o), 11 in (O'). 

The conversion of (0) into (O') is supposed to be effected in the way 
described in § 246, the substitutions used being compounded of those described 
m Exs. V and vi. 

Ex. V. Suhstitvitiom used in Theorem 111: corresponding types. 

Let A^hAff, P^uPU 

bo the laomorphio transformations described m Ex. i, so that the square mati'ices h, u of 
oidora r, m are particular undegonerate oommutants {id, A}, {P, P}. Then the following 
table shows the substitutions for JT, o, F, E which convert an equimutant commutantal 
transformation (0) of any one of the four types (o) into an equivalent equimutant com- 
mutaiital transformation (O') of the corresponding type (o') denved from (o) by substituting 
A, P for si, P. 


Case 

Type of {0) 

X 

e 1 

^ 1 

E 

1 


u$H 

hccH 

hr] U 

uSlU 

2 

{P,A}{A,A}{A,F}={P,n 


ka>H 

hr]u' 

U'Q.v! 

3 

{P,A'){A',A'){A%P}^{F,F) 


a%E 


V'aE 

4 

{P,A'){A\A‘){A',P)={P,P} 


E'<dE 

H'riU 

uQU 


Ex. vi. Substitutions used in Theorem III: non-corresponding types. 

Substitutions converting on equimutant commutantal transformation (0) of any one 
of the four typos (o) into an equivalent equimutant commutantal transformation (C) of 
any other of those typos can be most easily constructed in the way described m Ex. ii. 
Thus if J and K aro given iiortioular undegenerate contra-commutants {A', A} and {P, P}, 
then equimutant commutantal transformations 

X^e,r,=E, of type {F, A}{A, A}{A, P}^{F, F], (0^) 

X,e,Y,=E, of type {F, A'}{A', A‘}{A', F}^{F, F}, (Os) 

X.eiF.-^E, of type {P, A'}{A', A'}{A', P}={P, P} (0*) 

can be oouverted into equivalent equimutant commutantal transformations 

oftype {P,A}{A,A}{A,P}=^{P,P} (CO 

by the I'espective sets of equigradent commutantal transformations 

Za=irjri , ei , B^^KE^K-\ 

e^^JeiJ‘\ Ys=JYiK-\ 

which are most easily obtained by inserting factors in (CO to change its type. 
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Subatitutiona converting au eqiiimutant csommutantal traiiaformatioii (O') of any one 
of the four types (o') into an equivalent equimutant comrautantal transformation (O') of 
any other of those types can be constructed in similar ways 

By compounding such substitutions with those given in Ex. v wo can obtain sub- 
stitutions convertmg an equimutant commutantal transformation (0) of any one of the 
four types (c) into an equimutant commutantal transformation (Cf ) of any non-oorrosiiond- 
mg type (c'). 

Note 3. EquirMUant coimmUantal transformatiom of altmiatiiig co-commutaiits. 

Theorem III is the first of two corresponding theorems which relate respectively to 
equimutant commutantal transformations convertmg 

co-commutaiits {/J, J.}, A'} mto co-commutants {P, P}, {P, F) ^ 

co-commutanta {/I, - J.}, {J', - A'} into co-commutanta {P, -P}, {P, -P}. 

All such transformations are rodiicihlc lespeotively to equivalent equimutant commutantal 
transformations of the types 

{P, A}{A, A}{ A, P}={P, P}, (contmuautal into con tiimantal); ...(i) 

{F, A}{A, -A}{-A, -P}={P, -P}, (alternating into alternating) ; .^....(li) 
where A, P can be replaced by any square matncea equicanonical with them. 

We cannot ordinarily replace an equimutant commutantal transformation of any one 
of these two classes by an eqiuvalent equimutant commutantal transformation of tho 
other class. 

§ 248. Equigradent commutantal transformations converting 
one given uudegenerate square commutant into another of 
the same order. 

1. General trans/omiaiions. 

Let A, B and P, Q be two pairs of square matrices with constant elements 
wbich are all of the same order m, and let 

(^) 

be an equigradent commutantal transformation in which 

e, E are undegenerate square commutants {A, B), {P, Q}, 
so that (A) has the prescribed type 

{P,A}{A,P}{P,(2} = {P,(2} (a) 

the types of X and Y being fixed by the prescribed types of e and E, By 
Ex. ii of § 244 there cannot exist undegenerate commutants X, e, K, E 
of the prescribed types unless the two square matrices in each of the pairs 
(P, A), (A, B)y (5, Q), (P, Q) are equicanonical. 

Hence in order tliat thei^e 7nay eanst equig^'adent Go^nmiitantal t^^ans- 
formations (A) of the prescribed type (a) in which e and E a/re undegenerate^ 
it 18 requisite that all the four squai'e maifrioes A, P, P, Q shall he equi- 
canonical or have the same characteristic potent divisors (Aj) 

These requisite conditions are also the conditions that there shall exist : 

(1) undegenerate square commutants e = {A, P} and P = {P, Q} ; 

(2) undegenerate square commutants X = {P, A} or 7 = {B.Q} -, 
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fuid they are also the conditions that there shall exist : 

(1) undegenerate square comma tan ts X = {P, A} and Y = {5, Q} , 

(2) undegenorate square commutants e = B} or E= {P, Q). 

With respect to such transformations we have the following theorem : 

Theorem I. Let the requisite conditions (Ai) be satisfied, i,e, let A, B,P, Q 
be equicanonical ; and let e and E he given paiiiicular undegenerate square 
co'inmutants of the pi'escrihed types. Then it is ahvays possible to determine 
eqvdgradent commutantal transformations (A) of the prescribed type (a) con- 
verting e into E ; moreover either one of the transforming factors X and Y 
can be an arhitramly given particular undegenerate square commutant of the 
prescribed type, the other transforming factor beiyig then uniquely determinate. 

For if X is any given particular undegenerate square commutant {P, A), 
then by prefixing in succession on both sides of (A) the inverses of X and e, 
which are undegenerate square commutants {A, P} and {S, A), we obtain an 
equivalent equigradent commutantal transformation which determines Y 
completely and umquely as an iindegenerate square commutant {S, Q}. 
Similarly if Y is any given particular undegenerate square commutant 
{P, Q}, then by postfixing in succession on both sides of (A) the inverses of 
Y and e, which are undegenerate square commutants {Q, B) and {B, A}^ 
we obtain on equivalent equigradent commutantal transformation which 
detonnines A'' completely and uniquely as an undegenerate square commu- 
tant {P, A). 

The theorem states that it is possible to determine undegenerate square 
matrices A^ and Y which satisfy simultaneously the equations 
PX = XA, BY=Yq, XeY=E. 

Noth 1. When A, B, P, Q are equicanonionl, let n bo any one of their canonical 
roducod forins Then by § 246 an equigi’adeut oomnmtontal transfonuatiou (A) m which 
e and E are given and undegenerate oan be replaced by or derived from a con'espondmg 
equivalent equigradent commutantal transformation 



of typo {n, n} in, n} {n, n} = {n, n} (ao) 

in which « and G ore given uudogonerate oommutautH {n, n). Hence Theorem I could be 
proved by proving the following lemma in which n is restricted to be a standard canonical 
square matrix with standardised unilateht super-parts . 

Lemma I. Let TLhe a standardised canonical square matrix of order m, and let a 
and n he given pavtiouZar uudeg&ii&rate commutants {n, n} Then it is always possible to 
Qomtruct an oquigradimt oommutantal transformation (Ao) of type (oq); moreover this 
is posdble when either one of the two matrices g and rj is a given particular undegenerate 
commutant {H, n}, the other matrix being then uniqudy determinate. 

The proof of Lemma I is of course inoluded m the proof of Theorem I But we could 
proceed os in the other lemmas of this article, and replace (Aq) by a number of transforma- 
tions of the same ohoracter in which n is unilatent, i.e. we could deduce Lemma I from 
the properties of ruled quadrate slopes 
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JSa?. i. If e aTtd E are given partioular undegmerate square commutanta {il, —5} and 
{P, — §}, the requisite conditions (Ai) are that A, -P, P, —Q shall ho equicanonioal^ 
or that : 

A and P shaU have the same characteristio divisors (X— (X — •• 5 
B am.d Q shall have the same charojcteristiG potent divisors (X+Ci)^', (X + Ca)®®, ... 

In this case the prescribed type of (A) is 

{p, A}{^, -p}{-p,-e}={p,-e}; 

and when the requisite conditions ai'e satisfied, we can construct nn equigradeut commu- 
tantal transformation of this type even when X or Y is an arbitrarily given particular 
undegenerate square commutant of the prescribed type. 

Ex. ii. If e is a given undegenet^ate square commutant of one of the types 

{A^ A}, {A\ A% {A\ A}^ {id, A'}, whei'e A' is the conjugate of A ^ 
and E is a giv&n undegenerate square commutant of one of the types 

{P, P}, {P, P}, {Fy P}, {P, P}, where F is the conjugate of P, 
the requisite conditions (A^) are that A and P shall he equicanonical. 

In this case the two square matnces A, B and the two square matrices P, Q in (a) ai'e 
either equal or mutually conjugate 

Ex. iii. If e is a given undegenerate square commutant of one of the types 

{-4, --4}, {id', — A'}) {A\ - A], {id, -id'}, where A' is the conjugate of 
and E is a given undeg&norate square commutant of one of the types 

(P, -P}, {P, -P}, {P, - P}) (P, -P}j where F is the conjugate o/P, 
the requisite conditions (A^) are that A, - A, P, -P shall he equioanomoal^ or that A a/nd P 
shall he equimiwmcaly their common characteristic potent divisors which are not poioors of X 
being 

(X-ci)^., (X + Ci)«- (X-C2)^ (X+fls)^; ... (X+c,)^ 

In this case the two square matrices A, B and the two square matrices P, Q of Ex. i 
are either equal or mutually conjugate. 

Ex. iv. The results obtained in § 246 are developments of Theorem I. 

2. Symmetric transformations converting one given undegenerate symmetric 
or shew-symmetric contra-commvtant into another of the same order. 

Let A and P be square matnces of the same order m with constant 
elements whose conjugates are A' and P', and let 

= or X'eX = E (B) 

be a a 3 rmmetric eqnigradent commutantal transformation in which e and E 
are two symmetric or two skew-symmetric matrices, 

e being an undegenerate contra-commutant {A\ A) or {Ay A}y 
E being an undegenerate contra-commutant {P', P} or {P, P'}, 
so that the possible types of (B) are 

(P', A'} {A'y A} {A yF} = {P', P}, {P, A'} {A\ A} [A, F} = {P, P'}, 

{P , ^ } , il'} {A', P'} = {P, P'}, {F, A} {A, A'} {A', P) = {P', P}, 

(b) 
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the type of (B) being fixed by the prescribed types of e and E. From § 244 
we see that : 

Symmetric equigradent commutantal transformations (B) in which e and 
E are both sywmet/rio and both undegenerate are possible if and only if 
A and P are equicanomcal (Bi) 

Symmetric equigradent commutantal transformations (B) in which e and 
E are both skew-symmetrio and both undegenerate are possible if and only if: 

(i) A and P are equicanomcal ; 

(ii) every distinct characteristic potent divisor of A (or P) is repeated an 

even number of times, so that the characteristic potent divisors of 
A (or P) occur in pairs of the form 

(\ c/, (X — o)* (®a) 

The theorems which will now be enunciated show that if these requisite 
conditions are satisfied, it is possible to construct transformations (B) when 
e and E are any two given particular undegenerate contra-commutants of 
the specified types and characters. 

Theorem II a. Let e, E be given particular undegmerate symmetric 
contra-Qommutwnts {A\ A} or {A, A% {P\ P} or {P, P^ ; and let the requisite 
conditions (Bi) he satisfied. Then it is always possible to determine X so that 
(B) is a symmetric equigradent commutantal transfen^mation of the prescribed 
type converting e into E. 

Theorem II b. Let e, E he given pa/tidcular wndegenerate skew-symmetric 
contra-commutants {A\ A} or {A, A'}, {P', P} or {P, P'} ; and let the reqitisite 
conditions (Bj) be satisfied. Then it is always possible to determine X so that 
(B) is a sym/metric equigradent commutantal transformation of the presmihed 
type converting e into E. 

In the particular case when d. = P = IT, where EE is a standardised unilatent 
ca/nonical square matriw, these theorems become properties of ruled quadrate 
slopes which will be proved in Chapter XXXVIII (see Theorem IV of § 842 
as applied to quadrate counter-continuants). In the proofs of the theorems 
which are here given it is assumed by anticipation that they are known to 
be true in that particular case. In other words the theorems are here shown 
to be dependent on properties of ruled quadrate slopes which are proved in 
the appropriate place. 

When A and P are equicanomcal, let II be any one of their common 
canonical reduced forms. Then by § 247 a s3nnmetrio equigradent commu- 
tantal transformation (B) in which e and E are given particular undegenerate 
symmetric (or skew-symmetric) contra-commutants of the prescribed types 
can always be replaced by or derived from an equivalent symmetric equi- 
gradent commutantal transformation 

IjKiC-m: ” f-f-n w 
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of type {n\ n'} {n', n} {n, n} = {n', n} (b„) 


in which to and H are given undegenerate symmetric (or skew-symmetric) 
contra-commutants {TI', II}. Hence Theorems II a and IT 6 can be com- 
pletely proved by proving the following lemmas : 

Lemma II a. Let Hhe a standardised oamnical square matrix of order m 
{vrith standardised unilatent super-parts) ; and let to and II be any two given 
particular undegenerate symmetric contra-commutants {II', IT}. 

Then it is always possible to construct a symmetinc equigradent co'imnu- 
tantal transformation (Bq) of type (bo) converting to into 12. 

Lemma II b. Let Tibe a standardised canonical square mattnx of order 
m whose characteristic potent divisors occur in pairs of the form 

(X-oy, (X-c)S 

and let to and 12 he any two given particular undegenerate shew-symmetric 
Gontra-commuta/nts {!!', II}. 

Then it is always possible to construct a symmetric equigradent commu- 
tmital transfomnation (Bo) of type (bo) converting to into 12. 

It is shown below that these two lemmas are true, being deducible from 
properties of ruled quadrate slopes proved in § 342; and it follows that 
Theorems II a and II b are true. 

Proof of Lemma II a. 

Let the auocsesflive unilatent super-parts of n be the square matrices 
Hi, II2, ... n,. of orders 01, 621 -- 

with latent roots Ci, C2, ... c,. which are all different, 

the super-port being a standardised unilatent oanonioal square matrix oF the class 

^ (S! Z\ 

Referring to Ex. iii of § 244, we see that in (Bq) we can put 


~ni, 0 , 

. O’- 

Or 


■fi, 0, 

r 

o 

Cr 

:= 0 > n2, 

... 0 

7 

1= 

0, 

.. 0 

7 

1 

o 

o 

.. n,_ 

1 j » 



.0. 

0,, 

- 

fll » fl|l , . 

Or 

0)1, 0 , 

... 0“ 

er 


Oj, 0 , 

.. 0 ■ 

.. er 

= 0, 0)2) 

. . 0 

7 


0 , ^2) 

. . 0 


o 

1 

... fli),._ 

” *1 » Og, 

er 


.0. 

0, 

... n,. 

^ 1 1 

.. er 


and then replace (Bq) by the r symmetric equigradent oommutantal transformations 


suoh as 

of type {n/, iii}={n/, ii<}, (2) 

where at and Q< axe given tmdegenerate eymmetnc oommutants. Further we can rogai 
2 ) as a symmetric equigradent oommutantal transformation 

of type {,r', 7r'}{7r', v}{v, «■}={«•', tt}, (2') 
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in which all the matrices oi-e imlod qiiadi’ate slopes of the class (1) and of the typos 
shown, coi and being given imdegenerate symmetric counter-continuants. 

By Theorem IV of § 342 it is possible to detei*mine an imdegenernto quadrate aute- 
continuaut of the class (1) and of type {tt, tt} together with its conjugate so that the 
equation (2') is satisfied. When fi, have been determined in this way, the 

equation (Bq) is a commiitiiiital transfonuation of type (bo) having the ch.iracter required 
111 Lemma II a. 

Proof of Lemma IITb. 

Proceeding as m the proof of Lemma II a wo can replace (Bo) by the 7* equations such 
as (2) or (2') ; but now (for each of the values 1, 2, ... r of i) every index uumbor in the 
series tiny 6 ^ 2 , .. is repeated an even number of times, and is an even integer , moreover 
Qji and Qi are given undogenerato skew-syiumetno commutanls in (2), and therefore given 
imdegenerate skew-symmetrio counter-coiitmuants in (2'). 

By Theorem IV of § 342 it is possible to determine an uudegeiierato quadrate aute- 
contmiiant of the cla^ (1) and of type {tt, tt} togethoi’ with its conjugate g/ so that tho 
equation (2') is satisfied. When fi, ^ 2 * •• It- h.avQ been dotermmed in this way, tho 
equation (Bq) is a commutautal transformation of tjqie (by) having the character roqiured 
in Lemma II 6. 

3. Syrrivietric tranafoyinaiw'tis converting one given undegen&i'cite sym^ 
meWic or skew-symmetHc alternating controrconiniutant into anoth'Cr. 

Let A and P be square matrices of the same order m with constant 
elements whose conjugates are A' and P', and let 

l^"[er[a^r = [Ef or X'eX = E (C) 

be a symmetric equigradent commntantal transformation in which e and E 
are two symmetric or two skew-symmetric matrices, 

e being an undegenerate contra-commutant {A\ — ^1} or {jiI, — A*}, 

E being txn imdegenerate contra-commutant {P\ — P} or {P, — P'}, 
so that the possible typos of (0) are 

{P', A'}{A\-A}{^A,^P} = {P\--Pl 
{P,^}{^,-^^}{-^',-F} = {P,-P'}, 
{P,A'}{A',-A}{-A, -P'} = {Z^-n 
{F, A) {A,- ^1'} - P } = {F, - P } (c) 

the typo of (0) being fixed by the prescribod typos of e and E, From § 244 
we see that : 

Symmetric equigradent commutantal transformations (0) in which e and E 
are both symmetHo and both undegenernte are possible if and only if ; 

(i) A and P are equicanonical ; 

(ii) the characteristic potent divisors of A (or P) which aro not of the 

form occur in pairs of the form 

{x+cy ( 0 ,) 

33 


a. in. 
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Symmetric equigradent commutantal transformations (0) in which e and E 
are both skew-symnnetric and both undegenerate are possible if and only if: 

(i) A and P are equicanonical ; 

(ii) the characteristic potent divisors of A (or P) which ai'e not of the 

form occur in pairs of the form 

(x+oy (C,) 

In (Oi) every distinct charactenstic potent divisor which is a power of X 
with even index must be repeated an even number of times, but one which 
is a power of X with odd index may be repeated either an odd or an even 
number of times. 

In (Ca) every distmct characteristic potent divisor which is a power of X 
with odd mdex must be repeated an even number of times, but one which is 
a power of X with even index may be repeated either an odd or an even 
number of times. 

The theorems which will now be enunciated show that if these requisite 
conditions are satisfied, it is possible to construct transformations (0) when 
e and E are any two given particular undegenerate contra-commutants of 
the specified types and characters. 

Theorem Ilia. Let e, E he given particular undegenerate* symmetric 
controrcommutants {A\ -- A} or {A^ — -d'}, {P', — P} or {P, — P'} ; and let the 
requisite conditiom (Ci) he satisfied. Then it is always possible to determine X 
so that (0) is a symmetric equigradent commutantal transformation of the 
prescribed type converting e into E, 

Theorem Illb. Let e, E he given particular undegenerate skew-sym- 
metric contra-commutants {A\ — A} or {A, — A'}, {P', — P} or {P, — P^} ; and 
let the requisite conditions (Oa) he satisfied. Then it is always possible to 
determine X so that (0) is a symmetric equigradent commutantal trans- 
formation of the prescribed type converting e into E. 

In the particular case when = P = II, where II is a standardised wni- 
latent canonical square matriw, these theorems become properties of ruled 
quadrate slopes which will be proved in Chapter XXXVIII (see Theorem IV 
of § 342 as applied to quadrate counter-alternants). In the proofs of the 
theorems which are here given it is assumed by anticipation that they are 
known to be true m that particular case. In other words the theorems are 
here shown to be dependent on properties of ruled quadrate slopes which are 
proved in the appropriate place. 

When A and P are equicanonical, let II he any one of their common 
canonical reduced forma. Then by § 247 a symmetric equigradent commu- 
tantal transformation (C) in which e and E are given particular unde- 
generate sjnnmetric (or skew-symmetric) contra-commutants of the prescribed 
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tj^pes can always be replaced by or derived from an equivalent symmetric 
equigradent commutantal transformation 

?"*[“] = or (Co) 

of type {W. U') {n; - n} {- n, - n} = {n'. - n} (c„) 


in which a> and Cl Eire given undegenerate symmetric (or skew-symmetric) 
oontra-commutants {11', — 11}. Hence Theorems III a and III h can be com- 
pletely proved by proving the following lemmas * 

Lemma III a. Let U be a standardised canonical square matrix of ordm^ 
m (with standardised unilatent supm^-parts) whose characteristic potmit divisors 
not of the form occwr in pairs of the form 

{\-c)\ (X+c)S 

and let to, fi be any imo given particular u/ndegenerate symmetric contra- 
oorrmutmts {11', — H}. 

Then it is ahuays possible to construct a symmetmc equigradent commu- 
tantal transformation (Co) of type (Cq) converting a> into Cl. 

Lemma Illb. Let Tl be a standardised canonical square matrix of 
order m whose characteristic potent divisors not of the form occur m pairs 
of the form 

(X - cy, (X + cy ; 

md let < 0 , Cl be cmy two given particulasr undegenet'ate shew-s^pvinetriQ cont/ra- 
commutants (II', — H). 

Then it is always possible to coTisPi'uct a symmetric equigradent commu- 
tantal transformation (Oo) of type (Co) converting o) into Cl. 

It is shown below that these two lemmas are truo, being dedncible from 
properties of ruled quadrate slopes proved in § 342; and it follows that 
Theorems HI a and III 6 are true. 

Proof of Lemma III a. 

Let the successive unilatent super-parts of II be the square matriooH 

■CIoJ §1 J ; ••• Qa 

of orders Co > j ^ ^ j 

with latent roots 0 ; Oi , - Oi ; ^*2 s “ ; - c* , - Og which are all different ; 

the super-part Ho being a stEuidardised unilatent canonioal square matrix of the class 


!?’ ***) in which Ooi + %+ ... (3) 

\«01i ^2» --./ 

and in which every even indew n%nd)er is repeated an even rmnher of times ; and the super- 
parts bemg standardised unilatent canonical square matrices of the olass 

in which fln+^+ — =«< (4) 


33—2 
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Refemng to Ex. viii of § 244, we see that la (Co) we can put 


n= 


Do, 0 , . . 0 

_ 0 , Hi, 0 


Oo I 2ci , ies 


L 0 1 0 , . . Hg j 

” A A *” * 

Oq, 0 , . 0 

0 , 6 ) 1 , . 0 


_ 0 , 0 , 6 >, 




■^0, 0 , .0 

0, ?1, . 0 


Co t ii^i , 


-0, q . 

^S2o 0 , , 

Q= ® 1 ®1) 

1_0 , 0 , ... Q, _ oujio,, . aci 


2cii 

Q ao . 2<», , 2t'i, 

0 


where for the values 1, 2, ... s of i the parts n*, coi, 12^ are biptirtiuo matrices of the 
forms 


-Pi, 0 

rJi, 0 

~0 , af 

eitCi 

ro , /JA"-"' 


Lo . ’ 

_«<') 0 . 


0 Xi.i^ 


in which the non-zero parts are ruled quadrate slopes of the class (4), and the matricos 
ai\ Ai are the conjugates of the matrices Oi, Ai. The mati'ices Hq, «o> ruled 

quadrate slopes of the class (3). Using these forms and denoting the conjugatos of n, 

Si 3 Qii hy the corresponding dashed letters, we can replace (C„) by the b + I 

symmetric equigradent oommutantol transformations such os the equation 

f<'6)ifi=ai of type {iii',ni'}{ii,', -n«}{-n„ -ni}={n/, -n,}, (5) 

where i receives the values 0, 1, 2, . , s. But when i 4= 0, the equation (R) can bo replaced 
by the two mutually equivalent equations 

ctiYi=Aij YiOi Xi=Ai\ 

and therefore by one only of these equations Thus finally (Cq) is equivalent to the single 
symmetric eqiugradent commutantal transformation 

&'g)o^o = Qo of type Hq^ W, -- no}{-no, -nu}={nu', -Ho}, ... (C) 
m which <Bo and 0„ are given undegenerate symmetric commutants, and the « oquigrodont 
commutantal transformations such as 

A\'aiYi^A, oftyiiB {Pi\ P0{P:, - Qi}{-Qu - Qil (7) 

(z = l, 2, . . s), 

where Oi and At ore given undegenerate commutants We can regard (G) Jis n symmetric 
equigi'odent commutantal transformation 

= of typo {v, 7r'}{ir\ -7r}{— TT, -7r} = {7r', — tt}, (fV) 

in which all the matrices are ruled quadrate slopes of the class (3) and of tho typos 
shown, o>o and Oq being given undegenei’ate symmetrio counter-altomants ; and wo cyin 
regard (7) as on equigradent commutantal transformation 

Xi'aiYi^Ai of type {tt', 7r^}{7r', -,r}{-7r, -7r} = {7r', -tt}, (7') 

m which all the matrices are ruled quadrate slopes of the class (4) and of tho typos shown, 
Oi and Ai being given undegenerate counter-alternants. 


By Theorem IV of § 342 it is posaihle to determine all imdegonerato quadrate anto- 
contmuant of the class (3) and of type { — rr^ - tt} or {tt, tt} together with its conjugate 
bo that the equation (6') is satisfied So far as the equation (7') or (7) is concerned, 
there is no need to refer to Chapter XXXVIII ; for it follows from Theorem 1 of the 
present article that it is possible to determine undegenerate commutants AV and Yi of 
the prescribed 'types' which satisfy the equation (7), being then a oommutant {P^, P^}, 
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Wheu undQgeneratG commutaiitH fg, J-'i, Yi, Aa, ra, . . A'., r. have been detomiiuod in 
these ways, the equation (Cq) ^ commutantal transformation of typo (cq) having tho 
character required in Lemma III a. 

Proof of Lemma in Id 

The proof is similar to that of Lemma III a, but (3) must be a class in which 
odd index Qimiber u repeated an ev&n numha' of times^ and II<, for the values 

1, 2, ... s of i arc bipartite matrices of tho fomis 


rj\, 0 

— 1 
p! 

o 

r H 

ro 

o 

U- 

1^1 Oi 


Lo , } 



r- 

1 

i® 

k, Oi 


We can replace (Oq) os before by tho single symmetric eqiugradeut commutantal trans- 
formation (6) or (6') and the s oquigi’adent commutiintal transformations such as (7) or 
(7'); but now wq and Qq given undegeuei’ate skew-symmetric commutants in (6) or 
quadrate coimter-altemanta in (6') 

By Theoram lY of g 342 we can dotermmo an luidegenerate quadrate slope fo of the 
prescribed tyjje and class which satisfies the now equation (6^) , and by Theorem I of tho 
present article we can determine undegenerate commutants Xi and Yi of the proscribod 
types which satisfy the new equation (7'). When uudogenerate oommutiiuts A'l, Ti, 
Ag, Ta, ... Ai, 3^ have been dotei’mined in these ways, the equation (Cq) is a commutantal 
transfoimation of type (og) having the chai’octer required in Lemma III h 

4. Applioatians to symmetHo semi-unit transformations converting one 
given symmetric or skew-symmetric matrio) into another* of the same ordei\ 

Sinco a symmetric semi-unit trarmformation is the same thing as a 
symmetric equimutant transformation, there cannot exist such a transforma- 
tion converting a square matrix A with constant elements into another 
square matrix P of the same order unless A and ai‘e equicanonicah When 
this condition is satisfied, we have the following theorem in which X' is tho 
conjugate of X. 

Theorem IV. Let A = [a]^ and P = [pXn given equicanonical 

square matHces of the same oi'der m with constant elements luhich are eithet* 
both symmetric or both skew-symmetric. Then it is always poseihle to deter - 

mine a sgiiare semi-wiit matrix X = each that 

w 

To do this we have to determine a (necoasarily undegenerato) square 
matrix X of order m which satisfies simultaneously the two equations 

X'X = /, AX ^ XP, where I = [1] ^ 

If A and P are both symmetric, we can regard / as an undegenerate 
S 3 rmmetric contra-commutant of each of the types {A\ A}y {A, A% {P, P}, 
{P, P'}, where A\ P' are the conjugates of -d, P ; consequently the possi- 
bility of determming such a matrix X is a particular case of Theorem II a 
obtained by putting e = E = I, 
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If A and P are both skew-symmetric, we can regard / as an undegeneratc 
symmetric contra-commutant of each of the types {A\ ’-A}^ {ul, — A'), 
{P', — P}, {P, — P'}, and as in Ex. xiv of § 244 the characteristic potent 
divisors of A (or P) not of the form occur in pairs of the form (X — c^, 
(X-hc)*; consequently the possibility of determining such a matrix Z” is a 
particular case of Theorem III a obtained by putting e = E = d 


Note 2. Det&nninatioii of the transfoj'niatuyiu (D). 

The actual determination of X m Theorem IV can of ooiirae bo rcduood to corrospond- 
ing problems regarding ruled quadrate slopes. Let n=[n]™ be a common standaid 
canomcal reduced form of A and P with standardised unilatent super-parts, let n' be the 
conjugate of n, and let 






m 


or 


A^huH, P^xlUU 


be given isomorphic transformations by which A and P can be derived from n, so that 
7i, V, are any partioulaiT undegenerate oommutants {A, n}, {P, n} Then we have to con- 
stmot a symmetric equigradent oommutantal transformation 



{F,A'}{A\A}{A,P}={F,P} or -P}, 

according as A and P are both symmetric or both skew-symmetnc, which can bo induced 
to an eqmvaleut symmetric equigradent commutontal transformation 


I — >7,1 m m m 

oftyiie {n^n'}{n',n}{n,n}={n',n} or {n',n'}{n', -n}{-n, -n}={n', -n}, 

according as A and P are both symmetric or both skew-symmetric, by the eqmgradonL 
commutantal substitutions 


m I— m m 

Heme if <u and Q are the given undegenerate aymmetrio eontra-commutanta 

f"riWi m I— im ™ 

®= A [A] Q.^u [a] =u'u 



which are both of type {tl', n} wh&n A and P are both aymmetric^ 

or both of type {It, - n} when A and P are both akew-syrrmetric^ 

and if ^ u any pai-tkadar UTdegenerate oommUamit { — n, — n} or {n, n) satisfying ike 
symmetric Qmnmuta/ntcd equation f'caf = 12, the required condiiioTis a/re satisfied when 

The matrices lu, 12, g^are compartite, their parts being ruled quadrate slopes of types 
W'i Wj {«■! "■} or {«■', — tt}, {ir\ -ir}, {-tt, -it}] and the determination of ^ is 
effected as in the proof of Lemma II a or Lemma III a. 



CHAPTER XXVIII 


COMMUTANTS OF OOMMTJTANTS 

[After the commutants of the commataut of a aquare matnx A have been defined to 
be those square matrices which are commutative with every commutaut of A, it is shown 
that they could also be defined to be those square matrioes (or those commutants of A) 
which ai’G rational integral fiiuotions of A. The rules for constructing a general com- 
mutont of the oommutant of A lead to special forms of an arbitrary rational integral 
funotion of A which are convenient for ceiiiain proofs. They are used in deducing 
Frobenius’s Theorem regaiding solutions of the matrix equation from the properties 

of simple square ante-continuants. In the last article (§ 253) the general com mutant of a 
square matrix A whose elements are all arbitrary is determined by a direct method, and 
is shown to be identifiable with a general commutant of the commutant of d, and with an 
arbitrary rational integral function of d.] 

§ 249. Commutants of commutants defined. 

1. The comTnutmvts of the commutant of a square matrix whose el&tn&nts 
are constants. 

If is a square matrix of order m whose elements arc given 

constants, a squaace matrix 4> = [0]^ will be called a commutant of the com- 
mutant of or a cormnutant of the commutants of A when it is commutativo 
with every particular commutant of -A, i.o. when 

every commutant {dl, jit} is also a commutant {4>, O}, 

If AT is a square matrix of order m whose elements can receive any values we 
please, this is the case if and only if 

whenever AX — XA, then also ^X = X<S>, 

Let X = {oQ^^ bo any general commutant {A, A} expressed in the form 

X = XjXi +XflXa H“ ••• (a) 

where the X*s are arbitrary scalar parameters, and Xi, Xq^ X^ are a 
complete set of independent particular non-zero commutants, the integer i 

being necessarily not less than 1. Then a square matrix = [<^]” whoso 

elements are constants is a particular oommutant of the commutant of A when 
and only when the equation X® = <E>X is an identity in the X's, i.o, when 
and only when 

<E> is a particular non-singular commutant {Z, X). 

Again ify is the greatest possible number of independent particular non-zero 
commutants of the commutant of 4, a general commutant of the commutant 

of A is a square matrix <I> = [<^]^ expressible in the form 

<1> = ... + (b) 
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where ^>i, 4>3, ... are j independent particular non-zero cominutants of 
the commutant of and the are arbitrary scalar parameters independent 
of one another and of the Vs occurring in X. In this caso tho equation 
X4> = <I>Z is an identity in the Vs and /a’s, and 

is a general non- singular commutant {Z, X}. 

Every commutant of the commutant of A can be regarded as a particuhirisa- 
tion or specialisation of any given general commutant of the commutant 
of A. 

Note 1. The oomniutantB of the oommutaiita of A defined above depend on A only, 
and must be distmguiHhed from the commntants of any specified commutant of A. When 
X IS any general commutant of -.4, they are tho non-singula? commntants of A\ which arc 
independent of the form or choice of X Tho smgulaa* commutants of X, when they exist, 
involve the arbitrary parameters of X, and could not properly bo called commutauts of 
‘ the ’ commutant of A when X is not specified 

Throughout this chapter ‘commutants of commutants’ will mean square matrices 
each of which is a ‘ commutant of the commutant ' of a given square matrix, i.o. square 
matrices each of which, is commutative with all commutiinta of a given square matrix. 

Eai, 1 Tlie gmej'al commutant of the commutant of A w alioays an midegmi&ratc squa/i'c 
irmiriss. 

For the umt matnx of the same ordei* as .d is always a commutant of tho commutant 
of A. 

Ex. 11 . Evet'y parHcidar latiomd integral fiunctmi of A is a oommutivnt of the com- 
mvXaivL of A. 

For by Ex, viu of §238 it is commutative with every particular commutant of A^ and 
IB therefore a non-singulor commutant of every general commutant .^1}. 

Ex. uL The gm&i'cd commutant of the cormnutant of a scalar o?’ quasi-scalar matrix. 

The general commutant of the commutant of the scalan matrix d.«c. where c 

may be 0, is the scalar matrix where fi is an arbitrary parameter. This is 

shown m Exs^ ii and xix of § 238 

If is a quasi-scolor matrix whose succossive diagonal elemonts aro ai, aa, ... it 
follows from Ex ii and Theorem II of §250 that tho general commutant of tho com- 
mutant of d. IB a quasi -scalar matnx whose successive diagonal olomoiits /xi, 

/£ 2 , ... fJhn arbitrary subject to the conditions that 

when ai=ajy so that when ai=t=ay. 

If A contams exactly s unequal diagonal elements ci, Oy, ... then $ contains exactly s 
arbitrary parameters ... jig. 

Ex IV. If X and are respectivelg a general commutant of A and a general commutant 
of the commutant of A, theji: 

A is a pariiciila7‘i8ation of X, A is a parttcula 7 'isaiio 7 i of <E>, 
and ^ IS a speaiaUsatioii of X 

These results follow respectively from the facts that A is commutative with A\ A 
commutative with A. ; $ is commutative with A because it is commutative with every 
commutant of A By the third theorem in Note 4 of § 238, the last of these three roaulta 
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iH a uGcesaary cousequenco of the first of thorn , for bewiUHo J. is a pai-tioulai'isatioii of A', 
therofore the general noii-smgiilar commiitaut ^ = A'} must bo a spooialisation of tlio 

general non-singular commutant A"={A, A}. 

The fact that A. is a j^mrticulansatiou of <I> shows that every non-singular oonimutaut 
is a commutant {Aj A}; for being commutative with «I», it must bo comnautativo 
with A. 

Consequently loe can regat'd ‘I* as the most general square which has A' as its 

general Qion-dngular commutant 

Ex. V. Since every commiitaut of the commutant of A is a coiimiutaiil of A, wo can 
say that * 

The coTiimuiaiits of the commiUant of A are those commiUants of A which are conimvla- 
tive with all commutants of A, 

Hence when all comnuitiiuts of A ai'e commutative with one another, every particular 
or goiiQi’al commutant of A is also a particular or general commutant of the commutant of 
A] in other cases there exist commutEuits of A which are not also oommutants of the 
commutant of A. 

Note 2. Some anticipatory results 

If A = [c»]’” is a square matrix with constant olomcuts, and if s is the lowest possible 
degree of a rational integral equation satisfied by A, it will bo shown in § 262 that : 

Tlie}*e are exactly s independ&nt particidar non-zero oommulants of the commutant of A. 

Prom this result it follows further tliat 

The general oommutmvt of the committant of A is an arbitrary rational integral function 
of A. 

The oommutants of the commutant of A are those oommutants of ^1 (or those square 
mvilrices) which are rcUional integral functions of A. 

The gmmral oom7Jiutajii of xi is a ratiotwl ii\leg7'al function of A whmi and oidy when it 
is a general eom^nutant of the eormiutant of A, Lc. when and only when all conwiutants of 
A a/i'G commutative with one another ; and this is the case when and ordy when 

Ex. vi. In the following two illustrations a, 6, o ore given scalar numbers such that 
a =N 6 and c =1= 0 , x^y^ v ai'o independent arbiti-ary poramotora ; A' is a general 

commutant {A, A}; is a general noii-smgular commutiint {A", A}, i.e. a general com- 
mutant of the commutant of A ; and is a general commutant {A", A"} 

■"tf c 0" ''x z u~^ V O"! 

(1) 0 a 0 , 2'= 0 a; 0 j 0 X 0 , 

_0 0 1^0 V y^ _0 0 X_ 

■ (x-y)\, {x-7j)v, Ufji "J 

0 , {x-y)\ 0 

0 , , (a‘-y)(X-/i) ^ 

Here there ai’e two independent particular uon-zoro oommutants of the commutant 
of A, and there are thi-eo independent particular noii-zero oommutants of A", of which 
only two can be uon-smgular. The coefficient of /a in ^ is a singulai’ commutant of A", 
and IS not commutative with all particularisations of X; consequently it is not a com- 
mutant of the commutant of A. If /=[1] g, we have 

(A-a/)a=0, c4>=ox!7-|-v.(A-a7). 
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"a c 0 
(2) A= 0 a 0 
^_0 0 b 


”^20“ V 0 

A'= 0 3 ! 0 , 0X0 

lO 0 0 /i 


Here there are three independent particular non-zero commiitants of tho conimutant 
of Aj and there are three independent particular non-zero commutants of X which are all 

non-aingular, the general commutant {X, -S’} being non -singular. If 7=[l]j, wo have 

(A-aiy (2t-6/)=0, 

c(a — &)* . <^=cX. {6 (b-2a)I'\-2aA - A^}-\-cii.{a^I- 2ail 4-^1^} 

-t-(a- b) V . {abl- J -f ^ 2 }. 

2 . The commutants of the oornmutant of a square matrix containing 
arbitra/ry or variable elements. 

When the elements of a square matrix A = <3Lre lational integral 

functions of certain scalar variables 71, 72, 73, we will still define a com- 
mvtmit of the commutcmt of -4 to he a square matrix which is commutative 
with every particular commutant of A ; but it must be understood that all 
equations are identities in the 7 s. 

Let X be a general commutant of A expressed in the form (a), where the 
elements of Xi, Xa, ... X^ are particular rational mtegral functions of the 
7*3, and the X's are arbibrary parameters independent of one another and of 

the 7s, and let = be a square matrix whose elements are rational 

integral functions of the 7's. Then $ is a commutant of the commutant of A 
when and only when aU the equations 

Xi<S = <DXi, X2$ = <E)X2, ... X^<& = cI)Zi 

are identities in the 7’8 as well as m any arbitrary parameters which may 
occur in <E>. If we treat all the arbitrary parameters occurring in <I> as 
independent of the Vs, this is the case when and only when the equation 

X*=^X 

is an identity in the 7’s, the X.’b and the independent arbitrary parameters of 
<E>. Accordingly we can, define <E> to be a particular commutcmt of Ike com- 
mutant of A when its elements are rational integral functions of the 7’s only, 
and it makes the equation X 4 > = ^X on identity in the 7’s and Vs ; and we 
can define <I> to be a general commutant of the commutant of A when it is a 
homogeneous linear fiinction of the greatest possible number of independent 
particular non-zero commutants of the commutants of A expressed in the^ 
form (b). In the latter case we wiU call ... fijihe parameters of (or 

peculiar to) <I>; they are to be regarded as independent of the parameters 
Xi, Vi V of -2^ as well as independent of the scalar variables 71, 7a, 7a, ... 
of A , and the equation X<S = $X is an identity in the 7’s, X’a and ps. 

The arguments and results of sub-article 1 can be adapted to the more 
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general case of this aub-article by interpreting non-aingular commutants 
{X, X} to mean eommutanta {X, X} which are independent of the Vs; and 
particulariaations or apecialiaations of X and to bo matrices derived from 
them by particularising or specialising the Vs and in the way described 
m §238 8. When the elements of -4, X, ® are rational functions of the 7’s, 
we can (after multiplying each matrix by a suitable non-zero rational integral 
scalar function of the 7*3) replace them by rational integral functions of the 
7*s, and all the above remarks then remain applicable. 

We shall always regard the general commutant of the commutant of a 
square matrix A as determmed in the way described above, though it can be 
interpreted (see Note 3) to be on arbitrary rational integi'nl function of A 

Ess, vii. As a sq^uare matrix becomes more and more specialised, the commutant of 
the commutant of A tends in general to become more and more speciaUsed. 

Ex. viii. The co7\jugates arid inv&rses of commutants of coTnmutants 

If $ IB a commutant of the commutant of a square matrix A, and if A\ are the 
conjugates of A, then is a commutant of the commutant of A * ; moreover when ^ is 
particular or general, also is particular or general. 

When ^ is uudegenerate, its inverse is always another commutant of the commutant 
of A. 

Note 3. Aniicipaiory results. 

Since the results mentioned in Note 3 must be true for all j^iarticularisations of -il 
obtained by ascribing particular values to the y% we see by ascribing ordinary particular 
values to ys (as at the end of § 262) that they must remain true for the matrix A whose 
elements are rational integral functions of the ya. In particular it is still true that : 

The gmeraZ Gommv^ant of the commutant of A is an arbitrary rational integral function 
of A. 

Two illustrations are given in Ex. vi, where ct, 6 , 0 may be independent scalar variables. 
Other lUustra'tioas will be given in § 263. 

I 260. Theorems facilitating the determination of commutants 
of commutants. 

1. The oommvimts of the ommutanbs of two eqmcanonioal square matrices. 

Let .4 = [a]^ anH B= [J]” be two given equicanonical square matrices of 
order m with constant elements, and let 

[6]“[5]“ or A=hBH (1) 

be any gfiven isomorphic transformation by which A can be derived from B. 
Then we have the following theorem concerning two square matrices <E> and 
^ which are connected by the equation 

(^) 


Theorem I. The squevre malriso in (A) is a oommita/nt of the com- 
mvitmt of A when and only when the square matrioo 'SP' is a coTnmutmt of the 
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coinmutant of B ; also ^ is a particular or general commutant of the corn- 
mutant of A when and only when is a particular or general commutant of 
the commutant of B. 

As in Theorem I a of § 240 we can always select a general commutiint 
X = {A, A} and a general commutant Y = {5, B} such that 

( 2 ) 

Then by the same theorem the matrix <I> in (A) is a non-singular commutant 
{Z, Z} when and only when the matrix is a non-amgular commutant 
{F, Y}, and when <1> and 'T' are non-smgular commutants of Z and Y 
respectively, each of them is particular or general when and only when the 
other is particulai- or general. 

The theorem also follows directly from the pair of equations 

Z<3> = [h]l . = [A];: . [Sr:. 

Since we can always determine a transformation (1) in which B is sl 
standard canonical square matrix, Theorem I shows that we can always 
determine the general commutant of the commutant of A when we know 
the general commutant of the commutant of every standard canomcal squai'e 
matrix. 


jEa;. i. Theorem I remame true wheu A and B are square matnces whose elements ai*o 
rational integi-al functions of ceitain scalar variables. The proof will be adapted to this 
cose when we interpret a non-amgular commutant of the general commutant AT or V to be 
a commutant which may involve the scalar vanables of A and jB, but does not involve the 
parameters peculiar to X or F, which are the same for both matrices and are independent 
of the scalar vanables of A and B. 

Eis, li. Taking (1) to be a symmetnc derangement A =»hBh\ we see that : 

If there exists a symmetric derangement converting B into A, the same symmotiic 
derangement converts eveiy particular or general commutant of the commutant of B into 
a particular or general commutant of the commutant of A, 

2 The commutants of the commutant of a compartite sguare matrix, 

" Ai, 0 , ... 0 “ 

Let ^=m:= (3) 

_ 0 , 0 . _ 

Of 

be a compartite square matrix in standard form whose parts are all square 
matnces with constant elements. Also let X = [^c]” be a ge)i»ral commutant 

{A, A}-, let be any commutant of the commutant of A, i.e. any 

non-singular commutant {Z. X}, and let X and ^ be expressed as compound 
matrices of the same class as A. 
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First suppose that no two parts of A have a latent root in common. 

When we construct X by Theorem II of §240, and remember that $ 
must be a specialisation of X (because it is commutative with .4), we see 
that we can represent X and $ as compartite matrices of the same class as 
A in the forms 


X= 


x„ 0 .... 0 

0 , Zs, ... 0 


0 ,0 , ... Z]. 


, <E> = 


<Di, 0 , .. 0 ■ 

0 , a>a, ... 0 


. ..(B) 


0,0,... <lr 


V 


a, , a.j , ar 


where the part of Z is a general comiiiutant {Ai^ the parameters of 
the r parts of Z being all independent ; and where the part of (being a 
specialisation of Zi) is some commntaiit {Aij Ai}, We proceed to a closer 
examination of the parts of <5. 

A square matrix <I> with constant elements having the form shown in (B) 
will bo a pai-ticular commutant of the commutant of A when and only when 
the equation Z‘I>= C>Z is an identity in the parameters of Z, i e when and 
only when for each of the values 1, 2, ... r of i the equation 

Xi^i = ^iXi 


is an identity in the arbitrary parameters of i, i c. when and only when <t>i is 
a particular commutant of the commutant oi A Since we can choose a 
complete set of independent particular non-zero conamutants of the coin- 
mutant of A so that in each of them only one of the parts <I>i, ... <i>^ is a 

non-zero matrix, it follows that when <I> is a general commutant of the com- 
mutant of A, the part is a general commutant of the commutant of 
and the parameters of the r parts are all independent. Accordingly we have 
the following second theorem : 

Theorem II. When no two parts of the comparUte square matrix A 
shown in (3) have a latent root in common, every commutant of the commutant 
of A is a compartite square matnnx <J> of the fomn shown in (B) in which for 
each of the values 1, 2, ... r of i the part is a co7nmutant of the oonwiutant 
of the part At of A; moreover <E> will then he a general commutant of the 
commutant of A when and only when is always a general commutant of the 
commutant of and the parametei's of the r parts <I>i, ... are all 

independent 

When we regard a commutant of the commutant of A as a non-singular 
commutant {Z, Z}, Theorem II becomes merely an application of Theorem II 
of § 240 after the form of X has been fixed ; for every general non-singular 
commutant {Xi, is a general commutant of the commutant of A^\ and if 
j4=i, every general non-singular commutant {Z^, Z^} is a zero matrix, because 
it is a specialisation of the general commutant {A^, A^}, which is a zero 
matrix, 
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In Theorem II we can take the parte of A to be standardised unilatent 
canonical square matrices. Then from Theorems I and II it follows that the 
general commutant of the commutant of every square matrix with constant 
elements can be constructed when we know the general commutant of the 
commutant of every standardised unilatent canonical square matrix. 

Bx. in. If the elements of A are rational integral functions of certain scalar variabloa, 
we have a corresponding theorem in which the characteristic matncoa Ai{\\ • 

of the parts of A are Buch that no two of them have an irresoluble divisor in 
common 


Next let all restrictions on the parts of A be removed, and let X and <I> 
be expressed m the forms 


f" F Y 

■y — “i j 

... JLyf 

'3>„. 


... 


X^Lt XgQi 

. . . X^ 


Oaa, 

... 


_ X^^ , X<f^y 

... Xrr _ 

_ Ori, 

O^a, ' 

. . Oty _ 



**■1 1 I “ “ <^1 » ■ ttr 


any parameters which may occur in ^ being regarded as independent of the 
parameters of X. Every diagonal constituent of X is an undegenerate square 
matrix , the parameters of the constituents of X are all independent , and 
the equation is an identity in all the parameters of X. 

When we put all parameters of X equal to 0 except those of one of the 
diagonal constituents, we obtain such equations as 

Xii = 0, = 0, (j + 

which show that all the non-diagonal constituents of <E> must bo zero matrices, 
and that <!> must be a compartite matrix of the same class and form os A. 
When this condition is satisfied, the identical equation becomes 

equivalent to the identical equations such as 

Xii^ii = ^iiXii\ ^iiXij = 0 =t= i) (4) 

0 

Thus when 4> is a general oommutant of the commutant of A, all its non- 
diagonal constituents are zero matrices^ and its diagonal constituents On, 
Offl, ... are the most general commutants of the commuta/nts of A^^ 
J-a, . . Ar which satisfy the second set of relations in (4). 


§ 261 . The commutants of the commutant of a canonical square 
matrix. 

1. Simple canonical square ma;triaj. 

Let J. = [a]^ be the simple canonical square matrix of order m whose 
latent root is c; let X = be the general commutant {Ay A} of A] and 
let O = general commuttot of the commutant of -4,'i.e. a general 
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non-singular commutant {X, X} of X. Because 4 is a particularisation of X, 
<1> must be a specialisation of X, and we can put 


00, 

x, ... 

1 

Po 


• ■ Pl»^l 

0 

Xq ... 

OOtn-~2 

3 

<f>= ® 

Po • 

■ • Pwl — 2 

0 

0 ... 

Xq _ 

_0 

0 .. 

• • po 


where the os's are independent arbitrary parameters, and where the p's are 
scalar quantities independent of the oos which have to be so detemiined that 
the equation 

X$ = <&X (1) 

is an identity in the os's. Since a matrix having the above form is com- 
mutative with X for all values of the p's, the p's are m independent arbitrary 
parameters, and we have the following theorem : 

Theorem I. The general commutant of the commutant of the svmple 
oanonical square matrix A of ord&t' m is a general simple square continuant 
3> of order m and of type {tt, tt} having the form shown above, i.e. Jiaving the 
same form as X. 

It ccm be regarded as an a/f'bitrary rational integral function of A, or of 
any simple canonical square matrix of order m. 

The last part of the theorem depends on the fact that there are exactly 
m mdependent particular non-zero commutants of the oommutants of A, the 
proof being included m Ex. iv of § 242. By Ex. v of § 249 the whole theorem 
follows from the fact that all commutants of A are commutative with one 
another, or from the fent that X is a rational integral function of A, 

Esj. i If A' IS the conjugate of A, it csan be shown lu the same way that the general 
commutant of the oommutant of A' is a general simple square continuant of type 
{tt', tt'}, and con bo regarded as an arbitrary rational mtegral fimctioii of ^1'. We can 
clearly take to be the conjugate of 

Ex. ii. any undegeneii'atQ partyyidarimtion of 0 {which may he A when 0 4= 0), it 

is possible in two and mdy tm ways to detmrdne smh particular valxm of the m arbitrary 
parameters of $ that 

*3=^ (2) 

This is a property of simple square ante-oontmuants of type {tt, tt} which is proved 
in g 296. 8 by putting the scalar equations equivalent to (2) into the forms 

i—K -1 

Po“*0o, (oo + O); 2pop^+ 2 = (« = !, 2, ... m-1), 

t«i 

and solving them for po, pi» Pwi-i iu succession. We have a corresponding theorem 
relatmg to 

2. Unilatent canonical square matrix. 

Let A = [a]^ be a unilatent oanonical square matrix, the characteristig 


f, 'i 4 
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potent divisors of whose successive simple parts are 

(A - (K - . . (X - cy‘, where $1 + ... + ni, 

and let e be the greatest of the integers 61,^3, ... Also let X = [(v]^^ 

be the general commutant {A, A} of A, and $ = be the geneinl corn- 

mutant of the commutant of A, i.e. a general non-smgular commutant 
{X, X}. Because A is a particularisation of X, must be a specialisation 
of X, and we can put 



- Xn, 

^12i 

y - ^1 1 <?!:i 

. . A ijj 

e, 1 

1 

1 

4^ia, 


■ <*] .flu <’1 

x= 

Xai, 

Xa^, . 


II 

^31 > 



3 



X^, . 

... X„_^ 

1 j 

Pfl 



■■ ‘I\k. 



where the constituents of X are general simple continuants of t3rpe {tt, tt} 
whose parameters are all independent, and where the constituents of ai‘e 
simple continuants of type {tt, tt} whose parameters are scalar quantities 
independent of the parameters of X which have to be so determined that the 
equation 

X^=cI>X (3) 

is an identity in the parameters of X. 

By making all constituents of X zero matrices except one of the diagonal 
constituents, we obtain such equations as 

= 0, ( j =1= i ) , 


and since these ai'e identities in the parameters of X^ and Xjj respectively, 
they show that all the non-diagonal constituents of must be zero inatiicea. 


, (4) 


Accordingly we can 

put 





Alt 

0 , 

.. 0 - 

- <!>„ 

, 0 . . 

.. 0 

A = 

0 . 

Aa, 

.. 0 


I’a. . 

.. 0 


.0 . 

0 , . 

.. A, _ 

J 

0 , 

, 0 . , 

... 4>, 


0| I ^Ui •• Ot 


where 3)i, <63, . . oi'e simple square continuants of typo {tt, tt}, which can 
be regarded as commutants of the commutants of the simple canonical square 
matrices Ai, A2, ... When this form is given to the equation (1) is 
equivalent to the equations such as Xii^i = 4>iX«, which are satisfied identi- 
cally, and the equations such as 

= X (j^i) 

Now let e* be any one of the index numbers Sj, e^, ... e, which is equal bo 
e ; let Si he any other of the index numbers , and let e, = e. Then the 
equation 

= (c«,) 

which is included in the equations (ey), has the form 

w: [0, a;*'" w. =[«: [O, pi -’. (6) 
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where the square constituents and matrices are simple square continuants of 
typo {tt, tt} expressed in standard forms, and where the second product has 
been transformed by cancelling the zero vertical rows of the first factor with 
the corresponding horizontal rows of the second factor. The equation (6) is 
equivalent to the equation 

w:[?]:=[fl:w:=w:[H:, (so 

which is an identity in the parametem fi; ••• ?e-i oi and can bo 
replaced by the equation 

m := w :, ( 5 ") 

which shows that the e parameters o-q, cti, ... of must be the same os 
the first e of the e parameters po, pi, ... of When this condition is 
satisfied for all the values 1, 2, ... s of the equations (e^) are all satisfied. 

Thus <5 is a matrix of the form shown m (4) whose diagonal constituents 
are the simple square continuants given by 




Po Pi ... Pg^i 

0 Po ... pe_a 


4>,= 


Po Pi 

0 po . 


p^~l 

Pa-S 


(e — i — 1,2,... 


0 0 


Po 


0 0 


po _ 

where po, pi, ... pe^i are e arbitrai’y parameters; and we have the following 
theorem ; 

Theorem II. The g&i&i'al cotnmidant of the commutant of the unilatent 
canonical square matrix A is a genei'al axial ante-continuant of type {tt, tt} 
and of the class 




, ... 
, ... 


.(a) 


It can be regarded as an arbiirarij rationed integral function of A, or of 
any unilcdent canonical square matrix of the same class as A, 

By calling the ante- continuant 4> axial, we mean that : 

(1) only the paradiagonal constituents can be non-zero matrices (Le. all 

the non-diagonal constituents are zero matrices) ; 

(2) in every paradiagonal constituent the parameters of the let, 2nd, 

3rd, ... -ith, ... parametric diagonal lines counted from the para- 
diagonal are 

Poi Ply Pay piy 

where the p s (so far as they occur) are the same for all such con- 
stituents. 

To indicate the property (2) we shall say that ; 

All the paradiagonal constituents are formed with the same successive 
parameters. 

The second part of the theorem follows from the fact that the total 
number of independent particular non-zero comrautants of the commutant 

34 


0. m. 
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of -4 is equal to the lowest possible degree of a rational integral equation 
satisfied by A. The rational integral equation of lowest degree satisfied by 
A is (A- ciy = 0, where I = [1]^ ; 

and it 18 clear that there are exactly e independent particular non-zero 
commutants of the commutant of A, which could be taken to be the 
coeflScients of p©, pi, ... po-i in 4>, but which could also bo taken to be the 
square matrices I, ... In fact we have 

$ = + pi (-d- “ cl) + p 2 (-d — cly + . . . + pa-i (A — cl 

= \qI 4“ “f* H“ . . . 4" 1 A^^f 

where the Vs are arbitrary scalai' parameters. 

Ex. lii. If is the conjugate of il, we could show iu the same way that Lho general 
commutant of the commutant of A* is a general axial aute-contmiiout of type {tt', w'} aud 
of the class (a) j and that it can be regarded as an arbitrary rational integral function of 
A\ It could he taken to be the conjugate of 0 . 

Ex IV. any undegeimaio paxticidarisation of 0 {which may he A when c=l=0), lif 

18 po8«ihle in Uoo and only two ways to determine such partioular values of the e arhitraiy 
parameters of 0 that 

• 02=>Sr (6) 

When 0 is expressed in the form (4), and ^ in the corresponding form,'We can replace 
(6) by the s equations 

( 2 = 1 , 2 , ( 2 ') 

where 0 * is a simple square continuant of type {tt, tt} whose successive paramotoi’s are 
the first Qi of the vanables po, pi, ... pe^u and where % is a simple square continuant 
of type (tt, it) whose successive parameters are the first Ci of certain scalar numbers 
o-Q, 0 - 1 , ... o-j^i of which £ro4=0. Supposing that 0 jb=e, it will follow from § 294. 3 (as in 
Ex. ii) that there aa-e two and only two ways of deteiTuiniug such pai*tioular values of 
Po> Pi> Ps-i that 

and that then all the equations (2') are satisfied. 

Ex. V. If is the standardised unilatent cononioal square matrix of order 0 whose 
aucoesaive characteristic potent divisors are 

(X-o)3, (X-o)8, {X-c)2, (X-c), 

and if 0 is the general commutant of the commutaut of A, we can put 


0 

1 

0 

0 

0 

0 

0 

0 

0 

Po 

Pi 

PSJ 

0 

0 

0 

0 

0 

0 

0 
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0 
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0 

Po 
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0 

0 

0 

0 

0 

0 
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0 

0 

po 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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1 
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0 

0 

0 

0 

0 

Po 

Pi 

pa 

0 

0 

0 

0 

0 

0 

0 

c 

1 

0 

0 
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» 0- 0 

0 

0 

0 

Po 

Pi 

0 

0 
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0 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Po 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

Po 

Pi 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Po 

0 


000 000 00 0 


000 000 00 


PO ' 
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If A* is the conjugate of A, the general commutaiits id}, {id', A’}, {A', -d}, {A, A'} 
can m this case be taken to be the matrices -Z, AT', T' shown below, which are genera] 
continuants of the respective types (tt, tt}, (tt', tt'}, (tt', tt}, {tt, tt'} and of the same 
quadrate class as A , so chosen as to be correlated by part-reversals When g', h\ u\ -i/, 'li/ 
ai’o replaced by /, A, w, the matrices Tand JT' become general symmetric contra- 
commutants {d', A} and (d, d'}. 



QiQ 

Oti 

Ctg 

Aq /ii ^2 

.90 91 
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0 
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0 

0 0 
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0 
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ai 

0 
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0 ffo 
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0 
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0 
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ai Oq 

Ag Ai 

Ao 

9i 9o 
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V 
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6l Ag 

/o /l 
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0 

0 

io 0 

0 
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0 

x= 

0 

V 

V 

0 

Afl Ai 

0 A 

0 
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/h' 

/'o' 

0 

h h 

0 

/o 0 

0 


0 

0 

K 

0 

0 Ao 

0 0 

0 


Ag' 

Af 

K 

6a 6i 

ho 
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^0 


0 

ffo 

ffi 

0 /o' /i' 

flg Oi 

Wq 


9o 

0 

0 

/o' 0 

0 

Ofl 0 
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0 

0 

9q 

0 
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0 Cq 

0 


9i 

9q 

0 
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0 

Cl Co 
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0 

0 

Uq 

0 

0 V 

0 Wq 
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Uq 

0 

0 
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0 
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0 Ag 
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Uq 
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0 


ai 

fl&g 

0 

Ai Ao 
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A/ 
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h{ 
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h 
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/i) /i 
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0 Oq 
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0 
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Cl Co 
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9t 
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9o 

0 

0 

/o' 0 

0 

Co 0 
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0 

Uq 

0 
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0 Wo' 

^0 


7tg' 

0 

0 
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0 

w„' 0 
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3. Stcundard canonioal square matrix. 


Let n = [n]™ be a standard canonical square matrix of order m whose 
successive unilatent super-parts ai’e the unilatoiit canonical square matrices 
III, Ila, ... Ur of orders ei, eg, ... 

with latent roots Oi, Og, ... Cr, which are all dififerent 

the super-part Ili being a unilatent canonical square matrix of the class 

M f®'*’ ‘"V where + e*. + . . . = (af) 

so that n is a compound matrix of the class 


M 


&llj 6^29 018 1 

L011, 0iaj 018) 


021, 022j 0Eaj •‘•j ®rfli 0r8» ••• 

0ai» 082) 028) ••■) 0n> ®r2j 0rS) •••. 


(b) 


34^2 
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If is the general commutant of the commutant of 11, it follows from 
Theorem II of § 250 and fi:om sub-article 2 that we can put 



0 ... 

0 ■ 


0 , , 

^ — Oi» ©Bi fir 

0, 

Ilgi 

0 

1 

0 

II 

0 

.. 0 

0, 

0 

n. 

fli 1 691 Gr 

0 

0 

1 

.. <E>r 

“ f fin 1 fir 


where 4>i is the general commutant of the commutant of the unilatent 
canonical square matrix IT^, i.e. a general axial continuant of the class (a^) 
and of t37pe {tt, tt}, and where the parameters of <I>i, ••• are all inde- 
pendent. The parts <E>i, <I>a, ... the same for all values of Ci, O 2 , ... Gr, 

so long as the r values are all different. 

Let €i be the greatest of the integers 0ia, ••• for each of the values 
1, 2, ... r of i, and let 

5 = 61 + 63+ ... +€r 

Then if J = [1]^, the rational integral equation of lowest degree satisfied by 
n is the equation 

(n — Cij?)®* (n — Ca/)*« ... (11 — Crf)* =0 of degree s. 
Again because contains exactly independent arbitrary parameters, 
there are exactly 5 independent arbitrary parameters in <I>, and there are 
exactly s independent non-zero particulansations of <I> which could bo taken 
to be the coefficients of those 5 parameters, but which could also be talcen to 
be the square matrices 

/, n, ... 

because these are commutants of the commutants of II, and are all inde- 
pendent. It follows that can also be expressed in the form 
<!> =Xo/ + XiH + Xan®+ ... + Vi 
where the Vs are independent arbitrary scalar parameters. 

The results obtained above are summarised in the following theorem : 

Theorem III. The general commutant of the commutant of the standard 
canonical square matfi^ 11 is a standard convpartite matrix of the same class 
as n which can he obtained by replacing each unilatent super-part !!< of 11 
by a general aodal continuant of type {tt, tt} and of the same class as n<. 

If s is the lowest possible degree of a rational integral equation satisfied 
by n, there are exactly s independent particular non-zero commutants of the 
commutants of II. Oonseqih&ntly we can regard ^ as an arbitrary rational 
integral function of 11 ; and every commutant of the commutant of IL is a 
rational vrdegral function of IT. 

We can also regard ® as an arbitrary rational integral function of any 
standard canonical square matrix havmg the same structure as II, i.e. 
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belonging to the same class and the same super-class as TI, or having the 
same characteristic symbol as TI. 


Ex, vi If n' IS the conjugate of n, we could show in the same way that the general 
commutant of the commutant of n' is a standard compartito matrix of the same class 
os $ in which the pai*ts are general axial continuants of type {tt', tt'} ; and tliat it can bo 
regarded as an arbitrary rational integi’al function of n' It could be taken to be the 
conjugate of 4>. 


Ex. vii. If ibis tko general commutant of tlie oommutant of a standard canonical square 
matriv n having exactly r distinct latent roots Ci, c*j, ... c,., and if ^ is any undegmerate 
partioularisation of {which may he XL when Ci, 02» ^ all differont fi'om 0) it is 

possible in 2^ aoid only 2*' ways to determine such paHiouLar mines of the arbitrary parameters 
of 0 that 


^2=^. 

Supposing n and $ to be the matrices of the text, wo have 


.( 7 ) 


^1, 0 , 


0 “ 


1 Sgi 


cl,= 


0 , * 2 , ... 0 


“'*' 1 , 0 , 
0 , ^21 


Q - I flu* • (V 
0 


_ 0 , 0 


1 ^ 


_ 0 , 0 , 


’®‘t_ 

^1 * 


where S'i is an undegenerate partioulorisation of the axial ante-continuant ; and the 
equation (7) is equivalent to the r equations 

( 1 = 1 , 2, ... r) (60 

From Ex iv we see that for each of the values of i there are exactly 2 ways of 
determming the parameters of so that the equation (60 is satisfied. Consequently 
there are exactly 2** ways of determining the €i-\-€ 2 +,., + €r parameters of ^ so that all the 
equations (60 are satisfied. 


Ex. viii. Let ^ he a genveral commutamt of the oommutant of the standard camonioal 
square rmtrix n of the text^ cund let he the conjugate of 4>. Tlh&n if J is tJbO part-reversomt 
of the same class (b) as n and 4^, we have 

and iJmefore 

When ^ is oonstmcted as in the text, these equations follow from the fact that can 
he derived from by reversing the orders of arrangement of the horizontal and voi*tical 
rows in every one of the parts. Since they are identities in the parameters of they 
remain true when is any imrtioular or general commutant of the commutant of n, 
i.a any particular or general rational integral function of n, provided of course that is 
always the conjugate of In pai*ticular (or by the same argument) we have 

In' = JnJ and therefore Jn, Ju!. 

Thus in all cases the port-reversant J is an imdegenerate symmetric oontra-commutant 
{$', $}, {4», 08 wqH as an undcgonerate symmotrio contra oommutant {n', n}, {n, n^. 

Ex. IX. If n is a standard canonical sqijLore matrix of order m whose conjugate is n', 
and if is a square matrix of order m whose conjugate is then 

(i) every oo-commutant {n , n } is also a co-commutant {$ , }, 

(ii) every oo-commutant {n', EC'} is also a oo-oommutant {#', $'}, 

(iii) every contra-commutant {n', EC} is also a contra-commutant {*', $}, 

(iv) every contra-commutant (n, El'} is also a oontra-oommutant {<&, <&'}, 

when and only when ® is a commutant of the commutant of n, i.a a rational intejgral 
function of EC. 
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Tlmfl the four conditions (i), (ii), (iii), (iv) are mutually equivalent, and the moat 
general square matiix $ which satisfies any one of them is a general commutant of the 
eommutant of n, i e. an arbitrary rational integral function of n. 

We will suppose that n is the canonical square matrix described m the text, and that 
J IS the part-re veraant defined in Ex. viii Let X, X\ F, F be general commutants 
{n, n}, {n', H'}, {n', n}, {n, H'}. Then we can prove the above theorem by showing that 
the equations 

(8) 

ai’e identities in the parameters of X", X', F, T' respectively when and only when is a 
commutant of the commutant of n ; or that when they are regarded os equations to ho 
solved for the general non-aingular solution of each of them is a general commutant of 
the commutant of n. Since a commutant of the commutant of n has been defined to be 
a non-singular commutant {X*, X}, and has been shown to be the same thing as a rational 
integral function of n, it will be sufficient to show that the 2nd, 3rd, 4th of the equations 
(8) have exactly the same non-singular solutions for $ as the 1st of these equations. 

In dealing with the second of the equations (8) we can take X' to be the conjugate of 
X, so that the parameters of X' are those of X. Then obviously $ will make the second 
equation an identity in the parameters of X when and only when it makes the first 
equation an identity in the pai'ometera of X. 

In dealing with the third of the equations (8) we can put F= JX, so that the para- 
meters of F are those of X. Then if $ is any particular (or general) non-singular 
solution of the first equation, we have by Ex. viii, and we oan construct the 

successive identities 

^X=X®, t/$X=t/X$, 4>^e/X=i7X4*, 4^^F= F^, 

starting from the first, which is given , and if is any particular non -singular solution of 
the third equation, we have because t/ is a particularisation of F obtained by 

putting X=[l]™, and we oan construct the same successive identities, starting now from 
the last, which is given. It follows that the third of the equations (8) has exactly the 
same non-aingular solutions as the first equation. 

In dealing with the fourth of the equations (8) we can put 7'=XJ, so that tho 
parameters of F' are those of X. Then if $ is any particular (or general) non-singular 
solution of the first equation, we have by Ex. viii, and wo oan oonstruot the 

Bucoesaive identities 

4»X=X«», ^XJ^X^J, <^XJ=XJ^\ $F'«FV, 
starting from the first, which is given ; and if $ is any partioular non-singular solution of 
the fourth equation, we have because *7 is a partioulansation of Y' obtained by 

puttmg X=[l]^, and we con construct the same successive identities, starting now from 
the last, which is given. It follows that the fourth of the equations (8) has exactly tho 
same non-singular solutions ajs the first equation 

The above proof is contained as a particular case m Ex. iv of § 262. 

4. General Ganonioal square matriw. 

If A is any canonical square matrix, it can be derived from a standard 
canomcal square matrix II by a symmetno class-derangement. Also the 
general commutanlis {A, A}, {A', A'}, {A', A}, {A, A'} and the general 
cominntante of the commutants of A and A! can be derived respectively 
from the general commutants {H, H}. {H', H'}, {H', H}, {H, H'} and the 
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general commutanta of the commutants of Q and TI' by the same symmetric 
derangement. Thus we can pass immediately from the properties of 11 
proved in sub-article 3 to the corresponding properties of A ; but the most 
important of the corresponding properties of A are mcluded in the theorems 
of the next article. 

§ 262 . The commutants of the commutant of any square matrix 
whose elements are constants. 

Let .4 = [a]^ be any square matrix whose elements are constants, and let 
n be a standard canonical reduced form of A. Also let 

A^hUH (1) 

be any given isomorphic transformation by which A can be derived from TI, 
Then if two square matrices and of order m are such that 

^ = ( 2 ) 

we know from Theorem I of § 250 that <I> is a commutant of the commutant 
of J. or a particular or general commutant of the commutant of A when and 
only when ^ is a commutant of the commutant of 11 or a particular or 
general commutant of the commutant of 11. Also we know from Ex. v of 
§ 226 that $ will be a rational integral function f{A) of A when and only 
when is the same rational integral function /(II) of II, Taking NP* to be a 
general commutant of the commutant of II constructed as in § 251, the 
formula (2) gives us a construction for the general commutant of the commu- 
tant of A, and leads to the following theorem, which must be true generally 
because it is true in the particular case when A is a standard canonical 
square matrix. 

Theorem I. The general commutant of the Gonvmutant of the square 
matr'iw A can be regarded as an arbitrary rational integral fiinoUon of A ; 
and any square matrim is a commutant of the commutant of A when and only 
when it is a rational integral function of A. 

In the following examples A\ II' 4>' h* ore the conjugates of 

A, n, H, L 

Ex. i . If 8 18 the lomst possible degree of a mtiorwl integral equation satisfied by A , then 
the general commiUant of the commutant of A contains exactly s independent arhitra/ry para- 
meterSy and there a/re exaetly s independ&tit particular commutants of the commutants 

of A. 

Though this result la involved in Theorem I, it can bo proved othoiwise, and then used 
to prove Theorem I. 

For if /( n )«0 is the rational integral equation of lowest degree satisfied by n , then 
/(^)=0 of the same degree is the rational integral equation of lowest degree satisfied 
by A. Oonsequontly the above result is ti*ne because it has been shown in 261 to be true 
whenever il is a standard canonical square matrix. It follows that Theorem I must be 
true because the- s non-zero square matrices 

7=^o=[i];;;, a , 

are all independent and are commutants of the commutant of A, 
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Ex, ii. Since the commiitants of the commutant of A are those commutanta of A 
which are rational integral functions of A^ we see from Theorem II of § 244 that • 

A gmeraZ commutarU {A^ A} is a genercd oommiitant of tlie commutant of A^ i.e. all 
commutanta of A are commutative with one another, when and only when all commutanta of 
A are rcUional integral funciiona of A, ie. when and only when m is the loweat degree of a 
rational integral equation aatiafied hy A. 

Ex, 111 . If $ IS a general commutant of the commutant of A^ the umt matrix /«= [1]™ is 

always a particular undegenerate symmetric commutant {$, 0 } aa well as a partioulai* unde- 
geuerate symmetric commutant {A, A). 

Again if / is the undegenerate symmetric part-reveraant of the same class aa IT, which 
is its own inverse, the mutually mverse equal's matrices 

U=H'JE, Y=^kJh' 

ore particular undegenerate symmetiic contra-oommutanta {4>', $}, {$, $'} as well as contra- 
commutants {A\ A}, {A, A'}, For if where ^ is a general commutant of the 

commutant n, it has been shown in Ex. viu of § 261 that J" is a coutra-oom mutant 
as wen aa a oontra-commutant {If, n}, {U, tt'}- 

These results are particular cases of Theorem II. 

If is a commutant of the commutant of A, then because it is a rational 
integral function of A we know (see Ex. viii of § 238) that it has the follow- 
ing four properties : 

(i) Every co-commutant {A, A] is also a co-commutant {<!> , ^> |. 

(ii) Every co-commutant {A', A'\ is also a co-commutant {<!>', <!>'}. 

(iii) Every contra-commutant {A', A } is also a oontra-commutant {<!>', ^ }. 

(iv) Eveiy contra-commutant [A , A'} is also a contra-commutant {<I> , <!>'}. 

We can now show that conversely every square matnx which has any 
one of these properties must be a rational integral function of A, and so 
replace Theorem I by the following more general theorem in which is 
always the conjugate of 4>. 

^nieorem II. A square matrioi has any one of the properties (i), (ii), 
(iii), (iv) when and only when it is a commutant of the oommuta/nt of A, i.e, a 
rational integral fwnotion of A ; and a most general square matriw <I> having 
any one of these four properties must he a general commuta/nt of the commutant 
of A, i,e, an arbitrary rational integral fimction of A, 

Let X, X', F, Y' be general commutants {A, A], {A\A'}, {A', A}, {A, A'], 
and let $ be a square matrix of order m whose conjugate is <I>'. Then we can 
prove the theorem by showmg that the general non-singular solution of 
each of the equations 

OX = XO, OX' = X'4>', 0'7= FO, OF' = F'O' (3) 

is a general commutant of the commutant of A. Now if we put 

X = hX,H, 7= WITH, Y^hY'h' 

and O = (2) 

the matrices X, X', Y, Y' are general commutants {H, H}, {TV, H'}, {H', E}, 
[IT, n'}, and O will he a general non-singular solution of the 1st, 2nd, 3rd, 
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4th of the equations (3) when and only when is a general non-singular 
solution of the 1st, 2nd, 3rd, 4th of the equations 

= X^, 'FY = Y^^ = Y'^ (3') 

in which is the conjugate of ’'P; moreover <I> will be a general commutant 
of the commutant oi A when and only when 'F is a general commutant of the 
commutant of IT. But we know from Ex. ix of § 261 that the general non- 
singular solution of each of the equations (3"') is a general commutant of 
the commutant of H. It follows that the corresponding general non-aingular 
solution <E> = A'^''£r of each of the equations (3) is a general commutant of the 
commutant of A. 

Ex. iv. Alternative proof of Theorem II. 

From Ex. in wo see that if $ is a general commutant of tlio commutant of it is 
certainly possible to determine . 

a square matrix U which is an undegenerate portioular non-singular contra-commutaut 

^}, and therefore also a contra-commutant {A\ A}; 

a square matrix V whioh is an und^enerate portioulai* iion-.smgular contra-commutaut 
{$, 4»'}, and therefore also a contra-commutant {A, A'} ; 

and in the present proof we shall suppose U and V to bo any two such matrices. In each 
case the second property is a necessary consequence of the first, because A is a particii- 
larisation of but because is a rational integral function of A, we see that the first 
property is also a consequence of the second, and that U, V could be any particular un- 
degenerate oommutants {A', A}, (A^Aq. 

Assuming Theorem I to be true, and defining Z, F, F' as before, we will prove^ 
Theorem II by showing that the 2nd, 3rd, 4th of the equations (3) have exactly the same 
non-singular solutiqns for ^ as the 1st equation. 

In dealmg with the second of the equations (3) we can take Z"' to bo the conjugate of 
Z, so that the ^larameters of Z' are those of Z”. Then obviously <b will make the seoond 
equation an identity in the parameters of Z' when and only when it makes the first 
equation on identity in the parameters of Z. 

In dealing with the third of the equations (3) we can put F= UX, so that the para- 
meters of F ore those of Z. Then if $ is any particular (or general) non-singular solution 
of the first equation, we have 274> by the definition of and we oan construct the 
successive identities 

^Z=Z^, J7(&Z= C7Z$, ^'UX^UX^f 4&'F=F<&, 
starting from the first, whioh is given ; and if * is any particular non-singular solution of 
the third equation, we have because Z7 is a porticularisation of F, and we can 

oonatruct the same successive identities as before, storting now from the last, which is 
given. It follows that the third of the equations (3) has exactly the same non-singular 
solutions for $ as the first equation. 

In deahng with the fourth of the equations (3) we can put F'=ZF, so that the para- 
meters of F' are those of Z. Then if * is any particular (or general) non-singular solution 
of the first equation, we have F®' by the definition of F, and we can construct the 
successive identities 

^►Z=Z$, 4»ZF=Z*F, *ZF^ZF<fr', 

starting from the first, whioh is given ; and if ^ is any particular non-singular solution of 
the fourth equation, we have $ F= F®', because F is a partioularisation of and we can 
oonstruot the same successive identities os before, starting now from the lost, whioh is 
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given. It follows that tlie fourth of tlie equations (3) has exactly the same non-singular 
solutions for ^ as the first equation. 

Ex V If A is a square 'fnatrix with constant elements^ and if ^ is a general commutant 
of the commntant of i.e, an arbitrary rational integral function of A, thm the geiio/i'al 


non-singular commutanis 

{O, {$,$'} (4) 

can he idefntified respectively with general comrnvtants 

X=(A,A}, X'={A\A'}, F={A',A}, r^{A, A'}; (4') 


and $ is the moat general square matiix which can have these four properties or any one of 
them. 

This follows from Theorem II because id is a partioularisation of <&. For example evoiy 
commutant {A\ id} is a commutant <&} because $ is a rational integral function of A ; 
and every ndn-singular commutant is a commutant {A\ A} because id is a 

particularisation of 

If $ is a given general commutant of the commutant of id, the genei’aJ non-singular 
solutions of the four equations (3) are the four general commutants (4'). If on the other 
hand X, X\ F, Y* are given general commutants of the types shown in (4'), then the 
general non-singular solution * of each of the equations (3) is a general commutant of the 
commutant of A, 

If ^ and 4) = hf^S are corresponding commutants of the commutants of 
n and A, and if a^nd = corresponding particularisations of 

^ and 4>, we have 

= (5) 

Hence and from Ex. vii of § 261 we obtain the following third theorem : 

Theorem III. Let A he a square matrix with constant elements having 
exacUy r distinct latent roots. Then if ^ is a general commutant of the com- 
mutant of A {or an arhitra'i'y rational integral fiunction of A\ and if 4>o ^ 
undegenerate particularisation of 4>, it is possible in 2^ and only 2^ ways to 
determine such particular values of the arbitrary parameters of <I> that 

( 6 ) 

Because this theorem has been shown to be true whenever -4 is a standard 
canonical square matrix, it must be true generally. 

When A is undegenerate, we can take 4>o to be 4. We thus obtain a 
corollary which is equivalent to Frobenius's Theorem given in | 225. 

OoROLiiART. If A is an midegenerate square matrix with constant elements 
having exactly r distinct lalent rocts^ which are necessarily all diffei^ent from 
0, and if 9 is a general commutant of the commutant of A {or an arbitrary 
rational integral function of A\ it is possible in 2^ and only 2^ ways to deter- 
mine such particular values of ike arbitrary parameters of 4> that 

4>3 = 4 (7) 

Thus Frobenius s Theorem can be derived from a property of simple square 
ante- continuants and the form of the general commutant of the commutant 
of a unilatent canonical square matrix. 
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Ex, vi Let B=\h'\^ be any one of the 2’’ undegenerate partioularisations of $ for 

which the equation (7) of the Corollary is true Then because every eoutra-comrautant 
{J'j A} is a non -singular contra-comniutiint {<&', 0}, and therefore a eontra-commutant 
{^, j5}, it follows that if is any contra-commutant {A\ -4}, we have 

TA=7B>^B'TB or [>]™ [*]’"= T’"[ 3 r]“ [5]” (8) 

Similarly if F=[y]” is any oonta:a-commutaut {A', A), we have 

AF‘=F‘>F=Brff or [a]”‘[y]’“=[Z']”‘ry]“'^” (S') 

Noth 1. Application of Theorem I to a aqmre matnx containing arhitmi'y elemmits. 

Let ^ be a square matrix whose elements are rational intogi-al functions of certain 
soalai’ variables yi, ya, yoj ••• 1 0 bo, respectively a general commutant and 

a genei'ol commutant of the oommiitant of A, Also let s be the lowest possible degree of a 
rational integral equation satisfied by A 

If we aaoribe suitably defined ordinary partiouloi- values to the ys, wo shall convoit A 
into a square matrix 4 q with constant elements, and X and 0 into square matrioas Aj, and 
00 which are respectively a general commutant and a general commutant of the commutant 
of 4 o > moreover s will be the lowest possible degree of a rational integi’al equation satisfied 
by Aq, and the parameters peeuliar to 0 will be the s parameters of 0o. Since there oi'e 
exactly a independent partiouloi' non-zero commutants of the commutant of 4 , we can 
conclude that : 

Theorem I remains i^'ue when A is a agnare ‘tnatrix whoso clemmta involve arbitrary 
parameters. 

If Xq and X contain exactly ^3i arbitrary pammeters, and X and 0 are both 

arbitrary rational integi'al functions of A, If a<wi, Xf^ and X conttxiii more than m 
arbitrary parameters, and there ore commutants of A which arc not rational integral 
functions of A, 

Noth 2. AppliccUion of Thoorem II to a square mati'ix containing arhiira'iy elements 

In Note 1 above we know from Note 3 of § 244 that there exist imdogonorate contra- 
oommiitants {A\ 4}, {4, 4'}, and because 0 is a rational integral function of 4, it follows 
from Ex viii of § 238 that these oi’e also undegenerate contro-oommutonta i7«{0', 0}, 
^={0, 00- which are independent of the parametora iieculiar to 0, but oi'diuarily not 
independent of the ys. The proof of Theoi’em II given in Ex. iv will remain valid when 
U and V are two such contra-commutants, and non-singular solutions of the equations (3) 
are interpreted to be solutions independent of the parameters peculiar to the general 
commutants JT, X\ F, T\ Hence we can conclude that : 

Theorem II remams true xohen A is a square matrix whose elements involve arbitrary 
parameters. 

Noth 3. Application of Theorem III to a square matrix containing arbitrary elements. 

When 4. is. a square matrix defined as in Note 1, wo con solve the equation (6) or (7) 
by smtably determining the arbitrary parameters peculiar to 0 as functions of the ys. 
This can be done in 2*' ways, where r is now the sum of the degrees m X of the distinct 
uresoluble divisors of the oharaoteristio matrix 4 (X) of 4. For the ascription of ordinary 
particular values to the y’s will convert A into a square matrix having exactly r distinct 
latent roots. 
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§ 26 S. The general commutant (or general commutant of the 
commutant) of a square matrix whose elements are inde- 
pendent arbitrary parameters. 

We -will define A = [a]’” to be a square matrix of order m whose elements 

are all arbitrary and independent ; we will define X = [a;]™ to be the general 

commutant [Aj 4}, i.e. the general solution of the matrix equation AX — XB\ 
and we will determine X by solving the scalar equations which its elements 
must satisfy. In accordance with previous results it will appear that X can 
be regarded both as a general commutant of the commutant of Ay and as an 


arbitrary rational integral function of A, 

If we put = = (1) 

so that = + = (2) 

and = + = (3) 


the matrix equation AX ^XB is equivalent to scalar equations, which 
can be divided into two seta, viz. 

(a) the m equations of zero difference-weights obtained by equating 
corresponding diagonal elements on both sides, these being derived 
firom the equation 

S - aJfifaOw) = 0, (e^c) 

(where the summation extends over all the values 1, 2, ... m of A? 
except i)y by giving to i the values 1, 2, ... and one of them being 
superfluous ; 

(b) the 2r equations of non-zero difference-weights derived from the 
equation 

OLijiCij + 2 — • 

(where the summation extends over all the values 1, 2, ... m of Aj 
except i and j), by choosing i and j to he two different integers of the 
set 1, 2, ... m. 

We will define S, to he the resultant of the 2r homogeneous linear 
functions of the afs occurring on the left-hand sides of the equations (b) ; and 
in dealing with those equations we will regard the a?'s on the left as the 
variables, and the f's on the right as having any given values consistent with 
the conditions (3), so that exactly m — 1 of them, for example fuj, fu, ... fiim 
can be treated as arbitrary parameters in terms of which the others are 
expressed. It is to be observed that It is not the scalar resultant defined in 
§ 238, which obviously vanishes identically in the present case. 

When jR is defined as above, the equations (b) have the following 
properties : 

(i) They are correlated by permutations of the suffixes 1, 2, ... of all the 
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a’s, as and |’a in such a way that every permutation which replaces 
the BuflSxea j by q also converbs the equation (e^j) into the equation 
(e^). Thus all the equations con be derived from any one of them by such 
permutations. 

(ii) They are unaltered in their totality by interchanging the two suffixes 
in every one of the as and and leaving the as and f's unaltered, these 
operations converting each of the two equations (e^j), (e^i) mto the equation 
derived from the other by changing the signs of both aides. 

(iii) The resultant JJ is a determinant of order 2r which does nob vanish 
identically. For when A is particularised into a quasi-scalar matrix 
whose diagonal elements are independent arbitrary parameters, R becomes 
pai'ticularised into a non-zero determinant Rq which is a derangement of a 
quasi-acalor determinant whose diagonal elements are the 2r differences 
Oii — 0 ^, where y =|= L Thus when the are regarded as given, the equa- 
tions (b) have a unique finite solution expressing the 2?- non-diagonal 
elements of X as homogeneous linear functions of the in which the 
coefficients are rational functions of the a’s and a*s. 

(iv) When the equations and their terns are suitably arranged, — the signs 
of both sides being changed in every equation for greater convenience, — 
the coefficients of the homogeneous linear functions of the occurring 
on the left form an undegenerate skew-symmetric matrix M of older 2r. 
Consequently if A is that homogeneous rational integral function of the 
a’s and as of degree r which is the Pfaffian of M (see Vol. II, Appendix B), 
and if M is the conjugate reciprocal of M, we then have 

JS = det JIf = A^=t=0, Jlf=Afl, 

where H is on undegenerate skew-symmetric matrix of even order 2r* 
whose elements are homogeneous rational integral functions of the a*s and 
a’s of degree r — 1. We will call A the Pfaffian disarimmcmt of A. 

(v) The values of the non-diagonal elements of X formed by solving the 
equations (b) satisfy the equations (a), making them identities in the 
elements of A and the m — 1 arbitrary |'s. This we will proceed to prove, 
IfP = [P]^, i7=[C/’]^are one-rowed matrices whose successive elements 

are 

9 ^ ^ • ^8 7 ^ 7 7 •••> " • > J 

^ 91^127 ^aafasj ^45^84? ••• 

and Q = [Q]^ V = [F]^ are one-rowed matrices whose successive elements arc 

®ai 7 ^82 » ^43 7 ••• > ®42 7 ®B3 7 • • ■ I • • • > i 

<^ 2^127 OtlsflBl 0tB4fa4> •••> 

the 2r scalar equations (b) are equivalent to a matrix equation of the form 
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where the prefactor M on the left is an undegenerate skew-symmetric matrix; 
H and K are mutually conjugate square matrices; S and T are skew- 
symmetric matrices j and E, S, P, IT can be converted into JT, P, Q, V by 
interchanging the two suffixes in every one of the a's and af&, leaving the 
as and f'a unaltered. If A is the Pfaffian and M the conjugate reciprocal of 
Mi we ^ve 

det Jlf= A3=j=0, J/=Aft=A 

where XI is an undegenerate skew-symmetric matrix, and where h, A, s, i 
have the same properties as J?, S, P, this being a consequence of the fact 
that any symmetric derangement of M must be accompanied by the same 
symmetnc derangement of M, 

When we prefix M and cancel A bn both sides of (c), we obtain the 
unique solution for the os's of the equations (b) m terms of the f*s in the 
form 



or 


<'•> 

p = ^.isir-hr), Q = ^.(tv-&u), (O 


and because of the properties of the matrices occurring on the right in (c''), 
we see that for all permissible values of i and j such that j i we have 

A , (®y) 

where Xij is always a homogeneous linear function of the |^’s "with deter- 
minate coefiScients which are homogeneous rational mtegral functions of the 
as and a’s, and where X^J is converted mto by interchanging the two 
sufiixes in all the a’s, leaving the a’s, the f s and A unaltered. From tho 
last property it follows that the values of the non-diagonal cd'b given by the 
equations such as (E^) satisfy the scalar equations (a) identically when the 
m — 1 mdependent ^’s are arbitrary. 


It follows that the equations such as (E<j) constitute the complete solution 
of the scalar equations (a) and (b) when we put = Xii — asjj and regard 
the diagonal oss as arbitrary parameters. They are correlated by perinii- 
tations of the suffixes 1, 2, ... m in all the a’s, oj’s, a’s, f’s and A in the same 
way as the equations such as (e^) ; and they are unaltered in their totality 
when the two suffixes are interchanged in all the a’s and a;’s only, this 
operation converting the equation (E<^) mto the equation (Ej^). We conclude 
that: 

If A = [a]^ is a square matrix whose elements are independent airbitrary 

parameters t and if ^ is the Pfaffian discinminant of A, the general Gommu- 
tant X {A, A} can be earpr eased in the form 
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[Aaii,, 



z = 


Aa723j .. 

'• X^iti 


Xini, 

Xtniii ■ 



,(d) 


whm'e a7a2, ... Qsre neio arbitrary pcirametei'S, and where Xijfor eoery 
permissible pair of values of i and j is a uniquely determinate homogeneous 
linear function of the diffei'ences viz the function occurring on the 

light in the equation (E,j). It can also be eapressed as a homogeneous linear 
function of the independent scalar paramet&i^s iz?2a» ■ • form 

X = + . . • “H (^) 

where the ^*s are completely known, independent square matiices (A) 

Consequently there are exactly m independent particular non-zero oovimu- 
tants of A which can be taken to be the uniquely determinate square matrioes 

<E>i, a>3, ... (B) 

Since m is the lowest degree of a rational integral equation satisfied 
by A, and the square matrices 

/, A, A^ ... A’"“S where /= [1]^, 

are m independent particular non-zero commutants of A, we can further 
conclude in succession that : 

The general oommutant X described in (A) can be regarded as an arbitraiy 
rational integral function of A, and each of the matrices 4>i, ... is a 

deteimiinate rational function of A ; i.0. we can put 

X = -f- XaA”^3 + . .. + \n-.iA + 

where the \*s are arbitrary scalar parameters; and each of the square 
matrices <I>i, O3, ... oam be eaopressed in the same form, where the \'s are 
uniquely deteimiinate rational integral functions of the elem&nts of A. ...(0) 

All commutants of A are commutative with one another, and are oommu- 
tants of the commutwnt of A (D) 

The general commutant of the commutant of A is a square matrix <1? 
which is expressible in the same forms as X. It can be regarded as an 
arbitrary homogeneous linear function of <E>a, ... or as an arbitrary 
rational integral function of A (E) 

Since the equations such as C>i4>j = are identities in the elements 

of A, and since the conclusions (A) and (B) depend only on the fact that A 
does not vanish identically, we see that : 

If the elements of A are not all arbitrary, hut are rational integral 
functions of certain scalar variables {or are merely constants), all the results 
(A), (B), (0)1 (D), (E) remain true whenever the Pfaffian disoriminamt A does 
not vanish identically (F) 
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In all such, cases <I>i, Og, ... are m independent non-zero rational 
integral functions of A (or commutants of the commutant of A), and there- 
fore m must he the lowest degree of a rational integral equation satisfied 
by A, But as is easily verified when m=2, m may still be the lowest 
degree of a rational integral equation satisfied by A when A = 0. The non- 
evaneacence of A is a neceaaaiy and sufficient condition that the diagonal 
elements of a general commutant {A, A} shall be independent arbitrary 
parameters. 


Esii u The general oommutant of a gm&iral sqiuire matrix ^ of order 2. 

When we put aia = Q&u - 022 1 ^^ 12 = - 00 ^ 2 , , 

2 2 2 2 

the matrix equation is equi valent to the scalar equations 


^12 ^’21 “ ^13 ^1 ™ Oj 

ai2^ia = ^tl2fl3j «13'5l?!n = fl!2lfia 

The two scalar equations (bj are eqmvalent to the matrix equation 




®3i £ 12 ' 

&aj * 


where M- 


r 0 j "ml 
L-aia, 0 


..(ad 

(hi) 

..(Cl) 


and we have dot ” ^2 * ^=“ 12 = *“ • 

Smoe (ai) la an identity when X 12 and X 21 have the values given by (bj), the general 
commutant {A^ A} is the square matrix 

^2 (.^11 ” ‘^’ 33 )” 


■[. 


3^*i'2a " ™ — <^22 - ®B2 (-d - 011 2), , 


_« 2 i (^11 — ^22) J ai 2 *i 
where I is the unit matiix of order 2, and Xu and x^ are arbitrary paramotora. 
The genei-al commutants {A, A}y are shown in Ex. xv of § 244. 


.(di) 


Ex. ii. The general commutante of spedalued square matrieea of order 2. 

In the folloyiug iHustratiooa AT is a general commutant of .4, * is a general commu- 
tant of the commutant of 4, and the elements of A are arbitrary subject to the re- 
strictiona shown or mentioned. The letters ar, y, X, jx denote arbitrary parameters, and 7 
is the unit matrix of order 2. 


(1) If 4=1^^ then whenever A=*a-6=t=0, we can put 

(2) If 4 = c J, then whenever 0 and d are not both 0, we can put 

(3) If 4 then for aU values of a we can put 

'"■c 1} *-[o 


Ex in. The general commutant of a general square matrix 4 =<[a]^ of order 3. 
When we use the notations of the text and replace the matni equation 
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by the nine equivalent soalai' equations, the three scalar equations (a) of zero difference- 
weights are equivalent to the matrix equation 


0 , Osi .2712 

— fl52lj 0 ^23 

^ 0 , -083, ~®31_ _'®1S_ 


ai8 


^21 


Oia, ' 

— ai2, 023, 0 ^32 

0 , —023, _^31_ 




one of them being superfluous ; and the six scalar equations (b) of non -zero difference- 
weights are equivalent to the matrix equation 


.(bs) 


0, 

®81) 

0 

“19 1 

0, 

“023 

^13 

031 

fl2 

— “311 

0, 

0 

0, 

“23 > 

O12 

^33 

O32 

^28 

0 . 

0, 

0 

“Oaa, 

O21, 

“15 

^13 

O31 

?13 

““13» 

0, 

033 

0 , 

““ti3, 

0 

^21 

-Oia 

£13 

0, 

-033, 

-021 

«18) 

0, 

° 1 

^32 

1 “O23 

?28 j 

Oja, 

-OiB, 

““18 

0, 

0, 

oj 

L'2?ai_ 

[_ -Oi3 

fisj 


If A IS the Pfafl&an and i/the conjugate reciprocal of the skew-symmetnc mati’ix M on 
the left in (bg), we have 


and 


A = aj 2 <123 “31 "t" “12 ^12^1 "i" “23 ®23 ^2 d" “31 ^1 ^13 J 

det M=A^^O I 


0 , 

-013 081, 

— OisOia 

— Ai 1 

— 033013, 

“■033032 

Oisflai 3 

0 , 

“-O13O28 

— 023031, 

— ^22 , 

— Oaioia 

OisOia, 

O18O33, 

0 

— 028032, 

- Oia 012 J 

^83 

■®ii ) 

033 O21, 

033033 

0 , 

03i“ai J 

O81O21 

OsaOia^ 

i?a3 ? 

012012 

“031031, 

0 , 

O31O33 

033033, 

O31 012, 

“■Saa 

-OaiOaij 

- O31 033 , 

0 


where ^23 — “^23 ^2 +<131013, Z?33 =:«8i 013-1-013 033 • 

By prefixing M on both sides of (b2) we obtain the unique solution given by the six 
scalar equations 

A 47 ] 2 5= (012 031-1-013032) 012^12 — (0130314-033023) 013^13 ”( 0 i 3023 -fai 3 ai 3 ) 032^03, 

A^23 « (033 O32 4 - 021 “is) “ 23^28“ (^28 «19 + “Sl) «21 £*21 “ CI31 4- O31 031) Ois ^^13 , 

A^ai “ (®oi Otis + “82 “21) “tsi f 81 — (031 023 + Osi oia) 033 ^33 — (031 013 4 - O32 033) 031 f 31 , 

Aa 72 i = (031 012 4 - 018 032) O31 f 12 — (021 Ois 4 - O23 033) 031 J 13 — (031 033 4 - 031 013) 033 ^3 , 

Aj 732= (033033 4- <121 oia) otsa 533 — (033031 4" 031031) 013^31 — (0330134-013031) Oaifis, 
A.a 7 i 3 *=(oia 08 i 4 -a 83 “ 2 i) 013^31 — (0130334-013013) 033^33 — (0130314-033083) Oiafai, ...(03) 

which are correlated by permutations of the suffixes 1 , 2 , 3 m all the o’s, ot’s, o’s luid f’s, 
including those occurring in A j or given by the three paira of scalar equations 

Aa 7 y*=«(o<^C^< 4 -aftajy) - (^^yOw+Oyf^*) + 

AXji^ (o^iO^J+Oftajy) + (%<ttjy 4 -Ol:t“tt) (Oq') 

where i, y, k receive the values 1, 2, 3 ; 2, 3 , 1 , 3 , 1, 2. The equations (03) or (02 ) 
remain unaltered in their totahty when the two suflixeB ore interchanged in all the o’s 
and whilst the o’s, the £’s and A remain unaltered. 


0. HI. 


36 
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Since the expression for ajji can be derived from the expression for by interchanging 
the two suffixes in every one of the a’s whilst the a’s, the f s and A remain unaltered, 
these solutions satisfy the equations (oa) when the ^*s are arbitrary subject to the 
conditions i.© they form the complete solutions of the nine scalar equations 

represented by (oa) and (ha). It follows that the general commutant {A, A) is the square 
matrix 


■"Aa?!,, 

-^13 ) 

iTis” 


Jr= JTsi, 

A.2^92, ^23 j 


_-f31 ) 

-3^32 ) 

A^sa_ 



where j7h, ^ 23 ) ^88 arbitrary parameters, and where Xij is the homogeneous linear 
function of the differences a’h — a? 22 =£i 23 ■ 2^23 fas > ^88“^ii = f8i which forms the nght- 
hand side of the equation for in (ca). 

Xw iv. Tranaformation of the general commutant X of Esc, lii. 

We will transform the expression (dg) for X by writing 

y, z for scn, SC22, ^asJ “» ft 7 “23> “9i> ctiaS 

and putting J 

0) = 0^2®28^1“ ^13 ®32®ai> j 

SO that A = a^y + aa 28 flig 2 + ^a 3 iaisH- 7 aiaagi, 

and a+i9+7=0, P-\-Q-{‘R=0, + + d7y=0. 


We then have 

where 



X-sB^^+y^bi+z^^y 




■■a. 

^12 j 

-^19 

0 J 5i2, P 18 

"0, 

^12 J 

Ois 

€»i= An, 

0, 

A 23 j 

^3= P 2 IJ ^ J 528 J 

^3= C 31 , 

0 

ftzs 

j 

A 32 ) 

0 _ 

1 

to 

0 

1 


ft32j 

A ^ 


the non-diagonal elements of being given by the equations 

-P — ^*sii0&i8a, ^B8=®23(^”i3y) — 0210137, 

531=031 § — 03 a 021 ft Csi =a2i(R-{-ya) — a^2^iy, ^^31 = 031 (P — ya) — 03302101 

C7 i 2 *=012^ — 0130397, -4i2*=Oia (P +a^)- OisOaao, P12 =Oi3(Q — aj8)“Oi308aft 

and the nme corresponding equations obtained by interohangmg the two suffixes in every 
one of the A's, fl’s and o’s. 

The three sets of relations such as 

-^2353a“‘^82P33 = -43iPi3 — ^13531 = A 23 P 32 — 483p23 = Afi) J 

■^9i5i 8""591-^13= ^-^38) -^SsPsi ““ 532«d21= ^5ai, laPaS"" PlS-^SS” ^^12? 

■^81 5i2“ 581-4.12= — aA 82, A laPaa — 513^23 = —APi8 , A285ai“528-^3i= ”■ ^^ 21 ! 
in which Ay B can be replaced by P, C and ft A on the left, show directly that ^ 1 , * 3 , 
are commutative with one another and with X, so that the general commutant of the 
commutant of A is a square matrix ^ of the same form as X. 

Again if X^, Vi are ffrat determined by equating corresponding diagonal elements on 
both Bides, it will be seen that the equations 

*i=\A^+/iiA+v</, 2, 3), 

are identities in the elements of A when 

Xi=aa 8 "“^» 

3 2 

~ (^22 ” ®88' “ ^31 ^s)> 

^1 = (£%““ <* 23 ) (^^2^38’” ^ 390 ^ 2 ) +(®32* <^1®18 — ®88 • ^ 1 ^ 12 )) 
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and the valuee of X 21 ^bj A^si *^3 given by the equations derived from these 

three by applying oyclioal substitutions to all the sufiixes. We then have 

Xi + X2+Xa=0j /ii+/i2+/i3=0, vi + j/2 + Vfl = A. 

It will be seen that the resultant of the homogeneous linear funotions 
X = Xi^ + Xfly + Xs^, /* = /ii^ + Aiay + via7 + 

IS A* ; and because it does not vanish identically, we can luit 

JT = X + ijlA + uJj 

where X, /x, 1 / are independent arbitrary soahir parameters. 

Bs, V. The general Gojamvitanta of coi'tain apeaicdued square matrioes of order 3 

In each of the following illustrations A is a given square matrix whose non-zero 
elements are arbitrary subject to the restrictions shown or mentioned ; JT is a general 
commutaut of A ; and ® is a general oommutont of the commutant of The letters 
J7, y, z denote independent arbitrary parametei’s, and wo put 

g 

0=6 — 0 , |9=o — ft, y = a — 6 ; /=[l]g* 

"a h g~ ^Aa?, haP{x--y\ gya{z—x)-hf{a3a-\‘^y’Vyz) 

(1) 0 6/ ; 0, Ay , //3y 

_0 0o_ _0, 0, As 

whenever A = (6 - 0 ) ( 0 — a) (a - 6) =t= 0. 

If $i«-a(A-6/)(il-oA 4>a=-i9(^-o/)(^-aA -y {A-aI)i,A-hI), 

we have 

whore X, /x, v are independent arbitrary parameters. 

“a d 0“ ^{a-h)x, d{x-tj\ 0 

(2) e h 0 \ A''=$=Ao d(;r-y), ia-h)y, 0 

_0 0 0 ^ , ^ , 0 (a-6)s„ 

whenever A=(a-6) Ao=l=0, where Ao=»(6-o)(o-a)-f-rftf. 

The coefficients of a?, y, a in AT ore the square matrices 

- a (A - 6/) ( A - ol) -^-de (A - oI\ 

-/9(A-£j 7) (A -ai)-c7fl(i - 0 /), 

<l>a= - y (A - al) (A - 67) +c?e (a - 6) 7, 
and we can put X=^= ds^\ = X A^ -b /xA + v7, 

where X, /x, v are independent ai’bitrary scalar parameters. 


Ex. vi. The gen&ral oommttani of a general square mati'ix A =[«]] of ordm^ 4. 
If we use the notations of the text, the foui’ scalar equations (a) arc 


[ 

(Hu 

0, 

0, 

ctai, 

0, 


aia, 

0, 

0 , 

0^13) 

0, 

flij 

[- 

‘Ogi, 

(^32 i 

0 , 

0 , 


0]i>=[- 

■fltia, 


0, 

0 , 

fZai) 

0]ft 

[ 

0, 

— ®3S> 

^43, 


0. 

0]P-[ 

0 , 

-ftgs, 

^®34i 

— ais, 

0, 

o]e, 

[ 

0, 

0, 

-a43i 

0, 

— 0^42, 

-a„]P=[ 

0 , 

0, 


0, 


- Oh] Q ; 


and the twelve scalar equations (b) are equivalent to the matrix equation 


35—2 
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0 , 

® 31 > 

0. 

0, 

Cl 4 U 

0 

012, 

0 , 

0, ■ 

- 023 , 

0 , ■ 

-034“ 

“^12" 

^ <*21 £12" 

^ij 

0, 

042, 

0, 

0 , 

0 

0. 

038 , 

0 , 

<*12, “ 

<* 34 , 

0 

3723 

<*82 £23 

0 , - 

042 , 

0, ■ 

- 0 f 41 , 

0 . 

0 

0, 

0, 

« 84 , 

0 , 

<* 33 , 

<*13 

^34 

<* 48^34 

0. 

0, 

® 41 » 

0, 

0 , 

0 

^^823 

^13 

0, 

“ 13 , 

0, ■ 

”<*84 

-2713 

<* 3 l il 8 


0, 

0, 

0. 

0, 

0 

0, 

^^ 43 ) 

<* 32 , 

0, 

024 , 

<*12 

.2724 

<*42 i 24 ^ 

0, 

0, 

0, 

0, 

0, 

0 

— O42, 

0 , 

<* 31 , ' 

”<* 43 , 

<*21, 

“14 1 

3714 

<*41 Sl 4 

ai2> 

0, 

0, 


0, 

^42 

0, 

”^8, 

0, 

0. - 

■<* 14 , 

0 

5/21 

— <*12 fl 3 

0 , - 

■ 028 , 

0, ■ 

- 021, 

^ 43 , 

0 

Oi3, 

0, - 

<*24, 

0, 

0, 

0 

^3i 

— <*23 ^23 

0, 

0, 


0, • 


— Osi 

0. 

«S4, 

0, 

ai4i 

0, 

0 

^43 

— <*34^84 

®SS) ~ 

■012, 

0, ■ 

- CtlS, 

0, 

O43 

0, 

0, - 

<*14 1 

0. 

0, 

0 

^’31 

- <*18 fl3 

0, 


-Oaa, 

0 . ■ 

-024, 

— O21 

®14, 

0 , 

0, 

0, 

0, 

0 

5743 

— <*-J4 £34 

024, 

0. 

“ 0^13, 

084, ■ 

-012, 

-014 

0, 

0| 

0, 

0, 

0, 

0 _ 

_^41_ 

_ — <*14 fl4_ 












.... 


. ...(bO 

or 




[ 

■ 

-if, 


:ra:. 

-[- 





(Cs) 


If we determine the unique solution of the equation (03), which necessarily satisfies 
the equations (as), we shall obtain the general commutant X—[A^B}\xi the form coiTe- 
spondmg to (d) ; but we know otherwise that X can also be expressed as an ai’bitrary 
rational integral function of A 



CHAPTEB XXIX 


INVARIANT TEANSFORMANDS 

[A solution of tlie matrix equation AXB = X^ in which A and B must be square 
matrices, is called an invariant traiisformand X=mv {J, ^}. The firat three articles 
(§§ 264 — 6) deal with definitions and general pnnciples, and with the relations of in- 
variant traiiaformanda to com mutants, and to bilinear and quadratic scalar invariants. 
The general invanant transformand of a pair of simple canonical square matrices whose 
latent roots are both 1 (constructed in §§ 250 and 267) is a simple slope having one and 
only one arbitrary element m each parametric diagonal lino, all the elements being Icnown 
functions whose coefficients are integers satisfying the equation and 

that of a pair of unilatent bi -canonical square matrices whose latent roots are c and c' 
(constructed in § 269) is a completely known compound slope or a zero matrix accordmg 
as co' = l or =1=1. Tlie special constructions of §g 267 and 269 lead to the standard 
constructions of § 260 for the general (or general symmetric or general skow-symmetne) 
invariant transformand of any pair of aquai-e matrices with constant uumenool elements , 
and these standard construotions show that the independent bilinear and quadratic 
invariants of homogeneous linear substitutions are always functions having the forms 
described in § 258 ] 

§ 2B4. Invariant transformands defined. 

If = [a]^ and 5= [6]^ are any two given square matrices of ordered 
m and ti with constant elements forming a matrix-pair {A, B) in which 
A precedes B, any matrix X = satisfying the equation 

M:[<[6]: = M: or AXB = X (A) 

will be called an invariant transformand of the arranged matrix-pair (A, B\ 
or an invariant of a transformation by A and B. More shortly it will be 
called an invariant {A, B}] and the equation 

X = inv {A, B] 

will be used to denote that X is such an invariant, i.e. some solution of the 
equation AXB = X in which A and B are square matrices. Particular and 
general solutions of the equation (A) will be called particular and general 
invariants [A, B}.' Thus a particular invariant {-4, £} is a solution X of the 
equation (A) in which all the elements of X ore constants. If the equation 
(A) has non-zero solutions, i.e. if there exist non-zero invariants {A, S}, and 
if i is the greatest possible number of independent particular non-zero 
solutions, I.e. of independent particular non-zero invariants {A, jS}, then a 
general invariant {A, B) is a matrix X expressible in the form 
X — XiXi -b X^X^ + . . . -h 

where Xj, Xq, ... Xi are i independent particular non-zero solutions of the 
equation (A), ie. i independent particular non-zero invariants {A, B}, and 
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the Vs are independent arbitrary parameters. If the equation (A) has no 
non-zero solution, the general invariant {A, 5} is the zero matrix [0]*. 

Every mvariant {-4,5} can be regarded as a particulansation or specialisation 
of any given general invariaint {A, B). 

An mvariant X = inv {A, - B) or X = mv {— A, is of course a solution 
of the matrix equation 

AZ5 = -Z. 


Ex, 1 The invcuriants of a transformatwii hy two scalar or two quasi-scalar matrices. 

If A =a [1]^ and are two scalar matrices, the general invariant B) is the 

zero matrix [0]" when a6=t=l ; and when it is a matrix W” whose elements ore 

^ -'7)1 

independent scalar parameters 

For when X=[x]^, the matni equation AXB^^X is equivalent to the equation 

(a6-l)X=0. 

This result and Theorem II of the next article enable us to construct the general 
invanant {A, -B} when A and B ai‘e any two given quasi-scalar matrices. 

Ex. ii. The conjugate of a/n invaria/nt tramsforma/nd. 

If A\ B' are the conjugates of the square matrices A, 5, the matrix X is a particular 
or general invanant {A, 5} when and only when its conjugate is a particular or general 
in variant {J?", A'}. 


Ex. ui. The invariants {A, e5}, {A\ {A\ eJ}, {A, sE] when e = ±1. 

Let A', A' be the conjugates of A, 5 , and let Uy V be any given particular unde- 
generate contra-commutants {A'y A}, {B, jS'}, which can always be so chosen os to be 
symmetric. 

Then X'^UXV is a •pa/rticular or general imwria/nt {A\ §E\y 

y =^UX is a particular or general invariant {A', e5}, 

XV IS a particular or general irmariont {A , ei?'}, 
if amd only if X is a particular or general invariant {A , e5}. 

These three results are particular cases of the theorem of Ex. v, and follow directly 
from the respective pairs of equations 

A!XB^U.AXB.Vy Z=C7.Z.F; 

A!TB^TJ .AXB y Y^JJ.X ; 

ATB= AXB.Vy X.V. 

We can always construct four general inyanants X, X\ Y, 7' of the four types 
mentioned above which ore connected by the relations 

X^JJXVy Y^VXy T^XVy (]) 

all four of them being completely known when any one of them is known. 

Ex. iv. The invarianu {A, tA], {A', tAJ, {A', U), {A, tA'} v>hen. *= + 1. 

When B=A, B'=A' in Ei. ui, then as shown m Ex. vii of § 240 we can ohoose 
U and F to he mutually mverse, and at the same time to be symmetric. 

If 7 is a given particular undegonerate symmetrio contra-commutant {A, A'), the 
square matrix T' given by the symmetno relation ’ ’ 

r=VYV 


( 2 ) 
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la a particular or genei’ol symmetric (or skew-symmotnc) invariant {-4, f4.'} when and only 
when P" is a particiiloi' or general symmetnc (or skew-symmetric) invariant {4', eA}. 

Ex, V. Let 4.=[a]^, 5=[6]“ and he two pairs of square matrices 

with constant elements, and let 

( 3 ) 

he an equigradont transformation in which /i, k ore pai*ticular undegenerate commutants 
{P, 4}, {P, §}, so that then* inverses P‘, K are particular undegenerate commutants 
{4, P}, [Q, P}. Then we have the following theorem 

Theorem TJie matrix X in (3) a partimlar or general vmanant {4, B] when and 
only when the matrix Y la a particular or genei'al invariant {P, Q} 

Under these circumstances we con descnbe (3) os an equigradent transformation 
of the type 

{P,A}{A,B}{D,q)={P,Q) ( 3 ') 

in which k and k are true commutants, and X and T ore invariant transformands 

Ex vi. Oaeea in which A or B is undegmerate. 

Wo can identify invariEints {4, B) with commutants {4”^, B] when 4 la undegenerate, 
and with commutants {4, 5“'} when B is undegenerate. 

This result is in accordance with the fact that when 4 and B are two undegenerate 
square matnoea, we oan identify commutants {4, P} with oommutants {4“^, P“^}. 

Noti. The invariant transformands of a pair of square matnces whose elements involve 
arbitrary parametei'8. 

Wten A and P are square matrices whose elements are rational integral functions of 
certain scalar vanahlea yi, y 2 > ysj j ^ matrix X whose elements ai*e rational integral 
functions of the some variables will be an invariant transformand {4, P} when it makes 
the equation AXB=X on identity in those variables. Some general properties of such 
more general invariant transformands can be derived from the properties of the invariant 
transformands which we are considering by ascribing ordinary partioulor values to 
the ys. 

§ 266. Theorems facilitating the determination of invariant 
transformands. 

1. Eguioanonioal pairs of squa/re matrices. 

First let A = [o]”i ^ two given square matrices of orders m, n 

•with constant elements; let a = [o]“, y3 = [;S]“ be two square matrices of 


orders rre, n equicanonical with A, B ; and let 

or A-hcJi. (1) 

or B-hffK. (2) 

where jBTA = Afl" = [1]^ , = = 


be any two given isomorphic trajisformations by which A, B can be derived 
from 0 , Then we have the following theorem in which 
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Theorem I. If X= [as]^ and f =[fl” are Uuo matrices such that 



then X is an invariant [A, eB} or a particular or g&neral mva/t'iant {A^ eB} 
when and only when | is an invariant {a, e^] or a particular or general 
invaria/nt {a, e^S}. 

This IS a particular case of the theorem given in Ex. v of § 254, and it 
follows directly from the two equations 

AZB^h.a^lS.R, X = /i.f K 

in which B and ^ could be replaced by — JS and - j3. The theorem shows 
that we can construct the general invariant {A, eB} when we can construct 
the general mvai'iant {a, e^}, where a and ^ are any square matrices equi- 
canonical with A and B, and that the general invariant {A, eB} has the 
same rank and contains the same number of independent arbitrary para- 
meters as the general invariant {a, e/ 8 }j moreover the total number of 
mdependent particular non-zero mvariants {A, eB} is the same as the total 
number of independent particular non-zero invariants {a, e^S}. In applying 
the theorem we shall usually choose a and ^ to be either standard canonical 
square matrices, or to be compartite square matrices of standard forms whose 
simple parts are unipotent square matrices of specially simple forms. 

Ex 1 Other fw'ms of Theorem L 

Let A!, B\ a\ h\ Id, H\ X be the conjugates of A, B, a, jS, h, k, H, K \ lot ±l 
and let X, X\ Y, Y' and f, 77 , f be matrices with m horizontal and n vortical rows 
which are connected by the relations 

Y=RriK, T^hrild (B) 

Then X, X , Y, Y will be inwxricuiitB or yarthondor or g&neral invariante of the r^pective 
types 

X=inv {A, eB], X'^mv {A\ ,E}, Y=tnv {A\ eB}, r'=inv {A, eB^ 

when and only when f , rj, tj' are invariants or parti<mlar or general invariants of the 

relative types 

• f=MJD {o, fj3}, {o', e^), r,==inv {a', <j9}, {a, 

I, S', I), 7i' ore gmeraZ uivanantB of the types mentioned, wo oaii regard the 
equations (B) as fonnulae giving the general mvanants X, 7, Y> of the typos 
mentioned. 


Ex. li TU inva/nante {A, tA}, {A', tA'}, {A', e^}, {A, *4'} wlm. f = ±1. 

"When B, are the conjugates A', a' of A, a, we can take the isomoiphio trans- 
formations ( 1 ) and ( 2 ) to be 


or a^aoe, 


(3) 


r-nW* r— i*™ I— iW 

a a k 

’ — 'm ' — 'm ' — ’m 


or A'^E'cih'. 




In this case let X, X', 7 , 7' and g, ij, tj' be square matrices of order m connected 
the relations 


X=AfX, Z'=H'^K, 7=M'r,S, 7'=h,,'h'. 


by 


,(0) 
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Thm. X\ Y, Y^ v>ill he invaT^iants or pcu'ticitlar or geTieral invariants of the reyjeative 
types 

X^inv {il, eA}, X'=inv {A', eA% Y=inv{A\ eA}, Y*=inv {A, eA'} 

w/ien and only whe^i f , ^,7, tj' are invariants or particular or genei'al invariants of the 
respective types 

^ = inv {a, fa}, =1711? {a, ea'}) ri = inv{€L^ 6 a}, yf^inv {a, en'}. 

When f, f, 17, 77' are gerwral invariants of the types mentioned, we can regal’d the 
equations (C) as formulae giving the general invariants -V, X\ Y^ Y' of the types 
mentioned 

Since Y and J’'' in (C) are symmetric (or skew-symmetric) when and only when 
77 and 77' are symmetno (or skew-symmetric), we see that when 77 and 17' ore gm&ral sym- 
metric (or general shew-symmeiric) invariants of the types mentioned, we can regard the 
thii’d and fourth of the equations (C) as formulae giving the gmeral ^mmetric (or general 
sh&io-symmet'i'ic) invariants Y and Y of the tjqies mentioned. 

Ex, 111. Dei'angemcnts of invariant traiisfoimanda 

When the isomorphic transformatioDs (1) and (2) are the symmetric derangements 

A^hah, where 

the equations (B) become 

X^h^h\ Z'=/i4T, r=hr{k* (BO. 

In this case geneml invariants f , 17, rf of the types mentioned are converted into 
general luvni’iants Z, X\ J'i Y* of the typos mentioned by applying to their horizontal 
rows the derangement applied to the horizontal rows of a, d in foi’ming A, A', and to 
their vertical rows the dei'angemeut applied to the vertical rows of |9, in forming B> 

We have corresponding results whenever (1) and (2) are symmetric equimutaut (i.e. sym- 
metric semi-unit) transformations. 

Ex. iv. Symmetric derangements of the invariant iraTtsfoimands of Ex ii. 

When the isomoqilnc transfoi’mations ( 3 ) and ( 4 ) are the symmetric derangements 

A=hah!, A!^hzlh\ where 
the equations (0) become 

Z=Af/A^ Y=hrih\ T^hiU (O') 

In this case general invariants f, f', 77, f of the types mentioned are converted into 
general invariants Z, Z', F, 7 ' of the types mentioned by applying to them the symmetric 
derangement which converts a, d mto A, A'. 

We have corresponding results whenever ( 3 ) and ( 4 ) ore symmetrio equimutant (i.e. 
symmetric semi-umt) transformations. 


2. Oompartite squa/re matrioes^ 

Next let A = B = [6]” be compartite square matriceB with constant 
elements expressed in the standard forms 

~ A ^, 0.... 0'“*’“*’ 

^ 0 > -^ 2 ) •• 0 


"A, 0,... 0 ■ 


L 0, 0 , .. Ar_ 


Oj, Ojj, 


0 , B 2 > • • . 0 
_ 0, 0. ... B, 


“ ••• P* 
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where the successive parts are all square matrices ; and let X = [a;]^ be a 
compound matrix expressed in the form 



X\i j 

Xia, . 

.. 


-^ai j 


, Xaa 


Xn. 

Xri, • 



— ft » ft » • ‘ft 


.(D) 


Ai, a2t • 

Then because the matrix equation AXB=€X is equivalent to the rs matrix 
equations such as 

AiXijBj = eXij, 


we have the following second theorem : 

Theorem II. 1/ e = ± 1, the compomid matricc X in (D) is an invaria/nt 
{il, e5} when and only when for each of ths values 1, 2, ... r o/ i and each of 
the values 1, 2, ... s o/ j the constituent Xy is an invariant {A^, eSj} ; and X 
is then a general invamant {A, eB] when and only when Xij is always a 
general invariant {Ai, eSj}, and the arbitrary passometers of the rs invariants 
Xij are all independent. 

Theorems I and II reduce the construction of general invariant trans- 
formands to the construction of the general invariant transformands of pairs 
of unipotent square matrices, to which any special forma we please may be 
ascribed. 


Ex V. It wiU be obvious that Theorem II remains true when the non-zero elements 
of A and B are rational integral functions of oertaiu independent scalar variables. 


3. Zero arid non-zero general invariants. 

General principles applicable in the determination of the general in- 
variants of pairs of simple square ante-slopes by direct methods will be 
described in Chapter XXXVIL The results given in Exs. vi and vii below 
are particular cases of more general theorems obtained in that chapter. It is 
shown in Ex. vi that if A and B are two unipotent or two unilatent simple 
square ante-slopes whose latent roots are a and 13, in particular if they are 
two simple or two unilatent canonical square matrices whose latent roots 
are a and the general invariant {A, B} is a non-zero matrix when and 
only when cgS = 1; and we are merely expressing this result in another form 
when we say that the general invariant {A, - 5} is a non-zero matrix when 
and only when a)3 = 1. From these facts we deduce two useful theorems. 

Theorem III b,. If A and B are any i/wo unipotent or any two unilatent 
• square matrices with constant elements whose latent roots are a and and if 
e = ± 1, then the general inva/riant {A, eB} is a non-zero matrix when a/nd 
only when a/S = e. 

For if A and B are canonical reduced forms of A and B, it follows from 
Theorem I that the general invariant X = inv {A, eB) has the same rank as 
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the general invariant X = inv {A, eB}, and is a non-zero matnx when and 
only when X is a non-zero matrix, i.e. when and only when = e. 

Theorem III b. If A and B are any two square matrices with constaifd 
elements^ and if e = ± 1, then the gen&t^al invariant [A , e5) is a non-z&ro 
matrix when and only when we can select lal&rd roots a, ^ of Aj B such that 
aB = €. 

From Theorem II and Theorem III a we see that this is true whenever 
A and B are standard canonical square matrices; and it follows from 
Theorem I that ib is true in all cases. The rank of the general invariant 
IS given in Theorem I of § 259 and Ex. i of § 260. As a particular case of 
Theorem III b we see that : 


The general invariants {A, J?} and {A, — are zero matrices whenever 
A or B has only zero latent roots. 


Ex. vi. Ca&es in which the goreral invariant of two v/nUcU&rU sitnplQ square ante~dopes is 
a zero or non-zero matriv. 

Let A and B be two given unilatent simple squoi-e ante-slopes of type {tt, tt} and of 
orders m and n whose latent roots are a and )3 respeotively, ro that we oan put 



ail 

flia 

.• «lm " 



5ia 

... 6i»" 



Caa • 

• • flfgm 

} 

B= 

0 

ftaa 

••• hn 


_ 0 

0 . 



_ 0 

0 

... 6„„_ 

where 


= . .= 



■ 


f 


and with the standard double-suffix notation let be a matrix which satisfies 

the equation 

X^AXB. (fi) 

When we equate the element on the left in (6) to the oorresponding element of the 
product matnx on the right, we see that (6) is equivalent to the mn scalar equations such 
as the equation 


••• bij 

= " i •• (®) 

_ Xml ••• ^m,/-l _ _ hi J 


in which 

We will call (E) the equation corresponding to the element and^'-a the difTerenoe- 
weight of the element To facilitate subsequent applications we will divide all the mn 
equations such as (E) into four classes. 

Oorresponding to the ‘basical^ element x^i oommon to the first vertical row and the 
lost hc»dzontal row of X ^ — the only element of difierenoe-weigbt 1 - — we have the single 

equation 

.(Bo) 
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Ooireapondmg to any element of X lying in the firat vertical row but not in the leist 
horizontal row, we have the equation 

(a3“ + +^*tw^«u)=0» (Ei) 

(t = l, 2, . .m-1). 

Corresponding to any element of X lying in the last horizontal row but not in the 
first vertical inw, we have the equation 

(a^ — + a (6j«i,ja?m,>-i + 6y_2,y^Tn,/-2+ •• + = 0 (Ea) 

(jf = 2, 3, ... n). 

Corresponding to any element Xif of X lying neither m the firat vertical row nor in the 
last horizontal row, we have the equation 

(a^-1) ^y + a&y-i,y^ty-l + ^“<,i+i^<+W+/w = Oj (Ey) 

(z=l, 2, .. m-l;j?=2, 3, ... w), 


where /<y is what the right-hand aide of (E) becomes when the three ‘apioaP elements 
j fl-ro put equal to 0. 

We wiU for the present merely examine the ciroumstonoes under which X is necessarily 
a zero or non-zero matrix ; and for this purpose it is sufficient to observe that corre- 
sponding to any element Xij of X other than we have an equation of the form 

(7) 

where c^y is a homogeneous hnear function of elements of X having smaller difiereiice- 
weights then or^y. 

OctseL Whena^—\. 

If we put all elements of X equal to 0 except a?i„, the equation (6) is reduced to the 
equation 

or (a^-l).^i„=0, 

which wiU be satisfied by alL values of when ajQ=l Or when aj3=l, the element 
does not occur in any of the equations such as (Eq), (Ei), (Ej), (Es), and can therefore have 
an arbitrary value in X We conclude that . 

When 0/9=1, the general invariamt {A^E\ is a non-zero matrix. 

Case IL When a/3^ 1. 

The equation (Eq) shows that m this oase we must have Suppose that all the 

elements of X havmg difference- weights l^m, 2-m, ...k — 1 have been proved to be 
equal to 0, where k i|> n - 1 ; and let X{^ be any element of X having difference- weight jc. 
Then the equation (7) shows that we must have ^7^=0. We conclude that ; 

When aj9=Ji 1, the general invariavt {A, 5} is a zero matrix. 

Because a unilatent simple square ante-slope of type {tt', tt'} oan be regarded as a 
symmetric derangement of a simple square ante-slope of type {ir, tt} having the same 
latent root, it follows from Ex ni that the results obtained in Coses I and II remain true 
when A and JB are any two unilatent simple square ante-slopes whose latent roots are 
a and j9. 

Ex. vii. If A and B are unypotent simple square ante-slopes of type {tt, tt} having laient 
roots a and P respectively mdh thoit a/9=l, the general invariant X^in/o {A, B^is a simple 
slope. 

We may suppose A and B to be the matnoes of Ex vi in which the elements 
012, 028,... <hn,-\,tn ^nd 62s> differenoB-weight 1 ere all different from 0. 

Then we have to show that in Ex vi eJI elements of X having difference-weights Idas than 
0 or less than n—m must be equal to 0. The equations to be satisfied by the elements 
of X are 



256 ] INVABIANT TRANSFORMANDS 567 

^i+l,l + ^f,<+ 3 ^i+ 3 ,l+' (z=l, 2 , ... 1 ) ; (®l) 

+ + 0 = 2, 3, ... ti) ; (®a) 


+/y — 0| = 2, ... m — 1; ^=2, 3, ... %); ...(bs) 

whore is dehued as in (Es) If all tho elomenta of A and B except those of difference- 
weights 0 and 1 were equal to 0 , we should have 

/iy = < +1 - u 1 .y - 1 ■ 

In the equation ( 63 ) we can take a 7 i,y_i and ^i+i,y to be any two consecutive elements 
of AT having the same difference-weight k, where the possible values of k are those con- 
sistent with the conditions 

ic<t:2-w, k:}>wi-2 

The equation shows that if all elements of X having difference-weight < - 1 and any one 
element having difference-weight k are equal to 0 , then all elements having difference- 
weight K must be equal to 0 . 

In the equation (Oi) we can take to be any element of the first vertical row of X 
having differenoe-weight k such that 

jc< 0 , K<t:l-wi, 

the only excepted element of that row being Xn . 

In the equation (oj) we can take x^j.i to be any element of the last horizontal row of 
having differenoe-weight k such that 

K<n-^h K<l:l“Wi, 


the only excepted element of that row being iS/mn* 

By putting - 1 in (Oi) or » =2 lU (ej), we see that we muet have 

Xfnx ^ 0. 

Fu'st let K be any integer greater than 1 — w but less thau 0 , and suppose that aU 
Clemente of X having diflference-weights 1-m, ... k-1 have W 

equal to 0 Then the equation (ej) in which i= shows that the element of the tot 
^oal row of Z having difference-weight k is equal to 0 ; and it fotovs froin (cs) that all 
dements of X having difference-weight k must be equal to 0 . We conclude that all 
elements of X having difference-weights less than 0 must be equal to 0. 

Nest let K be any integer greater than 1 - m but less than n — m, and suppose that aU 
elements of X having difference-weights l-m, 2 - 7 !i, ... k- 1 We been proved to be 
equal to 0. Then the equation (ea) m whichy=OT-|-H-ic shows that the element of the 
l^t homontal row of X having differenoe-weight k is equal to 0 ; and i^oUows from ( 63 ) 
that all dements of X having differenoe-weight k must he equal to 0. We oondude that 
all dements of X having differenoe-weighte less than » - m must be equal to 0. 

Ex. viii Equations determining the general invariant £=inv {Au J?i} when Ai and Bi 
are the unifoimt dmple square ante-dopes 

l.m — 1 I— ft 




[S:C; 


These are the matrices A and B of Ex. vi m which aU the elements of differeu(». 
weights 0 and 1 are equal to 1, and all other dements are equal to 0. Eor them the 

equations (e,), (oj). (e.) of Ex. vii ai-e 

(t=l, 2, ... «m,y-i=0j 0=2, 3, ... «); (8) 

jr<j_i-l-Jp<+U+®<+i,y-i=®> (*=^> 2> ...m—'l ; y = 2, 3, ... n) (9) 

In this cose X has the zero dements given by (8), and its other elements are arbitrary 
subject to the condition that : 
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Th^ svm of two conaeoutive elennents havmg the some differmwe-weight k and the con- 
tiguous el&ment of smaller difference-weiglU k - 1 w alwags equal to 0, 

We know from Ex vu, and it would follow from (8) and (9), that A is a simple slope of 
type {iTj tt}, i.e. we must have 

whenever ^‘-kO or j^i<n—m. 

Consequently AT is the most general simple slope of type {tt, tt} and of the prescribed 
class which can be constructed when its parametric elements satisfy the condition just 
mentioned. 

In the particular case when m=7i=r, we have whenever y — 1<0, and the 

elements with positive difference-weights must be so chosen as to satisfy the equations 

.. r- 1 ; i + l, ... r- 1), 

those in which y—i has a given value k. (where »c=0, 1, 2, ... r — 2) being obtained by 
giving to i the values I, 2, . . r-1 - k, and those m which ^■-^=0 being 


Uss, lx DenvcUion of general invanants from general commutants. 

AU properties of general invaiiants can be deduced from properties of general commu- 
tants. For when two square matrices A and B with constant elements have been reduced 
by isomorphic transformations to the respective forms 


’ Lo, 


°1 


where P and Q are unilatent square matrices with zero latent roots, and A. and B are 
undegenerate square matrices (having no zero latent roots), a general invai'iant {A, 5} is a 
matrix X having the form 


rx, or 

lo. oj 


where X is a general invariant {A, B}, whioh can also be interpreted to be a general 
oommutant {A'^ B} or {A, B“^}. The matrix X has the same rank and the same 
arbitrary parameters as X, its rank being equal to the order of the greatest common 
conomoal of A and B”^. 


4. Bi-oanonical square matrices. 

If a is any nou-eero scalar number, we will define the square matrix 


A = a.[ir + a. 



i,m-l 


Wl— 1,1 


a a 0 ... 0 0 

0 a a ... 0 0 

0 0 a ... 0 0 


0 0 0 ... a a 
0 0 0 ... 0 a 


( 10 ) 


to be the simple bi-ca/nonioal square matrix of order m whose latent root is a. 
It is the simple square ante-slope A of Elx. vi in the special case when 

Oil = a^ =...=* Ctffnm “ tlj (li2 = 0^23 = . , . = “ tX., 

and all other elements are O’s, or it is the simple square ante-slope of 
order m and of type {tt, tt] in which all the elements of difference-weights 
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0 and 1 are equal to a, and every other element is equal to 0. It is a 
unipotent square matrix, its characteristic matrix A (\) having the single 
potent divisor 

and every unipotent square matrix of order m whose latent root is a can be 
converted into or derived from A by an isomorphic transformation. 

More generally we will define a bi-canonical square matrix to be a com- 
partite matrix of standard form in which every simple part is a simple 
bi-canonical or a simple canonical square matrix according as it has a non- 
zero or a zero latent root. Thus a simple part of order r whose latent root 
is a will always be the square matrix 


“■W'+“ Lo.oJ ” UoJ 


according asa=f=0ora=0. A standard bi-canonical square matrix is one 
which is expressed as a compartite matrix of standard form having one 
unilatent super-part correspondmg to each distinct latent root. We know from 
§ 228 that every square matrix with constant numerical elements can be 
converted into or denved from a bi-canonical square matrix, which may if 
we please be a standard bi-canonical square matrix, by isomorphic trans- 
formations. The simplest methods of actually determining such transfor- 
mations are described in Chapter XXXVIL 


It is implied in the more general definitions that a simple bi-canonical 
square matrix whose latent root is 0 must be interpreted to be a simple 
canonical square matrix whose latent root is 0. A simple (or umlatent) 
bi-canonical square matrix whose latent root is 1 is necessarily a simple (or 
unilatent) canonical square matrix. A simple bi-oanonioal square matrix of 
order 1 whose latent root is a must be interpreted to be the one-element 
matrix [a] both when 0 and when a = 0. 


The ordinary constructions for general invariants are derived from those 
furnished by Exs. vii and viii for the general invariants of simple bi-canonical 
(or simple canonical) square matrices whose latent roots are 1. 

If A and B are the simple bi-canonical square matrices of orders m and n 
whose latent roots are a and /8, we can put 

A = (11) 

where A^ and Bi are the simple bi-canonical (or simple canonical) square 
matrices of orders m and n whose latent roots are 1. Let A\ B' and A/, 5/ 
be the conjugates of A, B and Ai, jBiJ and let e = ± 1. We know that the 
general invariants 

X = inv{A, X' = inv [A\eB% F = inv {A', eS}, F' = inv {A, els'} 
are zero matrices when a/S + e ; whilst when ajS = e, it follows from the 
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equations ( 11 ) that for both values of e they are the same as the general 
invariants 

1 = inv [J. 1 , JSi}, = inv (-4/, JS/}, t] = inv {Ajy Bj], rj' = inv {Ai, 5/}. 
Again if Jm and are the simple reversonts of orders m and n, it will 
be obvious that A, 5 or Ai, can be converted into their conjugates by 
the symmetric transformations 

and that and are respectively undegenerate symmetric contra-commu- 


tants 

{A\ A}, {A,\ A,} and {B, B% {B,, B,% 

Therefore by Ex. iii of this article or Ex. iii of § 254 the general invariants 
mentioned above can always be so chosen as to be connected by the relations 

= S V ~ Jm^y V 

all the four in each set being completely known when any one of them is 
known. But it has been shown in Exs. vii and vin that f is a simple slope of 
type {tt, tt}. Consequently the four general invariants f', 77 , 77 ' are simple 
slopes of the respective types 

{-TT, it), {tt', tt'}, {tt', tt}, {tt, it’} 

which can be so chosen as to be correlated by simple reversals. They will 
all be completely known when f has been evaluated by solving the scalar 
equations of Ex. vui^ and they are precisely described in the next two 
theorems. 

Considering first the case in which = and putting Aj = fl, 

we have the following theorem in which is an integer umquely deter- 
mined for all integral values of the arguments i and k by the definition 

and by the interpretations 

'Zro=l; <H^ = 0 when «;<0 (13) 


Theorem IV a.. If 11 = [m]^ = [1]' + 1"^ 

h * J r-1,1 

is the simple hi-cmonical (or simple canonical) square matrix of order r 
whose latent root is 1, and is its conjugate, the four general invariants 
f =1 inv {fl, fl}, — inv {O', fl'}, 77 = inv {!!', 12}, 77' = inv {f2, X2'} 

can be taken to he the simple square slopes 


fix 

?12 

■fir" 

"frr. 

1 

0 

0 

“0 0 . 

..frr' 

■■fi, . 

fiia 

fu 

0 

?2a 








0 


far • 

0 r 

0 fax. 
fi2 

fc > 

b9r • 

■ • ba2 


y 


0 

0 .. 

■ frr_ 

Jir . 

bas " 1 

■- ?ilj 

bfiJ' 

■ fir_ 

_frr- 

.. 0 

0 
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in each of which the parametric elements are homogeneous linear functions of 
r arbitrary parameters ^1, fa. ••• fr-i. those of difference-weight k being 
given by the formula 

U = (- 1)^^ . {f . - . f.-i + 1)« . . a • . .(F) 

(j ^ i=! fc’^ i = 1, 2, ... r — k; « = 0, 1, 2, ... r — 1). 

For the parametric elements of difference-weights 0, 1 the formula (F) 


becomes 

= , (i=l, 2, (Fo) 

= (“ 1)'"^ • {fi - . fo}, (i = 1, 2, . . . r - 2) ■ (F,) 

and the formula includes (when 1) the equations 

fii = fo, fia = fi, fi8 ^ fa, • • • fir = fr-i* 


It IS not to be implied that the arbitrary parameters are the same in any 
two different invariants. 

By Ex. viii the equations to be satisfied by the parametric elements 
consist of the r — 1 sets 

+ f.+ij+i = - (i - i = « J i = 1, 2, . . . r - 1 - «), . . .(14) 

in which « = 0, 1, 2, . . . r — 2 ; the first set in which « = 0 bemg 

f« + fi+i.i+i = Oj (i = 1, 2, . . . r — 1) (1^) 

We con choose one element in each parametric diagonal line to be an arbi- 
trary parameter ; and the equations of the sets in which /c = 0, 1, 2, ... r — 2 
can then be completely and uniquely solved in succession for the remaining 
parametric elements of difference-weights 0, 1, 2, ... r — 2. The formula (F) 
gives the general solution of all the equations when we choose 

fii, fifl, ... fir to be arbitrary parameters ^o, fi, .• fr-i- 

For the formula is obviously true for small difference-weights and for all 
elements in which i = 1 ; and if we assume that it is true for all parametric 
elements of difference-weight at — 1 and the element of difference-weight 
K, the equation (14) and the general formula 

which is true for all integral values of i and x, show that it must also be true 
for the element fi 4 .i,j+i of difference- weight k. 

Passing to the general case in which the two integers m and n are not 
necessarily equal, we will suppose r to be the smaller of them. Since the 
general invariant ^ is known by Ex. viii to be a simple slope of type {tt, tt}, 
we can put : 

rtl’’ 

f =[0, when m = r:^n; ^ when n = ri^mi 


0 . m. 


36 
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and when these forms of ^ are used, the equation 

can he reduced hy cancellations of zero passive rows with corresponding 
passive rows and cancellations of corresponding active rows to the equi- 
valent equation 

which shows that the effective constituent of f is a general invariant 

{n, fl} constructed as in Theorem IV a. Accordingly we have the following 
generalisation of Theorem IV a. 


Theorem IV b. If il, = [!]”* + 


ro, rn"-^P' 


a/re the simple hi-canonical (or simple GanonicoX) square matrices of orders 
771, n whose latent roots are 1, and if 4/, 5/ are their conjugates, the four 
general invariants 

^ = £i}, ^'=cinv{A^,B{), 'n = mv{A^,B^, i)' = inv {A^, B{) 

can he taken to be the simple slopes 


[0, n 


n-r, 7 


[r. oi:*’ 


[ 0 . v] 


or 



T 

■0]’' 

"O' 

r 

W1 

LoJ 

> 

j rn—i\r 

.V. 

t 

^ ni—r, 7* 1 

0_ 


W. 0]";””^ when m^ri^n, 
when ?i = ri>m, 


TtTrb-^ 


in which the effective constituents [f] , [|'] , [t;] , [tj'] are the simple square 
slopes 7}, 7] of Theorem IV a. 

Both in Theorem IV a and in Theorem IV h the general invariants 
Vj v' simple slopes of a known class and of the respective types 
{tt, tt}, {tt', tt'}, {tt', tt}, {tt, t/} 

whose parametric elements are subject only to the conditions represented by 
(14), i.e. to the law of construction that . 

the sum of two consecutive elements of the same difference-weight k and the 
contiguous element of smaller difference-weight ic — l is always equal to 0, 

One element in each of the r effective parametric diagonal lines can be 
regarded as an arbitrary parameter ; and the other parametric elements of 
difference-weights 0, 1, 2, ... 7’ — 1 can then be determined m succession by 
the law of construction. 

Other forma of these general invariant transformands will be given in 
Exa. i and li of § 267. 

Er X. When r=6, the general invanant gterinv {12, Q} of Theorem IV a is the simple 
square slope 
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fo) fa 
0 , -foi fo“fi 
^ » fo 
0 , 0,0 
0 , 0,0 
_0, 0,0 


" &+^i-fa) Si + 5a-?3i 

, 35o-2^i + f2 

■ Sq 5 3go- (i 

0 , & 

0 , 0 


- &+ fl” & + f3-f4 
-4fo + 3gi-2j2 + f3 

— 65o+3fi— $2 
-4fo+ fi * 

" ^0 


1 , 0 , 0 , 0 , 0 , 0 

0 , - 1 , 1 ,. - 1 , 1 , -1 

0, 0, 1, ““ 2j 3, ”4 

0, 0, 0, -1, 3, -6 

0, 0, 0, 0, 1, -4 

0 , 0 , 0 , 0 , 0 , -1 


fo $1 fs fi & 

0 & Si fa fs fi 

0 0 f 0 fi f 2 fa ^ 

0 0 0 fn fi fa 

0 0 0 0 f, 

0 0 0 0 0 


where P is a particular undegenorate invariant {fl, 0 }, and X la a general commutant 
{a, 12 }. Every parametric element of f or P in a horizontal row helow the first is minus 
the sum of the preceding element m the some horizontal row and the element immediately 
above that preceding element. 


Ex, xi. The general invariant f of Theorem IV a con of course be regarded as a general 


commutant (42 ~ 

'1 

1 , 42} or 

1 0 

{Q, Q- 

0 0 

■*} Wh,on r=6, we have 

O' “1, -1, 

1. 

-1, 1. 

-1“ 

0 

1 

1 

0 

0 

0 

P 

1, 

-1, 

1, -1, 

1 

0 

0 

1 

1 

0 

0 

P 

0, 

1, 

-1, 1. 

-1 

0 

II 

0 

0 

1 

1 

« 1 Q~*= 

0 0, 

0, 

0. 

1, -1, 

1 ’ 

0 

0 

0 

0 

1 

1 0, 

0, 

0, 

0, 1, 

-1 

0 

0 

0 

0 

0 

_o. 

0, 

0, 

0, 0, 

1_ 

or 

42=73 

^+x, 

12" 

■'“^-X + X*“X*+X^ 

-x*, 

whore 



Ex xii. The equation f=PX in Ex. x illustrates the following theorem which is 
generahsed in Ex. ii of § 269, and whioh is included in the general theorem of § 239 when 
the invariant transformands are mterpreted as commutants. 

If F wre partiavZar undegenerate invariant transformands 
F^inv {42, 42), F^inv {O', 42'}, 

and if X, X', F, Y' are gen&t'ol commutants {42, 42}, {O', 42'}, {42', 42}, {42, 42'}, thm the 
matrices f, f', 77 , 17 ' given by the formulas 

f=PX, g'^P'X', ri^FY, if^PY^ 
or f=XP, f'-X'F, , 7 -FP, 

are general invoA'iant transformands {42, 42}, (42', 42'}, {42', 42}, {42, 42'}. 

We con interpret P, P' to be undegenerate commutants {42 “i, 12 }, {42'"^, 12 '} or 
undegenerate commutants (42, 42“^}, {42', 42'"^} ; and such matrices can certainly be deter- 
mined because 42 and 42“^ are equioanonical. 


Ex, lid. Direct determination of the general invariant X=vnv {Al, «Z?} when e“ ±1 and 

-,l,m — 1 1 ^- 1 


•m:+ 


■•[S:a 


B=^.[ir+p 




ro, 1-1 

Lo. 


36—2 
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The equation AXB=eX in whioli jr=[^]^ can be put into the form 


0 ^11 •.« ^1,71—1 


^21 


0 Xzi ... ^2,n-l 


aj8 . 

0 1 ••• 

_ 


+ 0/3. 


^mn 

0 0 ... 0 


+ 0/3. 


0 ... 
00... 0 


Xii 


^12 


^in 


= (e-«/3) 






^»n2 


By equating successive elements of successive vertical rows when or successive 

elements of successive horizontal rows when % <1^ m on both sides of this equation, starting 
with the rows through the bottom left-hand element and with the bottom or left-hand 
elements of the equated rows in each case it will be seen that : 

(i) If 0/3 + €, every element of X must be equal to 0. 

(li) K 0 / 3 = f, all elements of Z lying below the diagonal through Xu or must be 
equal to 0. 

When 0 / 3 = 6 , the transformed equation for X is obviously eqm valent to the scalar 
equations 

57 ^ 1 = 0 , (^*=lj 2, ... fii) y C/^li 2, ... ; 

^y+^i+i,i+i+^<+W=Oi 2, ... m-1 ; j=ly 2, ... 71-1) ; 

which ore the equations (8), (9) of Ex. vm, and could be used to prove (ii) 

It follows that Z is a simple slope of type {rr, tt} having the same structure as ^ 
m Theorem IV 6. 


Xx, XIV If m the matrix ^ of Theorem IV 6 we replace every - sign by a + sign, we 
obtain the general invariant of the pair of square matnoes 

_l,m— 1 _ 




n-1,1 


Note 1. Properties when i and k are integers, 

The definition (12) and the interpretations (13) are 


1.2 


Ct‘) 


when #c>0; 


.( 12 ) 


(when jc=0) ; when k<0; (13) 

and they ascribe a unique value to when i and k. ore any two integers, positive or 
negative. Since (12) and (13) are not symmetric m % and k, the integers must be 
distinguished horn the associated integers 

which are such that 


iw ' _('c + 1)(^ + 2)...(k+i) 

^ * 1.2. .. 2 


when 2 > 0 ; 


.(120 


(when 2 = 0 ); when 2<0 (13') 

The following tables give the values of and *E'k: for the values of i shown at the top 
and the Vfidues of k shown on the left. Each integer is the sum of the two adjacent 
mtegers to the left of and above it. 
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Vakiea 

i= _6, -4, -3, -2, -1, 0, 1, 2, 3, 4, 6 

ie=-6 00 0 0 0 0000 0 0 

(c=-4 00000 000000 

k=.-3 00000 000000 

ic=-2 0000 0 0000 0 0 

K=-l 00000 000000 

K=0 11111 111111 

<= 1 -4 -3 -2 -1 0 1 2 3 4 6 6 

<= 2 6 3 1 0 0 1 3 6 10 16 21 

<= 3 - 4 -1 0 0 0 1 4 10 20 36 66 

<= 4 i 0 0 0 0 1 0 16 36 70 126 

<= 6 0 0 0 0 0 1 6 21 66 126 262 

Valtees of 

i= -6, -4, -3, -2, -1 1, 2, 3, 4, 6 

<=-6 0000 0 1 -4 6 -4 1 0 

<=-4 00000 1 -3 3 -1 00 

<=-3 00000 1 -2 1 000 

<=-2 00000 1 -1 0000 

K=-l 00000 1 00000 

<=000000 1 11111 

K= 1 00000 1 23466 

K= 2 0 0 0 0 0 1 3 6 10 16 21 

<= 3 0 0 0 0 0 1 4 10 20 36 66 

<= 4 0 0 0 0 0 1 6 16 36 70 120 

<= 6 0 0 0 0 0 1 6 21 66 126 262 

On the snppoBition that i aaid < are positive integers, we have 

whenever <<0, or <+i+l>0>4, (16) 

and m no other coses For has been mterpieted to bo 0 when < ^Oj whilst when 
< <|; 0, it is equal to 0 if and only if i satisfies the oouditiouB 

- 1 i<t: - K, which ore eqravalent to i < 0, i+K + 1 > 0, 
and axe incompatible when < <=0. In paiticular we have 

~^JS^=0 except when <=0 (16') 

Whenever i and p are two integers such that i+p= -(< + !), we have 

<S,=(-1)*. pJ?*; 

for this equation is obviously true when < > 0, whilst we have 

<J3],= J?*=l when <=0, *5),= pJ 2)(=0 when <<0. 
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For positive values of x each of the two integers pfi* is equal to 0 when and only 
when 

i < 0, p < 0. 


Thus for all integral values of i and k, positive or negative^ we have 

(17) 

where the two equated integers are diffef'ent from 0 when and only when k is positive and the 
tioo upper arguments 2 — k - 1) have opposite signs^ i,e are not both less than 0. 


The definition (12) shows that the functional equation 

(18) 

is true for all positive and negative integral values of i when < > 0 ; and the interpreta- 
tions (13) can be derived from (18) by putting k= 0, — 1, -2, .. in succession. Conse- 
quently (18) IS true for all positive and negative integral values of i and k From the 
equation (18), which is symmetric in i and k, we can deduce the equations 

... (18') 

... (18") 

which are true for all integral values of i and k when r is any non-zero positive integer. 


From (12) and (13) we see that 

(orW,=*^,) (19) 

if and only if either 2 + k 0, or both i < 0 and #c < 0 ; 

i.e. (or W*=|=*^«) (19') 


if and only if 2 -f k < 0, and at the same time either 2 <{: 0 or ic <(: 0. 

We will finally reoaU the fact that . 

When i and k are both positive integers, the integer is the number of teims in a 

general rational integral function of i variables, or a gmeral homogeneous rational integral 
function o/i-i-l variables, whose total degree is equal to k. 


Noth 2. Solutiom of the functional equaition (18) satisfied by 

We can regard as an element of an infinite square matrix A whose middle 
element is We will here suppose that some of the elements of A are given by defini- 
tion, — those in which i and k are both greater than 0 bemg always given by (12), — and 
that the others have to be determined in succession by suitable mterpretations. It will be 
evident that we cannot find symmetno interpretations which make (12), (18) and (19) all 
true universally. 

The functional equation (18) makes all elements of A umquely determinate when we 
know any one of the following sets of elements . 

all elements in which i has a given value x, and one element for every greater value 
of i, 1 . 6 . one for each of the values ^+1, a? -1-2, r-H3, ... of i ; 

all elements in which k has a given value y, and one element for every greater value 
of AC, i e. one for each of the values y-f 1, y-f 2, y-t-3, . . of jc , 

all elements in which i + ac has a given value w, and one element for every smaller 
value of i-h K 

For example the integers defined in Note 1 form a set of solutions of (18) when 
*j£iro=l for all values of ^ and ^E^=\ whenever ac >0, and the mtegers ^E\ form a set of 
solutions when ofl]j=l for all values of k, and ^^ 0=1 whenever t>0. The mean of these 
two sets gives a third set of solutions which makes (18) and (19) true universally, but 
which maizes have half the value given by (12) when i < 0. 
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The equations (18) and (19) make uniquely determinate for all integral values of i 
imd K if it IS known whenever i=k. In all symmetno interpretations based on both (18) 
and (19) wo must have 

= 1 when r > 0 

If we put we must also have 

and these values cannot be mode to agree with the values 

-Wi=0, -Wi=-1 

given by (12). Thus we can find symmetrio interpi’etations which make (18) and (19) 
universally true, and which make (12) true when ^ and k are both positive, no matter 
what values ore assigned to •• a we cannot choose them to make (12) 

true when t < 0. 

Note 3 Vahiea of for podtivo values of i and k . 

We always have 

<77 k7T (^’+1)(^+2). . (i+k) (jc + 1)(k + 2) ...(K+^) 

when i and k are both greater than 0. It is often convenient to use the interpretations : 

= 1 whenever r is positive ; 

Wjc =s « 0 whenever i < 0 or ic < 0 ; 

but these interpretations fail to satisfy the equation 

and therefore fail to make (18) universally true, though it remains true so long as no 
negative arguments occur. Interesting applications will be found in Vol. II, Chap, XXX 
of JN'etto*s Vorlosungm Hher Algeh*a. 

N OTE 4 ValvLcs of Wk for all values of i. 

We may and will regard the definition (12) and the interpretations (13) or the functional 
equation (18) os rendering uniquely detorminato whenever. 

K is a real integer, positive or negative ; 

i IS any scalar number, which will ordinarily bo real and rational. 

We still have ^7/*=0 whenever k <0 ; whilst when k is a positive integer, we have 
= 0 if and only if i is a real integer suoh that i < 0, i + k + 1 > 0. 

Subject only to the conditions for coiivergeiioy the binomial expansion for (a+g)^ is 

+ ... ... 

= (q)-«'"+ + (20) 

where ^Q^=®Aro“l, and where for evei'y non-zero positive integral value of r 

/n\ w (71 - 1) (» ^2) . . . (n - r + 1) ^ 

\r) 1.2.3...,r 


Since if and only if is a positive integer and r>«, the series ends at the 

(7i4<l)th term when tz^ is a positive integer, and is non-terminating with no zero coeffi- 
cients in all other coses. 
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The binomial coefficient satiefiee the equation 


whenever r is a non-zero positive integer If it is defined by that equation for all real 
integral values of r, we must have : 

^^^=0 if and only if r <0, {n being unrestricted), 
or 71 IS a real positive mteger and r > 7i , 


= 1 ; . = 1 ; 


=0 when r4=0. 


§256. The corresponding bilinear and quadratic scalar invariants of 
homogeneous linear substitutions. 

1 . BiLinear invariants of any two hcynnjogeneons linear suhstitiutions. 

Let A=[A]”j be two square matrices with constant elements whose conjugates 

are h\ Id, Also let ^a> and yu y^} ••• yn two sets of independent scalar 

variables; and let soi^ aV, .. and yi', ... be the homogeneous hnear functions of 
the sfB and y’s respectively determmed by the equations 



( 1 ) 


which are ordinary homogeneous hnear transformations of the given variables when h 
and k are imdegenerate. Further let / and f be the bilmear scalar functions given by the 
equations 




a') 


where 0=\cT is a matrix with constant elements. The brackets of a one-element matrix 

•- -'m 

such as [/] or [/] can and ordmanly will be omitted. 

Then the equation f*=f 

will be an identity in the and y's, or / will in this case be a lilinear scalar invariant 
of the substitutions (1), when and only when 




or h'0k=0. 


i.e when and only when (7 is an mvariant transformand {h\ h}. 

It is to be remembered that when a given bilinear function f of the variables 
... and yi, ya, ... y* is expressed in the form 


the matrix (7=[c]^ is uniquely determinate. 

JSx 1 When w=7i=3, let A and k be the quasi-soalar matrices 


"AiOO" "AiOO" 

A= 0 Ai 0 , 0 Aa 0 in which Aa4=Ai, Aa+Aj. 

0 Aa_ _ 0 0 ifca_ 
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Also let t/be the general invariant transformand {A', A}, and /be the most general bilinear 
invariant of the substitutions (1), which are now 

a?2'=7Aia?a, a‘s'=A 2^3; y2=%2, 

Then in the respective oases when : 

(1) AiAi=l, ^27:2=1; (2) AiAi=l, A 2 A 2 +I (or ^ 2 = 0 ) ; 

we have 


011 0 0 “ 

(1)^7= C 21 0 0 ; 

_ 0 Cja Csa _ 


“flu 0 0 

(2) G— C 21 0 0 

0 0 0 


where the (fs are independent arbitraiy parameters ; the corresponding general bilinear 
invariants being : 

(1 ) /=S + 021^2^1 + 082^82^3 + J 

(2) /=Cll^l3^1 + 0310722/1. 

2. Bilinear invariants of two oo-gredient homogmoous linear auhstitutioni. 

In sub-artiole 1 let n=wi; and let a}{^ .. 07 , „ and yx^ y{^ •••V’nl be the homogeneous 

linear functions of the o^s and y’s respectively determined by the equations 



'm 



y. “m:!. 


( 2 ) 


which are ordmcury oo-gi’odient homogeneous hnear ti’ansformations of the given vanables 
when h is undegmeraU. Further let / and f be the bilinear scalai* functions given by the 
equations 

f=[^]jozZj 

where C7=[o]^ is a square matrix with constant elements. 

Then the equation /^“Z 

will be on identity in the at^s and y% or / will in this sense be a hUinea/r scalar invariant 
of the oo-gi-ediont substitutions (2), when and only when 


A. h'Oh=o, 


( 2 ") 


i.e. when and only when C^is an invariant transformand {h\ A}. 
JSx. li. When 3, let A be a quasi-scalar matrix 


“Ai 0 0 " 

A= 0 Ai 0 in which A 2 =t=Ai. 

_0 0 h^_ 

Also let 0 be the general invanant transformand {A', A}, and / be the most general bOinear 
invariant of the substitutions (2), which are now 

j7i'=Ai^i, 072'=*Aia72, yi^^yu y^^^y^t ya'^Asys. 

Then, in the respective coses when : 

(1) Ai=l, A2«=-1; (2) Aia=l, (or/ia=0)j 


(1) (7» 


flu 9 

flaa 0 5 

0 0 flas _ 


Cii C 12 0 

(2) (7= O 21 fls2 0 

0 0 0 


we have 
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where the c^b are andependent arbitrary parameters ; the corresponding general bilinear in- 
variants being . 

( 1 ) /= + Ci2 ^^1^2 + ^21 + ^23 ^ 23/2 + 033-^3^3 i 

(2) /=Ciia:iyi+Ci2^iya+C2i^i + «2a'2?2y2- 

3 BUinear invaricmts of two contrcL-gredient komogeTheom linear substitutions 
In sub-article 1 let m = to ; and let h — \K^ he an undegmi&t'atQ square mati*ix whoso 

inverse is the squai’e matrix Also let a:/, ... a?,„' and yi', ... y^l be the 

homogeneous linear functions of the ^s and ^^s respectively determined by the equations 

JS s, Jf 1 ( 3 ) 

' — 'm ' — 'tti' — ' m ' — 'm ' 

which are ordinary oontra-gredient homogeneous linear transfomiations of the givon 
variables. Further let f and f be the bilinear scalar functions given by the equations 



where G=[o]^^ is a square matrix with constant elements. 

Then the equation 

will be an identity m the o^b and ^’s, or f will in this sense be a bilinear scalar inva/riant 
of the contra-gredient substitutions (3), when and only when 

LS]Z[otmZHct or SOh=C, 

1 e. when and only when ^7 is an invariant transformand {AT, A}, or when and only when C 
is a commutant {A, A} or {Sy E}. 

Ex. lii. When 77i=>3, let A be a quasi-scalar matrix 

"Ai 0 0 “ 

A= 0 Ai 0 in which A2=t=Ai, Ai=t=0, A2 =1=0 
^0 0 Aa_ 

Also let C be the general invariant transformand {Hy A}, and / be the most general bilinear 
invariant of the substitutions (3), which are now 

ari' = Aid7j, x^=hix^y y\^h~^yu y 2 =h~^y 2 ^ = 

Then in every such case we have 

Oil C12 0 

C21 022 0 ,/= 011 ^1^1 + 012^1^2+021 5/2^1 + C22^aya + <Ja.«i«^ay3> 

_ 0 0 O33 _ 

where the c^s are independent arbitrary parameters. 

4 . Quadratio invariants of a single homogeneous linea/r substitution. 

Let A=[A]” be a square matrix with constant elements whose conjugate is A'. Also let 
.272, •• he 971 independent scalar variables ; and let . .. be the homogeneous 

linear functions of the ^s determined by the equation 



which is an ordinary homogeneous Imeor transformation of the given variables when A is 
wndegmerate. Further let f and f be the quadratic scalar functions given by the equations 

w 

where C=[c]^ is a symmetric matrix with constant elements. 
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Then the equation /'■=/ 

will be an identity in the a’b, or / will in this sense he a quouiraiio scalar invariant of the 
substitutions (4), when and only when 


h [o]”‘[Ar=[c]“ or h'Ok=C, 

I 1^ ^ -'m ** ■‘in -'ot 

TW 

1 e. wheD and only when (7 is a symmetric invariant transformand {h\ h}. 

It IB to be remembered that when a given quadratic function / of the variables sci, 
^*2 1 ••• is expressed in the form 


f^\x\ M*" x where 

a I. 

the symmetric matrix is imiquely determinate. We can of course also express /^in 

many ways in the form 

where the square matrix 4= [a]* is not symmetric. In fact A can be any square matrix 
of order m which differs from (7 by a skew-symmetric matiix. 

Ex IV. When »i=3, let li be a quasi-scalar matrix 


”Ai 0 0 " 

^s= 0 0 in which 

_0 0 


Also let be a general symmetric mvariant transformand {h\ A}, and / be the most 
general quadratic invariant of the substitution (4), which is now 

30i=hiXi^ 

Then in the respective oases when : 

(1) ^1 = 1, /ia= -1 ; (2) V-1, (or 712= 0); 

we have 


Cli fli2 0 

(1) C™ Cia ^22 0 

_ 0 0 C33 


On Oia 0 
(2) 0 = Oia O 22 0 

0 0 0 


where the 0’s ore independent arbitrary parameters ; the corresponding general quadratic 
invariants being : 

(1) y^=0iiii?i®+2ciaa?ia?2-l-022^a® + ^^8® J 

(2) f^s QiiSO-^ -b 20 x2^1 A’2 + 022^2^* 


6. QmeraZ metJiod of determining bilinear and quadratio invaxvmU, 

Let A = [a]^, be square matrices of orders m, n with constant elements ; let 

a=[a]”‘, 3=[j3]||^ be square matrices equi-oanonioal with B respectively j and let 

A^haJI^ JB<^kpK 

be any particular isomorphic transformations by which A, B can be derived from a, p. 
Also let ari, ^72, ... and 3^1, ^2, two seta of independent scalar variables, and let 

^l^ &» — fm aad 1^1 , j; 2 j ••• Vn be variables derived from them by the ordinary linear 


transformations 

7 , 7 (B) • 

•— 'm ■— 'n 

Than /=[*]„[<£, 
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vnll he a general or pa/rtu»doir hilinea/r vnva/riant of the given substitutions 

I 1 1—1 {—7 _ I 1 

=j4 . « , if =B. y (7) 

' — 'm ' — ‘wi ' — 'n 

'token <md (My when it u eoi^essible in the form 



as a gerteral or pwriicealair bilmear invariant of the ^institutions 

1—1 i”~i 

I =»-i > i (’') 

'whore and 'y=[y]” are mcdi'ices connected by the reloMon 

C=E’yK. (8) 

We know that / expi*esaed in the form (6) will be a genei'al or particular bilinear in- 
variant of the substitutions (7) when and onl7 when 67 is a general or particular invariant 
transformand {A\ 5}, and that / expressed in the foim (6') will be a general or particulai* 
bihnear invariant of the subshitutions (7') when and only when y is a general or particular 
m variant transformand {o', 0}. The theorem therefore follows from Ex ii of § 256 and the 
formula (8). 

Let fi, ^2 , ... Iot Eind tji, 772, . be the independent homogeneous linear functions of 

the variables a?2j ... determined by the equations (6) Then the 

theorem is equivalent to the statement that the second of the two fimctions 

/(^l, .272, Vu ya, yn)j (9) 

F(soi^x^^ ... yii yai ^a* ••• ^1) 7a> • • 7«) (9) 

is a general or particular bUinear mvanant of the given substitutions (7) when and only 
when the first function is a general or particular bilmear invariant of the substitutionH 

7 =a.T , 7 =0.7 

' — ' — 'm ' — 'n 

Regarded in this hght, it is included as a specially simple case in Note 5 of g 226. 

Ordmorily a and will be chosen to be the bi-canonioal square matrices eqnioanonicol 
with A and J3. Then after determining a general mvanant transformand 7=inv{a', 0}, 
we know the general bihnear invariant (6') of the substitutions (7'), which a deteniiiiiate 
change of vonables converts into the general bilmear invariant of the given substitutions 
(7) ; or we know the general bihnear invajnant (9) of the substitutions (7"), which can be 
converted into the general bihnear invariant (9') of the given substitutions (7) by 
replacing Xi, a*2, ... yi, y2j t>y the homogeneous linear functions Jg, ... iji, 7j2, .... 



ivill be a gmeraZ or particular quadraiio invariant of the given substituMon 

7 ^A^x (11) 

‘-'m '-'m 

whm and only wheel it is expressible in the form 

(Iff) 

as a general <yr particular guadrcUic invariant of the substitution 

Z -“-I (“0 

' — 'm ' — 'ttj 

wTiere C=[c]™ and y=[7]” are symmetrio matrices oonneoted by the symmetric relation 

0=H'yE. (12) 
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fi) &i the independent homogeneous linear functions of the variables 

A’l, ^ 2 j • • determined by the first of the equations (6). Then this second theorem is 
equivalent to the statement that the second of the two functions 

fi^li ^2j (^3) 

ara, ... Ja, .» U) (1^0 

is a general or particular quadratic invariant of the given substitution (11) when and 
only when the fii’st function is a general or paiiiiculor quadratic invariant of the sub- 
stitution 

7 :=a.T (in 

*— 'm ‘-’m 

Tims the dotormmation of the general quadratic mvanant of the given substitution (11) 
is reducible to the determination of a general synometne mvariant transformand 

y=inv{a', a}, 

where a is a bi-canonicol square matrix eqiucanonioal with A, 

§ 267 The tavariant transformands of a pair of unipotent 
squEire matrices. 

1. General inmriwrd transformands. 

Let A = and B = [6]” be any two unipotent square matrices of orders 
m and n with constant elements whose conjugates are A' and B\ and whose 
latent roots are a and so that the single characteristic potent divisors of 
A and B arc 

(X.-a)« and (X-/3)« 

Also let r be the smaller of the two integers m and ti ; let [7 and Y be any 
particular iindegenerate contra-commutants {A\ A} and {A, A'} , and let 

e = + 1. 

Without actually constructing the general mvariants mentioned, we can 
at once enunciate the following theorem : 

Theorem I. The four gene^^al mvariant Pransformands 
X = inv {A, e-B}, X' = im {A Y = inv {A', €jB}, 7' = inv {A, eB'} 

can always be so chosen as to be oermected by the relations 
X'^UXY, 7=?7X, r = ZF5 
and they are all zero matrices when a/8 4= e. 

When a/8 == e, each of them is an imdegenera^e maPrim of the class M 

and of rank r containing exactly r independent arbitrary parameters, a/nd 
having eooaatly r independent non-zero parbicnila/risations. 

In each of them the elements are homogeneous linear fiinotions of the r 
arbitrary parameters. 
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The first part of the theorem follows from Ex. iii of § 264 and Theorem III a 
of § 255. The last part of the theorem (in which A and B are necessarily 
undegenerate) follows from Note 1 of § 242 when we regard X as a general 
commutant {^4, because A and are unipotent square matrices 

whose latent roots are a and and therefore A and €B'~^ are unipotent 
square matrices having the same latent root a.^ 

The formulae (B) of § 255 will furnish constructions for the general in- 
variants of Theorem I when = e as soon as we have determined the 
corresponding general in valiants for two square matrices A^ and jBq equi- 
canonical with A and B respectively. Prom Ex. vii of § 266 it will be seen 
that we could choose Ao and Bq to be any simple square ante-slopes of type 
{tt, tt} equicanonical with A and B respectively; but the simplest con- 
structions are obtained by choosing them to be bi-canonical square matrices. 

Accordingly when = e, we will define 

Aq^clAij Bq — ^Bi 

to be the simple bi-canonical square matrices of orders m, n whose latent 
roots are a, /3, and 

A = hA^H, B = kB^K 

to be any particular isomorphic transformations by which A, B can be 
derived from Ao, Then the general invariants 

^ = inv {A„ e5„}, ^ = inv {A^, eB^}, t; - inv {4/, eB^}, v' = inv efij'}, 
or Bi}, ^' = mv{Ai', B/}. r} = mv{Ai', BJ, V=inv{^i, B,'} 

are the simple slopes described in Theorem IV 6 of § 256 ; and we can take 
the general invariants in the second part of Theorem I to be the matrices 
given by the formulae 

X = X' = ir'ri', Y=H'vK, T^hn'k\ (A) 

in which H\ k' are the conjugates of if, k 

Ess. i PotrUovlanscbHoTis of the general mvesriant ^ssiinv in (A). 

We will suppose that m=?i=r, so that we can put When n=t=wi, tho 

foUowiDg remarks are applicable to the effective oonstituont of and the corre- 
sponding particularisatiouB of f itself are obtained by adding initial vortical or 

m -71 final horizontal rows of O’s according as 7/i=r :(> n or w—r :t> m. Prom the equation 
determining f it will be at once evident that : 

If [ssY^ is <my matrix which for all positive integral values of r is an imdegenet'ate 
partiGularisation of £, then the matrioes 

qJ in which t=0, 1, 3, ... 7*- 1 

form a complete set of r independent nen^zero partiovlaaisations of f having ranks 
r, r “ 1, r- 2, ... 1; and we covld take the genmd invariant transforma^ f of ord^ r to be 
the matrix 

[£]y*®£o-^0+fl-^l + £a-^2+**- +fr-l 
where the coefficients on the right are r arhitra/iry soalour parameters. 


( 1 ) 
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576 


-'^1 

^iSTa ... - 0-. O’* - 1 
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-1 

1 
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.. — O’, ^ffr-9 O'* 2 

0 -1 

2 
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4 





0 0 

2^0 • * - 0- 

0 0 

1 

-3 

6 







0 0 

0 

-1 

4 





0 0 

f 

b 

1 

b 

1 

o 

0 0 

0 

0 

1 





_ 0 0 

0 . . 0 <r. 


... 







\ 

1 

(Tm ... O'. J 0 ^jEZ^_2 

O’. 

- 
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- 
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n 

1 

b 

1 

b 

— O’. 
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4 

6 

4 
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.. 0 

-1 

-3 

-3 

-1 

0 

0 . . W, 




. 0 

0 

1 

2 

1 

0 

0 ... 0 - 

- «.^x 


. 

.. 0 

0 

0 

-1 

-1 

0 

0 ... 0 0 



_• 

0 

0 

0 

0 

1 


They are the simple square ante-slopes of order r and type {v, w} whose parametrio 
elements are given by the formulae 

(K=y-1), (a) 

which involve where «;=?-+l-y. 

If J is the simple reversaut of order r, they are oonneoted by the relation 

I 

and they ai*e connected with the square tnatricos of Ex. ii by the relations 

Two other such imdegenerate particularisations of f are the simple square ante-slopes 




For the first of these the formula (1) gives the general invariant f desonbed in 
Theorem IV a of § 26fi, and is equivalent to the formula 

fi ••• fr-l’ 

0 0 ... _ 


Ux. ii. Particularisations of the general invariant r^^inv {-4/, jBi} in (A). 

We will again suppose that i7ica7i=»r, bo that we can put When n^m^ 

the following remarks applicable to the effective constituent [rff^ of rj, and the 
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corresponding particularisations of t] itself are obtained by adding n~~m initial verticjal or 
wi — « initial honzontal rows of (ys according as77i=r:^w-or7i=»r:|>m. Trom the equation 
determining rj it will be at once evident that . 

w mcLtrix whioh for aU positive %ntegral values of r is an undogmerato 
particulansaiion of 17, then the matrices 

ro 

7 ^= ’ in which r=0, 1, 2, ... r-1 

m ^Jt, y-T 

i 

form a complete set of r mdepmvdjcvJt non-zero partiaidai^isations of t; hamng rariks 
r, r — 1 , r- 2 , ... 1 ; arui we covld take the general inva 7 'iant transformand rf of order r to 
he t?ie malrix 

V W=£o ^0 + fl^l + S2 ^^2+**-+£r-l ^r-H (2) 

where the coefficients on the right are r curhitTary scalar parameters. 

If 0-— ( — 1 )’*"^ two such undegenerate particularisations of ?; are the mutually con- 
jugate square matrices 


w := 


r 0 0 

0 .. 

0 

ff. ’’"i.ffo 

■■ 





0 0 

0 .. 

-<r.^-^S, 


0 0 

0 

0 * 

1 . 






0 0 

0 

-1 

4 . 


0 0 

.. 


a Wr-8 

“ 0 0 

1 

-3 

6 . 

. 

0 

.. 

- { T . 


0 -1 

2 

-3 

4 . 

. 

JS^ -w, 

OS,.. 

— (T 

<r “-ffr-i. 

_1 -1 

1 

-1 

1 . 

■_ 

0 

0 

0 

0 

“Si 

- 


, 0 

o 

c 

o 

0 

0 

0 

- ‘-ffo 

- Wl 


... 

0 

o 

0 

1 

1 — « 

1 

1— 1 


m:= 








0 -<r 

o-.'-^Ea tr '■-Wi 


-ir. *5^,4 -<r >5;_a -(T.Offr-i 
<’’• ®-^r-8 «■ ^Sr -3 <r. 


0 0 12 1 

0 -1 -3 -3 -1 

1 4 6 4 1 


They are the simple square counter-slopes of order r and type {»r', ir} whoso mra- 
metric elements are given by the formulae 


.(h) 


which mvolve , where u^r-\-\-i^ v—r-\-\-j. 

Two other such undegenerate partioulansations of r, are the mutually ooiyugato simple 
square counter-slopes ^ 


Jr L 1. 

0. ir-M 


For the first of ttese the formula (2) gives the general invariant , described in 
Theorem IVa of § 266 , and is eqmvalent to the formula 
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^0 it •• ir-t 
__0 0'..‘. fo'”. 


2. General symmetric and general skew-syminetHc invariant transforman ds. 

Let -4 = [a]^ be a single umpotent square matrix of order r with constant 

elements whose latent root is a, so that its single characteristic potent 
divisor is 

(X-a)- 

let jd' be the conjugate of A; let F be any particular undegenerate sym- 
metric contra-commutant {A, A*}, and let 

e = ± L 

Also let = Jl'’' * 

be the simple bi-canonical (or simple canonical) square matrix of order r 
whose latent root is 1, and let Df be its conjugate. We know from 
Theorem IV a of § 266 that the general symmetric (or general skew-sym- 
metric) invariant transformands rj = inv {fl', fl), r/ = inv {ft, ft'} can be taken 
to be simple square counter-slopes 


o 

L 

0 

0 . 

.p In- 

"fir . 

■fia 

I12 

fu" 

.... 




far . 

.f» 

Ia2 

0 

II 

O 

0 

Isa 

.. lar . 

V ^ Isr ■ 

• I33 

0 

0 

0 

U 

I28 • 

.. far 




... . 

Jn 


lia ■ 

flr_ 

.fn . 

. 0 

0 

0_ 


whose parametric elements are given by the formula 

hi = (“ 1 )^^ . {h - 4 - ^ . 4 - (_ 1 )< . . . .(c) 

= i=l, 2, ... r- K\ /c=0, 1, 2, ... r-1), 
where fo, In ls> |r-i are r parameters which are not all independent, but 
are arbitrary subject to the conditions that 7} and rf' shall be symmetric 
(or skew-symmetric) matrices. 

With respect to symmetric invariant transformands we have the following 
theorem : 

Theorem 11. The two general symmetric invarimt transforrnctnds 
Y <= inv {A\ eA}, Y' =i7w{A, eA^} 
can always he so chosen as to he connected hy the symmetric relation 

T^VYV; 

and they are both zero matrices when a® =|= e. 

o.m. 37 
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a® = €, then . 

(1) when r is odd^ they cure undegenerate square mai/nces of order r, each 

oontainmg exactly J (r + 1) arbitrary parameters and having exactly 
J (r+ 1) independent non- zero particular isations ; 

(2) when r is event they are degenerate square matrices of ord&t' r and 

rank r — 1, each containing exactly arbitrary parameters and 
having exactly independent non-zero particularisations. 

The first part of the theorem follows firom Ex. iv of § 264 and Theorem III a 
of § 265. 

When a? = e, we will define 

Aq=^(xXI 

to be the simple bi-canonical square matrix of order r whose latent root is ot, 
and 

A = hA,H 

to be any particular isomorphic transformation by which A can be derived 
from Aq, Then the general symmetric mvanants 

97 = inv {^o', 'n = {Aot eA^} 

or 7j= inv {fi', fi}, 77 ' = inv {Q, fl'} 

can be taken to be the simple square counter-slopes of order r and of typos 
{tt', tt}, {tt, tt'} which are completely described in Ex. lii or v ; and by Ex. ii 
of § 255 the general symmetric invariant transformands in the second part of 
Theorem II can be taken to be the square matrices given by the formulae 

T^E'rfHt T==h7]li' (B) 

in which h\ H' ai*e the conjugates of A, if. The truth of the second part of 
the theorem follows from (B) and the properties of 77 and 77' described 
in Ex iii. 

When r is an odd integer 2t -f- 1, it will be shown that the parametric 
elements of the simple square counter-slope 77 or 77' are homogeneous linear 
functions of i - 1 - 1 independent arbitrary parameters 

?ii “ ^Oj fis “ ^21 ■ fir “ fr— i> 

the elements of the paradiagonal being alternately ^0 and — fo- 

When r is an even integer 2t, it will be shown that the parametric 
elements of the simple counter-slope 77 or if are homogeneous linear functions 
of t mdependent arbitrary parameters 

fia-fn fi4 = f8j ••• fir=fr-i, 

the elements of the paradiagonal being all equal to 0, and the elements of 
difference- weight 1 being alternately and - 

In both cases (see Ex. v) we can also regard the parametric elements 
lying nn the median line (or leadmg diagonal) as the arbitrary parameters of 
which all other elements are homogeneous linear functions. 
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If F = is a general invariant transformand of one of the types 

mentioned in Theorem II, it will be obvious that the matrix 



must become a general symmetric invariant transformand of that type when 
the parameters occurring in its elements have been reduced by substitutions 
to the smallest number possible. In saying that the elements of a matrix 
are functions of r independent scalar variables, it is ordinaiuly implied that 
those variables cannot be reduced by substitutions to a smaller number of 
variables. Hence we shall not call Y a general symmetric invariant trans- 
formand so long as its elements are expressed as functions of the r arbitrary 
parameters occurring in F. It is merely a matrix which can be expressed as 
a general symmetric invariant transformand. 

UiX) lii The general symmetrio invarianis jj=>inv {O', O}, Ti'=mu {O, O'}. 

These can be taken to be the simple square counter-slopes (3) whoso parametric 
elements &vq given by the formula (o), where the r parameters foi fu ••• fr-i arbitrary 
subject to the conditions for symmetry, i.a the conditions 

whenever i+I=^J’^J=r+l. 

If we put p=r-K-l, (k=0, 1, 2, ... r-1), 

these conditions are equivalent to the r sets of equations corresponding to the r values of 
AC such as the sets : 

+ +(-1)''. fo-0, (a*) 

where r - k is eveUy and ^=l, 2, . . J (r— ac) ; 

where r-Ac is odd, and 2 = 1, 2, ... (r-ic-f-l)^ the expression on the left reducing to the 

first term only in each ease when k=0. 

First suppose that ac is any one of the integers 0, 1, 2, ... r - 1 which is such that r-ic 
is even, and that (if k > 0) all the equations (b,e_i) are satisfied. Then by subtracting and 
using the general formula 

it will be seen that every two successive equations (a,c) are mutually equivalent Thus all 
the equations (a*) will be satisfied if any one of them (such as the first for which i = l) is 
satisfied. 

Next suppose that k is any one of the integers 0, 1, 2, ...r — 1 which is such that 
7* — AC IS odd, and that (if x>0) all the equations (a^^.i) are satisfied Then by sub- 
trooting it will be seen in the same way that every two successive equations (b«) are 
mutually equivalent ; moreover the lost of these equations is an identity. Thus all the 
equations (b^) are satisfied. 

We oonolude that the conditions for symmetrj^- will be satisfied when and only when 
one of the equations (say the first) is satisfied in every such sot as (a«) oorrosponding to 
an even value of r - ac. 

When r is an odd integer 2^+1, so that the sets (a^), (b<) are 
(&o)j (<h)> 

the conditions for symmetry are equivalent to the i equations such os 

+ (c,) 

37—2 
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where k receives the odd values 1, 3, 5, ... r-2. Hence in the general symmetric in- 
variants ri and Tj' the parameters of even weights, viz. the i-f- 1 parameters 
5o=^ii, are arbitrary, 

whikt the t parameters ga, ... fr -2 odd weights are the homogeneous linear functions 
of them determined in succession by the equations (o^), the first of which (when 3) is 

When ris an even integer 2i, so that the sets (a*), (b*) are 

(®o)i (^i)» (^)j ••• (^r-a)i 

the conditions for symmetry are equivalent to the t equations such as 

air,. go = 0, (d,) 

where k receives the even values 0, 2, 4, ... r-2 ; the expression on the left reducing to 
the first term only when k = 0. Hence m the general symmetric invariants rj and rf' the 
parainetei*B of odd weights, viz. the t parameters 

fi=fi 2 , g 3 =fi 4 , ... ^i.-i=fir, are arbitrary, 

whilst the t parametei’s ^ 2 * •• • Sr-a oi even weights are the homogeneous linear functions 
of them determined in succession by the equations (d*), the first two of which (when 
r <t4) ore 

Thus all the elemmU ofrj and i{ are bnjowii hoTnog&neous linear fu^ictiorbs of: 
thet-\-'\. arbitrary para7not&i'S gg, fa, . . fr-i o/ weights wlwn r=2i + l , 
the t arbitrary parameter's fi, fa, ... of odd weights wJmi r=^t; 
and in the latter case we have fo=0 

Ex. IV The conditions for symmetry given by (c,) or (d,) in Ex. iii aix) equivaloni to 
the equations 

&=0 , fa=ifi whenr = 4; 

fi=tfo > &=Ha-ifo whenr=5; 

&=0 , fa=if?i , when r=6; 

wheur=7; 

£a=5li> f4=Sf8“ffij ^a=i^6-if3+ifi when ?*=8. 

The general symmetnc invariant ri of order 7 con be taken to be the square matrix 


" 0. 

0 , 

0 . 

0 , 

0 , 

0 , 


0, 

0 , 

0 , 

0 

0 , 

“fo J 

flo 

0, 

0 . 

0 , 

0 , 

So ) 

-Ho , 

& 

VCJ)= 0, 

0 , 

0 , 

“So J 

ifo i 

Sfo“& , 


0, 

0 , 

So I 

} 

“2fo + f2» 

&-4f2 , 

s* 

0, 

“foj 

-flo, 


» 



fo, 


h ’ 


& , 

4fo“if8+if4> 

ia 


m which fo, fa, fi, fe are arbitraiy parameters. If the four underlined elements are 
regarded as given, all the other elements con be determi n ed in succession by the law of 
construction (described in Ex. v) together with the restnotions imposed by symmetry. 

The coiTesponding invariant tj (6) can be derived from i; (7) by putting fo=0, stnking 
out the first two horizontal and the first two vertical rows, and substituting f *_2 foi' ii The 
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corresponding invoriftnt rj (8) can be denved from 7 (7) by adding one initial horizontal 
and one initial vertical row of (Fs and substituting for 

Esff, V. Simpler comtruotions for the geim al symmetrio invariants rj, r{. 

By giving the last instead of the first value to i m (a^) we see that the conditions for 
symmetry in Ex. lii are equivalent to the equations 

whenever t+y=r+l (4) 

When an invariant i; or 7' has been oonstnioted in aoooi'donce with the law that 

the sum of two oonsecutive elemeTiU of the same diffei^ence-waight tc and the contiguous 
elennent ofsTnaller diffm^eiicO'^oeight k-Iis always equal to 0, 

it will be symmeti’io if and only if the conditions for symmetry oro satisfied by the 
elements adjacent to the median hne (or leading diagonal) ; moreover the last mentioned 
elements are rendered uniquely determmato by the conditions (4) and the law of construc- 
tion when the paraniotiic elements lying on the median lino are given. Consequently a 
general symmetric invariant tj or t]’ can be regarded as a simple counter-slope of type 
{tt'j tt} or {tt, tt'} in winch 

(1) the parametric elements lying on the median line ore arbitrary parameters ; 

(2) the parametric elements lying on the two adjacent parallel lines are uniquely 
determined by the conditions for symmetiy and the law of construotiou ; 

(3) all the other parametric elements of dijfforence- weights 0, 1, 2, ... are uniquely 
determined in sucoession by the law of construction. 

For example the general symmetric invariant rj of order 7 can bo token to be the 
square matrix 


" 0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

-270 

0 , 

0 , 

0 » 

0 , 

0 . 

270 1 

-B70 

0 , 

0 , 

0 , 

0 . 

-270, 

370 9 

—470+37, 

i 7 ( 7 )=i 0 , 

0 , 

0 » 

? 5 g ) 

“ 7 o 9 

70-273, 

—70+372 

0 , 

0 . 

“270 j 

-70 1 

j 

“ 7 a 9 

72-274 

0 , 

Sijo , 

370 9 

70 “ %2 » 

“V 2 9 

274 , 

-74 

— St;!), 

— B^o, 

— 470 + 272, 

— 70+3721 

7,-274, 

“74 1 

270 


in which jyo* vjj 74 j Vq oi’hitrory parameters. If the four iiudorlinod elements ore 
I'egarded us given, all the other elements can be determined miiquoly in succession in the 
way described obove. The coiTOspouding invariant q (6) can be denved from tj (7) by 
striking out the first and lost horizontal and vertical rows. The ooiTosponding invariant 
q (8) can be derived from q (7) by adding one initial horizontal and one initial vertical 
row of 0’s and substituting for rji; or the eori'esponding in valiant rf (6) by striking 
out the last horizontal and the lost vertical row and substituting 77^+1 for rn. 

The general symmetric mvariant 77 (r) of order r which is constructed in this way is 
the matrix given by the formula (7) or (7') of Ex. vi when Y is chosen to be the matrix (9). 
In fact the matrix (9) is the ooeffloient of in 17(7*) when r<»2^-|-l. Accordingly we can 
find a general formula for all the parometrio elements of 7 (r)* If wo put 


i/ti (#)-=(- ( 6 ) 

by evaluating the matrix (9), so that 

yy(i)=:0 when J<i or (and also when y < 1 or i>2i+l), 

then when r=2^-i-l7 tb® formula is 

1)+ ••• +7r-i-3/<,/-r+i(^) 5 (®) 



I 

1 

I 
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and when 7‘=2i, the formula is 

+ . . +»/r-l-3/i,y~r + l(0) (6') 

The senes of coefficients of tjq (or t;i, or ...) occurring in successive parametno diagonal 
lines and starting from the median element or an element nearest to the median line ore 
the numbers 

or lo which i=0, 1, 2, 3, ... 

for the successive values 0, 1, 2, 3, .. of k. 

Ess VI Pariicyularisatiom of the gmeral sgmmetTio invariant Ti=-mv{Q,\ Q}. 

From the matrix eq^iiation determining i/ it will be at once evident that : 

If M oMy symmetrio matrix which for all positive mtegral values of t is a 

particular undegenerate symmetric invariant rj of order 2i+l, o, complete set of independent 
non-z&ro parHcularisatums of the general syr/metric invariant r}^Tf{r) of order r is formed 
hy the symmetric modrices * 

C O 

’ in which r=>0, 1, 2, ... t when r=2^+l ; 

[ Q Qnl+2T,r-l-2T 

’ in which t=0, 1, 2, ... ^-1 when r=2i. 

Oj yJl+2T,r-l-2T 

When any such particular invariant has been determined, we can take the general 


symmetric invariant tj (r) to be the matrii ■ 

7/ (r) =7^0 Jo+ 772 5^4- ... -fT^r-iJ^r-i whenr=:2i + l' (7) 

t; ( r)=7jiFi+77a^3 4- ... +Vr-i^r-i whenr=2^; (7') 

whore the coefficients on the right are arbitrary scalar parameters. 

If [0]^, [0']^ are the two mutually conjugate simple square counter-slopes defined in 
Ex. li, we could choose F to be the symmetnc matrix 

where r=2i-i-l, (8) 


so that F is a sunple square counter-slope of type {tt', tt} and of odd order r whose para- 
metric elements are given by the formula 

where K==j~i. 

A more convenient choide is the symmetric simple square coimter-slopo 


o] 

t+l,t W 

1, 

i'. 0 J<.t+1 

(9) 

-0,0, 

"0, 0 , 

0 - 


= 0 , 1, 0 

0, 0 , 


w 

-0^ 0, 0 
- ’ - t,l,t 

1 

1 

0 



this being that paridcular symmetric invariant rj of order in which the middle 
element is equal to 1, and all the other elements lying on the median line are equal to 0. 
The property (16) of Note 1 in § 266 shows that 

* +/ (0 - +1 + *, t + 1 +j (^ + 1) = “ <#>i/ when i ^ 1. 

Therefore from (9) we see that all the parametric elements of F are given by the formula 


(K=y-i), (10) 

where the first and second terms give the parametric elements of the first and second 
matrices on the right in (9). We could replace (10) by the equivalent formula 

+ + («=i-i) (l(y) 
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coiTespondmg to (9') But the first and second terms in (10') do not give separately all 
the parametric elements of the first and second matrices in (9'), which in fact are not 
separately invariants {a', XI}. Since the integers given by (10) or (10') satisfy the 
functional equation 

^i/ + ^i + l.y + l+V^i + l,J==^ 
and also the conditions for symmetry 

yj/'if = yJ/'jx whenever i + /=y + 7=a 2 ^ + 2, 

it would be sufficient to show that they give the elements of the median line coiTeotly. 

When we choose F to be the matrix (9), the formula (7) or (7') gives the general 
symmetric invariant 7 of owier r constructed as m Ex. v ; for each of the matrices 
Fo, Fg, or Fi, Fs, . is a symmetric invariant {X2', X2} in which one of the elements of 
the median line is equal to 1, and all the rest of them are equal to 0. 

&. vii The general symmetric invanauta f=iuv{X2, X2}, ^'=mv{Xl', Q'} are neces- 
sarily quaai-scalaric ante-alternants ; and they m’o always zero matrices Q.xcei)t when 
r=l or 2. 

With respect to skew-symmetric invariant tranaformands we have the 
following theorem : 

Theorem III. For the unipotent square malrios A of ordei- r the two 
general skew-syimnetric invariant transformavds 

F= inv [A\ eA}, Y' = inv {A, eA'} 
can always he so chosen as to he connected by the symmetric relation 

T=VYV; 

and they are both zero matrices when (d =}= €. 

If 0 ^^ Gt then : 

(1) when r is even, they are vmdegenerate square mcvtmoes of order r, each 

containing emctly ^r arbitrary parameters and having exactly 
independent non-zero particularisations , 

(2) when r is odd, they are degenerate square matrices of order r a/nd 

rank r— 1, each containing exactly 1) arbitrary parameters 
md having exactly ^{r—1) independent non-zero particularisa- 
tions. 

The first part of the theorem follows from Ex. iv of § 254 and Theorem 
III a of § 265. 

When a* =5 e, we will define 

^0= all 

to he the simple bi-c£momcal square matrix of order r whose latent root 
IS a, and 

A =-hA,H 

to be any particular isomorphic transformation by which A can be derived 
from j4o- Then the general skew-symmetric invariants 

r) => inv [Ao, eA^], rj' = inv {^ 0 , gAq] 

7j = inv {n' 11], 7} ^ inv {H, fl'} 


or 
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can be taken to be the simple square counter-slopes of order r and types 
{tt', tt}, [tt, tt'I which are completely descnbed in Ex. viii or x; and by Ex. ii of 
§ 256 the general skew -symmetric invariant transfonnands in the second part 
of Theorem III can be taken to be the square matrices given by the formulae 

T = hri'h' (C) 

m which h!, H' are the conjugates of A, H. The truth of the second part of 
the theorem follows from (C) and the properties of tj and tj' descnbed in 
Ex viii. 

When -r is an even integer 2 t, it will be shown that the parametric 
elements of the simple square counter-slope rj or 97' are homogeneous lineal' 
functions of t independent arbitrary parameters 

fii = foj — fflj • • • ?i,r — 1 = fr— 2> 

the elements of the paradiagonal being alternately l^o- 

When r is an odd integer 2^+1, it will be shown that the parametric 
elements of the simple counter-slope 97 or 97' are homogeneous linear functions 
of t independent arbitrary parameters 

the elements of the paradiagonal being all equal to 0, and the elements of 
difference-weight 1 being alternately and -^1. 

In both cases (see Ex. x) we can also regard the parametric elements 
adjacent to and on one side of the median line (or leading diagonal) as the 
arbitrary parameters of which all other elements are homogeneous linear 
fiinctions 

If y = [9/]^ is a general invariant transformand of one of the types 
mentioned in Theorem III, it will be obvious that the matrix 

r I — \r 

must become a general skew-symmetric invariant transformand of that type 
when the parameters occurrmg in its elements have been reduced by sub- 
stitutions to the smallest number possible. 

Ex vm. TJia gmercd Bkew-symmet/nc invariants r\^inv{Cl\ U}, rf=^inv{Q^ UT 

These can be taken to be the simple square coimter-slopes (3) whose parametric 
elements are given by the formula (c), where the r parameters foi • * 5r-i are arbitrary 
subject to the conditions for skew-symmetry, he. the conditions 

whenever +.7=r+l, 

including fiy=0 whenever z-Hy=r-l-l. 

If we put (k= 0, 1, 2, ... r-1), 

these conditions are equivalent to the r sets of equations corresponding to the r values of 
K such as the sets : 

... +(-!>. (a,') 
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I 

where r-K IS orfo?, and 2 = lj 2, . ‘I 

0 + (b^) 

where r-K is evenj and ^= 1 , 2 , ... i(r-K); the expression on the left reducing to the * 

first term only in each case when <=0 | 

By interchanging the words ‘even’ and ‘odd’ in the argument of Ex. in it will be I 

seen that the conditions for skew-symmetry will be satisfied when and only when one of [ 

the equations (say the first) in every such set as (a*') corresponding to an odd value of 
r - K is satisfied | 

When T is an even integer % so that the seta (a^') and (V) are j 

(6o)j (<*iOj W)i (^^-2)3 i)j ! 

the conditions for skew-symmeti’y are equivalent to the t equations such as ^ 

. +(-!)« r-K-2ff^ (C,') | 

where #c receives the odd values 1 , 3 , . r —1 Henoe in the genei’al skew-symmetric ^ 

invariants rj and tj* the parameters of even weights, viz. the t parameters 1 

fo=Sii3 ^a=fi3, ••• fr-2=^^,^-lJ are arbitrary, 
whilst the t parameters £1, fsj ••• fr-i of odd weights arc the homogeneous linear functions 
of them determined in suocession by the equations (0*’), the first of which (when r <(: 2) is 

2£i-’-Wi.£o=o. ; 

When r is an odd integer 2^+1, so that the seta (a^’) and (b^') are | 

My M, M, (^'r-2), (a'r-i), ! 

the conditions for skew-symmetry are equivalent to the i-i-l equations such as i 

2^.-’- — + ..+(-!)« (d.O ! 

where k receives the even values 0 , 2 , 4 , ... r- 2 ; the expression on the left reducing to j 

the first term only when k=s 0. Henoe in the general skew-symmetric invariants r] and 7/' ' 

the parameters of odd weights, viz. the i parameters 

£i*=£i2, £8“£i4, ... £r- 2 =fi,r-ii are arhitiary, 

whilst the i-1-1 parameters £0, £2, ... {,.-1 of even weights are the homogeneous linear * 

functions of them determined in succession by the equations (d« ), the first two of which I 

(when r <j: 3 ) are 1 

lo=0, . 

Th/iis aU the elements of rj and 77' are knovm htymogemous linear fitnotione of: 
the t arhitra'ry pao'ameters £o) fi^2 of even weights when r=^t; 

the t a/rhitrary parameters £i, £s, ... £,.-2 of odd weights when + l ; 
and in the latter case we have £o= 0 . 

IX. The conditions for skew-symmetry given by (0^') or (d«') in Ex. viii ore equi- 
valent to the equations 

fi=& >£8=0 when 7 ’ = 4 j 

£0=0 , £2“£i >£4=0 whenr=6j 

£i“2£o , £3=£3-£o , £fl=0 whenr=e; ^ 

fo=0 , £2=2 £i , £4=£s-£i , £e=0 whenr= 7 j 

£i= 3 £o> £ 8 “ 2 £a“Bfo> £6“£4-£2+8 £q» £7=0 whenr=8. 

The general skew-symmetno invariant 7 of order 8 can be taken to be the square 
matrix 
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~0 , 

0 , 

0 , 

0 

0 

0 

0 , 


0 , 

0 , 

0 , 

0 

0 

0 

So . 

-35o 

0 , 

0 , 

0 , 

0 , 

0 

-4o 1 

j 

-fa 

0 , 

0 , 

0 , 

0 » 

& , 


- 2^0 + & > 


0 , 

0 , 

0 , 


0 » 

1 

CO 

-”3fo + f2 > 

“^4 

0 , 

0 , 

lo 1 

& ^ 

-Sfo + fai 

0 


-3^o + f2-'^4 

0 , 

“ £o> 


250-^2 1 

J 


0 , 

-fo 

_ 

3^01 

& 1 


|4 , 

3fo“f2 + ^4 » 


0 


m which fo, ^4, lo are arbitrary parameters. If the four underlined elements are 
regarded as given, all the other elements can be determined in suecesaion by the law of 
oonstruotion (described in Ex. x) together with the restrictions imposed by symmetry 

The corresponding mvariant r} (6) can be derived from rj(8) by putting fo=0) strikmg 
out the first two horizontal and the first two vertical rows, and substituting for fi- The 
corresponding invanant tj (9) can be derived from rj (8) by adding one initial horizontal and 
one initial vertical row of O’s and substitutmg for 

Ex X. Simpler GOTistructiorts for the g&iitsral shew-sgTnmetric invariants rj, rf 
By giving the last instead of the first value to i in (a,^') we see that the conditions for 
skew-symmetry in Ex. vni are equivalent to the equations 

whenever i'\-j=r+l (11) 

When an invanant rj or ?/' has been constructed m accordance with the law that 

the stm of two consecutive dements of the same difference-weight k and the contiguous 
element of smaller differemce-weight k — 1 is always equal to 0, 

it will be skew-symmetric if and only if the conditions for skew-symmetry are satisfied by 
the elements lymg on the median hne, i.e if and only if all such elements are equal to 0 ; 
moreover the elements adjacent to the median line are rendered uniquely determinate by 
(11) and the law of oonstruotion when those of them which he on one side of the median 
line are given. Consequently a general skew-symmetrio mvariant r] or can be regarded 
as a simple counter-slope of type {tt', a-} or {tt, »r'} in which . 

(i) the elements lying on the median line (or leading diagonal) are all equal to 0 ; 

(li) the parametric elements adjacent to the median line and lying on one side of it are 
arbitrary parameters ; 

(iii) aH the other elements of difference- weights 0, 1, 2, . . . are uniquely determined in 
succession by the law of construction 

For example the general skew-symmetno invariant i; of order 8 can be taken to be the 
square matrix 


- 0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

Vo 

0 , 

0 , 

0 , 

0 , 

0 , 

0 . 

-Vo 1 

3»?o 

0 , 

0 , 

0 » 

0 , 

0 , 

^0 » 

-2^0 » 

3^0 “ Vi 

0 , 

0 , 

0 , 

0 , 

1 

Vo } 

— Vo+V^i 

Vo-^Vi 

^(8)= 0 ^ 

0 , 

0 , 

2? . 

0 , 

-Vi> 

Vi t 

-»?2+’?4 

0 , 

0 , 

"’Jo » 

-w ( 

2a » 

0 , 

-v^ » 

»74 

0 , 

<70 1 

2»?o , 

»7o->7a > 

->78 ) 

54 , 

0 , 

-Vo 


— 3ijo, 

~3»?o+»72> 

— i7o+2i7S( 

V3-Vit 

-»74j 

5a j 

0 
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in whicli 7/0, 7/2, *74, 7e arbitrary parametora. If the elements on the median line are 
put equal to 0 and the four underlined elements are regarded as given, all the other 
parametric elements oau be uniquely determined in succession by the law of construction. 
The corresponding invariant rj (6) can be derived from tj (S) by striking out the first and 
last horizontal and vertical rows. The corresponding mvaiiant tj (9) can be derived from 
7/ (8) by adding one initial horizontal and one initial vertical row of O’s, and substituting 
7/^+1 for r}iy or the corresponding invoi’iont 7/(7) by stnking out the last horizontal and 
the lost vertical row, and substituting 7/i+i for 77^ 

The general skew-symmetric invariant 77 (r) of order r which is constructed ni this way 
is the matrix given by the formula (14) or (14') of Ex. xi when F is chosen to bo the 
matrix (16), In fact the matrix (16) is the coefficient of t/q lu 77 (r) when r= 2 t. Accord- 
ingly we can find a general formula for all the parametno elements of 77 (r). If we put 


( 12 ) 

by evaluating the matrix (16), so that 

when j<i or (and also wheny < 1 or ^>2^), 

then when r=2i, the formula is 

f«=7o-y<i(0 + 73-.yi,y-2(^“l)+ +7r-a'yw-r+a(l) ; (13) 

and when r=2i+l, the formula is 

+ •• +7r-2-y^,/-r+aCl) (1^0 


The senes of coefficients of t/q (or 771, or 772, ...) occurring in successive parametric diagonal 
hnes, and starting from an element adjacent to the median line, ore the int^ors 

in which f=0, 1, 2, 3, . . 
for the suooBBsive values 0, 1, 2, 3, ... of /c 

Esn xi. Partimdarisations of tho gen&i'ol shew-symmeb'ic invariant 17 = im> {of, Q}. 

From the matrix equation determining rf it will be at once evident that : 

^ w ani/ skewsgmmetric matruv which for all positive integral values of t is a 

pa/rtuniZar undegenerate skew-symmetrio invariant 77 of order 2^, a complete set of mde- 
pmdefiit non-eero pa/riiculari 8 (Uiom of the geyvercd sheio-symTnetrio imvaviant 1/ ■17/(7') of 
order r is formed hy the ske/w-symmetrio mitftioes : 

rO 

F^=\ ’ m which r=0, 1, 2, ... ^-1 when 

yJ2T,r-BT 

rO Q“ll+^7 

^2t4-1= a’ in whioh r=0, 1, 2, ... t- 1 when r=»2^-|-l. 

m yJi+2T, r-l-2T 

When any such particular invariant has been determined, we can take tho general 


skew-symmetric mvanant 17 (r) to be the matrix : 

^7 (0=*/o ^0+^72 ^2+-” + »7r-a ^r-3 whenr=2i; (14) 

*7 (r)i=77i !Fi-I- 778 “l-77r-2 a when 7*=2^-f 1 ; (14^) 

where the coefficients on the right are arbitrary scaJar parameters. 

If ore tho two mutually conjugate simple square counter-slopes defined in 

Ex. u, we could choose Z to be the skew-symmetric matrix 

-where (r=2«; (16) 


so that F is a simple square counter-slope of type {tt', tt} and of even order r whose 
parametric elements are given by the formula 

( - 1)^“^ + ( - 1)*"^ • where k - i. 
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A moro oonvenient choice is the akew-synuiietrio simple square counter-slope 


._r^f‘=ro. 


.(16) 


this being that partioular Bkew-syinmetric invariant tj of order in which the fii'st 
of the parametric elements adjacent to and lying below the median line is equal to 1, and 
fl.11 the rest of them are equal to 0 From (b) of Ex. ii and the property (16) of Noto 1 in 
§ 266 it will be seen that all the parametric elements of T ore given by tho formula 

where k=j-i (17) 

When we choose F to be the matrix (16), the formula (14) or (14') gives the goncral 
skew-symmetnc invariant rj of order r constructed as in Ex, x. 

Ex. ill The general skew-symmetric invariants g=inv{Q, li}, ^' = iiiv {£2', £2'} ore 
necessarily quasi-scaloric ante-alternants ; and they are always zero matrices. 

Ex iiii. Undegenerate si/mmetnc or skew-symmetrio invai'mnt tramfomiands. 

If IS a unipotent square matrix of order r with constant elements, whose latent root 
is a, and if 6=±1, there exist undegeneraie m variant tranaformonds {A\ eAjy {A, eA'] 
which are 

aym metric when and only when a®= f, and r is odd ; 
skew-symmetno when and only when a®=e, and r is even. 

Ex. xiv. If A 18 Su unipote/nt square matrix^ the zmti of a ‘ general synvnietna ' and a 
^ general shew-symmetric^ invariant {A‘^ A) vnthindependent parameters always a ^g&tuyrah 
invariant {A\ A}. 

For when A is the simple bi-canomoal square matrix £2, the sum is a simple oomitor- 
slope m which one element of every effective parametric diagonal hne oan be regarded as 
arbitrary. 


§ 258. Scalar invariants of substitutions by simple bi-cajionioal square 
matrices or their conjugates. 

1. Apphcatiom to other substitutiona. 

The scalar invonanta o^ substitutions by any unipotent square matrices can (see 
§ 266. 3) be derived from the scalar invariants which will be described in this article by a 
mere change of variables, i e by replocmg the actual variables Xi, . . and yi, y 2 » ... by 
certain mdependent homogeneous linear functions Ji, ... of :i 7 a, ... and j?i, ?7a» ... 

yi 3 2/s Moreover the mdeiiendent bihnear mvanants of any two given homogeueous 

hnear substitutions (see Ex in of § 260) or the mdependent quadratic invariants of any 
one homogeneous hnear substitution (see Ex. vi of § 260) con always be talcen to consist 
of sets of functions (of smtably chosen new variables) of the forms desoribed in this 
orticla In fact the forms of all the scalar mvariants of substitutions by square inatricos 
A and B ore known when the characteristic potent divisors of A and B are known. 

2. Bilinear invanarUs of two auhstitujtione. 

Let A and B be the simple bi-canonioal square matrioes of order r whose latent roots 
are a and ^3 ; and let A' and be their conjugates. Then if J is the simple revorsant of 
order r, we can take the genei’al bihnear invariants of the pairs of substitutions : 


(1) 

1 — 1 r“^ 

of =A . X , 

1— ir 

t_l, 1—1. 

to be 

/=M .6\7 ; 

T 1 ly 

(n) 

7 —A* . Ic , 

1 tf, *-^7 

7 

't >r 

to be 

f^M.JOJ.7 

r t — 1 ,. 

(lii) 

X* =A' . X . 
t=Hr •— 'r 

I. ' — ' 

to be 

.jc 7 1 

T 

(iv) 

of ^A . X , 
■-'r 

r-^ 

y =5'.y 

L— Ir liJr 

to be 

y=M .c-j- 7 

'r 
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where C^=[c]^ is a general invariant transformand {A', B}. When (7 is a particular 
invariant transformand {A\ E}, the functions /, g' are corresponding particular 

bihnear invariants of the paii*s of substitutions (i), (li), (iii), (iv) ; and we will call them 
bihnear invariants of ra 7 ik p when the matrix G has rank p. We know that C is always a 
simple square counter-slope of type {tt', tt} 

In describing these bilineai’ invariants we will use the abbreviated notation 

f(i+l, 1+2, ... i+s,j+l,j+2, ...y+«)=/(«<+i) •»<+« ; yj+u yj+t> ••• yy+*) 

( 1 ) 

in which consecutive variables are represented by their suffixes. The function (1) is 
derived from the function 

j^(l, 2, ... 5 j Ij 2, ... s)=jf (iCi, 5/2 j ••• ^8 j 2/ii ya> ••• ^a) 
by replacing Xt, yt by yi^u and the function 

.. Z+23 l+l , y-t-fl, ...y +2,^ ••• ®i + 2> -^i + 1 i 36 + 2» ^j+l) 

IS derived from the function (1) by replacing 5?^+*, by ^y+a+i_t. 

Since the functions /, g, cf in (ii), (in), (iv) can be derived from the function / by 
replaomg 

a?*, Vs Tt>y y ^ ; Xi by ; yy by y„ ; 
where «;=r+] — y, 

all bilinear invariants of the four pairs of substitutions will be known when all those of 
any one of them are known. In fact when we use the notation (1), general or particular 
bilinear invariants of the pairs of subatitutiona (i), (li), (in), (iv) can always be associated 
together in sets such aa 

4^ 4 ^ ^ 

/(l, 2, ... r; 1, 2, ...r), /(r, r-1, ... 1; r,r-l, ... 1), 

/(r,r-l,... 1; 1, 2, ...r), /(I, 2, r-1, ...1), 

where all four of the functions are known when any one of them is known. 

If A and B were the simple bi-oauomoal square matrices of orders m and w whose 
latent roots are a and /3, where m and n are any two non-zero positive integers the 
smaller of which is equal to r, and if Jf,i and Jn are the simple reversants of orders 
m and we could take the general bilinear invariants of the pairs of substitutions . 


( 1 ') 

1 — 1 1 — 1 

of ^A . X , 

‘-‘w 

7 =5 .'7 

IT i 

n 19 

to be 


(u') 

r-~i 

a/ X , 

■-'w ‘-■m 

7 

to be 


(lil') 

r— » r-n 

a/ =A' , X , 

' — '«i ‘ — 'm 

^B .y 
‘-'n 

to be 

[ 57 ] . y ; 

m 1 — 

(io 

1 — I p— » 

5 / . X , 

‘-'m ‘-'m 

7 -^.7 

to be 



where O' is the simple oounter-alope 

[0, c]" when m=*r:l> n ; | when n^sr^m 

m which [o]^ is the same matrix 0 as m (i), (li), (in), (iv). Hence general or particular 
bilinear invariants of the pairs of substitutions (i'), (ii^), (liiO? always be associated 

together in sets suoh os 

f (1, 2, ... T\ 51*— ?*-l- Ij w — r+2, ... '/i), j^(7', — 1, ... 1 ; r, — 1, ... 1), 

^ ^ 

y(r, r — 1, ... 1 i 71 — r + 1 , f -|-2 , ... 71), ^^(1* 2, ... r; r — 1, ... 1) 


\ 
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when 

•Ht 4|( 4^ 

/(m-r+1, wi-r+2, ... w; 1, 2, . . r), /(r, r-l, ... 1 ; r, r-1, . 1), 

/(r, r-1,... 1 ; 1, 2,. . r), /(m-r + 1, m-r + 2, ..m; r, r-l,...T) 
when Wr=rj>m, 

where the funotions are the same as before, 011I7 the variables having been changed In 
all cases only r of the variables a?!, .2?^, ... and only r of the variables ^1, ya, . can 
occur in non-zero bilinear invariants. 

The asterisks indicate the ‘ apical ’ variables 

It follows that in actual evaluations we can confine ourselves to the pairs of sub- 
stitutions (i), (11), (iii), (iv) or to any one of them. We shall direct our chief attention to 
the substitutions (1) whose scalar equations are 

= a (a?i4-2?8), a?2'= a f^a+^s)5 • • = a , 

yi'=/3(yi+y»). ya'=/3(ya+y3). ..■yT.i=/3(2/r-i+3'r), '3r=^yr- • •• (a) 

If 0/3 ^ 1, the general invariant transformand C is a zero matrix, and there are no non- 
zero bdinear invariants. 

If ojS^l, we could take the general invanant transformand C to be the simple square 
counter-slope rj described in Theorem IVa of § 265. In this case there are exactly r 
independent particular non-zero bilinear invariants of each of the pairs of substitutions 
(i), (u), (m), (iv) , and the sum of suoh independent bilineai* invariants, each multiplied 
by an ajbitraiy scalai* parameter, is a general bihnear invariant Aftor determining any 
function which is a particular bilinear invariant of maximum rank r for all non-zero 
positive mtegral values of r, we con derive from it a complete set of mdopendent 
particular bilinear invariants by using the followmg principle, which is immediately 
deduoible from Ex. ii of § 267. The notation defined in (1) is used, 1 e. variables are 
represented by their suffixes. 

If (whm aj9=l) we have detm^mined funotions 

/,(!, 2, 1, 2, ... r), //(I, 2, ... >•, !, 2, .. r), 

gr(.l, 2, ...1’; 1, 2, . r), g,' (1, 2, ... ?; f, 2, ... r), 
tchich cure parti/yular non-zero hilinear invariants of maximum rank r of the respective pairs 
of substitutions (i), (ii), (lii), (iv)/or all non-zero positive integral values of r, thm complete 
sets of independent Tion-zero bilinear invariants of the substitutions (i), (ii), (in), (iv) hairing 
ranks r, r- 1 , ... r-p, ... 2, 1 can he obtained by giving to p thevcdues 0, 1 , ... p, ... r-2 r- 1 
in amy oma of the four sets of formulae • 

^ ^ 4( Iff 

/r-p (p+l» . . pH-I, . r), /r_p(r-p, ... 1; r-p, . 1), 

/r-P (»•-/>» — *; P + 1, /r_p(p + l, . r- p, ... 1); 

* ^ * # rt f 1 

/V-p(^, . . p + 1 ; 2*, . P + I), /^r-pClj ... 2’ — P , 1, .. r-p), 

St Sk # ft 

/r-p(Ij ■ • ^•-p ; r, ... p-i-1), /',._p(r, . p + 1, 1, ... r— p) , 

^ St St 

gr^p(r,,. p-hl ; P+1, ... r), ^i.-p(l, ... 2^-p ; r-p, ... l), 

St St ^ 

^r-p(l, p; P + 1, ... r), gr-f{r,.. p + l;?--p,...T); 

p'r_p(p+l, ... r, r, .. p+1 ), /t-p(»'-p,.. t;*,...r-p), 

g'r-pir-p, . l,r, ..p + 1), fl^,_p(p-H, ...?; 1, ..r-p) 

(A) 



268] 


INVARIANT TRANSFORMANDS 


591 


In all caaes the asterisks are placed over the integers representing the apical variables. 
In applying this principle we may and will suppose to be the functions derived 

from the function by replacing 

Vi yr+i-y; ^y by 

so that aU four of the functions/^, //, g^^ are known when any one of them is known. 
Then the four lines in (A) are four different notations for the same four functions. 
Possible choices of /r and the corresponding complete seta of bilinear invariants will be 
described in the examples. 

Every expression for a bilinear invariant given in (A) or in the examples is merely a 
development of a matrix product 

r T i— If 

in which la a certain simple squai’e slopa Such developments are only of minor 

importance, because the properties of the bilinear invariants arc most easily seen when 
they are represented as undeveloped matrix products. In the examples we shall con- 
sistently use the third set of notations in (A). In other words wo will use the notation 

W-MI! 2 =<#> (1> 2, ... r ; 1, 2, ... r) 

With two ascending sequences when Eibs, simple square slope of type {tt, tt}, i.e when E 
IS on invariant tronsfonnand {A, J?}, so that 0 is a bilinear invariant of the sub- 
stitutions (iii) The second sot of notations, in which functions with two ascending 
sequences ai'e bilinear invariants of the substitutions (ii), is in many respects the most 
elegant and suggestive. We can pass from the third to the second notations by reversing 
aU sequences which represent ^-variables. 

The moat easily determined complete sets of bilinear invariants are those derived 
from the invariant transformands defined in Ex. li of § 257, or moi’e easily 

from the corresponding invariant transformands [^]’., [^]]] defined in Ex i of § 267. 
These are described in Exs. i and iv. The simplest complete sets of bilinear invariants, 
contaimng fewer non-zero terms, are those described in Ex xi, where the bilinear in- 
variants of o<^ ranks ore derived from the symmetric invariant tronsformand 
defined m Ex. vi of § 267, and the bilineai' invariants of even ranks are derived from the 

it 

skew-symmetric invariant tronsformand defined in Ex. xi of § 267. Eivch bilinear 
invariant is expressed as a sum of teims, one corresponding to each non-zoro parametric 
diagonal line in the invariant tranaformaud from which it is derived. 

From the fact that the conjugate of an invariant tronsformand {H', Q) is always another 
invariant transformand {O', a}, or from the forms of the equations (a), it follows that : 

Tlie interohange of the letters x arid y oomerta every hiLinear invariant of one of the 
pairs of suhstiMione (i) and (ii) into amther bilinear invariant of the same pair; and 
ooTwerts every bilinear mvariamt of ojw of th^ pairs of substitutions (iii) and (iv) into 
a bilinear invariant of the other pair. 

When 0 (cKl, fl52» ^li J 3 /Bi» ybj) (®) 

is a given function of s pairs of variables for which the standard abbreviated notation (1) 
is used, then for the function derived from 0 by interchanging the letters x and y we will 
use the notation , 

(6i, &a, ... 6* ; 02 * ••• (y»i j s/aa S/as » ^i)5 ) 

and we will call (2^) the function conjugate to (^. Further we will call (2) a symmetric 
function when or a skew-symmetno function when </>'= -0. The two sequences 


t 
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of (j/ are formed by interchanging the two sequences of <^. We know that <j> will be a 
bilinear invariant of the substitutions (i), (ii), (lu), (iv) when and only when 0' is 
a bilinear invariant of the substitutions (i), (ii), (iv), (iii). In deriving the symbol for cji' 
from that for 0, asterisks must be moved mth the integers to which they are attached ; 
and we can then apply the principle (A.) to 0' in exactly the same way as to 0. The 
letters f and ^ will always have the meanings ascribed to them in (i), (ii), (lii), (iv), and 
wiU not denote the functions conjugate to / and g. 

The above considerations show that from any given complete set of bilinear invariants 
of the substitutions (i) or (ii) we can always deduce a second complete set of bilinear 
invanants of the same substitutions by mterchanging the letters x and y ; and that the 
second set will be different from the first unless the given bihnear invariants are sym- 
metiic or skew-symmetric functions. 

In the examples which follow we shall temporarily use in oonj unction with (1) the still 
more abbreviated notation 

/(l+l, 2 + 2,... 2 + «) (3) 

for any defined function / of the a pairs of variables ••• ^<+0 

whose suf&xea are 2 + 1, 2+2, ... t'+a ; the function (3) being derived from the function 

/(I, 2,. s) 

of the a pairs of variables {xi^ 3/1), {x^^ ya)> y«) by replacing yi by for 

the values 1, 2, . a of Another meaning will be attached to the notation (3) in sub- 
article 3. 

Ex, i. The complete seta of hilinear invanants derived from the function 

r- 1, ... 2, 1 ; 1, 2, ... r- 1, v\ 

Whenever t and a are positive integers such that a 1, we can and will define a 
function Qr of « pairs of vanables by the equation 

G'r(l,2 ,..a; 1,2 .. a)=2{(-l)^ (i-O, 1, 2, ... r- 1), 

. araya + . ^gya 1)*"^ . ■ " . x,y^ \ (4) 

so that whenever t, a, 6, a are positive integers and a<(: 1, we have • 

Or{a+8 , ... a+2, a+1; 6+1, 6 + 2, ... 6+a) = 2 {(-!)*. Wt . ;i7tt+,-iy6+i+i}, 

G'rCa + l, a+2, . a+a; 6+s, ... 6+2, 6 + l)=S {(-1)^ . ^a+i + iy& + «-<}, 

Or (a+1, a+2, . . a+a , 6 + 1, 6 + 2, ... 6+a)=S {( — 1)* . . ^a+i+iy6 + i+<}i 

Oria+a , ... a+2, a + lj 6 + s, ... 6+2, 6+l) = S {(-!)*. 

(2=0, l,2,...s-l) (4') 

For any given value of r the unsigned coefficients of the successive terms of a function 
of any number of pairs of variables are always successive integers (starting from the first) 
of the same senes denved from 

^Hr by putting 2=0, 1, 2, 3, ... 

Wlien aj9=l, we can obtain a set of corresponding bihnear invariants of maximum 
rank r of the pairs of substitutions (i), (ii), (iii), (iv) by taking G to be the matrix [0]^ 

defined m Ex. u of § 267, so that JG ia the matrix defined in Ex. i of § 267. By 

developing the corresponding matrix products it will be seen that these bilinear invariants 
of the substitutions (i), (ii), (111), (iv) are the fonotions 

fr (Ij 2, ... r)=0 (r, y-1, . . 2, 1 ; 1, 2, ... r-1, r) 

= ^ - ly 0^ (r, r-l , ... T+1; r+1, ... r— 1, r), 


} h- 
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frO-, 2, ... >•) = (#> (1, 2, ... j--!, r; r, r- 1 , ... 2, 1) 

=2 (-!)’■ Gr (1, 2, ... r-r ; r-r, ... 2, 1), 
ffr 0. 2, ... r)=(l>{\, 2, ... r-1, r; 1, 2, ... r-1, r) 

= S (“ !)’■ (^1 2, . . r — r ; r+l, ... r-1, r), 

ffr'il, 2, ... r) = (#. (r, r-1, ... 2, 1 ; r, r-1, ... 2, 1) 

= S(-l)T^?,(r,r-l,. .r+l; r-r, 2,1), 

Cr=0, 1, 2, ...r-1), (5) 

where the fiinotiona are defined os above, and where we can and will regard (^=3q[)r as a 
completely defined function of r paira of vanablea for every non-zero positive integral 
value of r, the four dofining equations lu (6) being mutually equivalent. When a suffix is 
attached to 0, it will always be equal to the number of pairs of vanables ; but as this 
number is shown by the sequences representing the variables, it will usually bo omitted 
-A-Pplying the principle (A), it follows from the foimuloe (6) that when aj9 = l, 
complete sets of independent non-zero bilinear invariants of the pairs of substitutions 
(i), (ii), (ill), (iv) having ranks r, r- 1, ... r- p, ... 2, 1 can be obtained by putting 
p = 0, 1, ... p, ... r-2,r-l m the formulae ; 


/r-p (p + ij • 

« 

.. r-I, r; p4-l, 

...r-l, r) ^ 





= (^ (r, r-1, .. 

■ P + i 1 p + I » •• 

.r-l,r) 



=S(-iyOr(r,r-l, . 

-p+r + l; p + r+1,., 

* 

.. r-],r), 

/r-p(l2, 

« 

.. r-p\ 1, 2, ... r 

-p) =i, (1, 2, . 

- i »*-p 

..2,1) 



=S{-])Tt?,(l,2, ., 

.. r-p-r ; r-p-T, . 

-2,1), 

fl-r-pC* 2, .. 

.r-p; P + 1,... ) 

-1,T) =0(1.2, . 

. r-p ; p + 1 

* 

.. r-l,r) 



= 2(-l)T(?r(l, 2, . 

.. p+T+1, 

..r-l,r), 

<?V-p(/>+^i • 

. /■-!, r; 1, 2, ., 

■ r-p) =0 (f,?--!,.. 

.. /J + 1 ; r-p 

■ 2, !) 



1— 1 

1 

1- 

II 

p+r + 1 ; r-p-r, 

2, !), 


(r=0,l,2,...r-p-l) (50 

Here the bilinear invariants of the substitutions (i) correspond to the complete set of 
independent invariant transformauds {A\ B} describod in Ex. ii of § 267 when 
10 taken to be and the bihnear invanantB of the other substitutions can bo derived 
from them by the appropriate revonsing substitutions for the variables. 

To establish all the formulae (6) and (50> it is sufficient to obtain for any one of tho 
bilinear invaifiants /r. fri ffv} 9v of ^ the development shown in (6). If we put 
+ l - i, we have 

r 'r 

where 

and where the summation extends over all integral values of i and/ such that 

i^>y:(>r, a+j<(:r+i. 

The jfioBSible values of r ore those consistent with the conditions T<tO, and 

when the terms of the sum are arranged according to their total weights in the suffixes of 
the ^8 and y^s, we obtain the development 

«S(-l)Ti^„ (r=0,l,2,...r-l), 

where /'t=2 {(-1 )". “jBTt - i7r-«oyT+l+a>}> (a)=0, 1, 2, ... r-r-l), 

^Qr{r, r-1, ... T+1 ; r + l, ... r-1, r). 


0 , in. 


38 
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In this development of there is one term corresponding to each of the r parametric 
diagonal lines of the simple square slope In fact we can obtain the development 

directly by expandmg [(^]^ in terms of its successive pai’ametno diagonal lines, i.e by 
expressing it as a sum of simple square slopes each having only one non-zero parametric 
diagonal Ime. The notations used in (6) and (5') are most appropriate to the corre- 
sponding development of the bilinear invanant 

[6]' =<#> (1. 2, 1, 2, ... r). 


Ex. ii. Some propertiee of the fmotion Gr 

In manipulating the functions Qr we may consider that the identities (4') are true for 
aU integral values (positive and negative) of r, a, &, 5, provided that we use the natural 
interpretation 6 't= 0 when ^ < 1. 

If Gr denotes the function into which Gr ib converted by the substitutions (a), we can 
verify that the function (1, 2, ... r) of Ex. i is a bihnoar invariant of the substitutions 
(i) by uamg the identity 

Gr (r, r — 1, ... T+ 1 ; t- 1- 1, — 1, r) — (r, r — 1, ... r-l-l ; r-i- 1, .. r — 1, r) 

= eT-i(r, r-1, . T-t-2; r-i-2, . + r+3; r-f3, 

in which {(-1)^ + 1 . (4=0, I, 2, ... r-T-3), 

= (?r(r + l, r, ... r-i-3; r+2, ... r-1, r) if ^^+1 = 0. 

The identity is true whenever 0 t — 3 ; and it is also true for the other values of t 
which occur when we use the natural interpretations 

®T=0 when t< 0, Sr-a=§r-i=0. 

Remembering that except when T=a0, we can use the mutually equivalent 

identities such as 

r-M j T-i- 1, ... r) — ^r_i (r, ... r-fl ; r-f-l, ... r) 

= ^^ErXr^r+l- Gr {v- 1, ... t + 1 J r-|-2, ... r), 

Gr(l , ... r-r; T-f 1, ... r)-6^T_i (Ij r-r; r-Hl, . . r) 

= 'WTa7iyT+i-(?T(2, ... r-r; r-f-S, ... r), 
to prove the mutually equivalent identities such as 

0,.(r,... 1, 1,... r) + 0,_i(r, ... 2; 2, . . (r-1, ... 1; 2, ... r), 

... r; 1, ... . . r-1; 2,. (2, ... r; 2, ... r) 


Ex. ui The oovvplete sets of bUmear mvarianU derived from the function 

. 1 ; 1, ...r-l,r)=<^ (r, r-1, ...1; 1, .. r-1, (r, r-1, ... 2; 2, ...r-l,r) 
= 7— 2, ... 1; 2, ... r-1, r). 

If when 00=1, we take to be the ooedioient of Jq m the mvanant transformand -q 
described in Theorem IV a of § 266, i.e. to be the matrix 


we obtain a bilmear invariant 




/r=Mr[«]|. (r, r-1, ... 1 ; 1, ... r-1, r) 

=a?ryi-<#>(r-l, r-2, .. 1; 2, ... r-1, r) 
of maximum rank r of the aiibstitutiona (i), the direct development of which ia 

(T=0,l,2,...r-1), 
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■^T “S {( “ 1)“ , . ^r-uyT+l+«} 

r+1; r+2, ... r^l, r), 

and where of course “Wt= 0 except when r=0. 

Consequently a set pf corresponding bilinear invariants of maximum rank r of the 
substitutions (i), (li), (iu), (iv) is formed, when aj3e=l, by the functions 


* 

.1; 1,. 

* 

.. r)=<l>(r, 

..1; 1,. 

^ A 

. r)+4>(r, . 

..2; 2,...?) 

— ^1*^1”"^ I| I i ^)» 




.. r; r, . 

* » 

.. 1)+0(1,- 

— «•. ’•-1. — 1). 

$(1,. 


.. 

.r, 1,.. 

..r)+(/,(l,.. 

.. r-l; 2,...*) 





' 

=«iyi-(^(2, ... r, 2, ... r), 


. 1 ; . 


.. 1; r, . 

A Kf 

.2; 


=aryr-^(r -\, ... Ij r-1, ... 1), 

which are the functions denoted in Ex. i by 

/r+/r-l» fr’^f r-U ^r+^r-ls 

In the denved complete sets of bilinear invaidonta of ranks y*, r-1, ...2, 1 corre- 
sponding to the general invariant transformands described in Theorem IV a of § 256, 
those of the substitutions (i) are the functions 

/r+/rwl) /r-l4-J^-3) ••-/j+/l> fl 

of Ex. 1 , and those of the substitutions (ii), (iii), (iv) ore formed in similar ways. 

Ex, IV. Th4 domplete aeU of hUineoA' invarianU dcfrived from the funation • 

Mr M'S 

I— Jr 

When we can obtain a set of corresponding bilinear invariants of maximum 

rank r of the pairs of substitutionB (i), (ii), (lii), (iv) by taking {7 to be the tnatrii [0']^ 
defined in Ex. ii of § 267, so that JC the matrix defined in Ex. i of § 267. By 
developing the corresponding matrix produots, it will be seen that these bihnear in- 
variants of the substitutions (i), (ii), (iii), (iv) are the functions 

fr (1, 2, ... r)=<^'(l, 2, ... r-1,*; ?, r-1, ...2, 1) 

= 2 (“ 1)’" Q'j (t“|"1, ... — 1, T \ r, r •" 1, .#■ t-I" 1), 

fr (li 2, ... r)=<t>' (r, r- 1, ... 2, f j 1, 2, ... r-1, r) 

= S(-l)’'(3‘T(r-T,... 2, 1; f, 2, ... r-r), 
gr (1, 2, ... r)-4>' (r, r- 1, ... 2, ; r, r-1, ... 2, 1) 

= S(-1)’-G't(»'-t, ... 2, I ; r,r-l, ... r+l), 

Sr/(1, 2, ... r)=.^'(l, % ... r-1,?; ?, % ... f-1, r) 

' *S(-I)-<?T(r+l,...r-l,*i l,2,...r-l), 

(T=0,l,2,...r-1) ; (6) 

where the functions Gj are defined as in Ex. i. The first, second, third, fourth of the 
functions (6) can be derived from the first, second, fouiih, third of the functions (6) of 
Ex. 1 by mterchanging the two letters x and i.e. they are the conjugates of those functions, 

38—2 



596 


INVAEIANT TRAKSFOBMANDS 


[OH. XXIX 


this being a necessary oonsequence of the fact that the matnx is the conjugate 
of the matrix [^]'. A function of r pairs of vanables defined as in (6) can always 

be regarded as the conjugate of a function i|i=^r defined as in (6), where in passing from 
<j>' to <f) the sequences representing the variables are interchanged. 

Applying the principle (A), it follows from the formulae (6) that when a^=l, complete 
sets of independent non-zero bihnear invariants of the pairs of substitutions (i), (ii), 
(lii), (iv) having ranks r, r — 1, ... r— p, ... 2, 1 can be obtained by putting 

p=0, 1, ... p,...r-2,r-l 

in the formulae . 

/r-p (p+i.- p+i. •••»•- 1-*) 

= <j)'( p-n, ...r-1, r; J-, r-1, . . p-Hl) 

= S(-l)Te‘T(p + r-t-l,. .r-l,r; r, r-1, ... p+r+l), 

/'r-p(* 2 ,... r-p; 1,2,. .r-p) 

= <j>' { r— p, ...2,1; 1, 2, ... r— p) 

=S (-!)» <?,(»• -p-r, ... 2, 1, 1, 2, ...r-p-r), 

p,_p(1,2,...r-p; p+l,...r-l,?) ^ ^ 

= (j>'{r-p, .. 2, 1; r, r-1, ... p-i-1) 

= S{-1)» ... 2, 1; r, r-1, ... p+r-(-l), 

. 9 ',_p(p-l-l,. 1,2,. .r-p) 

= <#)'( p+1 , ... r-1, *, 1, 2, ... r-p) 

= S(-l)rG‘,(p-t-T-H,... r-1, *; 1, 2, ...r-p-r), 

(r=0,l,2,...r-p-l) (6') 

Here the bilinear invariants of the substitutions (i) correspond to the complete set of 
independent invariant transformands {A', B} described in Ex. li of § 2B7 when [y]^ 
is *-.nt-nri to be [<#>']’’, and the bilinear invariants of the other substitutions can be derived 
from them by the appropriate reversing substitutions for the variables The first, second, 
third, fourth of the fimotions (6') can be derived from the first, second, fourth, third 
of the functions (S') of Ex. i by interohangmg the two letters x and y, i.e. they are the 
coiyugates of those fonotions. 


Ex Y. The com/^te sets of hHvtiear invarumte derived from the fwmotioii 

$'(!,... r-1, r; r, r-1, . .1) 

= </>'(!, ...r-1, r; r, r-1, ... l) + 0'(2, ...r-1, r; r, r-1, . . 2) 
=a;iy,-^'(2,... r-1, rj r-l,r-2, ... 1). 

If when a/S-sl, we take O' to be the ooeffioient of fo conjugate of the invariant 

transfoimand rj described in. Theorem IV a of § 266, i e. to be the matnx 




r-1,1 


we obtain a bilinear invariant 


. r-1, r; r, r-1, ... 1) 
=«iyr-<#>'(2, ... r-1, r; r-1, r-2,... 1) 
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of maximum I'ank r of tlie substitutions (i), the direct development of which is 

fr =:S(-l)Ti?V, (^=0. 1, 2,,..r-l), 

= (ci)=-0, 1, 2, .. r-r-l), 

= ^t(t+ 3, ... r-1, r; r-1, r-% ... r+1), 

and where of oom'se except when t=0 

Associated with it we have a set of corresponding bilinear invariants of maximum 
rank r of the substitutions (i), (li), (m), (iv) formed by the functions 


*'(1, ... r; J-, ..1) = </>'(!, . 

. r; r, . 

. l)+(^'(2,...r;»', ... 2) 

=Xiyr-4>'(% .. >•; J--1, ... 1), 

*'(r, ... 1; 1, ... »-)=<^'(r, . 

• 1. 1,. 

1,.. r-l) 

=.Vryi-<j>‘ (r - 1, ... 1 ; 2, . r), 

®'(n .. 1; r... l)=0'(r, . 

.. 1 ; r, . 

..!) + (/)' (r-l, ... 1; r, .2) 

=x,.yr-<l>’(r-l, .l;r-l, ... 1), 

*'(1, ..rj 1,...7.)=^'(1,.. 

1... 

.. r)+(^' (2, 1, 1) 


=^ 1 ^ 1 -<#>'(2,... r; 2, ... r), 

which are the functions denoted in Ex. iv by 

fr’^fr-U ./r+J^r-li j 9r'^^r-l‘ 

The first, second, third, fourth of them are the conjugates of the first, second, fourth, 
third of the functions $ of Ex. lii. 

In the derived complete sets of bilinear invariants of ranks r, r-l, ... 2, 1 formed in 
accordance with the principle (A) those of the substitutions (i) are the functions 

/r+/r-l> /r-l+/r-2j • • /2+/l» /l 

of Ex. IV ; and those of the substitutions (ii), (ui), (iv) ore formed m similar ways. All 
these functions are derived from the functions of Ex. iii by interchanging the two letters 
X and y. 

Ex. VI. lUuatrations of the formulae of Exe. i a’nd iv. 

When r=5 and 0^9=1, the bilinear invariants of the substitutions (i) described in 
Ex. IV are the functions : 

/6(lj 2, 3, 4, 5)=a7iy6-fl72(y4+y6)+a73(ya+2y4+yc)-^4(ya+3y3+^4+yfi) 

+^6 (yi + 4^2 + 6ys + +3^o) 

^(Xi-X2 + X3-Xi+X6)y6-(X2-2Xs + 3X4-4XD)S/i+(Xa-SX4 + 6XB)y3' 
-(374- 4^76) ya+iTayi 

“ + .^ays - ^42/2 + ^ 6 ^ 1 } - {^2^6 - 2^3 2^4+ 33r4y3 - 4a'6ya} 

+ {-278^6 - 3374y4 + 6376y8} “ {^4^6 “ ^ 6 ^ 4 } + {^*75^6} 

= Bj 6,...l)-(?i(2,... 6; 6, ... 2)4-<?a (3, 4, 6; 6,4,3) 

-(7a(4,6; 6,4) + (?4(6; 6)j 

-G^o(2,... 6; 6,...2)-.Gfi(3, 4,6; 6, 4, 3) + 6*2 (4, 6 ; 6, 4)-G's(6; 6) 

»{37ayfi - 378y4 +3?4ya - x^ysi - {^78^6 - 2374y4 + 337fiya} H- {3:4yfi - 33;fty4} +{37ayfi3 ; 

= C?o( 3,4,6; 6,4,3)-<?i(4,6; 5,4) + G,(5; 6) 

= - ^4^4 + ^ 62 / 8 ) - {^4^6 - 237fiy4} + {376y6} J 

= 0o(4:, 6; 6, 4)-6‘i(6, 6)={374y6-3;6y4}-{a75y6}; 

= Go(6; 6)=37oyfi 

The corresponding bilinear invanants of the substitutions (i) described in Ex. 1 are 
denved from these by mterohanging the two letters x and y, and also interchanging the 
two sequences in every function 0^- 


M% 3,4,6) 

/i(3,4,6) 

/a ( 4 , 6 ) 

/i(B) 
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In both cases (see Bxs. in and v) another complete set of bilinear invai-iants of the 
substitutions (?,) is formed by the functions 

/ 6 +/ 4 J /8+/25 /a+/i? /i 

Ex. vu. BiliTLecer znvaricmts of odd rankk derived from tha gymmetric fiiiictimi 

+ + 2i, ... 2, 1; 1, 2, ... 2^, 2i + l) 

Whenever r and e are positive integers, we will define a function Ft of 

. . j = r+l + 2f7- 

pairs of variables, or rather of the first o- + 1 and last o- + 1 of those pairs, by the equation 
FtCI, 2, ... 1+0-, . . S-0-, .. 8-1, 1,2,. l + fT, .. 8-1, «) 

• =^2 (-'1)^ . . (^i + cr-4yi+<r-i4‘^fl-(r + 4y«-o-+0, 

(^=0, 1, 2, .. (t)j (7) 

so that whenever p - - &=r+ 1 4 - 2 o-, 

where r, o-, a, 6 are positive' integers, we have . ' ’ ' 

FtC^?, a + 2, (z+1, 6 + 1, 6+2, ... q-\,q) 

= rr(a+l, a + 2, .. p-1, p, q, q-l, ... 6 + 2, 6+1) 

=:J2 ( - 1)^. (*“ Wt+*^t) (^p-tT + i2fb+l + (r.-i+^a + l + <r-i^q-a + i)t 

• FrCa+l, a + 2, .,._p- 1, j?, 6 + 1, 6+2, ... q-l, q) 

^Vr(p,p-l, a+2, a+lj g', ^?-l, .. 6+2, 6 + 1) 

= iS(- 1)^ • (*"Wt+*-^t) . (^o4l + o--4 + 3^6 + l + a-i + ^p-<r + i3^fl[-cr + i) ) 

(i=0,l,2,...(r) (70 

For any given value of r the unsigned coefficients of the successive terms of a fimotion 
Ft of any number of pairs of variables, exceeding t by an odd positive integer, are always 
successive integers (starting with the first) of the some senes derived from 
(or*5V_i + 2 *“Wt) by putting z=0, 1, 2, 3, .... 

When 0)3=1 and r=2i+l, we con obtain a set of corresponding bilinear invariants of 
maximum rank 2^+1 of the pairs of substitutions (i), (li), (lu), (iv) by taking (7 to be the 

symmetric matrix defined in Exs, v and vi of § 257. By developmg the ooire- 

spondmg matrix products (see Ex. vin) we con express these bihnear invanonts m the forms 

At+i (1, 2, 2#+l)= (2^+l, 2i, ... 1 ; 1 , ... 2^, 2^+1), 

= -^t+iy 4 + i+S(-l)Trr(2?+l, 2^,... r+1; r+1,... 2^, 2?+l), 
/„+i(l,2,...2i+l)= ^(1,2,... 2t + l ; 2« + l ,...2,1) 

'^-^+i3/t+i+2(r^l)''FT(l, 2,. . 2if + l-rj.2if+l-r,.., 2, 1), 
^iB+i(l, 2,...2J+1)= V'ds,- 2«+l i 1 2«, 2?+l) 

t 

= -a;,+iy* + i'bS(-l)t-FT(l, 2,... 2i+l-r; r+1,... 2^, 2^+1), 
i^Wia.2,..2f+l)= ‘^(2?+l,2^,... 1 ; 2«+l,...2,f) 

=® “^i+iyi + i + S ( — I)’’ Fr (2^ + 1, 2^, ... r+1 ; 2^+1 — r, ... 2, 1), 

. (r=0. 1, 2, t), (8) 

where the functions Fr are defined as above, and where we can and will regard 

j . 1 . ■ + ^ 

.as a completely define^.functiQi;! of 2^+1 pairs of variables for every positive integral 
value of the four defining equations in (8) being mutually equivalent. When a puffix is 
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attached to it will always be equal to the number of pairs of variables indicated by the 
sequences, which must be an odd integer ; but the suffix will usually be omitted as being 
superfluous. The ^/r-functions occurring in the first and second of the formulae (8) are 
symmetric functions in the sense that each of them remains unaltered when the two 
letters x and y are interchanged, i.e. when the variables a?!, ^3, . and ^2, ya> ••• 

interchanged. 

Whenever a^=l, we can deduce from the functions (8) sets of independent bilineai’ 
invariants of the substitutions (i), (ii), (lii), (iv) of all odd ranks formed m accordance 
with the principle (A) , but we have to distinguish between two cases 

Case I, When r=2i4“l and aj9=al, these i-f-I independent non-zero bilinear invariants 
of the pairs of substitutions (1), (u), (lii), (iv) of odd ranks + 1, 2i: -1, ... + 1 - 2p, . . 3, 1 
are the i/^-funcbions obtained by putting paO, 1, ... p, 1, i in the formulae 

• /2J+i-ap (2p+l,...2*+l;2/) + l,...2?+l) = f(2i + l,2i, .. 2p + l; 2p+l, ... 2f, 2f + 1) 

• “ ~*i+i+p 2^<+i+p+2 (— 1 )Tt ( 2i + 1) 2(, ... 2p+T+l ; 2p+r+l, .. 2i, 2i+l) 

/'iM + i_2p(l, ..2« + l-2p, 1, . . 2i + l-2p)=i/f (1, 2, ... 2i + l-2p, 2i+l-2p, ... 2, 1) 

= -«(+l_pyt+l_p+2(-l)TT (?, 2, ... 2«+] -2p-r; 2j + l-2p-T, . . 2, 1) 

^a+l-iip (1,.-. 2« + l-2p; 2p + l, ... 2*+l)=i|r (f, 2, ... 2« + l-2p; 2p + l, ... 2i!, 2?+l) 
pyt+i+p“hS ( — !)'■ Ft (Ij 2, ... 2^-|- 1 — 2p — r ; 2p-|-r+ 1, ... 2^, 2i+ 1) 
P''a«+i-2p(2p + l, ... 2*+l; 1, ... 2^+1 - 2p)=‘,/. (2*+l, 2if, . .2p-i-l; 2i! + l -2p, ... 2, 1) 

= "^t + i + pyt+i-p-f-S ( — 1)^ Ft (2if + 1} 2^, ... 2p + T + 1 ; 2i + 1 — 2p — r, ... 2, 1), 

(r = 0,l,2,.. t-p) (80 

Case II When r=2^ (where 1) and a/3=l, these t independent non -zero bilinear 
invariants of the pairs of substitutions (i), (ii), (iii), (iv) of odd ranks 
2i-l, 2i-3, ... 2^-M-2/j, ... 3, 1 

are the >/r-fhnotions obtained by putting p=l, 2, ... p, ... i - 1, ^ in the formidoo ; 

./2t+i-2p (2pj 2i!; 2p, ... — — 1, .. 2p; 2p, ... 2i — 1, 2^ 

= — ^i+p^i+p+S ( — I)''' Ft ( 2^, 2^ — 1, ... 2p + T ; 2p+T', ... 2^— 1, 2i) 

A+i-Sp(l. ... 2i+l-2p; 1, ... 2<+l-2p)=..;.(l, 2, ... 2«+l-2p; 2«+l-2p, ... 2, f) 

= “^«+i-py(+i-P+2( — l)’'rT(f) 2, ... 2i+l— 2p — r; 2i+l-2p— T, ... 2, 1) 

^2tH-i-9p ... 2i + l — 2p; 2p, ... 2i)— 2, ... 2^+1 — 2pj 2pj .. 2^ — 1, 2i) 

= -»,4.i_py(+P+8(-l^rT (1, 2,... 2« + l-2p-rj 2p+T,... 2<-l, 2*), 

2*;1,...’2{+l-2p)=>/^(2* 2<-l, ... 2p ; 2i+l-2p,,.. 2, 1) 

“ “^t+py«+i-p+2 (-1)^ 2^—1, ... 2p+r, -'2p — r, ... 2, 1), 

(r-0, 1, 2,,..i-.p), (8"). 

Here the bilinear invariants of the substitutions (i) correspond to the set of sym- 
metno invonant transformonds {A', S} desciibed in Ex. v of § 267 ; and the bilinear 
invariants of the substitutions (u), (iii), (iv) ore derived from them by the appropriate 
reversing substitutions for the variables 

JSx. vm. Proofs of the fortMilae of Ex, vii. 

To establish all the formulae (8), (8'), (8^0 i't is Huffioient to obtain the development of 
the bilinear inyoriant/a^+i shown in (8). If we put wnsr-bl — z, we have 
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M-l-l I 12{+1 

+ (9) 

where r=i+jf -r- 1 = 2 +^'— 2^- 2, 

and where the summation extends over all integral values of i and j such that 

The possible values of r are those consistent with the conditions 7-<|: 0, r'^^t ; and when 
r IS given, the possible values of i and^' are those consistent with the conditions 

^+_7=2^+2 + r, 

and r+1 i|>2i + l or 2i+l ■ct:i<t;r + lj 

the terms with zero coefficients bemg those m which 

«-hl<i<i+T+l or t+T-{-l>i>t+l, 

and the terms with non-zero coefficients being those in which • » 

(1) or 2^ + l-:t:i<t:^+r+l; 

(2) 2jf4-l<tj<|:i + r+l or 
All the terms in which r>t have zero coefficients. 

By arranging the terms according to their total weights, or by expanding the simple 
square slope teims of its successive porametnc diagonal lines, we obtain the 

development 

/M+i=^^o+^i"b'- + >S'T + ... (9) 

where JSr is the sum of the terms in which i+y=2^+2-l-T Again by restricting the 
summation (9) to the two ranges (1) and (2) we see that 

Sr=(-iy — 1)" ("-IJ7T+“.ffT).(a?r+l+r+w3/f+l-«+^t+l-«yt+l+T+w)}> 

(q) = 0, 1, 2, ... i — r) 

= (-l)^^T(2^+l, 2t , ... T+1; r+1, .. 2i!, 2^+l), when r=l, 2, ... 

but for the terms in which t= 0 the correspoudmg formula is 

^o=-^t + iy<+i + ro(2« + l, % ... 1; 1,... 2^, 2^ + 1), 

because the middle term ^rj+iyi+i is common to the two ranges (1) and (2), and is 
counted twice in Tq. Thus (9') is the development of/st+i given in (8). 

All the bilmear invariants of Ex, vii can be expressed in terms of the functions 
defined m Exs. i and iv In fact the equation (9) in Ex. vi of § 267 leads at once to the 
formula 

V^zt+i (2^+lj ... 2, 1 ; 1, 2, .. 2^+1) 

= (25 + li 2, 1 ; Jf+l, ... 2jf, 2^ + l) + t#»'ui (Jf + l, ... 2jf, 2^ + 1 ; t + l , ... 2, 1} 

(^, ... 2, 1; i + 2,... 2i, 2if+l)+0/ (jf + 2, . .2^, 2^+1; ^ ,...2,1}, 

(9") 

which agrees with the development given in (8) because the formulae (7') are equivalent 
to the formulae 

rT(23,i?-l, ... a+2, a+1; 6+1, 6+2, ... 5- 1, 3) 

=rT(a-f l,a+2, p-l,p, q, ... fe + 2, 6+1) 

=i- (^p_fr yb+i + ff +a7o + i+ffyg«iy) 

+ -J- 0? - tr, ‘••P't 6 + 1 + 0-, ... + (ct+l + cr, ... a + 1; J — <r, ... g^)} 

— (p — cr+l, .../J, 6 + cr, .. 6+l)+G^T(a + o“, ...a+1; g' — o-+l, j)} ; 
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Tria + l, a+2, ... 2 D-l,p; + g'-l, q) 

= rT(^, jD-1, ... a+2, a+1, b + 2, 6 + 1) 

“i* • {^a + l+ff 2/b + 1 + 0'~^^p-a- ^Q — a) 

+i{^T(t* + l + o'5 ... C6 + 1 ; S+l+o", ... 6+l) + G^T(i*? — ff t P i (fi •••2)} 

, ... a+1 ; 6+ir , ... 6 + 1) + (?t (jo-cr+l, ... ^9; g'-tr+l, . . ^)}; 

(7") 

where except when t=0. 

Ev, li BU/inear mmnants of even ranks derived from the shew-symmetric function 
Whenever t and a- are positive integers, we will define a function ]\ of 

' «=T + 2 + 2tr 

pairs of variables, or rather of the first cr + l and last tr+l of those pairs, by the equation 

rT(l, 2, ... 1 + 0 -, s— O', . . a — 1, s; 1, 2, ... l + o-, a — tr, ... s - 1, fl) 

(~ 1)* . “*.^7 . + — (^=0j Ij 2,... tr); (10) 

so that whenever ^-a=*=j-6=T+2+2<r, 

where r, a-, a, h ore positive integers, we have . 

Tr{p,p-l, ... a + 2, a + 1; 6 + 1, 6+2, ... q- 1, q) 

= - Tr (a+1, a + 2, ... jo-l,^; q,q -\, ... 6+2, 6 + 1) 

=:2(-l)^ Wr (^p-<r + iy6 + i + <r-i-^?a+l + (r_iyff-a + 0 ; 

rT(a+l, «+2, ... ^-1,^J 6 + 1, 6+2, ... ff-l, q) 

= -TrCiD, jo-l, ... a + 2, a + 1; ^-1, ... 6 + 2, 6 + 1) 

= 2 (—1)^. (^a+l+ff-iya + l + ff-f — J 

(i=0, 1, 2, . . a) (l(y) 

For any given value of r the unsigned coefficients of the successive teims of a function 
Tt of any number of pairs of variables exceeding r by on even positive integer are always 
successive integers (starting with the first) of the same series derived from 
<J7V by putting i=0, 1, 2, 3, .... 

When 0^3=1 and r=2t (where ^<l:i), wo can obtain a set of coiToaponding bilinear 
invariants of maximum rank 2t of the pairs of substitutions (i), (ii), (hi), (iv) by taking € 

to be the skew-symmetric matrix defined in Exs. x and xi of § 267. By developing 
the corresponding matrix products (see Ex. i) we can express these bilinear invariants in 
the forms 

/a, (1, 2, ... 20=i/r(2j:, 2^-l, ... 2, 1; 1, 2, ... 2^-l, 20 

=2(-l)»Tr (2i, 2«-l, ... r + 1; t + 1 , ... 2i-l, 20, 

/aid, 2, ... 20=^ (1, 2, ... 2^*-!, 2t ; 2t, 2^-1, ... 2, 1) 

-2(-l)-rr (1, 2, ... 2^-.r; 2jf-r, ... 2, 1), 
git (1, 2, ... 20=i/^(l, 2,„. 2^-l, 2ti 1, 2, ... 2^-1, 20 

= 2(-l)rrT(l, 2, ... 2^-r; r + 1, ... 2^-1, 20, 
g'itil, 2, ... 20=^ (2^, 2^-l, ... 2,1; % 2t-l, ... 2, 1) 

= 2(-l)r^r(2^, 2!f-l,.., r + 1; 2^-r,... 2, 1), 

(r=0, 1, 2,,.. ^-1), (11) 

where the functions Ft ore defined as above, and where we con and will regard 

as a completely defined function of 2t paiirs of variables for every non-zero positive 
integral value of ^, the four definmg equations in (11) being mutually equivalent. When 
a suffix is attached to it will always be equal to the number of pairs of variables 
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indicated by the sequences, which must be an &oefn integer ; but the suffix will usually bo 
omitted £LS being superfluous The ‘\/f-functioiis occumng in the first and second of the 
formulae (11) are skew-symmetno functions in the sense that each of them is merely 
^tered in sign when the two letters x and y are interohanged, ne when the variables 
^1, ^2 j ^ 3, . ■ and 2^1, yj, ^85 .• are interchanged. 

Whenever a^=l, we oan deduce from the functions (11) seta of independent bihnear 
invariants of the substitutions (i), (ii), (lii), (iv) of all even ranks formed in accordance 
with the pnnciple (A) ; but we have to distmguish between two cases. 

Case L When r=2^ (where t^l) and a^=I, these t mdependent non-zero bilinear 
invariants of the substitutions (i), (li), (ni), (iv) of even ranks 2^, 2f — 2, .. 2/ +2 — 2p, ... 4, 2 
are the -^/r-functions obtained by putting p=l, 2, . . p, ... 1, i in the formulae 

/a+2-2p (2p-l,- 2*. 2p-l,. . 2*)=iK2?, 2i-l,... 2p-l; 2p-l,... 2i!-l, 2?) 

=iS(-l)^rT(2* 2«-l,. .2 p-1 + t; 2p-l+r, ... 2i-l, 2«), 
/'2t+a-2p(* • 2«+2-2pj 1,... 2!l+2-2p)=ijr(T,2,... 2i+2-^p; 2i!+2-2p, ... 2, 1) 

= S(-l)Trr(l, 2, ... 2«+2-2p-T; 2< + 2-2p-T, ... 2, 1), 

Sr2.+2-2p(l-2<+2-2p; 2p-l,...2*) = V^(r, 2 ,... 2«+2-2p; 2p-l, .. 2S-1, 2?) 

=2 ( - 1)T Ft (1, 2, ... 2i+2 - 2p -T ; 2p - 1 +r, ... 2J - 1, 2*), 

^2«+2-2p( 2/»-1, . . 2?; 1,... 2<+2-2p)=i;^(2t 2i-l, ... 2p-l; 2<+2-2p, ... 2, 1) 

= 2(-l)TrT(2* 2^-1, ... 2p-l+r; 2^ + 2 -2p-r, . . 2, 1), 

(r=0, 1,2, ,.i-p) (ir). 

Case IL When r=2/+l and 0)3=1, these t mdependent non-zero bilinear invariants of 
the substitutions ii), (ii)> (m), (iv) of even ranks 2^, 2^-2, ... 2i-b2-’2p, ... 4, 2 are the 
■slr-funotions obtained by putting p = lj 2, ... p, ... ^ — 1, ^ m the formulae . 

/2«+2-2p (2p, ... 2?+l i 2p, ... 2?+l)=>/r (2*+l, % ... 2p , 2p, ... 2^, 2?+l) 

=2 (-l)^rT (2f+l, % ... 2p+t; 2p+T, ... 2«, 2« + l), 
/2(+2-2p(l.'- 2i+2-2p; 1, . .2t+2-2p)=i;^(l,2, ... 2i+2-2p; 2i+2-2p, ... 2, 1) 

=2( — l)^rT (1, 2, ... 2^-l-2-2p-r; 2^ + 2 -2p-r, ... 2, 1), 

^M+2-.p (t •• 2<+2-2p; 2p, ... 2?+l)=f (* 2, ... 2i!+2-2p; 2p, ... 2i, 2*+!) 

=S(-l)»rT(l, 2,... 2«+2-2p-r; 2p + r,... 2«, 2«H-1), 

^M+2-ap(2p, ... 2?+l ; T, ... 2S+2-2p)=A|r(2t4-l, 2f, ... 2p; 2«+2-2p, ... 2, 1) 

=S(-l)'TT(2* + l,2i, ... 2 ;)+t; 2f+2-2p-T, ... 2, f), 
(T=0,l,i...«-p-l) (11"). 

Here the bilinear mvariants of the substitutions (i) Qojreapond to the set of skew- 
aymmetriq invariant transformands {A', B) described in Ex. x of § 267, and the bilinear 
mvariants of the substitutions (ii), (m), (iv) oan be derived from them by the appropnato 
reversing substitutions for the variables 
Ex. X- Proofs of the fiymulae of Ex. ix. 

To establish all the formulae (11), (ll')j (H'O i* is sufficient to obtain the development 
of the bilinear invariant /g* shown m (11). If we put w==r-i- 1 - », we have 

/«=[»]« 


( 12 ) 
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where 1 — 2i — 1, 

and where the summation extends over all integral values of i andy such that 

z+y<}:r+i. 

The possible values of r are those oonsistent with the conditions r<t:0, r — 1 ; and 
when T IS given, the possible values of i and j are those consistent with the conditions 

z+y«2i5 + l+r, 

and r + l:t>y:)>2j{ or 

the terms with zero coefficients being those in which 

^<y<^+T+l or i^T+l>i>i, 
and the terms with non-zero coefficients being those in which ■ 

(1) r-hi:l>y:|>« or 2 ^<i: 2 <t:«+r+i; 

(2) 2i ^Iry <j:^ iJ+r-f 1 or r+l j(>t j{. 

All the terms in which r > ^ - 1 have zero coefficients. 

By arranging the terms according to their total weights, or by expanding the simple 
square slope m terms of its successive pai'ametnc diagonal hnes, we obtain the 
development 

+ (12') 

where St is the sum of tho terms in which z-fy=2i-l-l+r. Again by restricting the 
summation (12) to the two ranges (1) and (2) we see that 

St = (“1)^. 2{(“ 1)“ ■ ^St ■ ~~~ w 

(a,=0, 1, 2,... U-r-l), 

= (-l)^.rT(2i, 2^-1, ...r-Hl; r-Hl, ... 2^-1, 2y. 

Thus (12') is the development of/gj given in (11). 

1 

All the bihnear invariants of Ex. ix can be expressed in terms of the functions defined 
in Exs. 1 and iv. In fact the equation (16) in Ex. xi of § 267 leads at once to the general 
formula 

1, 2,... 20 

= 0/(2!+1,... 2i; 2, !)-</>* (Jf,... 2,1; ... 2i- 1, 20, ...(12") 

which agrees with the development given in (11) because the fomiulaQ (Ky) are equivalent 
to the formulae . 

Vt(p,P-1, ... a-h2j a+1; 6 + 1, 6 + 2, ... q) 

= -rT(a+l, a+2, ...p-lfp; q, q-l , ... 6+2, 6+1) 

= Of oTy p', 6+1 + 0’, ... 6 + 1) — 6^t (^t+l + tr, .. ^ft + 1 ; q — (ry ... j) ; 
rT(a + l, a+2, .. p^lyPf 6 + 1, 6+2, ... 2^— 1, j) 

= -rT(i?,i3-l, ... 05+2, a+1; qy ^-l,... 6 + 2, 6 + 1) 

=a6?T (a + 1 +{r, ••• a+1 ; 6 + 1 + 0 ’, ... 6+1) — Or (p — ory .. p\ (r, ... (10") 

JEoj xi. The complete sets of hilmear invariante derived from the ^-fwictioTiB of JSws. vii 
and ix when aj3«l. 

For dJI non-zero values of r we can obtain a complete set of independent non-zero 
bihriear' invariants of any one of the pairs of substitutions (i), (U), (ni), (iv) having ranks 
r, r — 1, ... 3, 2, 1 by forming those of odd ranks as in Ex. vii and those of even ranks as 
in Ex. IX. A -^/r-function of s pairs of variables must be interpreted as in Ex. vii or os in 
Ex. ix according as j is an odd or even non-zero positive integer , and a function Ft of s 
pairs of variables must be interpreted as in Ex, vii or as in Ex. ix aocording as « - r is an 
odd or even non-zero pqsitiVe integer. 


p 

k 
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When r='7, the complete set of independent non-zero bilinear invariants of the pair of 
substitutions (i) formed in this way consists of the functions * 

f^{l, 2, ... 7)={ii7i3^4-(«6ys+»3y6)+(«e3'a+®s3'o)-(-*7i^i+«iy7)} 

- i {(^*^*+^4^8) - 3 («iiy9 + ^s^e) + 6 + ^ay?)} 

+ i {(^’0^4 +JP4yo) - 4 (a-vya + a^ay;)} 

-i{*»y4+*4y7} . 

/o(2, 3, ... 7)={(j7syi-J74y5)-(a;oy8-a^8yo)+('»7y8-a;3y7)} 

- K^eyi - a74yo) - 2 (»;ys - ^ayr)} 

+{aJ7y4-«4y7}; 

/i(3, 4, . . 7)={a%yc-(a7oy4+®4yo)+(a77ys+*8y7)} 

~ i {(■®oy6+*6yo) - 3 (^yt+^tyj)} 

+i{a;7.y5+aJoy7}; 

/4(4, 6, e, 7) ={(a!oy*-;»6y6)-(a7y4-a;4y7)}- {a’7yc-a!oy7} , 

/a(B, 6, 7) ={a?6yo-(»7yo+*6y7)}-i{a77yo+»«y7}; 

/a (6, 7) ={»7yo-®ey7}; 

A (7) ={®7y7}. 


xil Bitinear invaHants of two co-gredient suhatitiUiona 
If A is the simple bi-canonical square matrix of order r whose latent root is «, the 
only co-gredient substitutions of the kinds considered in this article together with their 
general bilinear invariants are : 


(i") 5^ =1 , 

. X , 

7 =-^ 

r — 1 

• y 

for which 

> — >r 

'—'I* 

1 — 1,. 

'r 


(ii")7 =A' 

'-‘r 

n— 1 

. X , 

7 =^' 

1 — If 

r— 1 

* 

1 — 1,. 

for which 


' — 'r 

't 


where C—\6f^ is a general invariant transformand {A\ A} 

If (7 is a zero matrix, and there are no non-zero bilinear invariants. If a‘^=i, 
the general bilinear invanants / and /' of (I'O and (ii") are the same as those of (i) and (ii) 
when a/8=l. 


Ex. xni. Bilinear invarianU of two controrgredi&nt eubstUutione. 

Since the inverse of an undegenerate simple bi-canonioal square matrix or its con- 
jugate cannot be a simple bi-oanomcal square matrix unless its order is equal to 1, the 
only two contra-gredient substitutions of the kmds considered in this article are 

where a=i=0. 

If c is an arbitrary parameter, the general bilinear invariant of these substitutions is 

f^oxy. 

3. Quadratic imarmnU of a smgle mhetituMon. 

Let A be the simple bi-canonioal square matrix of order r whose latent root is a ; and 
let A* be its conjugate Then if *7' is the simple reversant of order we can take th^ 
general quadratic invariants of the substitutions : 
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where <7=[c]^ is a general symmetno invariant transformand \A\ A} When <7 is a 
particular symmetric invariant transformand {A'^ A}, the functions f and /' are corre- 
sponding particular quadratic invariants of the substitutions (v) and (vi); and we will 
call them quadratic invariants of ran^ p when the s^mmeirtG mdtrix C has mnk p. 

In desonbing these quadratic invariants we will use the abbreviated notation 

J^0*"I"1) ^- + 2, ... i+s)=_/'(a7i + 1 , • ^<+«) (^*^) 

in which consecutive variables are represented by their sufi&xes. The function (13) can be 
derived from the function 

/(I, 2, ... tf)=/0ri, ... X,) 

by replacing Xi^ .. by xt+i, + ••• ^i+aj o-ud the function 

/(l + «, .. Z-l-2, i+l)^f(Xi + sy ... fl7i + 2, Xi + i) 

can be derived from the function (13) by replacing by for the values 

1, 2, ... s of t. 

General or particular quadratic invariants of the substitutions (v), (vi) can always be 
coupled together m paii’s such as 

/(l, 2, /(j-, r-l, ... f), 

where both functions are known when one of them is known Hence in actual evaluations 
we can confine ourselves to one of the substitutions General fonnulae toko their simplest 
forms for the substitution (vi), but we shall direct our chief attention to the substitution 

(v) whose scalar equations are 

Xi=a{Xi-{’X2), X2=a(X2+XQ\ ... (b) 

If the general symmetric mvariaiit transformand (7 is a zoi’o matrix, and there 

ore no non-zero quadratic invariants. 

If a®=l, we could take G to be one of the general symmetric invariant tranaformands 
7 } described in Exs. in and v of § 257. In this case there are exactly i (r-|- 1) or exactly 
independent partioulor non-zero quadratic invariants of each of the substitutions (v) and 

(vi) ; and the sum of such independent quadratic invariants, each multiplied by an 
arbitrary scalar parameter, is a general quadratic invariant. After determining any 
function which is a particular non-zero quadratic invariant of maximum rank r for all 
odd values of r, we can doidve from it a complete set of independent pariioular quadratic 
invariants for all values of r by using the following principle, winch is immediately 
deduoible from Ex. vi of g 267 The notation detincwi in (13) is used, i.o. variables are 
represented by their suffixes. 

If 2, .. 2*+l), 2, ... 2t+l) 

are fmiotiom which for all podtive integral values of t are pa/rdcular n<m-zero quadralic 
vmariants of maxvrriwm rank 2^-}-l of the svhstitutiom (v), (vi) whenever and r=^2^ + 1, 
then: 

(1) whm a®=l and r=2^-bl, complete sets of independent non-zero quadratic 

invariants of the snhstiUttions (v), (vi) having odd ranks 2i-l-l, 2i-l, . 2^-hl -2p, ... 3, 1 
can he obtained by giving to p the values 0, 1, ... p, ... 1, i m either of the two sets of 

formvlao: 

^+1-2/1 (2p -b 1, ••• 2^, 2^ + 1), /ai+i-2p(2i4- 1 “"Sp, ... 2,?)/ 

y^si+i-2p(2i+lj 2i, ... 2p-i-l), /'«+i-.2p(X 2> ... 2i-|-l— 2p); 

(2) when amd r=2^ {where 1), complete sets of independent non-zero quadratic 

invariants of the substitutions (v), (vi) having odd ranks 2^- 1, 2i~3, ... 2^-l-l-2p, ... 3, I 
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can be obtamed by gwng to p the values 1, 2, ... p, 1, ^ m either of the two sets of 

formulae: 

f 9«+i-ap(2p, ... 2^— 1, 20, f 2t+i-2p(2^+l ” 2p, ... 2, 1)/ 

/^2f+i-2p(2?, 2i-l, ... 2p), /"stt+i-spClj 2, ... 2^+1 — 2p) : (B) 

In applying this principle we may and will suppose // to be the function derived from 
the function/^ by replacing by Then m each case the two sets of formulae are 

two different notations for the same functions. We can pass from one notation to the 
other by reversing the sequences. 

The simplest such sets of quadratic invonants are those descnbed in Ex. xiv. They 
are denved from the sets of corresponding biJmear invariants described in Ex. vii by 
substituting a?!, fl7a, ••• yi, ,ya, ••• Vr From any given bilinear invariant of maximum 
rank r of one of the pairs of substitutions (i), (ii) we can derive complete sets of quadratic 
invariants of the substitutions (v), (vi) by the method followed m Ex. xvi. 

Ex. xiv. The complete seta of quadratic mva/riamis derived from the function 

Wa.+iL'Watli =’#'(2<+l, 2«. - 2; 1). 

Whenever r and a- are positive mtegers, we will define a function Ft of 

fl=ar+l+2(r 

variables, or rather of the first tr+l and last tr+l of them, by the mutually eqmvalent 
equations 

FtC*, fi-1, ... 2, l)=rT(l, 2, ... 8-ly a) 

(i=0, 1, 2, ... (t) (14) 

so that whenever ^ — o=t+1+2o-, 

where t, o-, a are positive integers, we have 

«i+2, a+l) = rT(a+l, a+2, ... p-l, p) 

= S {( — !)*.(* + .■27p-ff + <5?fl + l + 0’-<}, 1, 2, ... 0“) (1^0 

We could interpret Ft to be 0 when p — a«r+ 2+ 2 ( 7 - or p-a<l. 

When a2=l and r=2f+l, we can obtam quadratic invariants of maximum rank 2^+1 
of the substitutions (v), (vi) by takmg C to be the aymmetno matrix defined in 

Ex VI of § 267. By developmg the correspondmg matrix products wo oan express those 
quadratic mvariants in the forms 

Ai+i(l, 2, ... 2jf, 2!+l) = >/r(2?+l, 2i, ... 2, 1) 

= -*!+i+^(-l)^r^(2T+l,2«,,..T+l) = -«|^^+S(-iyrT(T+l,... 2*, 2*+!), 

2. ... it, 2«+l)=i#r(l, 2, ... % 2«+l) 

= - 2, . .. 2<+ 1 -t) = -a;J^j+S ( - 1 )t r, (2<+ 1 - r, ... 2, f), 

(r=0, 1,2, ...0, ...(16) 

where the functions Ft are defined as above, and where we can and will regard 
as a completely defined function of + 1 variables for every positive integral value of t, 
the two defining equations in (16) being mutually equivalent In fact the quadratio 
invariant /jt+i oan be denved from the corre^onding bilinear invariant /at of Exs. vii 

and viii by substituting Xi, x^, ... Xr for yi, .. y,., and the d^velopiqent given in (16) 
could be obtamed directly as in Ex. viii. 
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In desciibing the denved complete sets of independent non-zero quadratic invanants 
of odd ranks formed in accordance with the principle (B) we have to distinguish between 
two cajses. 

CcLse I. When 7*=2i-l-l and 0 ^= 1 , these t + l independent non-zei’o quadratic in- 
vanants of the substitutions (v), (vi) of odd ranks 2Z-I-1, 2i — l, ... 2^ + 1— 2p, .. 3, 1 ai’e 
the \/r-functions obtained by putting p=0, 1, .. p, ... f ^ in the formulae 

+ 2^ + (2t 4* 1, 2^, . . 2p-f-l) 

“ + i + + + “■®i+i + p 

+ 2(-1)’Tt(2p+t+1,. .2^,2* + !); 

A + i-2p(l, 2, ... 2if-f-l-2p) = i/^(l, 2, ...2«H-l-2p) 

+S(-l)Tr^(2i+l-2p-T, ... 2,?); 

(t=0, 1, 2, ... t-p) (150 

Case IL When r=2i (where ?<tCl) and a^=l, these t independent non- zero quadratic 
invanants of the substitutions (v), (vi) of odd mnks 2^-l, 2i— 3, . 2^4-1 -2p, ... 3, 1 are 
the ^//'-functions obtained by putting p=l, 2, ... p, ... i — 1, if in the fonnuloo: 

/at+i-ap(2p, ... 2^-1, 2^) = ^(2^, 2^ — 1, ...2p) 

= - *’+ P + = ( - (2* 2!! - 1, . . . 2p + r) = - ^ 

+ 2(-1)>Tt(2p+t, . .2i!-l,2*), 

/w+l-.p(f, 2. ... 2l! + l-2p)=i(r(f, 2, ... 2!H-l-2p) 

= -^,^.j_p+S( — 1). Tt (Ij 2, ... 2< + l — 2p — r)= — 

+ S(-l).rT(2«+l-2p-r, . .2,1); 

(r=0,l,2,...i-p) (15") 

Ex, TL'v. Elusl^ation^ of iks formidao of Ex. nv. 

When r=9 and a complete set of mdei>ondent non-zero quadratic invanants of 

the substitution (v) is formed by the ftinoLions ■ 
/o(l,2,...9)={ro(l,2,...9)-fl;5®}-ri(2,3,...9) + r3(3,4,...9)-rB(4,5,. 9) + r4(6,6,.. 9) 
- 2 j7(].i74 H- - 2j?s^a +2a?oii;i} - {a;oa?6 - 3 . 21 ^ 374 + 6.^8 
4x^Xt 4- 9 ^ 70 . 273 } - - 5^0 374 } + {^O^f.} I 

/7(3,4,...9)={ro(3,4,...9)-a;o2}-ri(4, 6, ... 9)4-r2(6,6, ... 9)-r3(6, 7, ... 9) 

={a;o® — 23^7075 4- 2^8^*- 2^0fl?a} - {xjx^ - 3a?B + 5570 ^* 4 } 

4- {^a A'0 - 4^70076} - { 370 ^ 0 } ; 

/6(5,6,...9)p={ro(6, 6,...9)-a77a}-ri(6,7,...9) + rj(7,8,9) 

={07^® - 2a78.a?0 4- 2579 ^ 76 } -^{x^x^- Sa’o^al +{^o^} » 
fs (7, 8, 9) - {Fo (7, 8, 9) - ^78®} - Ti (8, 9 ) I 

fi (8) “{l^o (^) “ ^ 0 ^}= } 

which correspond to the general symmetric invanant traiisformand 7/(9) described m 
Ex v of § 267, the first o^ tbpm being obtained by taking 0 to be the symmetric matrix 
described m Ex. vi of § 257, The corresponding complete set of independent non- 
zero quadratic invariants of the substitution (vi) is formed by the functions 
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/g'(l,2,...9)={ro(l,2,...9)-j;5«}-ri(l,2, .8)+ra(l,2,. .7)-rs(l,2,. .6)+r4(l,2,...6), 
/v'(i,2,...7)={ro(i,2,...7)-^4»}-ri(i,2,...e)+rs(i,2,...6)-r,(i,2,..,4), 

/6'(l,2,...6) = {ro(l,2, 6)-a;s’}-ri(l,2,.. 4)+rs(l,2,3), 

/s'(l,2,3) ={ro(i,2,3)-V}-ri(i,2), 

/i'(i) ={ro(i)-a;A 

wlucli are derived from the functions given above by replacing Xf by 

When r=8 and a®=l, a complete set of independent non-zero quadratic invariants of 
the substitution (vi) is formed by the functions 
/, (2, 3, ... 8)={ro(2,3, . .8)-«5*}-ri(3,4,...8)-fra(4,6, ...8) -r3(6,6, ... 8) 

= — ZXfXi + ZXfXa -h 2:Bg.rg } — - 3x<iXi-{- 6 x^X 3 } 

+{xiX3- iXgX^ - {^6*6} ; 

/s (4, 6, .. 8) = {ro(4, B, ... 8) - x,’‘} - ri(B, 6, . .. 8) -(- rs(6, 7, 8) 

= {*0®- ^x^xs+^xgx^ - {X 1 X 3 - 3jr8»6}+{®e*ol 5 
ft (6. % 8) = {Po (6, 7, 8) - - Pi (7, 8) = - 2a?8ars} - {«B«r} ; 

/i(8) ={Po(8)-*e“}=®fl*. 

The corresponding complete set of independent non-zero quadratic invariants of the 
substitution (vi) is formed by the fiinotiOEB 
//(l,2,...7)={Po(l,2,...7)-zr4*}-ri(l,2,.. 6)-i-Pj(l,2,...B)-r3(l,2,...4), 
/8'(l,2,...B)={Po(l,2,...6)-«8a}-P,(l,2,...4)H-Pa(l,2,3), 

/a' (1, 2, 3) = {Po(l,2, 3)- a;,®}- Pi(l, 2), 

fi’d) ={ro(i)-*i*}, 

■which are derived from the functions gi'ven above by replacing Xf by X 3 _i. 

Ex. zvi The complete »ets of quadratic invanants derived from the eymmetrric vn/va/rvant 
traneformand 

If and are the mutually conjugate square matnces defined in Ex. ii of 
§267, and if 0^=1, a particular quadratic invariant of the substitution (v) having rank r 
or r — 1 according as 9* is odd or even is the function 

/(l, 2, ...r)=i{[*],[(#>]'T +[»]r[01^2 ^ 

r I — I,. I — I,. 

= is{(- ly-l. . '-iRri 

where 1, 

and where the summation extends over all integral values of i and j such that 

It is what the bilinear invariant /,(!, 2, ... r) of Ex i or iv becomes when Xi, xt, ... Xr 
are substituted for yi, 9/2 j If we put 

jjBsr-T, 

it can be expressed in the form 

/(l, 2, ... r)=S(-l)>- j;, (t=0, 1, 2, ... r-1), 

where 

= 2( — 1)* . ®r + i + 4dfr-li (^“0, 1, 2, ... « — 1), 

and where ( — = ( — 1)^ or - ( — 1)^ according as ns odd or even. 
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^ heuever r, a, b are positive integers and « <|:! 1, we can and will define a function Gt 
of 8 variables by the mutually equivalent equations 

G'T(a+l, a+2, ... a+«) = (?T ••• a+ 2 , a+ 1 ) 

= + (t= 0 , 1 , 2 , .5-1); ...(17) 

SO that ^^^=0 when t +5 is even. Then when ?• is odd and a®=l, the functions 

f, (1, 2, . . ?)=S (- l)--ff,(r + 1 , t+2, ... t), /,' (1* 2, ... ?•)= 2 ( - I)*- ffr (f, 2, ... r-r), 

(t= 0, 1,2, ...»■- 1), (18) 

are Gon’ospondiug quadratic invariauts of the substitutions (v), (vi) of maxmium rank ?*, 
the fiifat of them being the function (16) , whilst when r is even, they vanish identically. 

In describing the derived complete sets of independent non-zero quadratic invariants 
of odd ranks formed in accordance with the principle (B) we have to distinguish between 
two coses. 

Case 1. When r is an odd integer 2^-|-l and a®t=l, the corresponding complete sets of 
indeiiendent non-zero quadratic invanonts of the substitutions (v), (vi) having odd ranks 
r, r-2, . r-2p, ...3, 1 can be obtamed by putting p=0, 1, ... p, ... i-1, ^ in the 
formulae 

/r-2p(2p + l, ...r- l,r) = S(- l)’'ffT(2p-|-l +r,,..r — l,r) = S( - 1)^ 6^7(5*, r- 1, . .2pH-l + r), 
/^»--2p(lj 2, — 2p) =2 ( — 1)’’ t?T(l, 2, 2p — r) =S ( — !)’■ G^rC^’-Sp-r, .. 2, 1), 

(r«0, 1, 2, . r-2p -1) (18') 

Case II. When r is an even integer 2i and a^«=l, the oon’espanding complete seta of 
independent non-zero quodi-atic invariants of the substitutions (v), (vi) having odd ranks 
r- 1, r-3, . . r+l — 2pj , 3, 1 can be obtained by putting p = l, 2, ... p, ... ^-1, t m the 
formulae 

/r+i-ap(2p, ... r~ 1,?')=!2 (-I)*- (?T(2p-Hr, ... r-1, y)=2( - 1)** 2p+r), 

/, + i..2p(l,2,...r+l-2p)==2(-l)r(?^(l,2,,..y.M-2p-r)-S(-l)^(7T0'+l-2p-r,...2,!), 

(r=0, 1, 2 ,...r- 2p) (18'0 

These quadratic invai‘iants are derived from the corresponding bihnoar invwianta of 
Ex. i or 17 by substituting ... for yuV 2 i 

Ex. xvii Illu8trationB of the fonnuUiQ of Ex. xvi. 

When r=9 and a®=l, a complete sot of independent uoii-zoi'o quadratic invariants of 
the substitution (v) is formed by the functions 
/o(l,2,...9) = (?o(1.2,...9)-(?i(2,3,...9)-|.... -t-(7a(9) 

= {2^'i Xq - 2072^78 + 2x^x^ - 2x^x^ -f x^} -h {7a7a^o - + 3^74377 — 

-f {29373370 - 24374373 + 21^5377 “ 1037o“} + {663?43;j) - 3lX^Xg + lOXQX^} 

-b {7 1^6 37o " 4037 o378 + ^ 

-b {29377370 — 7x^} -b {737837 o} + {^0*^} J 

./v(3, 4, ...9) = G'o(3j4,...9) — G'i(4,6,...9)-b ... +^0(8) 

“ {2373 ,l7o “ 237437a -b 237537^ — 370^}- -b {63?4 37o — 337537g -b 3703?;} 

•b{16^fi®0~ 1337(3378 + 6377®} + {193?(j37o “ 6377373} 

+ {1 6377 379 - 6378®} + {63?8 37o} + {37o®} ; 

/6(6,6,...9) = (?o(B, 6,. .9)-G'i(6,7,8,9) + <?a(7,8,9)-G‘a(8,9) + (74(9) 

= {2376 37o - 2370378 + 377®} + (3370 Xq-XjX^ 

+ {7377379 - 3378®} +{33783?o} + {37o®} J 

/a (7, 8, 9) -=^?o(7,8, 9)- (:/i(8,9) + (?2(9) = {237737o -37^®} + {37 b37b}+{37o«} 

/i(9) ^Go(9)^Xo\ 


0. in. 
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The corresponding complete set of independent non-zero quadratic invaj.’iants of the 
substitution (vi) can be obtained by replacing Xi by a7io_» 

When r=Q and 0 ^ = 1 , a complete set of independent non-zero quadratic invariants of 
the substitution (v) is formed by the functions 
/^(2,3,. .8) = G'o(2,3, 8)-6'i(3,4,. 8) +...+^?o(8) 

= {2x2Xq - 2xsX^ -h 2j?4^0 - + X(,x^ 

-}- {16^4a?8 “ + 6375®} + {19376.2178 ” 6370377} 

-l-{ 163 : 0 a 78 - 53 ??^ + {6377370} +W}j 

/, (4, 6, 8) = 6^0(4, 6 .... 8) - (?1 (6, 6, 7, 8) + G'2(6,7, 8) - 6^3(7, 8) + 6*4(8) 

= {2374370 - 2375377 +370^} +{337fi378 - 37o3?7} 

+ {7370370 “ 33?7*} + {33^7378} + {.Tg*} ; 

/g (6. 7,8) = 6*o(6,7,8)- G*i(7,8) + 6*3(8)«{237o370-3;7«} + {377378} + {3783} , 

/l(8) =C?o(8)=370a. 

The corresponding complete set of mdependent non-zero quadratic invariants of the 
substitution (vi) can be obtained by replacing Xi by 37o_i. 

§ 269 . The invariant transformands of a pair of unilatent 
square matrices. 

1 . Omerol invanriant trwiisformands. 

Let j 1 = [a]*” and B = [6]“ be any two unilatent square matrices of orders 
m and n with constant elements whose latent roots are c and c\ and whose 
characteristic potent divisors are 

(X - of\ (X - c)*^, ... (\ ~ c)“'‘ and (X - (X - ... (X - 0')^*, 

where Oa, ... a, and /3i, ySa, ... Bb are non-zero positive integers arranged in 
descending orders of magnitude; let and be their conjugates; and let 
U and V be any particular undegenerate contra-commutants {A', A] and 
{ 5 , 5 '}. Also let 

p be the sum of the smaller integers of the pairs (oi, ^1), (erg, ^83), ... 


(oi, iSi)j •••j where Oi is 0 when i>r, and /8i is 0 when i >s; (1) 

cr be the sum of the smaller integers of the rs pairs {ol^, fij)] (2) 

and let e= + l. 


Without actually constructing the general invariants mentioned, we can 
at once enunciate the following theorem : 

Theorem I. The fowr general invarimt transforniands 
X = inv [A, € 5 }, J' = inv {A\ eS'}, inv {A\ efl}, F = im \A, eB'] 
can always be so chosen cw to he connected by the relations 
X'=UXV, T^UX, T = XY; 
and they are all zero mal/rices when od + e. 

When cd = e, each of them is a matrix of the class M and of rank p 

containing exactly a independent a/rbitrary pa/rameterSy and having exojctl/y a 
independent nonrzero particidai'isations. 
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Id each of them the elements are homogeneous linear fnnctions of the cr 
arbitrary parameters. 

The first part of the theorem follows from Ex. Hi of § 254 and Theorem 
III a of § 256. The lost part of the theorem (in which A and JB are neces- 
sarily undegenerate) follows from Note 1 of §243 when we regard X as a 
general commutant [A, because A and are unilatont square 

matrices whose latent roots are c and , and thoroforo A and €5“’ are uni- 

0 

latent square matrices having the same latent root c. 

The formulae (B) of § 256 will furnish constiuctions for the general 
invariants of Theorem I when cc^=e as soon as we have determined the 
corresponding general invariants for two square matrices equi- 

canonical with A and B respectively. The simplest constructions are obtained 
by choosing A^ and Bq to be bi-canonical square matrices. 

Accordingly when c& “ e, we will define 

Aq = cA, Bq = c'B 

to be the standardised unilatent bi-canonical square matrices of orders n 
having the same characteristic potent divisors as A, B^ and 

A = hAoH, B^TcBqE 

to be any parbiculai' isomorphic transformations by which A, B can be derived 
from Afl, Bq, Then A, B are standardised umlatent bi-canonical (or canonical) 
square matrices having the same latent root 1, and the general invariant 
transformands in tho second part of Theorem I can be taken to be the 
matrices given by the formulae 

X = X' = JT'f'A', H^riE, F = hr^'k\ (A) 

where E\ K are the conjugates of if, k, and where f', 17, 97' arc the general 
invariant transformands 

f = mv [Aq, ejBo}, = inv {Aq\ eBo], 77 = inv [Aq\ e-Bo}, V == mv { Aq, bBq] 
or f = inv {A, B} , f ' = inv {A\ B'}. 77 = inv {A', B}, 77' = inv {A, B'}. 

The matrices f, f', 77, 77' are the compound slopes described in Ex. i, or again 
in Ex. ii, and from their properties we deduce the second part of the above 
theorem. 

BiB, L Descriptions of the gene^'ol invariant transformands 

f {A, B}, {A', B'}, {A', B}, rf'^inv {A, B}. 

The unilatent bi-canoniesaJ square matrices A and B of tho text are standard corn- 
partite matrices expressible m the forms 


I 

0 


l 

0 

... 0 ' 

fli 1 ^1 » ••• Pa 

0 , ^ 2 » • 

.. 0 

9 

B*= ^ 

... 0 

9 

0 

0 

I 

.. Ar 

0 

0 

f 

... A __ 

Pit Pit P* 
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where every part such as or is a simple bi-canomoal (or simple canonical) square 
matrix whose latent root is 1. If A', B' are the conjugates of A, B, and if t/a, are the 
part-reveraants of the same queidrate oloaaes as A, B, the obviously tme equations 


show that the symmetric matrices and Jj, are undegenerate commutants {A', A} and 
{Bj B'} Oonsequently the general invariants 17, 17' can always be so ohosen as to be 
oonnected by the relations 

( 3 ) 

and aU four of them are known when any one of them is known 


From Theorem II of § 266 we see that J is the most general compound matiix of the 
form 

— * * * - Pi I * P« 

Cllj ffl2i ••• gia 


f- 


£ai} ^22} • • 


(4) 


^{rli ir23 ■ Sra^ 

• “r 

which can be constructed when for all permissible values of i andy the constituent is 
an invariant tranaformand jBy}. The constituent is an undegenerate simple slope 
of iype {tt, tt} which is completdy described m Theorem IV 6 of § 266, the number of 
arbitrary parameters which it contains (os well os its rank) being the smaller of the two 
mtegera (a<, / 3 j) The arbitrary parameters of the rg constituents ore all independent 
Consequently the total number of independent arbitrary parameters in ^ is the sum 0- of 
the eflFective or smaller ordera of all the rs constituenta Fm-^her the coefiioionts of these 
tr parameters clearly form a complete set of independent non-zero partioularisations of 
Since A and B are undegenerate, we can regard ^ as a general commutant {A, B"^} 
Consequently the rank of f is the order of the greatest common canonical of A and B”^, 
which (because B and B"^ ore equicanomcal) is also the order of the greatest common 
canonical of A and B, i.e. the integer p defined m (1), 


The general mvariants I', 17, 77' con be constructed in similar ways ; but from (3) wo 
see that they can be derived from f by part-reversals. We conclude that . 

The four g&n^'al inwriainX tr(msformcLnde f, f , 77, if are completely hnovni oompov/nd 
elopes of the standardised class 

^>) (ft) 

- . _ \®i j °a) ••• fhj 

cmd of the respective types 

{jTjir}, {«■', it'}, {ir'.ff}, {w,7r'} 

which can always be so ohosen to be correlated by part-reversals. Each of them contains 
exactly a- independerit arbitrary parameters, and each of them has rank p. 


Ex ii. Altematim constructions for the general invariant tra/nsformands f', 77, 77', 

Let X, X', Y, Y' be general commutants {A, B}, {A, B'}, {A, B}, {A, B'}, i.o, 
general compound continuants of the class (a) and of the respeotive types 
{tt, tt}, {tt'j it'}, { tT \ tt}, {tt, tt'}. 

When we regard the general invonant transformonds 77, rf as general commutants 
{A-\B], {A-i,B'}, {A-\B}, {A-^B'}, 
the general theorem of § 239 shows that we can take them to be the matrices given by 
the formulae 

f=PX, f^PY\ (6) 

where P, P' are any particular undegenerate commutants {A”^ A}, {A"^ A} or in- 
variant transformanda {A A}, {A, A}, which it is certainly possible to determine. 
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Again when we regard the general invariant transformauds A 77, n' as general 
commutants 

{A,B-i}, {A,B^"i}, 

the same general theorem shows that we con take them to be the matrioes given by the 
formulae 

f'=X'e, 7 -Y 5 , (6) 

where §, Q are any particular undegenerate commutants {B, B“^}, {B', B'”^} or m- 
variant transfonnands {B, B}, {B^, B 7 > which it is certainly possible to determma 

For example if P is a particular undegenerate square commutant {A"^A}, so that 
•Ai ^-^“"PA, and if we put f =PX, the equations 

A-ig=^.AX, fB=P.XB 

show that ^ is a pai’ticular or genei'ol commutant {A“^B} or invariant tranaformand 
when and only when X la a particular or general commutant {A, B}. 

The second part^'of Theorem I follows at once from the formulae (6) or (6). We could 
give corresponding formulae for the general invariant transformonds JT, X\ T, Y* them- 
selves in the second part of the theorem. 

Ex lii. Special case when [ai ay • ■ • Oi-] = [j8i . . jS J = [^i ^2 ■ • • ^ J Theormt L 

If A and B are umlatent square matrices of the same order m whose characteristic 
potent divisors are 


(X-o)«., {\-c)\ ... (X-c)''« and (X-c')'*a, ... 

where the indices are arranged m descending order of magnitude, then in Theoi'em I we 
have 

p=m; o’=ei + 3tJ3+ ... 1) ... -l-(25 — 

The general invariant transformands X\ Y, Y^ are zero matrices when od and 
when cd —e, they ore UTidegenej^ate square matrices of order m. 


Ex, iv. The four gen&'al invariant transformands 

X=inv {A, eA}, X* = inv {A\ cA'}, Y^inv {A', cA}, 7 ' = inv {A, eA'}. 
We can use the notations of Ex. in, whei'e now B=A^df^c 


Then if the four general invariant transformands are all zero matrices ; whilst 
when each of them is an undegenerate square matrix of order m having exactly <r 
arbitrary parameters, where o- has the value given m Ex. iii. In tlie latter case we can 
use the constructions of the text in which Po=:Ao, B=A, ifc=A, K=R\ the matrioes 
f , 7;, 17' being correlated quadi’ate slopes of the class 


j^Ai 7 fla? ... 

\fli, 63, ... e^J 


,(b) 


2. General symmet/rio avd general sh&w-symmeftric invariant transformands. 
Let A = [a]|] be a single imilatent square matrix of order r with constant 
elements whose latent root is c, and whose characteristic potent divisors are 

... (X.-o/*; (61 + 02 + ... + = 

where the indices are non-zero positive integers (not necessarily all difiFerent) 
arranged in descending order of magnitude; let A' be the conjugate of A ; 
and let V be any particular undegenerate symmetric contra-oommutant 
[A, A'\, Also let 


0"i — flg + 26fl + 304 + . . . + (0 — 1) 0j ; 


(^) 
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T = sum o( the smallest integers which are respectively «|: ... ^eg 

= half sum of the even integers of the pairs such as ei + 1), .. (8) 

r = sum of the greatest integers which are respectively ... ^eg 

= half sum of the even integers of the poirs such as (^i, — 1), . . .(8') 

and let e = ± 1. 

Then with respect to symmetric invariant transformanda we have the 
following theorem : 

Theorem II, The two general symmeti'ic invariant transfoi'mands 
F= mv {A\ eA], 7' = inv {A, eA'} 
can always he so chosen as to he connected hy the symmetric relation 

Y=V¥Y; 

and they are both zero matrices when c® =f= e. 

If o® = e, i.e. c = ± Ve, ecwh of them is a symmetric matrio! of orde^^ r 
containing exactly ctj -f t arbitrary parameters a/nd having exactly <ri + t 
independent non-zero particularisations ; moreover each of them is wnde- 
generate when and only when every distinct charact&risUc potent divisor (\ — c)^ 
with a given even index is repeated an even number of times. 

The first part of the theorem follows from Ex. iv of § 264 and Theorem III a 
of § 265. We will prove the second part of the theorem by constructions 
based on the formulae (0) of § 256. 

When c®= e, we will define 

Ao = cA 

to be the standardised unilatent bi-canonical square matrix of order r having 
the same characteristic potent divisors as J., and 

A = hA^H 

to be any particular isomorphic transformation by which A can be derived 
from -4.0. Then A is a standardised unilatent bi-canonical (or canonical) 
square matrix whose latent root is 1, and the general symmetric invariant 
transformanda in the second part of Theorem II can be taken to be the 
matrices given by the formulae 

7 = H'7fH, Y'^hnh', (B) 

where h' are the conjugates of if, and where 97, tj' are the general 
symmetric invariant transformanda 

97 = inv {ilo', eAc], 71 = inv {^0, cAq] 
or 97 = inv {A', A }, 97' = inv {A , A' }. 

Constructions for 97 and 97' are furmshed by Theorem II of § 266 ; and from 
the properties of those matrices described in Ex. v we deduce the second 
part of the above theorem. 

The proof of the second part of the theorem could be effected by similar 
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constructions if A q were any standard compartite matrix equicanonical with 
A in which all the parts are unipotent square matrices. 

If r = [y]|[ is a general invariant transformand of one of the types men- 
tioned in Theorem 11, it will be obvious that the matrix 

will become a general symmetHo invariant transformand of that type when 
the arbitrary parameters occurring in its elements have been reduced by 
substitutions to the smallest number possible 

V. Deacriptions of the getieraZ aymimtno invariant transfonnanda 
rj = inv {A', A}, 77' = inv {A, A'}* 

It will be obvious that the parfc-reversaiit J of the same quadrate oloas 

(b) 

®2i ••• 

as A IS an undegenerate symmetric contra-oommutant {A', A}, {A, A^}* Cousequently 
ij and 7]' can always be so chosen os to be connected by the syiumeLric relation 

r{=Jr]J^ 

and will both be known when one of them is known. Further if we put 


■^ 1 , 

0 , . 

Q - fill • 

. ea - 

*711 > 

112 ) • 

71-' 

> 

II 

: 0 


0 

• -J" 

122 ) - 

• 72a 

. 0 , 

0 


, e$ 

’7j2» • 

7a-. 


where every part of A such as is a simple bi-canonicol (or simple canonical) square 
matrix whose latent root is 1 , we see from Theorem II of § 255 that rj (expressed in the 
form shown above) is the most general aymmetrio compound matrix of the class (b) which 
can be constructed when for all permissible pairs of values of i andy the constituent rnj is 
an invariant transfonnand {^1/, -dy}. 

The diagonal constituent 77, i of 77 is a symmetrio simple square oountor-slopo of type 
[ir'i tt} which has been determined in Ex. iii of § 267 and can be taken to be the 
symmetric invariant rj (di^) described in Ex. v of § 267 . The total number of arbitraiy 
parameters in the constituent rfa is i (fl<+l) or according as is odd or oven, and it 
has rank or — 1 according os is odd or even. If y >^*, the two non-diagonal con- 
stituents ?7^, T)ji of rj are mutually conjugate, and 17^/ is a simple oountor-slopo of type 
{tt^j tt} which has been determined in Theorem IV 6 of § 266 , other forms of it being 
described m Ex. 11 of § 267 . The total number of arbitrary pai'amoters in the non- 
diagonal constituent (as weU as Its rank) is the smaller of the two integers (a^, ^). 

The independent arbitrary parameters of rj are those of its diagonal constituents 
(totalling r parameters), and those of the constituents lying on one side of the diagonal 
constituents (totallmg a-\ parameters). Consequently 77 contains exactly 0*1 -1- r independent 
arbitrary parameters, the coefficients of which clearly form a complete set of independent 
non-zero partioulansations of 77. 

Because 77 is a quadrate slope, viz. one of type {tt', tt}, we know by § 241 . 4 that det 77 is 
the product of the detemainants of all the paradiagonal prime minors of 77, The para- 
diagonal pnme minors of 77 involve only the elements of the pai'adiagonals of the square 
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constituents ; and m determining them we may put all other elements of 7 } equal to 0 
Correspondmg to an index number which is repeated exactly t times in the senes 
fill flsj there are exactly e paradiagonal prime mmors each of which is equal to 

±l>]i» where |>]‘ is: 

an arbitrary symmetno mati'ix of order t when e is odd ; 
an arbitrary skew-symmetno matrix of order t when e is even. 

Consequently ij is undegenerate, i.e. all the paradiagonal pnme minors of 77 are iindo- 
generate, when and only when every distinct even mdex number e m the series fli, flaj 
is repeated an even number of times, there being no restnctions on the repetitions of odd 
index numbers. 

We cem construct 77' in a similar way ; or it can be derived from 77 by port-reversals os 
m (9), i.e. by reversmg the orders of arrangement of the honzontal and vertical rows 
in every constituent. 

TAm the two general aymmetric invariant trcmsformanda 77, 77' cere coTwpletely hiomi 
symmetric covmt&i'-slopes of the qnadraie class (b) and of the respective types 

{tt', tt}, {tt, tt'} 

which can always he so chosen as to he correlated hy part-reoei'sals. 

All the elements of eadh of them are hormgmeous linear functions of ari+r ind&p&tideiit 
arbitrary parameters ; and each of them u undegenerate when and only wh&n every distinct 
even index number in the series eg, ... e^ia repeated an even number of times. 

Ex. VI. The symmetric matrices 17' of Ex. v are also the general S3rmmetric 
invariant transformands 

77 =:mv {^1', 77'=imv {A^ 

where Ai, Bi are any unilatent bi-canonical square matncea of the quadrate class (b) 
having latent roots c, d such that cd = e. 

Again with respect to skew-symmetric iavariant transformands we have 
the following theorem ; 

Theorem III. The two general sJcew-symnietric inva/riant transformands 
T= inv {A\ eA], T = inv {A, eA'} 
can always he so ohosen as to be connected by the symmetric relation 

7' = V7V; 

and they a/re both zero matrices when c“ =(= e. 

If i.e. if c=±^€^ each of them is a skew-symmetric matrix of order 
r containing exactly 0 * 1 + t arbitrary pa/rameters, and having exactly o-^ + t 
independent non-zero partioula/risations ; moreover each of them is unde- 
generute when and only when every distinct oharacteristic potent divisor 
(X — with a given odd index is repeated an even number of times. 

The first part of the theorem follows from Ex. iv of § 254 and Theorem III a 
of § 255. We will prove the second part of the theorem by constructions 
based on the formulae (0) of § 256. 

When c® = e, we will as before define 

Ao = cA 
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to be the standardised unilatent bi-canonical square matrix of order r having 
the same characteristic potent divisors as A, and 

A hA^H 

to be any particular isomorphic transformation by which A can be derived 
fi’om Aq. Then A is a standardised unilatent bi-canonical (or canomcal) 
square matrix whose latent root is 1, and the general skew-symmetric 
invariant transformands in the second part of Theorem III can be taken 
to be the matrices given by the formulae 

Y'=^hv% (C) 

where H\ K are the conjugates of H, h, and where 77, V the general 
skew-symmet 7 ^c invariant transformands 

77 = inv {Aq\ eAol, 7 }' = inv {Aq, eA^] 
or 77 = mv{A', A}, 77' = inv (A, A'}. 

Constructions for 77 and 77' are furnished by Theorem II of § 265 , and from 
the properties of those matrices described in Ex. vii we deduce the second 
part of the above theorem. 

The proof of the second part of the theorem could be effected by similar 
constructions if A^ were any standard corapartite matrix equicanonical with 
A m which all the parts are unipotent squai’e matrices. 

If F=[y]^ is a general invariant transformand of one pf the types 
mentioned in Theorem III, it will be obvious that the matrix 

will become a general skew-symmetric invariant transfoimand of that type 
when the arbitrary parameters occurring in its elements have been reduced 
by substitutions to the smallest number possible. 

Ex. vii. Deso^ri^tions of the geTieral shewsymmetrio imarimJt, transfomimds 
77 = mo {A', A}, rf « inv {A, A'}* 

If J is the part-reversant of the class (b), 77 and rf con always bo so chosen as to be 
connected by the symmetric I'elation 

(9) 

and will both be known when one of them is known. Further if wo put 


1 

> 

0 

0 

1 

711 1 

712 j • 

71*' 

0i 1 fla. ... 

0 , . 

0 

) 

,= Vai. 

» 7 a 2 » • 

.. l]2i 

t 

0 

0 

1 

0] , tfjj 1 ... flf 

_78l» 

7*2) • 

- 7*i_ 

,,Og 


where every part of A such os is a simple bi-eanouioal (or simple onnonical) square 
matrix whose latent root is 1 , wo see from Theorem II of § 266 that 77 (expressed in the 
form shown above) is the most general ekerj-symmetric compound matrix of the class (b) 
which can be constructed when for all permissible paira of values of i and j the con- 
stituent 77 ^ IS an invariant transformand {A/, Aj), 
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The diagonal constituent rja of t? is a akew-s^mmetiio simple square counter-slope of 
type {»r', tt} whioh has been determined in Ex vin of § 267 and can be taken to be the 
skew-symmetric invariant tj (e^) described in Ex. x of § 267. The total number of 
arbitrary parameters m the constituent t}u is or i 1) according as e* is even or odd, 
and it haa rank or - 1 according as is even or odd If j > z, the two non-diagonal 
constituents Tjji of 77 ai‘e mutually skew-conjugate^ and rjij is a simple counter-slope of 
type {tt', tt} which has been determined in Theorem IV 6 of § 266, other forms of it 
being described in Ex 11 of § 267. The total number of arbitrary parameters in the non- 
diagonal constituent (as well as its rank) is the smaller of the two integers (e^, ej). 

The independent arbitrary parameters of 77 are those of its diagonal constituents 
(totalling T parameters), and those of the constituents lying on one side of the diagonal 
constituents (totalling o-i parameters) Consequently 77 contains exactly cti+t inde- 
pendent arbitrary parameters, the coefficients of which clearly form a complete set of 
mdependeut non-zero particularisations of 77. 

Because 77 is a quadrate slope, viz. one of type {tt^, it}, we know by § 241. 4 that det 77 
is the product of the determinants of aU the paradiagonal pnme minora of 77. Corre- 
sponding to an mdex number e which is fepeated exactly t times in the series ei, Sbi 
there are exactly e paradiagonal prime minors each of whioh is equal to ±[y]|i where 

[yt “ = 

an arbitrary symmetric matrix of order t when e is oven ; 
an arbitrary skew-symmetric matnx of order t when e is odd. 

Consequently 77 is undegenerate, 1 e all the paradiagonal prime minors of 77 are unde- 
generate, when and only when every distmct odd mdex number e in the series fli, ••• 
is repeated an even number of times, there being no restrictions on the repetitions of even 
mdex numbers. 

We can construct 77' in a similar way , or it con be derived from 77 by part-reversals as 
in (9). 

Thus the two generaZ skewsymuhetrio invariant transformands 77, rf are completely 
known skew-symmetric couTUer-slopes of the guctdrate class (b) arid of the respective types 

W) "•}, {«■, «■'} 

which can always he so chosen as to he con'elaied hy part-reversals^ 

AU the elements of each of them are homogeneous linear fwnetions of o-i-l-r' independent 
asrhitrary parameters ; and each of them is undegen&rate when and only when auery distinct 
odd index number in the series 01, asi — w repeated an even number of times. 

Ex viii. The skew-symmetric matrices 77, 77' of Ex. vii am also the general skew- 
symmetric invariant transformands 

IJ = mv eSi}, r { = inv , tB{), 

where Au are any imilatent bi-canomoal square matrices of the quadrate class (b) 
having latent roots c, d such that cd =»c. 

Ex, ix. The sum of a ‘genei’ol symmetric’ and a ‘general skew-symmetric’ invariant 
transformand (with independent parameters) of one of the types mentioned in Theorem 
II or III is an invariant transformand of the same type having 2(rj +r+r =* or independent 
non-zero particulansations, where o* is defined as m (2) and has the value given in Ex. iii ; 
i.e. it is a ‘general’ invariant transformand of that type, as is otherwise obvious. 
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§ 260 . The invariant transformands of any pair of square 
matrices whose elements are constants. 

1 . The general invariant transformands 
X = inv {A, eB}, X = inv [A\ eB'}, Y = inv {A', eB], V' = inv [A, eB'}. 



Let A = [a]^^ and B = [6]” be any two given square matrices of orders 

m and n whose elements are constants; let A\ B' be their conjugates; and 
let e be always the same one of the two integers 

e = ± 1. 

If U and V are any particular undegenerate commutants [A\ A] and {JSpli'), 
we know (see Ex. in of § 254) that the four general invariant transformands 
(a) can alwaj^ be so chosen as to be connected by the relations 
r^UXV, Y^UX, F = ZF; 

and that they all have the same rank, and all contain the same number of 
independent arbitrary parameters, i.e. all have the same number of inde- 
pendent non-zero porticulai’isations. 

In order to describe constructions for JT, X\ F, Y\ we will suppose the 
distinct latent roots of A and B to be so arranged that they are 

Cl = eCi \ Ca = CCa S ... Cj. = flC^ flti, ^3, * ; .(1) 

End Cl = 6Ci ^ , Og ~ ®Pa ^ » ••• ^ > ^9» • 5 (2) 

where Ci c/ = ff ; but =j= e, ahOi + e, bkCi =|= e. 

The arrangement is such that p. are (non-zero) latent roots of -4, B 

satisfying the equation \p = e when and only when 

X = 0 ^, p = Gi for one of the values 1, 2, ... r of 

We could have 

either a^a, = e (if = c/), or 6*0/ = e (if hi = c<) ; 
and we could have CiCj = o/c/ = e (if c/ = gj and c/ = Ci ) ; 

or in particular = Cf'® = e (if Ci = c^' = ± Ve). 


We will suppose further that 

-A A A - *1* ®9|»* 

ill, 0 , 0 , 0 

0 , ^ 0 , 0 

A= . 

0 , 0 , Af, 0 


~B,. 0,... 0, 0- 

0 . 0 , 0 


0 , 0 


0, 0,... 0, P 


_0, 0,... 0, Q_ 


^1, ^tt| ... Pvt 0. 


are standard compartite square matrices equicanordcal with 4, B respectively 
in which : 
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J-i IS a standeirdised urulatent bi-canonical square matrix whose single 
distinct latent root is ; 

is a standardised unilatent bi-canonical square matrix whose single 
distinct latent root is c/ ; 

P is a square matrix whose distinct latent roots are Oi, Og, Us, , 

Q is a square matnx whose distinct latent roots are 6i, 69, 63, .. ; 

and that A = B = hB^K (4) 

are given particular isomorphic transformations by which A, B can be 
derived from A^^ Bq. We could of course choose Aq and Bq to be standard 
bi-canonical square matrices with standardised unilatent super-parts, one 
corresponding to each distinct latent root. 


If the characteristic potent divisors of A and B corresponding to their 
latent roots Ci and Ci are respectively 

(\ - (X - ... and (\ - ...... .(6) 

where the indices are arranged in descending orders of magnitude, then 
Ai and B^ are standard compartite matrices of the quadrate classes 


Ota, ..A 
W, 0£ia, .../ 


and 


M 




) 


in which all the parts are simple bi-canonical square matrices , and we have 
a£=aai+ ai2+---» A = Ai+Aa + •••■ 


By Ex. 1 of § 255 the fom' general invariant transformands (a) can be 
taken to be the matrices given by the formulae 

X=h^K, 7 =:H'riK, T^hv'k' (A) 

where H\ V are the conjugates of E, k, and where f', 97, 97' are the general 
invariant transformands 


It = mv {Ao, eSo}, = inv [A^, e5o'} , tj = inv { Jj', e^o}. v' = inv {^o . eB ^ }, 
constructionB for which are furnished by Theorem II of § 255. In particular 
(using Theorem III a of § 255) we have 




0 ,... 0 , 0 ^ 
0. fa, ... 0, 0 

0 , 0 , ... 0 

_0, 0, ... 0,0_ 


ft. ft, ft. 3 


ffliiOa, ‘OriP 


0 , ... 0 , 0 “ 

0, rja, ... 0, 0 


V = 


0 , 0 , ... Vjr, 0 
0, 0, ... 0, 0 


£4 , ttg , . 


..( 6 ) 


where 97^ are general invariant transformands 

= inv {Au V> = inv [A/, efiji 

these being compound slopes of the class 

liT "A 
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and of the respective types [tt, tt}, {tt', tt'} which are completely descnbed in 
§ 259. We can take 77, tj' to be compartite matrices of the same forms 
as f and in which corresponding parts are correlated compound slopes of 
the respective types 

(tt, tt), {tt', tt'], {tt', tt}, {tt, -tt') ; 

i.e. if Jo, and are the pai’t-reversanta of the classes 


/ffll, 0 !i3, ... CCfi, 

otraj » 

..p\ 

Am •' 

-• /3?ii ^rflj • 

..g\ 

o(i2, ... 

0tr2» • 

..pj’ 

VAi. 

• /^i*i j ■ 

.. qJ 


they can be so chosen aa to bo connected by the relations 

The independent arbitmry parameters of each of the general invariant 
transformands (a) are the parameters of the parts fi, ••• of which are 
all independent, and are known by § 269 ; and the rank of each of them is 
the sum of the ranks of the parts fi, fa, ... of which are all known by 
§ 269. Accordingly we see that : 

The four general invariant transformands (a) can be taken to he the 
matrices given by the formulae (A). Each of them has rank p, and in each of 
them the elements are homogeneous linear functions of exactly cr vidependent 
arbitrary parameters, where p and <t are hnmun when tiie chcuracteristic 
potent divisors of A and B are Icnown. 

The above argument remains applicable in the special cose when A] 


but (1) and (2) are then two different arrangements 

Ox » Og , • • . Of > > ) 

Cl = 6C1 Ca = 6O3 Of. = ^\y •.«> (2 ) 


of the distinct latent roots of A \ and A^ and Bq are two different square 
matrices equicanonical with A. In this special case the construction described 
in sub-article 2 is more convenient, the places of and B^ being taken by 
a single square matrix fi equicanonical with A. 

We could have taken A^ and in (3) to be simply compartite matrices 
equicanonical with A and B in which the parts are square matrices having 
the latent roots mentioned, the parts such as A< and Bi being unilatent 
square matrices. In particular we could have taken Aq and B^ to be standard 
canonical square matrices equicanonical with A and B. We should still have 
the formulae (A) and the forms such os (6), the parts of f', 77, rf being 
certam matrices having the same ranks and containing the same numbers of 
arbitrary parameters as before. 

jE®. 1 . Rank of the general invariant transformands (a). 

If Pi is the rank of the part of f in (6), the rank of each of the general invariant 
transformands AT, T, 7' is the integer 

P=Pi+Pb+ ... +Pr, 
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where pi is the sum of the effective orders of the diagonal constituents of the standardised 
compound slope i.e the sum of the smaller integers of the pairs 

fti)? (ai2> ^<a)j •• 

formed with the indices of the characteristic potent dmaors (6). 

Hence if ^ 2 , .. jT*, are the distinct irresoluble (or irreducible) divisors of the 
square matrices 

AHat-mt b = x [ 6 ]:-[ i ]:, 

and if those potent divisors of A and B which are powers of Ti are 

and 

whei-e the indices are arranged in desoendmg orders of magnitude, the rank of the general 
mvanant transformond {A^ B} is the sum of the degrees m X of the highest common 
factors of all such pairs of corresponding descendent potent divisors of A and B as 

... . 

Since the last result must remain true when the elements of A and B involve arbitniry 
parameters, X bemg another arbitrary parameter independent of them, we boo that in 
such a case there exist non-zero mvariant ti-anaformands {j4, B] when and only when the 
two determinants 

det{X[6]"-[l];) 

have an irresoluble (or irreducible) factor in common. 

B/Jj. 11 . Invariant truTUiyoT'mandB which are undeg&nerat^ squa/re matinoes. 

It follows from Ex. i that each of the general mvanant transformands (a) will bo an 
undegenerate square matrix wheu and only when : 

(1) the zero part [0]^ of f is absent, i.e. the latent roots such as ai, ... and 

hu & 2 j — ^>8 in (1) and (2) are all absent ; 

(2) all the parts of £ in (6) ore quadrate slopes, so that m the characteristic potent 

divisors such as (6) we always have 

This IS the case when and only when all the characteristic potent divisors of A and B oan 
be ooupled together in pairs such as 

(X - o)«, (X - ec “ !)«, where o =# 0, 

there being of course no zero latent roots. Thus, as can be seen otherwise from Ex ix 
of §256: 

The gmeral invariant iramformands (a) are undegmen'cUe square matrioes vohm and 
onVy when A and B are two undegenerate sg^re matrices of the seme ordevy and moreover 
are sicoh that 

A and €B~^ are equicanonical. 

When these conditions are satisfied, and any undegenerate partioularisations A^o, iTo', 
^ 0 ) ^0 of A, A, Yy Y have been determined, we could take the four general invariant 
transformands (a) to be the matrices 

Y=FY,y T=PY,\ 

where P, P are general commutants {Ay A)y {A\ A'}, or to be the matrices 

Y^YoQy 

where O' are genei'al commutants {By P}, {B\ B'}. 
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iii. The hili^iear iTimriaiits of the mhstitutioyia of =^A, x , V ?/ . 

‘“'w ‘-'in 

If we put €=1, and take wg, ... 'iini and Vi, ^2? '*'n. to be the mdepeudent homo- 
geneous linear functions of Xi^ ;^'2, .. and yu Vn determined by the equations 

I — I I — ( I — I I — I 

u X , =K. y . 

'wi '—'w 'n '-'w 

the general bilinear invariant of this pair of substitutions is the function 

/=[^]„i.r .7 * 

' — 'h 

where »; is the general invariant ti’ausfomiand 77=inv{iIo', having the foiTn shown in 
(6) There are exactly tr independent particular non-zero bilmear invariants correspond- 
ing one by one to the a- arbitrary parameters in 7, the bilinear invariant oorrespoiiding to 
any one parameter being obtained by putting all the other parameters equal to 0. 

We can divide the o- mdependent non-zero bilinear invanaiits into major sets cor- 
responding one by one to the super-constituents vi, va» of >7 ; and we can divide the 
bilinear invariants of the major sot corresponding to each compound slope 17^ into minor 
seta corresponding one by one to the simple constituents of We then have one minor 
set of non-zero bihnear invariants corresponding to every such pair of characteristic 
potent divisors of ^ aa 

(X - (X - Oj " 1)^, where Cf =1= 0. 

If y is the smaller of the two integers (a, 3), this particulai’ minor set is composed of y 
functions which are completely described in sub-article 1 of § 2B8. 

2. The general mvariant transformands 
X = inv [Ai eA}y X' = mv [A\ eA']^ T == inv [A\ F' = inv [A, eA'}- 

(a') 

Let A = [a]^ be a single given square matrix of order m whose elements 

are constants; let A' be the conjugate of A ; and os before let e be always 
the same one of the two integers 

= ± 1 . 

If S is any particular undegenerate symmetric commutant {A, A'], so that 
is a particular undegenerate symmetric commutant {A\ -4}, we know 
(see Ex. iii of § 264) bhat the four general invariant transformands (a') can 
always be so chosen as to be connected by tlie relations 

X' = S-^XS, 7=S-^X, r=SX = SYS. 

In order to describe constructions for the general invariant transformands 
Xy X\ F, F' which are more convenient than those of sub-article 1, we will 
now suppose the distinct latent roots of A to be so arranged that they are 

^/e, ” Vs ; Cj, Cl = sOi Ca, Oa ^ €C2 ^ c^., = eOr ••• j • ■ 'C^) 

where c<Ci' = e; but 0 i^=^ 6 , + 

and where one or both of the latent roots Ve, - Ve may be absent. The 
arrangement is so chosen that if A has two unequal latent roots \ g, 
satisfying the equation X//» = €, then for one of the values 1, 2, ... r of i we 
must have either 

X = Ci, /w,==o/ or \ = Ci, fi — Ci. 



INVARIANT TEANSFOEMANDS 


624 INVARIANT TEANSFOEMANDS XXIX 

If A has a latent root \ auoh that = e, it must be either Ve or — Ve; and 
A has no latent root X such that a^X = e. 

We will further suppose that 


n= 


■p, 0, 0, 0, 

0) Q, 0 , 0 , 

0 , 0 , Ai, 0 , 
0, 0, 0 , Bi, 


0 , 

0 ; 

0. 

0 , 


0 

0 ; 

0. 

0 


J>J 17. «I . «i', er,er',y 


.( 8 ) 


0 . 0 , 0 

0 , 0 , 0 ; 

0 , 0 , 0 


0 , 0 


6r» Of't V 


0 , ... Ar, 

0,... 0, Br, 0 

0, ... 0 , 0, G 

is a square matrix equicanomcal with A in which : 

F (if it occurs, i.e. if p^O) m a standardised unilatent bi-canonical 
square matrix whose smgle distinct latent root is Ve , 

Q (if it occurs, i.e if g^=j=0) is a standardised unilatent bi-canonical 
square matrix whose single distinct latent root is — V7; 

.4 1 is a standardised unilatent bi-oanonical square matrix whose single 
distinct latent root is (\ , 

Fi is a standardised umlatent bi-canonical square matrix whoso sitiglo 
distinct latent root is 

(7 is a square matrix whose distinct latent roots are ai, Ogj ; 
and that A = hflH *,(9) 

is a given particular isomorphic transformation by which A can be derived 
from -Q. Qamg the definitions of § 265. 4, we could choose X2 to be a 
standard bi-canonical square matnx havmg one standardised unilatent super- 
part corresponding to each distmct latent root of 4. 

If the characteristic potent divisors of 4 corresponding to the latent 
roots Cl and are 

(\- (\- Of)'*, ... and {X - c*')**', (\ - c/)^' (10) 

where the indices are arranged in descending orders of magnitude, then 
.d.i and Bx are standard coinpartite matrices of the quadrate classes 

in which all the parts are simple bi-canonical square matrices , and we have 

e,= e,i + eu + ..., Cx =0xi + ej + .... 

Again if the characteristic potent divisors of A corresponding to the latent 
roots Ve, — v7 are 

(X-V^)p., (X-Vr)p.. .. 


and 


(X + v'e)*!., (\ + Ve)9«, (11) 
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where the indices are arranged in descending orders of magnitude, then 
P and Q are standard compartite matrices of the quadrate classes 

VPi. Wi, ?j, •••/ 

m which all the parts are simple bi-canonical square matrices , and wc have 

j = 2-1 + 

By Ex. ii of § 265 the four general invariant transformands (a') can be 
taken to be the matrices given by the formulae 

X = h^H, X' = H'^'K, Y^S'i^n, Y' = hr)%', (A') 

where f 7f, vj' are the general invariant transformands 

f = mv {f2, all}, f ' = inv {fl', efl'}, t] = inv {Q!, eXl}, r{ = inv {XI, eXi'}, 
constnictions for wliich are furnished by Theorem II of § 255. In particular 
(using Theorem III a of § 256) we have 

0 , 0 , 0 ' 

0 , 0,0 
0 , 0,0 
0 , 0,0 


ij = 


ir. 0, 0, 0, 

0, F, 0 , 0 , 

0, 0 , 0 , z., 
0, 0 , F. 0 . , 


. - J>1 «I <li> «i'i «!•< 0 r\ V 


...( 12 ) 


0 , 0 , 0 , 0 , 
0 , 0 , 0 , 0 , 

0 , 0 , 0 , 0 , 


0 , Z„ 0 
F, 0,0 
0 , 0,0 


Pm (Jt Oil <^i'i • orj Or'i V 

where U, F, are general invariant transformands 

£r=mv{i^, sP}, 7= inv {Q', 6(3), - inv ePJ, F< = inv{P/, e^<}, 

these being compound slopes of type {tt', tt} and of the respective classes 

which have been completely described in § 269. We can take f , i?, V 
be compartite matrices of the same form as 97 in which corresponding parts 
or super-constituents are correlated compound slopes of the respective types 

{tt, tt}, {tt', 7 r % {tt', tt), {tt, tt^}; 
for if t7= {fi, fl'} is the part-reversant of the same class 

•••5 2i» 2a> •••; J ■■■5 

nJPi» P29 ••• i Jij 2 a» ■ j j ^fa» * •* > ^ i ^12 i ' • ■ s ' 7 ' 

as the super-slope fl, we con take them to be matrices connected by the 
relations 

or | = J97, ^' = 97/, 

0. m. ^ 



626 


INVARIANT TRANSFORMANDS 


[CH XXIX 


Sine© the parameters of the various parts of 77 are all independent, the 
total number of independent arbitrary parameters in each of the general 
invariant transformands (a!) is the integer 

O' = w + u + So"! + 2o‘a+ - . . + 2 o'7 *(13) 

where u, -y, cr^ are the numbers of the arbitrary parameters in the parts 
U, V, Xx of 77, which are given m Theorem I and Ex. iii of § 259. Again 
the rank of each of the general invariant transformands (a'), being the sura 
of the ranks of the parts of 77, is the integer 

/) + O' + 2y5i + 2pa+ . . + ...(14) 

where jp =^1 +P2+ •••1 ? = ?i + ?a+---. 

and = sum of the smaller integers of the pairs (e^, 6^')^ («^a, ... 

formed with corresponding descendent indices in (10). We conclude that : 

The four general invariant transformands (a') can be taken to be the 
matrices given by the formulae (A'). Each of them has rmk /o, and in each of 
them the elements are homogeneous linear functions of exactly o- independent 
arbitrary parameters, where p and a are the integers given by the equations 
(13) and (14). 

Ex. iv. Undegeryerate invariant tramformands 

In order that the general invariant transformandH (a') shall be undegenerate square 
matrices, it is necessary and sufficient that the zero poii: [0]^ of the general invoi'iant 
transformand 77 corresponding to the latent roots ce^, 03, . . m ( 7 ) shall be absent, and 
that all the parts of 77 such as Z*, shall be undegenerate square matrices, 1 e. shall be 
quadrate slopes, so that 

Thus each of the genei'al invariaTit transformands (a') is an undegenerate square matrix 
when and only when all the characteristvc potent divisors of A which are not powers of 
X — orX+Ve oaTi he coupled together in pairs of the form 

(X-Oi)«, (X-eOi“i)“, where Oi^O; 

i.e. when and only when A is an undegenerate square matrix such that 

A and a/re equioanonical. 

Jf A has a zero latent root, Le. if it is degenerate, no one of the general invariant 
transformands (a') can he undegenerate. 

3. The general symmetric invariant transformands 

T=im {A\ eA], Y' = inv {A, eA'] (b) 

Let A = [a]^ be any smgle given square matrix of order m with constant 

elements, and let the notations of sub-article 2 be applied to it. We will 
suppose that the distinct latent roots of A are so arranged that they are 

Ve, “ Cl, Cj 3 ^ ^ ... Cf, Cj =€Cr Ri, a^) ot^, (*7) 

as in sub-article 2. We will farther suppose that a compartite square matrix 
H equicanonical with A has been defined as in (8), and that 

A^hnH 
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ia a particular laomorphic transformation by which A can be derived from H. 
For the characteristic potent divisors of A, which will be regarded os known, 
we shall use the same notations as m (10) and (11). If S is any particular 
undegenerate symmetric contra-commutant [A, A']t we know (see Ex. iv of 
§ 264) that the two general symmetric invariant tranaformands (b) can 
always be so chosen as to be connected by the symmetric relation 

r = fifF/Sf. 


By Ex ii of § 265 wc can take Y and F' to be the matrices given by the 
formulae 

Y=H'vS, r = h7j'Ii', (B) 

where U\ h! are the conjugates of if, h, and where rj, tj' are the general 
symmetric invariant transformands 

7} = inv eH}, tj' = inv {fl, efl}, 

which are the most general symmetric specialisations of the matrices rj, rf 
described in sub-article 2. In pai'ticular rj can be represented in the form 
(12), where now : 

(1) U and V are symmetric matrices of the respective quadrate classes 


M 


(Pi, Pi. ...\ j^j(qu ffa. -A 

\Pii p2> ••/ \(7i, 3 q> ■■■/ 

viz. ' general symmetric ’ invariant transformands 
[f-invlF, eP} and V=iny[Q\eQ], 
which are completely known quadrate slopes of type {-tt', tt} ; 

(2) Xi and Yi are mutually conjugate matrices of the respective classes 

and 

viz. ‘general* invariant transformands 

Xi = inv {Ai\ eSJ and Yi = inv {B/, eAi], 
which are completely known quadrate slopes of type [tt', tt}; 

(3) the parameters of 77, V, Xi, Za, ... Xr are all independent. 

This description of r) is correct because the conjugate of a general in- 
variant transformand (J./, eBi] ia a general invariant transformond {S/, €^4^]. 


We can take to be a compartite matrix of the saane form as tj, and 
corresponding parts or super-constituents of tj, tj' to be correlated compound 
slopes of the types 

{tt', tt}, {tt, tt'}. 

In fact if J is the part-reversant defined in sub-article 2, we can always 
choose TJ and tj to be connected by the symmetric relation 

tj'^JtjJ. 


Since the arbitrary parameters of Yi are now the same as those of Xi, 

40—2 
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the total number of independent arbitrary parameters in each of the general 
symmetric invariants (b) is the integer 

o- = u' 4“ u' + 0-1 -I- o-fl + . . . + o-,., (13') 

where u\ v\ are the numbers of the arbitrary parameters in J7, V, X^, 
which are given in Theorems II and I of § 259. Again because and 
have equal ranks, the rank of each of the general symmetric invariant 
transformands (b) is the integer 

+ 5'' + 2pi-|-2pa+ ... + 2py, (1^0 

where _p', q\ pi are the ranks of ?7, F, X^, so that 

Pi = sum of the smaller integers of the pairs (fl^, (e^a, .... 

We conclude that . 

The two general symmetric invariant transformo/nds (b) can be taken to be 
the matrices given by the formulae (B). Each of them has rank p, and in each 
of them the elements are homogeneous linear functions of exactly a- inde- 
pendent arbitrary parameters, where p and cr are the integers given by the 
equations (13') and (14'). 

Ex. V. Undegm&raie sywmMrio invariant tran&formands. 

In order that Y and Y' in (b) shall be undegenerate, it is necessary and sufficiont that 
the zero part of the general aymmetrio invariant transformaud r} corresponding to the 
latent roots Oi, 02, .. in (7) shall be absent, and that all the othor parts shall ho 

undegenerate square mali'ices. The parts Xi, Fi, X2, Fg, ... X,, F^ will be all nndo- 
generate when and only when they are all quad'i'ate slopes, 1 e. when and only when in all 
such pairs as (10) we have 

«a'=en» ei2'=<Ji2j ••• j 

and the oircumstanoes under which the parts U and V are undegenerate are described in 
Theorem II of § 269. 

Thus the general symmetric invcmant transformands Y and Y^ in (h) are undegenerate 
when and only when: 

(1) all charaotefi'istic potent divisors of A which are not powers 0/ X — or X+\^e oan 

he coupled together in pairs of ike form 

(X — 0)®, (X - wh&re 0 +0, 0^4 ^ 

(2) every distinct characteristic potent divisor or (X+Ve)^ with a given evm 

index is repeated cun even nuviber of times. 

Here the conditions (2) are additional to the necessary conditions that A must bo 
undegenerate and such that 

A and eA^^ are eqmoanonioal 

Ex vi. The quadratic invariants of the substitution of =A.'~x , 

'm •— 'm 

If we put e=I, and take Uiy U2, •••Uyn to be the independent homogeneous linear 
functions of xu ^2? determined hy the equation 

I— -I „ r— I 

U X . 

‘-'fTi 

the general quadratic invariant of this substitution is the function 

/=Mm r ^ > 

'm ' — 'm 
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where rj is the general symmetnc invanant tranafomaand rj=mv{Q*f Of expi’eaaed m the 
form (12). There are exactly o- independent particular non-zero quadratic in valiants 
corresponding one by one to the tr orbitrai'y parameters in the quadratic invanant 
corresponding to any one parameter being obtamed by putting all the other parameters 
equal to 0. 

We can divide the o- independent non-zero quadratic invariants into major sets 
corresponding one by one to the symmetrically placed super-oonstituents V of rj and 
the pairs of coryugately situated super-constituents such as Fi , and we can sub-divide 
the major sets into minor seta corresponding one by one to the symmetrically placed 
simple constituents (the diagonal constituents of U and V) and the pairs of conjugately 
situated simple conatitueiits, A mmor sot corresponding to a symmetrically placed 
simple constituent is composed of functions which are completely described in sub-article 
2 of § 268. A minor set coiTeaponding to a pan* of conjugately situated simple con- 
stituents is composed of fimotions which are completely described in sub-article 1 
of § 268, 

4. ^ The general skew-symmetric inva/tnant ipransformwtids 

Y = im [A\ eA], Y' ^inv [A, eA'] (c) 

We will suppose A, fi and the isoinorpliic transformation (9) to be 
defined as in sub-articles 2 and 3. If S is any particular undegenerate 
S3nQametric commutant {A, A'], we know (see Ex. iv of § 254) that the two 
general skew-sjnnmetric invariants (c) can always be so chosen as to be 
connected by the symmetric relation 

T = SYS. 


By Ex. li of § 256 we can take F and F' to be the matrices given by the 
formulae 

Y^H'7)H, T^hri%\ (C) 

where H\ h' are the conjugates of if, h, and where 97, 77' are the general 
skew-symmetric invariant tranafoimands 


77 = inv efl), 77' = inv (ft, 

which are the most general skew-sjnnmetric specialisations of the matrices 
77, 77' descnbed in sub-article 2, In particular 77 can be represented in the 
form (12), where now : 

(1) IT and V are skew-symmetnio matrices of the respective quadrate 
classes ' 


\pi, 


and M 


(gu 

\ffii !Za, • •/ ' 


( 2 ) 


viz. ‘ general skew-symmetric ’ invariant tranaformanda 
U = inv {P\ eP} and F= inv {Q\ eQl 
which are completely known quadrate slopes of type {7/, tt} ; 

Xi and Yi are mutually skew-conjugate matrices of the respective 
classes 

Jf and 
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viz. ' general ’ invariant transformands 

= inv [Au eBi} and = inv {5/, 
which are completely known compound slopes of bype [ir\ tt} ; 

(3) the parameters of F, Xi, ... ai'e all independent. 

We can take ??' to be a compartite matrix of the same form as 97 , and 
corresponding parts of 97 , 77 ' to be correlated compound slopes of the types 

{tt', tt}, {tt, tt'} 

In fact if J is the part-reversant defined in sub-article 2 , we can always 
choose 77 and rf to be connected by the symmetric relation 

77 ^ = J 77 J. 

The total number of independent arbitrary parameters in each of the 
general skew-symmetric invariant transformands (c) is the integer 

G‘ = u + -h o*! + (Tg -f . . . -f- 0-30 

where a-i are the numbers of the arbitrary parameters of U, V, Xi, 

which are given m Theorems III and I of § 259. Again the rank of each of 
the general skew-symmetric mvariant transformands (b) is the integer 

p=p* + + 2 pi -h 2 pa + . . . + (14^0 

where p", j", are the ranks of U, F, X^, so that 

Pi = sum of the smaller integers of the pairs (e^, et/), .... 

We conclude that : 

The two general shew-^mmetrio invariant transformands (c) oan he taken 
to he the matrices given hy the foi^vlae (0). Each of them has rank p, and in 
each of them the elements are homogeneous linear fimctions of eocactly a inde- 
pendent arbitrary parameters, where p and or are the integers given hy the 
equations (13") and (14}"). 

Ex. vii Undiegenerate ahex-aymmetrio invariant iranaformanda. 

In order that Y and ¥' in (c) shall be undegenerate, it is necessary and sufficient that 
the zero part of the general skew-aymmetnc mvanant transformand 17 corresponding 
to the latent roots ai, 023 <213, ... m (7) shall be absent, and that all the other parts shall 
be undegenerate square matrices. The parts Xi, Pi, Xa, Pg, . . X,,, 7^ will be all 
undegenerate when and only when they elts all quadrate slopes, i.e. when and only when 
in all such sets of oharatoteristio potent divisors as (10) we have 

and the ciroumstanoes under whioh the pBirts U and V are undegenerate are described in 
Theorem III of § 259 We conclude that : 

The general ahew-ayvmeiric invariant tramsf<yrmamda 7 amd 7‘ in (0) are undegmei^ate 
v)fien and only when: 

(1) all characteristic potent diviaora of A which are not powera o/X — Ve or X+\/7 can he 

coupled together in pairs of the form 

(X - c)*, (X — 60 “ i)«, where 0 1|= 0, o® =t= 6 ; 

(2) every distinct charactenstic potent diviaor (X-\/€)2^+i or (X + \/e)3fc+i mth a gvvsn 

odd index ia repeated an even number of times. 
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Here the conditions (2) are additional to the necessary conditions that A must be 
uiidegenerate and such that 

A and are equioanonicoJ. 

lUv viii If P and Q are reajpeciively a ^general symmetries inmiiarU transf<yi*7nand 
and a ^gmeral ske^o-syrmietTws invariant transfo^i'mand of the saim one of the types 

{A\ eA}, {A, .A7, 

a7id if the paramet&i's of P a^id Q are aU diffei'mt^ then thoir sum § w a ^generaV 

invariant transformand of the same type 

Let aSo be any particulELr invariant ti’ansformand of the given type, and let Sq be the 
conjugate of S. Because is on invariant transformand of the same type, we can put 

('S'q — aS'o')=Po+©oj 

where Pq ^-lid Qq are pai*ticiilarisations of P and Q. Thus every poi’tioular invariant 
transformand of the given type is a porticularisation of /S', Le. /S' is a geneial invariant 
transformand of the given tjrpe. 

The same result could be obtained by a compaidaou of the equations (13') and (13") 
with the equation (13) 
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§ 226 a. Rational integral functions of a matrix which is not 
square. 

First let ^ be any given square matrix of order m. We have obtained a 
unique interpretation of the 0th power of by adopting the definition 

= 7, where 1 = [1]^ (1) 

This is the only natural interpretation when is on undegenerate square 
matrix, but is entirely gratuitous when is degenerate. Independently of 
the interpretation (1) we have defined a rational integral function of </> to be 
a square matrix of order m which can be expressed in the form 

y^(^) + (2) 

It IS imphed in the definition (2), as well as in the definition (1), that : 

the wait Tnutrio) I is always to be regarded as a rational integral f unction 

of (f), even when cj) is degenerate or a zero Tnatrix (3) 

In the particular case when m = ] , this implication means that the number 
1 is to be regarded as a rational integral function of the number 0. It will 
be convenient to call /(0) a proper rational integral function of ^ when it 
can be expressed in the form 

= + ... ( 4 ) 

From Cayley’s equation we see that the unit matrix 7 is a proper rational 
integral function of <f) when and only when <}> is undegenerate. If we had 
avoided the implication (3) by using (4) as the definition of a rational 
integral function of <f), then consistently with the definition (4) we could 
have retained the interpretation (1) when (jy is undegenerate whilst inter- 
preting (j>^ to be a zero matrix (or leaving it uninterpreted) when (f> is 
degenerate; but if Cayley’s equation is flr(<f)) = 0, we could not then have 
spoken of g (</>) as a rational integral function of in the most important 
case when ^ is undegenerate. 

Now let A = [a]^ be any given matrix which is riot square^ so that n 4= wi, 
In this case we can only give a unique interpretation to the 0th power of A 


by using the definition 

^“=[ 0 ];, ( 6 ) 

i.e. by interpreting A® to be a zero matrix, and we must define a rational 
integral function of A. to be a matrix expressible in the form 

f (TL) = + XgA® + ... -j- (6) 

We will consider separately the two cases n>m^m>n. 
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Case I. When n > m, let ij> be the square matrix of order n formed by 
adding final hoiizontal rows of 0*s to A, so that 

«^=[oT • 

m .t . ^ -’to, 71— TO 

inen the equations such as 

- w: w: A-= m: m: [< = x*-, . . . 

show that there is a one-one correspondence between all rational integral 
functions of A and all pj'oper rational integi'al functions of such that 




is a rational integral function of A when and only when 

r -1 71 

® + (T) 

*- -* TO, 71— 7H 


is a proper rational integral function of Thus all properties of rational 
integral functions of A can be deduced from corresponding properties of 
rational integral functions of the square matrix </>. In particular ff{A) = 0 
will be a rational integral equation of lowest possible degree s satisfied by A 
when and only when g (<j>)=^0 is a rational integral equation of lowest 
possible degree s satisfied by the squam matrix <f); and g{^) is necessarily 
a proper rational integral function of because is degenerate. 

Case II. When m > ti, let be the square matrix of order m formed by 
adding final vertical rows of O's to d, so that 

Then the equations such oe 

= w: [ai: = = m: . . . 

show that there is a one-one coiTespondence between all rational integral 
functions of A and all proper rational integral functions of 0 such that 


+ (8) 

is a rational integral function of A when and only when 

\a>, ...+X.0’'=/(0) (80 


is a proper rational integral function of 0. Thus all properties of rational 
integral functions of A can be deduced from corresponding properties of 
rational integral functions of the square matrix 0. In particular g (A) = 0 
will be a rational integral equation of lowest possible degree a satisfied by A 
when and only when 5^(0) = 0 is a rational integral equation of lowest 
possible degree s satisfied by the square matrix 0 ; and g (0) is necessarily 
a proper rational integral function of 0 because 0 is degenerate. 




j: 


li 


T 

I 
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Rational integral functions of a matrix which is not square do not occur 
m practical applications of the Calculus of Matrices, because the products 
involved in them are not standard products. Moreover it will be evident 
that they do not even possess any special theoretical interest, because the 
theory of rational integi-al functions of any matrix can be regarded as 
co-extensive with, or lying within the range of, the theory of rational 
integral functions of a square matrix. 

This subordination of rectangular matrices to square matrices in one 
important branch of the Calculus, together with the stress laid upon it by 
Cayley, seems to have been the chief cause of the long neglect of rect- 
angular matrices which prevailed up to the time of Kronecker. 



r2 3 1' 


, </,= 1 1 2 1 

Lo 0 oJ 


the rational integral equations of lowest degrees satisfied by A and respectively are 
il3-4il2 + ^=0, ^3 - 4(^)2 + <#> = 0. 


JEx. 11. If 




ro 0 
c h 
0 0 


where a, h, a are not all equal to 0, the rational integral equations of lowest degrees 
satisfied by A and ^ respectively are 

A^-cA = 0, 


Ex. 111 . If 


r2 In 


-2 1 0- 

00 

n 

, <^=: 

8 4 0 

L2 Ij 

-2 1 0_ 


the rational integral equations of lowest degrees satisfied by A and cji respectively are 

.^12-64=0, </)a-6(;) = 0. 
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241a. Some properties of a standardised general compound 
slope. 

1. The accessary horizontal and vertical rows; the domincmt accessary 
elements. 

Throughout this appendix it will be supposed that Jlf is a standardised 


general compound slope of the class 


— 

(a) 

, 0t2, 

... Or / 

where the a*8 and /3's are an^anged in 

descending orders of 

magnitude, and 

that it IS expressed in the form 

Xxi, Xjg, . 

■p" - ^Uf •• 

■ t -Aia 


^ Xyi) Xaa, . 

9 • • ■ ' • 

(A) 

-X,^, X 9 < 2 , 

• • • „ 



where the constituents such as are general simple slopes. It will be 
assumed that the index numbers m (a) and (A) are all different from 0, but 
we shall often use the interpretations 

fli = 0 when i > r, / 3 i = 0 when i > s. 

It will always be understood that 

p is the sum of the smaller integers in the pairs of corresponding 
descendent horizontal and vertical index numbers 


as defined in § 241 . s; and the effective order of the constituent Xij, i.e. 
the smaller of the two integers and jSj, will ordinarily be denoted by 7^. 

By considering separately non-zero elements lying in, below, and to the 
right of the diagonal constituents it will be seen that if e is a non-zero 
element of if, either the horizontal or the vertical line through e must out 
the paradiagonal of some diagonal constituent, the three possibilities being 
that there is a principal paradiagonal element : 

(1) in the same horizontal and also in the same vertical row as e ; 

(2) in the same horizontal but not in the same vertical row as e ; 

(3) in the same vertical but not in the same horizontal row as e. 

Every element which lies neither in the same horizontal nor in the same 
vertical row as a principal diagonal element must be 0. Hence if we strike 
out the p horizontal and p vertical rows passing through the p principal 
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paradiagODal elements, we strike out all the non-zero elements, and convert 
M into a zero matrix (which will be non-existent when M is quadrate). 

By an accessary horizontal or vertical row we shall mean one which does 
not contain a principal paradiagonal element, i.e one which does not cut 
the paradiagonal of any diagonal constituent. The non-zero elements (2) 
are those which lie in the accessary vertical rows, and the non-zero elements (3) 
are those which lie in the accessary horizontal rows The accessary hori- 
zontal and vertical rows (which include the complete horizontal or vertical 
rows of 0*a) intersect in zero elements only. They are of course absent when 
M is quadrate. 

If h is the last paradiagonal element which is reached as we pass from 
above downwards along one of the accessary vertical rows, wo will call h the 
dominant accessary element of that row If H is the constituent in which h 
lies, the accessary vertical row through h will cut all constituents lying 
below H in zero elements only, and the horizontal line through h (see Ex i) 
will pass through a principal element a of a diagonal constituent A lying 
completely to the left of H. 

If h is the last paradiagonal element which is reached as we pass from 
left to right along one of the accessary horizontal rows, we will call h the 
dominant accessary element of that row. If K is the constituent m which h 
lies, the accessary horizontal row through k will cut all constituents lying to 
the right of Z" in zero elements only, and the vertical line through k 
(see Ex ii) will paas through a principal element a of a diagonal constituent 
A Ijing completely above K. 

Every accessary horizontal or vertical row will be completely known 
when its dominant element is specified 

Eas, i. Let a be a principal element of a diagonal constituent and let the horizontal 
line through a out a constituent ^ in a non-zero element e, and the paradiagonal of E in 
the element If e lies in on accessary vertical row, so does 6o, because it hEis a greater 
horizontal apical distance than e in E, 


a 




a h h! W 
0 0 0 0 


If E lies to the left of A (or is A\ the vertical bne through e must out the para- 
diagonaJ of a diagonal constituent lying above E (or the paradiagonal of A), and cannot 
be one of the ocoeasary vertical rows. 

Thus %f e or lies on an accesaary vertical row, tkern E must lie completely to the right 
of A. 

Suppose that lies on an accessary vertical row which outs all constituents lying 
below E m zero dements only Then by Ex. vii of § 241 the vertical line through a 
must cut all oonstituentB below A in zero elements only; moreover if there is a con- 
stituent E* lying between A and E, and if the horizontal Ime through a and Cq cuts the 
paradiagonal of E' m the element then the vertical line through must cut all 
constituents lying below E* in zero elements only. 
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Thvj& if h<yn^ntal line tkiougk a cuts any accessaty vertical row m a dominant 
elcm&iit hj the vo^'tuial lins through a mv^t cut all (XinstitU/ents lying below A in zero cZ&ments 
oidy j moreowr aZl such dominant elements h\ h*\ ... on the horizontal line through a lie 
in a s&ries of oonsemitive 007i8tituef^it8 situated to the right of A, and stavdng mth the 
007istvtue^it next to A on the 7 'ight 

Ex, 11 . Let a be a pnnoipal element of a diagonal constituent A, and let the vertical 
line through a cut a constituent ^ in a non-zero element o, and the pai’adiagonal of E in 
the element Cq. If e lies in an accessary horizontal row, so does ^q, because it has a 
greater vortical apical distance than e in E, 

a 

a 0 

; k 0 

1 / 0 


If E lies above A (or is A\ the horizontal Ime thi’ough e must cut the paradiagonal of 
a diagonal constituent lying to the left of E (or the paradiagonal of A), and cannot be 
one of the accessary horizontal rows. 

Thus if e or lies on an accessary koi'isontcd row^ then E must lie comjpletely below A, 

Suppose that Cq on an accessary hoiTzontal row which outs all constituents lying to 
the right of E in zero olemeiits only. Then by Ex. viii of {5 241 the honzontal line 
through a must out all constituents to the right of A in zero olemeiits only ; moreovei* if 
there is a constituent E' lying between A and E^ and if the vertical line tlirough a and Sq 
outs the paradiagonal of E* in the element then the horizontal line through o^ must 
out all constituents to the right of E* in zero eloments only. 

Thus if the vertical line through a cuts any aooessaiy horizontal row in a dominant 
elemeut the horizontal line through a must cut all ccmstitucnts lying to the rigid of A m 
zero elements only ; moreover odl s^ioh dominant elements on the vetiical line 

through a lie in a series of consecutive oomiitTients situated below A, and starting with the 
coThStituent next below A. 

Ex, iii. If X and y are nonrzero dements lyivg 7'espeotivoly in an twoessary vertical and 
an accessary horizontal row^ and if the paradiagonal of the same diagonal comtitumt A 
is cut 

by the horizontal line through x in the principal dement x\ 
by the vertical line through y in the pmnoipal dement 

then • 

(а) the four elements common to the vertical rows through x, x' and the horizontal rows 

through y, y* must he all equal to 0; 

(б) of a/nd y' must he different paradiagonal elements of A, 

If {x^ y) always means the element common to the vortical row through an element x 
and the honzontal row through an element y, then to prove the first result we have 
to show that 

{^» y)i {^1 y}» y'}* if) (i) 

are four zero elements. The second result, which is already known to be true, will follow 
from the equation {af^ which shows that id must have a smaller vertical (or 

greater honzontal) apical distance in A than ff. 
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We will denote the constituents m which te and y he by X and F. Uecause X must 
he to the nght of A and F below A, it will be sufficient to pi’ove (a) for a standardised 
compound slope 


J/,= 


~A, X, Q 
P, Xo, F 
_y, Q , Y, 


».J>i s 


or 


a., h 




“A. (2 , 

F, F„, 9 


P, P, 


a, ki h 


m which Xq is the diagonal constituent below Xy and Fq the diagonal oouatituent to the 
nght of F. The matrix Mi or i/i is denved from the smallest corrauged minor of M 
which contains the constituents mentioned by stnking out the complete rows of CFs, this 
simphfication being allowable because no one of the elements x, y, a/, ?/ bes on one of the 
complete rows of O’s. If Xq is absent, we can use the form in which A=0 , if Fq is 
absent we can use the form Mi in which ^=0. Because Xq must contain vertical and Fq 
honzontal rows of O’s, we must have p>h and k>q. Accordingly we have 
a<i:p>h-^k>q in Miy a-^^>q^p>h in - 2 ^ 2 - 


If we make use of Exs. ui^ vii, vm of § 241, the proof is very simple. 

In Ml we have {Xy y}=s0 by Ex. ni; therefore also {Xy ^1=0 by Ex. viii , therefore also 
{x'y y}=0, {a/y y'} = 0 by Ex. vii 

In we have {a?, y}=0 by Ex. lii, therefore also {afy y}=0 by Ex. vu; therefore also 
y}=0 by Ex vuL 

A more direct proof can be obtained by suiiposmg the (honzontal, veiiical) apical 
distances of the elements 


y, to be ((, X), (/i, 7 ), (S', X), (ft 7')> 

in their respective constituents Xy JT, Ay A of effective oi-ders a, a, so that those of 
the four elements (1) in their respective constituents G, X, F, A are 

{£, vl W. v). {f, 1% 

Then (see Ex. i of § 241) from the given relations 

f'+X=a+l, fi + 7j'^a+ly + 

we can deduce the relatioDS 


in J/i; f +»;-l 1 m M^i 

+ inifiandJfa; 

and these establish the theorem. 


The result (6) is equivalent to the statement that : 

If tlie horizontal line through a principal elerrmit a outs an acoessary vertical row in an 
element Xy and the vertical line through a ends an accessary horizontal row in an elernent y, 
then either x or y or both of them must he 0 ; it is impossible for them to he two non-zet'o 
elements. 


Ex iv. If X a/nd y are 7ion~zero elements lying respectively in an accessary vertical and 
an accessary horizontal roWy and if 

of is the principal paradiagondL element m the horizontal row through x, 

2 / is the principal paradiagoiial element in the vertical row through y, 
then the four elements common to the vertical rows through x, of and the horizontal rows 
through y, ^ mnst he all equal to 0. * 

This theorem is immediately deduoible from the general theorem given m Ex. xvi of 
sub-aiTtiole 4, but an independent proof will be given. We will again use the notation 
{Xy y} for the element of M common to the vertical row through an element x and the 
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horizontal row through an elemout so that the four elements to be proved equal 
to 0 are 

3/}i yh y} (^) 

Let X be the constituent of M in which the element x lies, and let X\ Xq be the 
diagonal constituents to the left of X, below X, so that X' is the oonatitueiit in which a/ 
lies ; also lot Y be the oonatitiient in which the element y lies, and let Y', Yq be the 
diagonal constituents above Y^ to the nght of F, 

T .Y r 


Xo Y Fo 

so that F' IS the constituent in which y lies. The pai*ticular coses in which Xj, or Yq 
IS absent are included in the genei'ol treatment. In all oases Xq contains voi’tioal rows of 
O’s, or has more vertical than horizontal rows ; and Yq contains bonzontal i*ows of O’s, or 
has more horizontal than vertical rows. From Ex. in or from Exs. vii and viu respec- 
tively of 241 we see that : 

The vertical rows of J/ through x and x' cut all horizontal rows which lie below Xq 
{ or pass through Xq) in eero oLemenU oydy, { (2) 


The horizontal rows of M tJrrough y and yf cut all vertical rows which lie to the right of 
Fq {or pass through Fq) in zero eleiTwnis only (2') 

The constituents and elements which have been mentioned all lio in a corranged 
minor of M which is a standaidised general compound slope Q formed by the inter- 
sections of the horizontal and vertical raws passing through the diagonal constituents 

A'', Xo, r, Fo, (3) 


and in provmg the theorem wo can replace Mhj Q. Wo oaii describe 12 completely by 
desoribing the order of aiTangemont from left to right and fium above downwards of the 
diagonal constituents (3) in M and 12. Since the two constituents Xq and Yq cannot be the 
same, and since X' always hea to the left of Xq, and F' to the left of Fq, at least three of 
the foul' diagonal constituents (3) must he difterent. If only three of them are different, 
their possible on’angements in M and 12 are the following foiu' : 


A"=r'. Pij X'=Y', r„, z„; 2", Zo=r', r„j r, ro=Z', z. 


The theorem has been proved for the first two of these arrangements in Ex. m, whore 
X'= F'= A , and the prmoiplea (2) and (2') I'espeotively suffloe to show that it is true for 
the third and fourth arrangements. 


Supposiug then that the four diagonal constituents (3) are all different, thoir possible 
arrangements in M and 12 are the following six : 

(i) Z', Zo, r, Zoi (Ji) Z', J", z„, ro. a^) 

(!') r, Pi, z', Zo, dO Y\ X', Y„ z„; (iu') r, X', Zo, Zo. 

The pruioiple (2) appbod to horizontal rows of Si through or below Zo shows that : 


{■«i y}, W, y}. {•». y}i {■*■■'1 ?/} ^ 0 in (i) ; 

{a-’, y), W> y) “"s ^ (“i') ! 

the principle (2') applied to vertical rows of 12 through or to the right of Fo shows that : 

{«, s), {«, y”}, {af, y}, {xf, y'} aa« all 0 m (i') ; 

{«, y), {». y) (“)' ; 

from Ex. vii of § 241 apphed to horizontal rows below Z' and Z we see that : 

if {j?, y}=0, then W, }/}=Q’, if {», y}=0, then {a/, y}=0 in (i), (ii), (lii) ; 

if {x, y}=0, then {«', y}=0 m (ii'). (ui') ; 



640 


PRECLUSIVE PATHS AND GROUPS 


[APP. B 

and from Ex. viii of § 241 applied to vertical rows to the right of JT' and Y we see that 
if {^, ^}=0, then {^, y}=0 , if {a’', y}=0, then {x', ij‘}=0 in (i'), (n'), (uO. 
if {x, 2/} = 0, then y} = 0 in (ii), (iii) 

It follows that in every arrangemeut all four of the elements (1) are equal to 0. For 
instance in the arrangement (ii) we have 

{x, 2 /}^ 0 y r/}^0 by (2) ; {x, y}=0 by Ex. vm ; {x\ y} = 0 by Ex. vii ; 

and in the an*angement (in) we have 

{Xy y}=0, {xy y'\=0 by (2') , { 5 /, y}=0, {x'y /}=0 by Ex. vii of § 241. 

2, Preclusive paths and groups. 

Selecting any principal element a^i of the leading constituent Xu of the 
standardised general compound slope M, we will construct a zig-zag path by 
travellmg in succession 

jfrom On horizontally rightward to the next pai’adiagonal element X12, 
from iCifl vertically downward to the next principal element Oaa, 
from Oaa horizontally rightward to the next paradiagonal element 
from iTea vertically downward to the next principal element a^, 

Oil . . . X12 On . . . 

Ctga . . . fla2 • • ■ 

0^33 Clss^ 

continuing in this way as long as possible, and we will call it a preclusive 
path baaed on the principal paradiagonala. The paradiagonal elements 
chu ^lai Gtaa, He respectively in the constituents Xu, X12, X22, 

X’23, Xas, .... The suflSxes mdicate the constituents to which they belong, 
and not their positions m the constituents. The total number of such paths 
IS equal to the effective order y =fyu of the leading diagonal constituent Xu, 
i e. to the number of elements lying on the paradiagonal of Xu. Since a 
umquely determinate preclusive path can be drawn backwards from any 
given principal element of Jf to a principal element of Xu, we see that : 

Every principal element a^i of M lies on one and only one of the pre~ 
elusive paths, viz. one which passes through principal elements Ou, ...cby,i0f 

X^Uj Xga, ... Xii. 

It follows that the principal elements of M can be divided into groups 
according to the preclusive paths on which they lie. We will call these the 
preclusive groups of the principal elements, and denote by 

92, ---gy (B) 

the groups corresponding to the paths through the principal elements in the 
1st, 2nd, ... 7th apical horizontal rows of Xu (the horizontal row through the 
apical element being the first apical horizontaL row). The elements com- 
posing each group will be arranged in 'the same order from left to right 
(or from above downwards) as in Jlf 
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^vi IS any given diagonal constituont of Mj and if w, Vy w are the 
effective orders of Z„, so that 

u^v^w, (w being 0 when Z^+j is non-existent), 
the u preclusive paths which reach the it, principal elements of Z^ belong to 
u consecutive groups in (B), and can be divided into three sets of paths 
belonging to consecutive groups, there being exeictly : 

v-~w preclusive paths ' quasi-terminate in Xu/ (4) 

each of which can be continued from some pnncipal element a^c of Z^^ to a 
non-principal paradiagonal element of but cannot be continued 

any further because the vertical line through cuts all constituents 
lying below Z^^^+j (if such exist) in zero elements only , 

w preclusive paths passing tlirough Z« and to ...(6) 

u-v preclusive paths 'pleni-terminate m Xu/ (6) 

each of which reaches some piincipal element Oi^ of Z„, but cannot be con- 
tinued any further because the horizontal line through cuts all constituents 
lying to the right of X^i (if such exist) in zero elements only. The w through 
paths (5) always exist except when Xu is the last diagonal constituent ] and 
they lie between the paths (4) and (6). The quasi-temiinate paths (4) exist 
when and only when the effective order of is less than those of 

Zi,i-j_i and Z*, le. when and only when has a smaller effective order 

than Xu and also 

contains vertical rows of O’s ; 

and they lie on the apical horizontal aide of the other paths in Xu. The 
pleni-terminate paths (6) exist when and only when the effective order of 
Xu is greater than those of X^i^i and and they lie on the basical 

horizontal side of the other paths in Z^. 

Eveiy preclusive path must start from some principal element On of Zn, 
and must terminate in one and only one of the following two ways : 

(а) It may be qua,8i-tei^inate at some principal element cbuy i.e. it may 

proceed horizontally from to a non-principal element from 

which it cannot be continued vertically. In this case (see Ex. vii of 
§ 241) the vertical lines through the elements ou and cut all 

constituents lying below them in zero elements only^ is the 

dominant element of an accessary vertical row; and the diagonal 
constituent containing Ou must be immediately followed by a diagonal 
constituent of smaller effective order having vertical rows of O's, 
i.e. having more vertical than horizontal rows. 

(б) It may be pleni-t&i'niimte at some principal element cm from which 
it cannot be continued horizontally. In this case (see Ex. viii of 
§241) the horizontal lines through the elements (if i + I) ®-nd 
Oi^ cut all constituents to the right of them in zero elements only ; 

41 


a m. 
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and the diagonal constituent containing a,i must be immediately 
followed (if It is not the last) by a diagonal constituent of smaller 
effective order. 


Preolimve paths atid groups. 



Quasi-terminate gf<nLjp» of 
principal elements. 

ffi — ^i), 

~ (-^a » -^a • * -^a) » 

^3 =(-^8* ^8» ^a)» 

g^=:{A^f -®4i-^4)> 

= -^BJ Ogi DgtEgtFg)^ 

-Sgi Cgy Z)g, Fq), 


Plcni-terminate groups of 
principal elements. 

9l A)> 

^8 = (-^8 > ^8 » -^ b )* 

<70 = (^0 » Bfj), 

^io=(-^io» ^lo)* 

■BiJ, 

^13 = ^ig, 

^u==-^14» 

Pib=Abi 


It will be clear from (4), (6), (6) that the preclusive groups arranged as 
in (B) are divided naturally into two sets lying on the left and right respec- 
tively : , 
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those on the left (the quasi-terminate groups) belonging to the paths {a) 
and containing more and more elements as we pass from left to right , 

those on the right (the 2)leni4erminate groups) belonging to the paths (6) 
and containing fewer and fewer elements as we pass on from left to right. 

It can be shown by repeated applications of Exs. vi, vii, viii of §241 
that : 

The veHical lines through the principal elements lying on the quasi-tci'mi- 
nate preclusive paths {a\ and therefore those through ^all the elements of any 
quasi-terminate preclusive group g, intersect the accessary hoHzontal rows in 
zero elements only (Bi) 

The horizontal lines through the pHndpal elements lying an the pleni- 
terminate preclusive paths (6), and therefore those through all the elements of 
any plem-terminate preclusive group g^ mtersect the accessary vertical I'ows in 
zero elements only (Bg) 

If g and f are any two preclusive gi'oups such that g* occurs later than g 
in the series (B), then the vertical rows through the elements of g and the hori- 
zontal rows through the elements of gf intersect one another in zero elements 
only (Ba) 

The theorems (Bi), (B^), (Bg) are proved in Exs. vi, v, vii respectively 
They remain true when we add to the principal elements of each quaai- 
termmate group the final dominant accessary element in which the corro- 
sponding path terminates, and also any other dominant accessary elements 
through which the path could bo continued horizontally. For (Bi) this 
follows from the fact that accessary horizontal and vertical rows intersect 
in zero elements only , for (Bg) it is proved in Ex, viii. 

Simpler and more comprehensive proofs of these theorems are given in 
sub-arbicle 4, (Bi) and (bJ being included m Ex. xiv, and (Bg) in Exs. xv 
and xvi. 

The figure on p. 642 shows the preclusive paths of a standardised general 
compound slope of type {tt, tt} and of the class 

/16,11, S,8,6,6,4,4\ 

U6, 14, 10, 9, 3, 3 

in which the effective orders of the successive diagonal constituents 

are 16,11,8,8,3,3,(0,0) 

when the ' non-existent * diagonal constituents 0, H of effective order 0 are 
included. The shaded right-angled triangles represent the effective regions 
within which and on the boundaries of which the non-zero elements lie, the 
hypotenuses being the paradiagonala of the simple constituents. The faint 
dotted Imes represent the accessary horizontal and vertical rows ; the large 
dots represent the principal elements; and the small circles represent the 

41—2 
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dominant accessary elements The preclusive paths joining the principal 
paradiagonal elements are shown by the thick continuous lines, the last 
principal elements on them being marked by arrows ; and the extensions of 
those paths through or to the dommant accessary elements are shown by the 
thick broken lines. Those principal elements of the 1st, 2nd, 3rd, . . . diagonal 
constituents which he on the ith preclusive path are denoted by Ai^ 

Ciy The occurrence of preclusive groups contaming only one principal 

element is due to the fact that the greatest effective order 16 of a diagonal 
constituent is not repeated, so that the first diagonal constituent is followed 
by one of smaller effective order. 

Ex V Let a he a •jfyrincypaZ elm.mt lying on a preclusive pcUh p, and let tlie korizontcd 
line through a cut one of the accessary vertical rows vn a non-zero elemmt e. 

Then p cmmot t&rrmnate at a , and if it is continued through a non-prin/dpal para- 
diagonal eUfmsnt x to (mother prinaipal element a\ the horizontal line through a' must cut 
the accessary vertical row through eina non-zero element d. 

a X ... e 
— <d ... d 

By Ex i the constituent E contaming e must he completely to the right of the diagonal 
constituent A contammg a\ and because the horizontal line through a cuts the para- 
diagonal of E^ it cuts the paradiagonal of the constituent X lymg next to A on the right 
in an element i.e. p does not terminate at a, but is continued to x. If E is JT, then x 
(see Ex i) lies on an accessary vertical row, and m this case p will certainly terminate 
at X. 

If p does not terminate at x, but is continued from a? to a prmcipal element a' of a 
diagonal constituent A' lymg immediately below X, then E hes completely to the right of 
Xj and by Ex. vm of § 241 the horizontal hne through a' cuts the accessary vertical row 
through a in a non-zero element d. By the same argument p cannot terminate at a\ 

By repeated apphoations of this result we see that p cannot terminate at a principal 
element, i,e, it must be quasi-tenninate. 

Ex. VI. Let a he a prmcipal element lying on a preclusive path p^ and let thje vertical 
line through a cut one of the accessary horizontal rows in a non-zero dement e 

Then ifp does not termvmte at it is continued through a non-prinoipaZ pcircidicbgoncil 
eleynent x to another principal element a' which is such that the vertical line through a! cuts 
the accessary horizontal row through e in a non-zero element d. 

a X 
— a! 

e d 

By Ex. u the constituent E contaming e must lie completely below the diagonal con- 
stituent A oontainmg a. If there is no constituent to the right of A, the path certainly 
terminates at a. Dismiaamg this case we will denote the constituent next to A on the 
right by X, and the diagonal constituent immediately below X by A' If X is the con- 
stituent next below A, i.e. if A' is the constituent next to X on the right, the accessaiy 
horizontal row through e outs all constituents to the right of E in zero elements only ; 
therefore by Ex. viii of § 241 the horizontal Ime through a outs all constituents to the 
right of A in zero elements only ; therefore p certainly terminates at a. 
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If p does not terminate at a, but is continued to a paradiagonal element x of JC, then 
there is at least one constituent between A and E. In this case the path p is continued 
vertically from sg to a principal element a' of A * , for otherwise the vertical line through cg 
would out all constituents below X in zero elements only, and by Ex. vii of § 241 this is 
only possible when the vertical Hne through a outs all oonatituents below A in zero 
elements only ; moreover because the accessary horizontal row through e lies completely 
below A\ it follows from Ex. vii of § 241 that the vertical line thi-ough ss outs it m a 
non-zero element ef. 

By repeated applications of this result wo see that p cannot terminate at a non- 
principal element^ i.e. it must be pleni- terminate. 

Ex, vh. Analytic treatment of tivo preclusive paths. 

Let an, Oaa, ... a^Q forming the ginup g and aii\ ... forming the group g' be 
the successive principal elements lying on two different preclusive paths consti'uoted as in 
tho text, and let be tho smaller of the two mtegers p and so that Xjgje is the lost 
diagonal constituent of M winch both paths enter. So far as the paradiflgonol elements of 
these paths are concerned, we may suppose the (horizontal, vertical) apical distances of 

(^£+1* Pi') 

m their respective constituents or Then if the effective order of a constituont 

Xij is always denoted by yy, we have the equations 

><+i +W (*=1, 2, ... g-l), X»+;4-l=y<., (t=l, 2, ... j); 

6=1) 2, . p-i); xZ+ftt'-i^yii) (t=l> 2, ... p)i 

which lead to the equations 

'hi -^i+i =7«-yi,<+i> Pi -pi+i =y<.i+i“-7i+i,<+i> 

V-^'i+l = 7*-yiiil-l» Pi'■"p'i + l“yi,i+l"'y^+nt+l» • P~^)f 

and to the obviously true equations 

Pi'-'Pi=‘^-“ (i=l, 2, , /;), 

where r is the amount by which tho veitioal apical distauco of a^' exceeds that of Oii in 
the diagonal constituent Xu for the values 1, 2, k of i. 

Now let («=li 2, ... p ; v=l, 2, ... q), 

be the element of Jf which is common to the veiiiical row through and the horizontal 
row through , and let E^v be the apical excess of in its constituent A’ijy. The pq 
elements such as form a matiix 

^ flu 0ia ... Biq 

„ flpl ^ <^pQ _ 

which is a corranged minor of M] and because the (horizontal, vertical) apical distances 
of flay oi'e (X„, fif), we have 

p; 

and 

By mn.irit'g USB of Exs. vii and viu of § 241 as generabaed in Ex. xiv wb can proceed from 
this last result to the proof of the theorem (Bs) which is given in Ex. xv. 

We can also complete the proof of (B,) with the aid of Ex. vi of § 241 by observing 
that the pq int^ers £!„ satisfy the relations such as 

+ 1 - = (y« - y<,j + 1) ~ (N( “ ^/ + ») = (vtj - y<./+ 1) - (y/i - yw + 1) 

<t:o if ^>0 if y>»; 
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<):o if if 

which include (i=l, 2, . . >&— 1). 

It follows that the matrix E has the following two properties 

(1) The apical excess of an element always tends to inat'ease as it moves away from a 
diagonal element (actual or non-existent) along any horizontal or vm'tical row 

(2) The diagonal elements fin, C 22 j ••• apical excess r. 

Consequently when the non-zero integer r is positive, all the elements of E are equal to 
0 ; i e. the theorem (Bg) is true. 

Ex. viii. Augmented preclusive groups. 

If when g in Ex vii is quasi-terminate we talce its elements to be 

Ofiii ^225 ^IZfff + li ^C»C + 2) ■ ^Qii 

where the added elements are the successive dominant accessary elements in which the 
horizontal row through Uqq cuts the accessary vertical rows, we must replace ^ by a 
matrix 

^'=w; 

formed by adding t—g final vei*tical rows to E^ and we have the additional equations 
^(;+<+Pv-l‘=yff,a+<j ^9+*>yff+i,<7+<, (^=l, 2, ... t-q), 
leadmgto ^i^^<+i=yfly"yo,y+ij ?+!;•• ^-1), 

\^y9+i*<z» ^<^yfl+i,<j (^'=ij 2, ... t). 

If there ai’o any new diagonal elemente in E^ (when p > q), they must all be O's, because 
the added rows are all accessary and intersect diagonal constituents m zero elements 
only Eor all elements of E and E' wo have 

Eij>0 when i>q; 

‘to if :t*0 if 

the first reaiilt showing that all horizontal rows of ^ and E' below tho jth (when p>q) 
contain only zero elements ; and for the elements added to E in the formation of we 
have the relations 

•^w+i--^«=(ytf-7'i.y+i)-(y(tf-y«,y+i) ::^0ifi<t:y, 

0‘=2, ?+l, 

leading to -E'«,=^,.,+i=^*.,+»= ... when^<t:y; 

^?+a,ff+3 ••• when^>2'. 

So far as elements not lying below the gth horizontal row are concerned, E' has the 
same two propei’ties as ^ in Ex. vii ; and it is therefore a zero matrix whenever r is 
positive. 

If^> r is necessarily positive, because the new diagonal elements of E* ore aU 0’s j 
and the above relations show that E and E* are zero matrices. 

If k=p E has exactly the same properties as E, and is a zero matrix whenever t 
is positive. 

3. Postclusive paths and groups. 

Selecting any prixLcipal element of the leading constituent Xu of the 
standardised general compound slope ilf, we will construct a zig-zag path by 
travelling in succession 
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from Oil vertically downward to the next paradiagonal element 
from fljui horizontally rightward to the next prmcipal element cus, 
from vertically downward to the next paradiagonal element 
from iCsa horizontally rightward to the next principal element 033, 

dn * Oil 

Agi t • . fljgi • . C&aa 

^82* ®32*»»a33 

continuing in this way as long as possible, and we will call it a poatclusive 
path baaed on the principal paradiagonals. The paradiagonal elements 
®2i, Oaa, flJsa* li<3 respectively in the constituents Xgi, X^, 

Xaa, .... The suffixes indicate the constituents to which they belong, and 
not their positions in the constituents. The total number of such paths is 
equal to the effective order 7 = 711 of the leading diagonal constituent X,u 
i.e. to the number of elements lying on the paradiagonal of X^. Since a 
uniquely determinate postclusive path can be drawn backwards from any 
given principal element of jif to a principal element of X^ we see that : 

Every principal element an of M Ues on one a/nd only one of the postclusive 
paths^ viz. (me wliiclh passes throvyh ptinoipal elements ftn, ... of Xu, 

Xofl, ... 

It follows that the piincipal elements of M can be divided into groups 
according^ to the postclusive paths on which they lie. We will call these the 
postclusive groups of the principal elements, and denote by 

fiTy (C) 

the groups corresponding to the paths through the principal elements in the 
Ist, 2nd, ... 7th apical horizontal rows of Xu. The elements composing each 
group will be arranged m the same order from left to right (or from above 
downwards) as in M. 

If Xn IS any given diagonal constituent of M, and u, v) are the 
effective orders of X^^, Xi+i,f, Xn-i,i+i, so that 

(w bemg 0 when X-j+i^i-i-i is non-existent), 

the u postclusive paths which reach the u principal elements of X^ belong 
to u consecutive gi'oups in (C), and can be divided into three sets of paths 
belonging to consecutive groups, there bemg exactly : 

u — v postclusive paths ‘ pleni-terminate in X*,’ (6') 

each of which reaches some principal element c&n of Xn, but cannot be con- 
tmued any further because the vertical hne through does not cut the 
paradiagonal of any constituent lying below Xn ; 

w postclusive paths passing through Xn and Xu-\,i to 
v^w postclusive paths ‘ quasi-terminate in Xn' 
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each of which can be continued from some principal element of X^l to a 
non-pnncipal paradiagonal element of Xi+i,i, but cannot be continued 
further because the horizontal line through does not cut the para- 
diagonal of any constituent lying to the right of The w through 

paths (5') always exist except when X^i is the last diagonal constituent ; and 
they lie between the paths (6') and (4') The plmi-teiminate paths (6') 
exist when and only when the effective order of Xa is greater than those of 
Xt^i,x and and they lie on the basical vertical side of the other 

paths in Xi^. The quasi-terminate paths (4') exist when and only when the 
effective order of is less than those of Xi+i^i and X^i, i.e. when and 

only when has a smaller effective order than X« and also 

contains horizontal rows of 0*s , 

and they lie on the apical vertical side of the other paths in X»i 

Every postclusive path must start from some principal element a^ of 
Xu, and must termmate in one and only one of the following two ways : 

(a) It may be pleni-terminate at some principal element oa from which 
it cannot be continued vertically. In this case (see Ex. vii of § 241) 
the vertical Imes through the elements (if i =|= 1) and cut all 
constituents lying below them in zero elements only ; and the diagonal 
constituent containing must be immediately followed (if it is not 
the last) by a diagonal constituent of smaller effective order. 

(i) It may be quasi-terminate at some principal element i.e. it may 
proceed vertically from to a non-prmcipal element from 

which it cannot be continued horizontally. In this case (see Ex. viii 
of §241) the horizontal lines through the elements and cut 
all constituents lying to the right of them in zero elements only; 

13 the dominant element of an accessary horizontal row; and 
the diagonal constituent containing Oii must be immediately followed 
by a diagonal constituent of smaller effective order having horizontal 
rows of 0*s, i.e. having more horizontal than vertical rows. 

It will be clear from (6'), (6'), (4') that the postclusive groups arranged 
as in (C) are divided naturally into two sets lying on the left and right 
respectively : 

those on the left (the pleni-terminate groups) belonging to the paths 

(а) and containing more and more elements as we pass from left to right ; 

those on the right (the quasi-terminate groups) belonging to the paths 

(б) and containing fewer and fewer elements as we pass on from left to 
right. 

It can be shown by repeated applications of Exa vi, vii and viii of § 241 
that : 
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ne mrtioal K««, Ormgh the 
terminate poatcleteive pa^ (a), and therefore t wee horimttal 

of any pleni-termincUe posbclusive group g, irUersect the acce ry 

rows in zero elements only 


Postchisive paths amd groups. 



Pleni-terminate groups oj 
priwiipOf^ slsmsfits* 

Pi =-^u 
Pa =-^a» 

Pa = (-^a* ^fl)» 

P4 = 

9a =Ub» ^b» 

Pe =(-^0* ®8» ^61 ^b)* 

9*1 =(^7» ®7> 

Pa ^8» 

=(^b,J5o, C'g.DBiSfl.ir’B)! 


Qua«t-tcn7i47Mii« proupa of 
principal elements, 

Pia” (-^ 18 » 

Pi 8 =(-^iai ^la)* 

Pi 4”‘^14 » 

Pid=-^ib’ 

Pl 0 =-^ 1 B* 
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The horizontal lines through the jmncipal elements lying on the quasi- 
terminate postclnsive paths (6), and they'efore those through all the elements of 
any quasi-temiinate postclusive group g^ intersect the accessary vertical rows 
in zero elements only (Oa) 

If g and g' are any two postclusive groups such that g occurs lates' than g 
in the seines (C), then the ve^'ticaZ rows through the elements of g and the hori- 
zontal rows through the elements of g' intersect one anothei' in zero elements 
only (Ca) 

These three theorems remain true when we add to the principal elements 
of each quaai-terminate group the final dominant accessary element in which 
the corresponding path terminates, and also any other dominant accessary 
elements through which the path could be continued vertically. 

It will be evident that when M, are converted into their conjugates 
M\ Xf, the preclusive and postclusive paths of M are converted into the 
postclusive and preclusive paths of M\ In fact if we define = gy^i to 
be the postclusive group of M which contains the principal element lying in 
the ith apical vertical row of Xj^ so that the series (0) becomes 

9y} (C! ) 

then gi is the preclusive group of Jf' which contains the principal element 
lying in the ith apical horizontal row of Xf. Thus from any theorem con- 
cerning preclusive paths and gi’oups we can deduce a corresponding theorem 
concerning postclusive paths and groups by merely interchanging the two 
words ' horizontal * and ‘ vertical/ as well of course as the two words ‘ pro- 
elusive’ and 'postclusive* In particular the theorems (Ci), (Og), (Q,) can be 
deduced from the theorems (Bi), (Bg), (Bg) of sub-article 2 in this way. 

A direct proof of (Oa) is given m Exs. ix and x. Simpler and more com- 
prehensive proofs of all three theorems are given in sub-article 4, (Ci) and 
(Ca) being included in Ex. xiv, and (O3) m Exs. xv and xvi. 

The fiigure on p. 649 shows the postclusive paths of the standardised 
general compound slope whose preclusive paths are shown on p. 642. In 
this case those principal elements of the 1st, 2nd, 3rd, ... diagonal con- 
stituents which lie on the ith postclusive path g^ are denoted by 5^, 
Cl, .... Consequently the allocations of the suflBxes are not the same as on 
p. 642. 

Ex, IX Analytic treatment of two poatclueive paths. 

Let On, 022, ••• forming the gi’oup g and Ou', forming the group f be the 

successive prmoipal elements lying on two difiPerent postclusive paths constructed as 
in the text, and let k be the smaller of the two integers p and q. So far as the para- 
diagonal elements of these paths are concerned, we may suppose the (horizontal, vertical) 
apical distances of 


to be (X^, /i<), (A^, + (X/, /i< 0 , Ih) 
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in their respective constituents or Then if the eftective order of a constituent 

Xfj iQ always denoted by we have the equations 

^ +^4+1“! =ri+i,ij (^*=1, 2, .. 2^-1) j Af (t=l, 2, ... g); 

V + ;i'i+i-l=r< + M’ (i = l, 2, ...^-1); Xi' + /i.;-l=y«, (2=1, 2, ... ?3) ; 
which lead to the equations 

Ai —X<+i =y^+i,i — 744.1, ^+1, ^ “H+i “V^-yi+iiij (i=l) 2, . . g— 1) ; 

V- ^'4+1=74+1,4-74 + 1,4+1, IH - ^\+i=yu^yi+uii (^ = 1? 2, — 1)* 
and to the obviously tiuie equations 

IH - =Ty (2 = 1, 2, .. ^), 

where r is the amount by which the vertical apical distance of exceeds that of an in 
the diagonal constituent A'44 for the values 1, 2, ... 1" of i Defining uud the 

matrix E as in Ex. vii, we agiun have 

-^11= ■ ■■ = 

By making use of Exs. vii and viii of § 241 as generalised in K\. xiv we can proceed from 
this last result to the proof of the theorem (O3) which is given in Ex. xv. 

Alternatively we may observe with the aid of Ex, vi of § 241 that the pq integers jE^, 
satisfy the relations such as 

^0 if :l>o if i:t>i-i, 

+ 1.J - " (y<^ -yt+hj)- (m/ - /<+i) *= (ytf - y^+n^) - (y« - y» h n<) 

<(:0 if 2<{:y, ^>0 if 

which include (2=1, 2, ... X* — 1) 

It follows that the matrix E has the same genei'al properties as in Ex. vii, so that all its 
elements will be equal to 0 when r is positive, i.e. the theorem (O3) is true. 

Ex, X. Augmented postchisive groups. 

If when g' is quasi-terminate, we take its elements to ho 

where the added elements are tlie successive dominant accessary elements in which the 
vertical row through a^l cuts the accessary honzoutal rows, we must replace E by 
a matnx 

^=w;. 

formed by adding ^ final honzoutal rows to E, and we have the additional equations 
Ap ■i'/i^p + i— l=7)j+<,pi ^ yp+<j»> + ij (2= 1, 2 , ... jo) ; 

leading to f4'-/*Wi=’y<p“y<+i.p» P + l» ••• *); 

^'>yp,p+ii H'>yi,v+u 2, ... t). 

If there are any new diagonal elements in E' (when g >p), they must all be O’a, because 
the added rows are all accessary and intersect diagonal oonstituents 111 zero elements 
only. For all elements of E and E' we have 

Eij >0 when y>p; 

'S'<,y + i-^4/=(7t;“7^,>+i)-(7/+U'“yi + W + i) 0 if 2'- 1, ^>0 if^:)>2-l; 

the first result shomug that all vortical rows of E and E' to the right of the ;otli 
(when g "i^p) contain only zero elements ; and for the elements added to ^ in the 
formation of E' we have the relations 

(2-p, 23+1, 
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leading to ^pp = -Si>+i,p=^p+2.p=-- = ^ip=’- when q^pi 

and ^P+],P+1=^>0, -£'p+2,p+2:|>r,--. wheng^>p 

So far as elements not lying to the right of the pth vei*tical row are ooncemed, 
E' has the same two properties as in Exs vii and ix , and it is therefore a zero matrix 
whenever t is positive. 

If > p, T IS necessarily positive, because the new diagonal elements of E' are all O’s, 
and the aliive relations show that E and E' are zero matrices. 

If :j>p, has exactly the same properties as E^ and is a zero matrix whenever r 
is positive. 

4. The conclusive paths and groups of a standardised general compound 
slope M of the class (a) expressed in the form (A). 

We will define a conclusive path based on the principal paradiagonal 
elements to be one which is constructed by drawing in successive preclusive 
or postclusive portions 

from a principal element On of Xu to a principal element of Xog, 

from the principal element a^ of to a principal element Oso of X33, 

from the principal element of to a principal element ^44 of X44, 

and so on in such a manner that : 

(1) If X = Xrf IS a diagonal constituent immediately followed (when it 
18 not the last) by a diagonal constituent X' = Xt+i,i_i.i of smaller 
effective order, then in its passage from a principal element of X 
to a principal element of X' the path has a specified character 
(preclusive or postclusive), being : 

preclusive when X* has horizontal rows of O’s, i.e. has more hori- 
zontal than vertical rows ; 

postclusive when X' has vertical rows of O's, i.e. has more vertical 
than horizontal rows ; 

either preclusive or postclusive (the choice between these two 
alternatives being fixed) when X' is a square matrix. 

( 2 ) The character of the path can only change as it passes through a 
principal element of a diagonal constituent X which is immediately 
followed by a diagonal constituent X' of smaller effective order 
which is not square. 

The successive principal elements Ou, Oja, Oga, ... l3dng on such a path 
will be said to form a conclusive group of principal elements. Referring to 
sub-articles 2 and 3 , it will be seen that the first two of the conditions 
under (1) are necessary and sufficient in order that no portion of such a path 
shall be quasi-terminate, or that every path which reaches a principal element 
On of a diagonal constituent X« and does not pass through to the next 
(fiagonal constituent shall be pleni-terminate in X^. The third of the 
conditions under (1) has been added to make the principal elements lying 
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on each path uniquely determinate. The condition under (2) is not so 
essential, but has been added in order to make the conclusive paths uniquely 
determinate It fixes the character of every portion of a conclusive path 
when M is not quadrate ; and when M is quadrate it mokes the conclusive 
paths identical with the preclusive or the postclusive paths according to the 
one free choice of character. Thus if 7 = 711 is the effective order of Xn, 
there are exactly 7 conclusive paths, one drawn through each of the 7 principal 
elements of Xu. 

Since a uniquely determinate conclusive path con be drawn backwards 
from any given principal element of Mto a. principal element of X^ , we see 
that. 

Every pHndpal element Oi^of M lies on one omd only one of the conclusive 
paths, viz. one which passes through principal elements c&u, Oaa, ••• <h>i of 

Xii, Xaij ... Afi. 

It follows that by drawing the 7 conclusive paths we can divide all the 
principal elements of M into 7 sets 

5 ^ 1 , gy, (D) 

where the set consists of those pnncipal elements which lie on the 
path drawn through the principal element in the ith apical horizontal, or 
^,y 4- 1 — i)th apical vertical, row of Xn- Those are the 7 conclusive groups 
of principal elements. The principal elements of the group will always be 
ariungod m the same order from left to right (or from above downwards) as 
in Jf. 

If we were to discard the condition (2) but retain the conditions (1), there 
would bo a great variety of conclusive paths, but the conclusive groups 
would still ho uniquely determinate and the same as before. The argument 
would be the same tis before if wo replace the 7 uniquely determinate con- 
clusive paths by any act of 7 different conclusive paths drawn through the 7 
principal elomonts of Xn- 

If Xu and are two consecutive diagonal constituents having equal 

effective orders, it will be clear from sub-nrticles 2 and 3 that every con- 
clusive path which reaches a principal element of Xu can be continued both 
preclusively and postol naively to one and only one principal element of 
Xi+,,i4i. Now let Xu be any diagonal constituent of M of effective order 
e which is iinmodiabely followed by a diagonal constituent X<+],i+i of small&i^ 
effective order where = 0 when Xu is the lost diagonal constituent, and 
consider any sot of e different conclusive jmiths which have reached the 
e principal oleoientB of Xu. These e paths can always be divided into two 
sets passing through consecutive principal elements of Xu, there being two 
cases according as the portion of a path from a principal element of X« to a 
principal element of Xi+i,<+i is prescribed to be postclusive or preclusive. 
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Case /. If that portion is postoludve, as it always is when has 

more vertical than horizontal rows, then those two sets consist respectively of: 
(i) e — e' paths through the principal elements lying in the first e — e' 
apical horizontal (or last e — e' apical vertical) rows of Xu, each of 
which IS 'postclusively pleni-terminate * at some principal element 
Oii of because the vertical line through Ou cuts all constituents 
lying below Xi^ in zero elements only ; 

Gonclibsive paths and groups 



Postclusively pleni-termniate groups of 
principal elemenU. 

^fl = (-4ai -fla, C2, D2), 

^3» ^si -^1)1 
= ^41 

06 = {^5 f -Sfli C'si 
06={^Qt -Bai ^01 ^0> “®a» ^o)f 
9i = {^7, -S?! ^7i ^7i -E?* ■^' 7)1 
= ^8» -Esi 


PrecluBively plem-terminaU groups of 
principal elements. 

Os =(^0i -^o). 

9io=Mioi -Sio)* 
f7ii = Mii» jBn)» 

^12=^12 > 

^18 = -^18j 

514=Ai4, 

^16 = -^161 
f 7 lO ='^ 10 - 
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(li) e' paths through Lho principal elements lying m the last e apical 
horizontal (or first e' apical vertical) rows of each of which 
can bo continued through to a uniquely determinate prin- 

cipal element of 

Case IL If that portion is pveclihsive, aa it always is when has 

mure horizontal than vertical rows, then those two sets consist respectively of: 

( 1 ) € paths through the principal elements lying in the first e apical 
horizontal (or last e apical vortical) rows of A',,, each of which 
can bo continued through to a uniquely determinate prin- 

cipal element of 

(ii) e — e' paths through the principal elements lying in the last e — e' 
apical horizontal (or first € — e' apical vertical) rows of each of 
which IB 'preoLvsively pleni-temi%nate* at some principal element 
an of Xii because the horizontal line through cuts all con- 
stituents lying to the nght of in zero elements only. 

Thus every conclusive path must start from some principal clement On 
of All, and terminate in one and only one of the following two ways • 

{a) It may be postolusively temiinate at some principal element from 
which it cannot be continued vei^iically. 

(6) It may bo precludvely terminate at some principal element oiy from 
which it cannot be continued horizontally. 

In both cases on is a principal element of a diagonal constituent Xu which is 
immediately followed (if it is not the last) by a diagonal constituent of 
smaller effective order, the effective order being the horizontal order in (a) or 
the vertical order in (6). 

From Oases I and II above it will be seen that the conclusive groups 
arranged as in (D) are divided naturally into two sets lying on the left and 
right respectively : 

those on the left (the postolusively pleni-terminate groups) belonging 
to the paths («) and containing more and more elements os we pass from left 
to right ; 

those on the right (the preolusively pleni-terminate groups) belonging to 
the paths (6) and containing fewer and fewer elements os we pass on from 
left to right. 

It can be shown by repeated applications of Exs. vi, vii and viii of § 241 
that : 

The vertical lines through the piinoipal elements lying on the paths (a-), and 
therefore those through all the elmnents of any postolusively plem-termvmte 
conclusive group g, intersect aocesswry horizontal rows in zero elements 
only 
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The horizmial lines through the principal elements lying on the paths (b), 
and therefore those through all the elements of any preclusively pleni-terminate 
conclusive group g, intersect the accessary vertical rows in zero elements only. 

m 

If g and g are any two conclusive groups such that g' occurs later than g 
in the series (D), then the v&i'Ucal rows through the elements of g and the 
horizontal rows through the elements of g' intersect one another in zero elements 
only (D3) 

These three theorems remain true when we add to the principal elements 
of each conclusive group the final dominant accessary elements (if any) 
through which the corresponding path could be continued horizontally or 
vertically from its last principal element. 

The theorem (Di) follows from Ex. xii below and (Ci) of sub-article 3, and 
the theorem (Dg) from Ex. xiii below and (Bg) of sub-article 2; but both 
theorems are included m Ex. xiv. The theorem (D3) is included in Exs xv 
and xvi. 

The figure on p. 654 shows the conclusive paths of the standai'diaed 
general compound slope whose preclusive and postcluaive paths are shown on 
p. 642 and p. 649 In this case those principal elements of the 1st, 2nd, 3i*d, . . . 
diagonal constituents which lie on the ith conohisive path g^ are denoted by 
Aif <7i, .... Consequently the allocations of the suffixes are not the 
same as on p. 642 or p. 649. 

Ex. xi. Let ^ii and he auy two consecutive diagonal constituents of if, and 

let Oi + i he any porodiagonal element of 

Then if the preclume and postclusive paths through ewi the paradiagonal of in 

a/iid Oi respeotively^ the }>ertical apiGol distanoe of ai %n Xu cannot he less than that of ai. 

For if the (honzoutal, vertical) apical distances of in Jl*, X^^ 

are 

(^£j /A£), (^i'l h \ /4+l)» 

we have V+/^+i-l='yx+i,£ 1 

^i+i+H+i-i=y£+i.<+i ; 

and therefore h' - R = X< - V = (yxi - yi, i+i) “ (yif 1, < - yi+i, <+i) 0. 

Heme if the conolvsive cmd postohmve paths through ouA the porodiagonal of X^i in 
Oi and ai respeotively.^ the vertical apical distance of ai in Xu cemnot he less than that of 

For if the oonolusive path from to a^^ is not postcluaive, it must be preclusive. 

Again if the precl'iw.ve and conolusive paths through cut the paradiagonal of X^ in 
ai and ai respectively^ the vertical apkal distance of ai in X^ cannot he less than that of 

For if the conclusive path from ai to is not pi*eolusive, it must be postclusive. 

Ex XU. Every principal element of a postdusively pleni-terminate conoUmve group g 
lies on a pleni-terminate postclusive path 

For the postclusive path through the last principal element of g is necessarily pleni- 
termmate ; and if cc^, are two consecutive principal elements of it follows from the 
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second result of Ex. xi by sub-artiolo 3 that if the postclusivo path through is plein- 
terminate, that thi’ough is also pleni-terminate, 

Kv. xiii. Every p^'indpal elem&tit of a precUidvely 'plmi-terminatc ooiidiiaive group g 
lies 071 a ple7ii-tm'7nmoXe preduftive path. 

For the pi^oclusivo path through the lost principal element of g la necessarily ploni- 
teniiiiiate ; and if are two consoGutive prmcipol elements of it follows from the 

thiixl result of Ex. xi by sub-article 2 that if the praolusive path thi’ough is pleni- 
tenninate, that thi’ough is also pleni-termiiiate. 

Ess, xiv. Erop&'ties of any path which w compounded of predwdm and postclmim 
paths 



fly fly^.1 . 

.. Oj 



♦ 





<3ty+i 

* ft 



%-i oy-i 



aj q, 





Oi . . Oy_i ^ 


Lot Oi always mean a principal olomoiit of the diagonal constituent Xa^ and lot 

Cli, ... a^, 

proceeding from loft to right, bo a series of principal olonionis of consecutive diagonal 
uonstituonts such that wo can jioss from any duo (which is not the last) to the next by 
oither tt preclusive or a postclusivo ]_)ath. Also let 

1)0 the oloments in which : 

(1) the vortical linos through ... cut any liorwontal row of M whioh lies above or 
posaos through Xu ; 

(2) the voi'tioal linos through ... % cut any horizontal row of M whioh lies l>elnw 
or pasHoa through Xjj ; 

(3) the horizontal linos through ... cut auy vertical row of i/" whioh lies to tho 
loft of or passoa thi'ough ; 

(4) tho horizontal linos through ... out any vortical row of M whioh lies to tho 
right of or passes through X^^, 

Then repofttod applioatioiis of E.x. vii of § 241 in (1) and (2) or Ex. viii of § 241 in 
(3) and (4) show that tho apical o-xceHSOs of the olomonts ... flj or ej, •..&{ tend 
oouatautly to iiicroaso ns wo pass from ono to tho next in tho clii'octlon indicated by the 
arrow in the ligiii*o ; and wo conoludo that : 

,// any one of the ... c/ or fly, ... fly w 0, then all those whioh follow it in the 

direoHon of the arrow are 

Wo can regard ay, ay+j, ... tty in (8) as suoooBsivo elements of a series of suocessive 
principal elements 

^1, iHi *•* ^ 


0. III. 


42 



658 


CONCLUSIVE PATHS AND GROUPS 


[APP. B 


lying on a path P which is made up of successive preclusive and postclusive portions 
constructed as in sub-artiolea 2 and 3, or which is constructed by drawing in succession 

a preclusive or postclusive path from a prmcipal element Oj of to a principal 
element Og of Z22, 

a preclusive or postclusive path from the principal element cu^ of A22 to a prmcipal 
element of 

and so on. Without assuming that ap is the last principal element on P, we will say that 
the path is 

preckmvely pleni-terminate at Op when the horizontal hne through a,, cuts all con- 
stituents lying to the right of Xpp in zero elements only, 

postclumely pUm-temimate at Op when the vertical line through ap cuts all con- 
stituents lying below Xpp m zero elements only 

Supposing P to be preclusively plem- terminate at ap, let the horizontal lines through 
01,03,.. Op cut any given vertical row L in elements fli, Cg, . . &p of constituents 

-Agj • Xp If pajgaes through the diagonal constituent Xa and if further we have 
(as IS necessarily the case when L is an accessary vertical row), then by applying 
(8) to the series oi, 03, . and a^, . . Op we see that and ... Op 

are all zero elements , whilst if L hes entirely to the right of we have ep=0, and by 
applymg (8) to the series o^, Og, ... Op we see that Cp, flp.i, . ai’e all zero elements. 

ThiLs if the peak P ib precludvely plmi-terminate at Op, the horizontal lines through 
Oi, 03, ... wiU cut a vertical row L in zero elements only wkenev&r: 

( 1 ) Lib an accesBary m'tical row; 

* (2) L int&i'secta one of those horizontal lines in a zero element lying in the diagonal 
conetUumt through which it passee , 

(3) L lies mtirely to the right of all the diagonal constitu&nta containing O]^, Og, . Op. 

(9) 

It can be shown m a similar way that . 

If the path P is postclusively pleni-te^'minate oi Op, the uei'tical lines through o^, Og, ... Op 
wiU cut a horizontal row L in zero elements only whenever : 

(1) L warn, accessary hormynlal row; 

(2) L intersects one of those vertical lines in a zero element lying in the diagonal con- 
stituent through which it passes ; 

(3) L lies entirely below all the diagonal constituenls containing Oj, Og, .. ...(10) 

Ex. XV. IntersectioTis of the horizontal and vertical rows through the elements of two 
preolusvm or postclusive or conclusive groups. 

Let Oil, 028, ... forming the group g and On', 033', ... forming the group (f be 
the Buocessive prmcipal elements lying on two different preclusive or two diffei'ent post- 
clusive or two different oonclusive paths based on the principal paradiagonals ; and let 
Xjek be the last diagonal constituent which both paths enter, so that k is the smaller of the 
two mtegers p and q. Also let 

(w==lj 2, ... p\ 2, ... O'), 

be the element of If which is common to the vertical row through and the horizontal 
row through o'^, so that is an element of the constituent X,tp, and let 

Ew be the apical excess of in its constituent X„„. 
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The pq eletnonts such as foim a mati'ix 

~eii 0i2 ... fill/' 

^ai ^3 e2« 



-®jj 1 ^pir- 

Avhich ia a oorraiigod uuiior of If !» i"l" 1 wo oaii pass from to and 

from a'ti to a'i+ i^{+j either by two preclusive or by two postcluaive paths, aud m either 
case (see Exa. vii and ix) we have ^y=^i+i,i+i. Consequently we always have 

j?ii = ^3= .. =^fei='rj 

where r 18 the aiuoiint by which the vertical apical distance of «'« exceeds that of «it m 
tho diagonal oonstituent for the values 1, 2, . . 1; of i. From this result and from 
Ex. xiv it follows that the matnx ^ has the following two propwtiea 

(1) Tha apical exam of an d&meat always tends to inarease as it moves away from a 

diagonal (actual or iion-existe)U) along any horitorUal or vertical row. 

(2) The diagonal elements eu, aij, ...t^all ham the same apwal exceas r. 

Wlien the uon-sMi'o integer t is positive, (Jl the olemetiis of E must bo equal to 0 , and 
this shows that the theorem (Dj) is true. 


Ex. ivi. Intsrseetions of the horizontal and vertical rows through the elements of two 


Fimt lot ^ bo a preolusivo or postdusivo or oonolusive gi-oup whose last pnnoipal 
olomont is Wo will dofliio a oon-osiionding augmonted gi-oup G. 

9 . 

^ + Ui ^00 0 

If the group g ia prockmvdg ‘plmi-tennimte at aud if there are aoooasary horizontal 
roivs whoso dominant oloinonts 

uoooHBoi’ily in oonsooubivo ooiistitueiitH below A'«), we will take 

nil) njS) a^f, l!i+a,ii ••• 

to be tho BUOoeSHivo olomoiits of G. This case oucure (see Ex. ii and sub-orbiolo 3) when 
and only when g iti poftiohisivslg qttastrtBnninccis at un* 

If tho group g is posicktsively pleyii'torffiinute at cia, and if there are accessary vortical 
rows whos^ dLinaAt elomente A,,, , 3 , ... bo in tho same hovM row a« a« 

(and neoessfti’ily in consecutive oonstituenta to the right of we will take 

tin, Oja? “■ ^»<+aj ••• 

to bo the successive ekraents of <?. This oase ooours (see Ex. i and sub-aitido 2) when 
and only when g is preohtdvely quad-termincUe at 0 ^. 

The augmented groups otg^, gz , ... ffy m (B) or (C) or (D) wiU be denoted by 

ffi, <?», ... ffy ^ 

Now let G and <?'bo tho augmonted groups corresponding to « 

Ex. XV. Then tho elements of M common to the vertical rows through the elements of G 

and (?' form a matrix 

z'-vt-il). 


42—2 
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which 18 a con*anged minor of J/, and which is formed fi’om the matnx E of Ex. xv by 

adding ^ 

— 'p final horizontal rows when g‘ is preclusively pleni- terminate at « 

q' -q final vertical rows when g is postcluaively pleni-terminate at 

Because the added rows are all accessary rows which intersect diagonal constituents in 
zero elements only and intersect one another in zero elements only, the only diagonal 
elements of E' which can he different from 0 are the diagonal elements fin, 623, . fijw- of 
E\ every new diagonal element in E' being necessarily equal to 0. Moreover when wo 
except those elements which are necessarily 0 because of (9) or (10) of Ex. xiv, the matrix 
E' has the same two properties as the matrix E m Ex. xv 

Hence E' is a zero mjatruc wlmyever r u pontyve^ t.e. whenever O' occurs later than G in 
the senes (D') 

A more detailed account of the various possible coses is added. 

If ^ IS postclusively and ^ preclusively plem-terminate, it follows from (9) and (10) of 
Ex XIV that E' differs from E by zero elements only. Moreover in this case r is 
necessarily positive, and E' is a zero matrix 

If ^ is preclusively and g' postclusively pleni-terminate, E' is the same as E. More- 
over m this case r is necessanly negative, and E or E' is a non-zero matrix. 

If g and g" ai'e both postclusively pleni-terminate, E' is formed by adding vertical 
rows to E From (10) of Ex. xiv and the properties of dominant accessary elements we 
see that aH honzontol rows of E' below the giih (when p>q) contain zero elements only ; 
whilst by applying Exs vu and vm of § 241 (or the argument given in Ex. viii of sub- 
article 2) to the other added elements we see that vdth respect to all other elements 
E' has the same properties as ^ in Ex xv. Hence when r is positive, which is only 
possible when q ^p^ E' and E ai’e zero matnees, because aU their diagonal elements 

are O’s. Whenever E' is a non-zero matrix, 1 e whenever t is negative, we must have 

h=p-^q 

If g and ^ are both preclusively pleni -terminate, E* is formed by adding horizontal 
rows to E, From (9) of Ex. xiv and the properties of dominant accessary elements wo see 
that aU vertical rows of E‘ to the nght of the pih. (when q>p) contain zero elements 
only, whilst by applying Exs. vii and viii of § 241 (or the argument given in Ex. x 
of sub-article 3) to the other added elements we see that with respect to all other 
elements E' has the same properties && Em Ex xv. Hence when r is positive, which is 
only possible when p:j^q, E' and ^are zero matrices, because all theii* diagonal elements 
are O’s. Whenever E' is a non-zero matrix, i.e. whenever t is negative, we must have 

Thus whemver E' is a non-zero moutriju^ it has exactly the same diagonal elements 

flu, fl2aj • ^ickCLs and has the same two propeHies as E in Ex. xv. 

If then m travelling away from a diagonal element of E' (actual or non-existent) 
along the horizontal or vertical row through it in either direction we reach a zero element, 
all the following elements m the same direction ore O’s. 

The above results are in agreement with the equations 

+ when p ^q^ 

= .. = Eqq>=r wheng^>»^, 

which show that t must be positive and be a zero matrix when . 

there are added horizontal rows m E't and q >p , 
there are added vertical rows in E'^ and p>q. 
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5. H&niipteric derangements of M deiHved from the preclusive or post- 
chmve or conchtsive groups. 

9^9^! ... be the preclusive groups (B) or the postclusive groups 
(0) or the conclusive groups (D), and in each case let 

... (?v (DO 

be the corresponding augmented groups defined in Ex. xvi. Every one of 
tile dominant accessary elements occurs in one and only one of the augmented 
groups. Consequently every hoiizontal or vertical row of M which is not a 
complete iw of O's passes through 

either a principal element or a dominant accessary element 

(but not both) of one and only one of the augmented groups, and con be 
represented by that element. 

Now let all the complete rows of O’s (if such rows occur) be struck out 
from IT, and let the non-zero horizontal and vertical rows be arranged in the 
orders in which they, i.e. their representative elements, occur in the series 
(D'). Then M is thereby converted into a compound matrix 


^ Y 

Yn,. 

.. Yy~ 

Qu 

'iu. 

'■ r Y 

^ n> 



fji 1 <7ii» • 

<Jy 

3 ^ 5 = 

Y^, 

.. Y.^ 



0 . 

Y^, .. 



...(E) 

Y 

_ 7l> 

ry..- 

.. r„_ 

Pu 


0 . 

, ..JJy 

0 , . 


PuPii • 

>Py 

in which 





11 






is the cominged minor of M formed by the interaoctions of the vertical rows 
through the elements of (?j and the horizontal rows through the elements of 
Gu i.e. one of tho ccjrranged minors of M described in Ex. xvi. By restonng 
tho complute rows of O’s we can obtain a hemiptenc derangement of M 
whicli differs from Y in havmg initial vertical or final horizontal rows of O’s. 
By moving tho ticcessary rows only wo can obtain a derangement of M 
having the form (B) of § 241. 

Ex. xvii. ExtemioTis of the oompownd slopu M. 

Suppose in tho first place that U has no coinploto row of O’h. Then to oaoh sot of 
unaugimmUd groups ... of if thoro corrosponds a way of regarding if as a minor 

(jf a qiniclrato alopo M of tho saino type in whioh all oonstituents ore square matrioos 
(simple wpiaro slopos) of ordoi* y, tho (K>nvorsion of if into S being carried out in accord- 
iinoo with the following rules: 

(1) tlm groups i7ji, ... of if and the patlis uoiTOspoiidiiig to them are formed by 
continuing the groups ^3, ... of if and the paths oorreapoiiding to them ; 

( 53 ) the oonstituonta of if through which the paths of ^ 1 , ^a, ... general 

simple square slopes j 

(3) consecutive paths passing through or terminating in Xu are extended into con- 
BGoutive paths passing through 2n, 
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e process is simplest when the ^’s are conclusive groups. Ordinarily M cannot be a 
i&ral compound slope of its class 



t when it is made as general as possible, its form os determined hy its non-zero elements 
unique in each case. 

If M has complete rows of O’s, and if c is the greatest of all its index numbers, we can 
ke the extension of J/ to be a quadrate slope M m which all constituents ai’e square 
atrioea of order c. In this case M will have o — y initial or final groups which have no 
iments in common with M according as its complete rows of O’s are vertical or hori- 
ntal. Its other groups are formed as before by coutmuing the groups of M. 

Ex. xvui. Other hemipteric derang&mmU of M. 

Let M be the extension of M described in Ex. xvii, and let Y be the derangement of 
which corresponds to (E). Then if we strike out from Y those rows which contain no 
ements of Jf, we oh tom a hemipterio derangement of M (similar in form to that de- 
nbed m the text) m which the horizontal and vertical rows of M are aiTanged in the 
ders in which they, i.e elements lying on them in occur m the successive groups of 
s ^aj oiS. Each constituent of this derangement has the same general properties 
before, ne. as we travel away from a diagonal constituent (actual or non-existent) in 
bber horizontal or vertical direction, a zero element con only be followed hy zero 
ements. The final derangement described in Chapter XXXIX is that obtained m 
LIS way when the ^s are conclusive groups. 

Ex. XIX. The parctdiagorial prime minors of a standardised quadrate slope. 

When M is quadrate, it has no accessary rows, and none of the groups gu 
,n be augmented. We can divide the group gi into sub-groups ^i 2 > ••• ^*0 •••» where 
10 sub-group is foimed with those pnncipal elements of gi which lie in the diagonal 
>nstituents having a given effective order The oorranged minor of M formed by the 
tersections of the horizontal and vertical rows through the principal elements of gi^ is 
le of the paradiagonal prime mmors of M mentioned m sub-article 4 of § 241. All the 
iradiagonal prime minors of M oan be oonstruoted in this way, there being one oorre- 
londing to each such sub-group as gi^. 
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WEIERSTR ASS’S AND KRONEGKER’S REDUCTIONS. 

1. Minimum degrees of connection. 

Let 0 = [0]^ be a matrix of rank p whose elements are rational integral 
functions of any number of scalar variables. 

A rational integral identity in the variables of the form 
[</>]" = 0, where r = m- p, 

and where u=[u]^ is an undegenerate matrix whose successive horizontal 

rows have total degi'ecs Ci, €a, in the variables, represents a complete 
set of r unconnected connections of degrees ei, eg, ... e,. between, the hori- 
zontal rows of (jf). When ei, eg, ... ai’e chosen in succession to be as small 
as possible, they are the mmimum degrees of horizontal connection of (^. 

A rational integral identity in the variables of the form 

where s = n-p, 

and where v = [«;]* is an undegenerate matrix whose successive vertical rows 

have total degi^eea t/i, 773, ... Tje in the variables, represents a complete set of 
s unconnected connections of degrees '71, t/a, ... Vb between the vertical rows 
of <j>. When 7/3, ... -7, are chosen in succession to be as small os possible, 
they are the minimum degrees of vertical connection of (f). 

When <j> is homogeneous in the variables, we can and always will choose 
each of the horizontal iws of u and each of the vertical rows of v to bo 
homogeneous in the variables. 

The following principle will bo used in the next two sub-articles. 

V 

is an eguigradent traiisfoTTnatiou converting 0 into a similar matrico 'sjr, then 
the two mati'^ices <f> and have : 

(1) the same potent divisors ; 

(2) the same minimum degrees of horizonvtal and veHioal oomiection, (A) 

The first part of the theorem has been proved in Theorem II and Note 1 
of § 214. The second part, which was mentioned in § 141, follows from 
the fact that the first of the equations 
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represents a complete set of unconnected connections of degrees ei, ... 
"between the horizontal rows of ^fr when and only when the second equation 
represents a complete set of unconnected connections of the same degrees 
Cl, ffli • • between the horizontal rows of and the fact that the first of 
the equations 

w:-m:=o> w:-w::m:=o 

represents a complete set of unconnected connections of degrees 771 , t/b, ... 77 ^ 
between the vertical rows of when and only when the second equation 
represents a complete set of unconnected connections of the same degrees 
77 i, 772 , ... 77 b between the vertical rows of (j), 

A brief account of the most essential properties of the primitive degrees 
and the minimum degrees of horizontal and vertical connection of any 
rational integral functional matrix is contained in a paper by the author 
published in two parts under the title of ' Primitive Matrices ’ in the Bulletin 
of the Calcutta Mathematical Society^ Vols. vi and viii (1914-15 and 
1916-17). 

2. Weierstrass's reduction of an u/ndegenerate square matrix which is 
homogeneous and linear in two mriables or Unear vn a single variable. 

Let X and y be two scalar variables, and let 

X—pxy\-qy, Y—ux’\-vy (1) 

be always two distinct non-zero homogeneous hnear functions of m and y, 
so that p, g, Uy v are particular scalar numbers subject only to the condition 

vp - =1= 0. 

Also let = = + = (2) 

be an undegenerate square matrix of order m whose elements are homo- 
geneous linear functions of x and y, so that A and B are square matrices of 
order m whose elements are particular scalar numbers subject only to the 
condition that the determinant of (/> does not vanish identically. We may 
and will suppose that the potent divisors of (j) corresponding to its linear or 
irresoluble divisors are 

= (\x + ij^y)\ = {\^x + • • • 2^5 = 4- . . .(3) 

where + ^2 + . • . + = w, 

the last equation following firom the fact that the product of all the potent 
divisors can only differ from det 0 by a non-zero constant factor. 

It was first proved by Weierstrass that it is always possible to reduce 
by an equigradent transformation to a standard compartite square matrix 
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= [■'f']™ of whose parts is a square matrix having the form 

-Z F 0 ... 0 0 " 

0 Z y .. 0 0 

= =Z.[l]:+7. 

' 0 0 0 ... Z F 

_0 0 0 ... 0 Z_ 

where e <1: 1. Since co is an undegeiierate square matrix having the single 
potent divisor X®, we see from (A) that there must be exactly s such parts 
a)if ... CDs coiTespondmg one by one to the potent divisors jT], 
and that in the part cui, corresponding to we must have 
e = e^, p:q = \:jLti, - -w/x-t + 0. 

It is easily seen that there ai’e no other restrictions on the values of the 
coefficients p, the part and in that part we can put X =Xia} -H /liP- 

Thus we can regard all the parts of "v/r as being completely known when the 
potent divisors (3) are known, though of course they can be chosen in many 
different ways. In the part corresponding bo a potent divisor 
(iff — cy)® we can put X = a? — oy, Y — 
and in the part corresponding to a potent divisor 

(y-cxc)® we can put X = y — ca*, r=aj; 
where m both cases we may have c = 0. 

From Weierstrass*s reductions of (f) it follows that : 

are two undegeftieixite square matrices of the same order m whose elements are 
homogeneous linear functions of co and y, it is possible to convert each of them 
into the other by an equigradent t^^ansformation when and only when (f> and 

have the same potent divisors, i.e, are equipotent (®) 

If we put y = 1 in the equigi-odent transformation converting ^ into the 
compartite square matrix ^Jr, we obtain Weierstraas*s corresponding reduction 
of the undegeuerate square matrix 

whose elements are linear functions of the single variable is, the reduced 
form of 4> being the compartite square matrix ^ derived from by putting 
y = 1. To each potent divisor (at — oyf of (f> which is not a power of y, there 
corresponds a potent divisor (at — c)® of 4> ; and to this potent divisor of 
there corresponds a poi’t of ^ of the form (4) in which we oan put 
X = at-c, Y=L To a potent divisor y® of <f> which is a power of y, which 

can only occur when is degenerato, there corresponds no potent divisor 
of ; but nevertheless there corresponds to it a part fl of $ of the form (4) 
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in which we can put X =‘l,Y=x In fact from (B) we see that : 


If 






m 

m 


are Puoo undegenerate square matrices of the same oi'der m whose elements a/re 
linear functions of the single variable x, it is possible to convert each of them 
into the other by an equigradent transformation when and only when the two 
homogenised matrices 


4> = ^[aZ^y[hZ. 




m 


have the same potent divisors, i.e, are equipotent 


(B') 


In the particular case when and are both undegenorate, as 

when they are both equal to [l]™j the conditions in (B') are satisfied when 
and only when and <!>' are equipotent. 

The theorems (B) and (B') can be proved directly by using the lemma of 
§ 227 and the principles explained in §§ 211 and 212; and in proving them 
we at the same time prove Weierstrass’s reductions which are included m 
them as particular cases. 

The reduction of a square matnx A whose elements are constants to a 
canonical square matrix by an isomorphic transformation is equivalent to 
Weieratrass’s reduction of the characteristic matrix of A. 


3. Kronecker's reduction of any matrix which is homogeneous and Unear 
in two variables or linear in a single variable. 

Let X and y be two scalar variables, and let X and F be defined as in (1). 
Also let 

= = + = + ( 2 ') 

be any matrix of orders m and ii whose elements are homogeneous linear 
functions of x and y. We will suppose that has rank p, and that the 
potent divisors of corresponding to its linear or irresoluble divisors are 

= + ii^y)\ Tg = (Xflfl? H- p^y)S . . . T, = (\^ ® -f p.,y)\ . . .(3') 

where of course ei + eg + . . . + :|> p. 

We will further suppose that the minimum degrees of horizontal connection 
of (f> consist of 

0 repeated eo times, and the non-zero integers Si, eg, ... e/i, .-.(5) 
and that the mmimum degrees of vertical connection of 0 consist of 

0 repeated times, and the non-zero integers •• Vk (50 

Thus 0 has exactly eo -I- h unconnected horizontal connections of which 
exactly So can be of degree 0 , it has also exactly ijo + k unconnected vertical 
connections of which exactly tjq can be of degree 0 ; and we have 

m — p= €Q + h, w — p = T/o + A. 
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It was first proved by Kronecker that it is always possible to reduce 
by an equigradent transformation to a standard conipartite matrix •>p' = 
each of whose non-zero parts has one of the forms 


n 

m 



X r Q ..0 0 
0 z r ... 0 0 


0 0 0 ... z F 
0 0 0 ... 0 z 


= Z.[1] +F. 



...(i) 


F 0 ... 0 
Z F ... 0 


0 z ... 0 

"O' 

e 1 

'I" 

=z. 

_ 1 _ 

+ F. 

1 

. 0 _ 


0 0 ... F 

0 0 ... Z J 


(ii) 


"Z F 0 ...0 0 
[a)]’'^^= 0 Z F ... 0 0 


= Z.[l,0];;'^-hF.[0,ir'’’; ...(m) 




. 0 0 0 ... Z Y_ 

and which in general has in addition a zero part 

[oi: (iv) 

where eo and tjq are positive integers, one or both of which may be 0. The 
zero part indicates the existence of exactly eo horizontal and exactly tjq 
vertical complete rows of 0*s in -i/r. If cq only is 0, this part is non-existent, 
and ^|r has 970 vertical but no horizontal rows of O's ; if only is 0, this part 
is non-existent, and t/t has eo horizontal but no vertical rows of O's. In the 
pai'ts such as (i), (ii), (iii) wo always have e^ 1, 1. We could of 

course interchange X and F in either of the parts (ii), (iii), that being 
merely a matter of notation. 

On reference to Exs. vi, vii, viii of § 206, it will bo seen that : 
a part such as (i) has tho single potent divisor Z* and no horizontal or 
veriical connections ; 

a part such as (ii) has one horizontal connection of minimum degree e, 
no vertical connection, and no potent divisor ; 

a part such as (iii) has one vertical connection of minimum degree 97 , no 
horizontal connection, and no potent divisor ; 

the zero part (iv) has exactly €0 horizontal connections of minimum 
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degree 0, exactly 7}^ vertical connections of minimum degree 0, and no potent 
divisor. Consequently the principle (A) shows that : 

there must be exactly s parts such as (i), one corresponding to each of 
the potent divisora (3') ; 

there must be exactly h parts such as (ii), one corresponding to each of 
the non-zero minimum degrees of honzontal connection ei, ... 

there must be exactly k parts such as (iii), one correspondmg to each of 
the non-zero minimum degrees of vertical connection rji, ... njis] 

the integers eo and in the zero part (iv) must be those defined in (5) 
and (5'), i.e eo is the total number of honzontal and tjq the total number of 
vertical connections of ^ of degree 0. 

In the part (i) correspondmg to the potent divisor Ti we must have 

6 = Gi, = — UfLi^O, 

and Pj q, u, v can be any numbers we please satisfying these conditions ; in 
particular we can always put X = X^x + 

In the part (ii) corresponding to the non-zero mmimum degree of hon- 
zontal connection Ci, we must have e = whilst p, q, u, v can be any 
numbers we please satisfying the condition vp--ibq^0. 

In the part (in) corresponding to the non-zero minimum degree of 
vertical connection we must have rj= 7 }^^ whilst p, q, w, v can be any 
numbers we please satisfying the condition vp — uq^Q. 

Thus we can regard all the parts of yjr as being completely known when 
the potent divisors and the minimum degrees of horizontal and vertical 
connection of <f> are known. We can choose T to be the same in all the 
non-zero parts of 'kJt. It can then be any homogeneous linear function of x and 
y which is not a linear divisor of </>. 

From Kronecker s reductions of <f> it follows that : 

1 / +»[!'']: 

are any two matrices of the same orders m and n whose elements are homo^ 
geneous linear fv/richons of x and it is possible to convert each of them into 
the other by cun equigradent transformation when and only wh&n (b and d>' 
have : 

(1) the same potent divisors^ 

(2) the same minimum degrees of horizontal mid vertical connection. (0) 

If we put y = 1 in the equigradent transformation converting </> into the 
compartite matrix we obtain Eionecker’s corresponding reduction of the 
matrix 
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whose elements are linear functions of the single variable Xj the reduced 
form of O being the compartite square matrix 'P derived from by putting 
i/ = 1. Hence correspondmg to (C) we have the theorem that : 

1 / <!>-..[«]> ra:, 

are any two similar inatmoes whose elements are linear functiom of the single 
variable x, it is possible to convert each of them into the oth&}' by an equi'^ 
gradent transformation wheii and only when . 

(1) <l> and have the same minimum degrees of hoHzontal and vertical 
connection ; 

(2) the two homogenised matrices 

have the so/me potent divisoi's (0^) 

A direct proof of the theorems (0) and (0^) would establish Kronecker's 
reductions, which are included in them as particular cases. 

Proofs of Weierstraas*s and Kronecker’s reductions (though not the 
simplest) will be found in Muth's Elementaiimlei', 

4 Primitive matrices ; the primitive degrees of a viatHx. 

If A =[ay^ is a matrix of rank r whose elements are rational integral 

functions of a finite number of scalar variables, there exist uniquely deter- 
minate positive integei-s ei, e.j, . . e,. arranged m ascending order of magnitude 
which are the lowest possible degrees in all the variables of r on0-rowo<l 
matrices connected with the horizontal rows of A and forming an undo- 

generate matrix H = [/i]^ of rank r, H being a horizontally primitive matrix; 

also there exist uniquely determinate integers 771, 173, ... 77,. jirranged in 
ascending oi’der of magnitude which are the lo\vest possible degrees in all 
the variables of r one-rowed matrices connected with the vertical rows of A 

and formmg an undegenerate matnx K == of rank r, K being a vertically 

primitive matrix. The mtegers Ci, e,. and 771, 7?a. ... 77, are respoctivoly 
the horizontal primitive degrees and the vertical primitive degrees of A, 

A matrix H = [h'f’ whose horizontal rows are unconnected is a /mn- 

r 

zontally primitive matrix when the degrees of its r horizontal rows are its 
r horizontal primitive degrees; and a matrix whose vertical rows 

are unconnected is a vertically primitive matrix when the degrees of its r 
vertical rows are its r vertical primitive degrees. 

From the definitions of normality given in Vol. ii it follows that : 

If two matrices are horizontally normal to one another (their horizontal 
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rows being mutually orthogoruil)y the horizontal primitive degrees of either one 
of them are the minimum degrees of vertical connection of the other. 

If two matrices are vertically normal to one another {their vertical rows 
being mutually orthogonal)^ the vertical primitive degrees of either one of th&m 
are the minimum degrees of horizontal connection of the other. 

Ordinarily a matrix can be undegenerate and impotent without being 
primitive or primitive without being impotent ; but a one-rowed matrix or a 
matrix whose rows are homogeneous in two variables is undegenerate and 
impotent when and only when it is primitive; and a primitive matrix 
whose elements are rational integral functions of a single variable is always 
impotent. 

The reductions of Weierstrass and Kronecker are transformations by 
matrices which are both primitive and impotent. Transformations of this 
kind (when not equigradent) will usually increase the total degree of the 
transformand. 
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aim. = similar 
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Oanonioal square matrix ' defined, 842-8 ; 
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Bimpla, .S45 ; properties of, 349-54 ; 
standard, 347; atandordis^, 446; 
Buper-parta (unilat ) of, 846; 
tronamutos of, 369-70. 
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477-82; 

simple, 466-02; unilat., 468-74; 
standard, 477-8, 480-2. 

Beductlon of a sq. matrix with const, els. 
to a can. sq. matrix by isom. (equim.) 
transfns., 844, (884-5, 408). 

Cayley's Equation, satisfied by a sq. matrix, 
818, 682. 

Ohai'aoteristio determinant of a sq. matrix 0 
807-9, 874-5, 419-20, 426-7; 

IS UTesol. when all els of 0 are arb., 810. 

Ohoraoteristio matrix (arb, lin. funo.) of a sq. 
matrix ^ : 307, 480-92 ; 
oonj. reoipr. and mverae of, 316-8, 401-9; 
are rat. int. fuuos. of 0, 818, 402. 

Ohai-aoteristio numbers, symbol, 846. 

Oharaoteristlo potent divisors of ; 
a sq. matrix with const els,, 307: 

all hnear, 841, 845, 868-6, 899 ; 
a Im. funo. of a sq. matrix, 810; 
a st. oompnrtlte matrix with aq. porta, 810 ; 
a skew-sym. matrix, 469 ; 
the inverse or oonj reoipr. of an undeg. sq. 
matrix, 854; 

the powers of a sq. matnx, 352, 858-4. 
Square matnoes having the same oharao, 
pot, divisors, 889, 858-4, 

Glass of a compound matnx, simple class, 410. 

Oo-oommutants, 416, 418, 424, 487, 471-2, 
488, 485-6, 488-9, 501, 686, 642-8 ; 
non-singular, 417, 427-8. 

See Oommutants. 
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Co-gredient Bubatitutions, 569. 

Common canonical, greatest, 454-6, 477 

Common roots, of rat. int. funcs. or eiina., 
67-129, 166-79. 

of special funca , 100, 101, 103, 119-29. 
Conditions that n homog. funcs of n vari- 
ables or n non-homog. funcs of «-l 
vanables shall have a common root, 72, 
80-1 

Existence of common roots of n homog. 
funcs of 71+ 1 vanables or n non-homog 
funcs of 71 vanables, 96-105 , 
common roots described, 107-8, 116-6; 
common infinite roots, 116 ; 
repeated common roots, 108, 112-4, 117-8 , 
sym funcs. of the common roots, 156-66 , 
equiv. funcs. of ooefis , 160, 164 , 
total number of common roots, 108, 117. 

Sec Bioots, Monotypio symmetric functions. 

Common roots of two funcs. or eqns. 49-60, 
83-6, 91, 126-9; 
of degrees 1 and 2, 126-7; 
of degrees 2 and 2, 128-9. 

OondStions for no finite common root, 
49-60; 

at least one common root, 63-5 ; 
an infinite number of common roots, 
127 - 8 . 

Commntantal : 

products, equations, transformations and 
their types defined, 429-61 ; 
solutions, 499, 

substitutionB used in the reduction of oom- 
mutantal transfns , 602-3, 606-6, 607-8. 

Commutantal transfns. oonvertmg one corn- 
mutant into anothei’ . 429-34, (466-94), 
494-618 • 

equigr , 481-9, 496, 498, 499, 500; 
equim., 437, 496-6, 601, 606-8, 617-8 ; 
converting one oommutant of oommu- 
tants into another, 623-4, 686-9 , 
sym. equigr , 438-9, 606-6, 613, 614, 617-8; 
sym. equim., 439, 617-8, 
converting one ruled simple or compound 
slope mto another, 456-74, 612-3, 616-7 
Equim. transfns interpieted as oommii- 
tantal, 495 

Beduction of commutantal transfns., 494- 
608. 

Commutantal transfos. (equigr and by corn- 
mutants) converting one invar transfd. 
mto another 650-3, (673-88, 610-8), 
619-31. 

Oommutants of a pair of square matrices ' 
defined, particular and general, particular- 
isations and speoiahsationBp comma tau- 
taJ types, oontinuantal and Edternating, 
Qo-oommutants end contra-oommutants, 
non-smgular and singular, 418-6, 423-6. 
Conjugate of a oommutant, 428-9. 

Oonj. lecipr. and inverse of an undeg. sq. 

oommutant, 429. 

Belated commubants, 432-4 

Oommutants \A^ B}, methods of constructing ; 
by solving scalar eqns., 416-23, 425-8, 
467, 640-8; 

ordmary methods, 442 , 
reduced to oommutants of sq. matnoes of 
idle same order, 420. 


Commutants {^, B} , methods of oonstr (roiif.) 
Special cases m which : 

A or B IS a zero matrix, 416; 

A and B are quasi-scalar, 416-7, 427-8, 
A and B are simple sq. ante-slopes, 427-8; 
all els. of A and B ore arb , 417 

Oommutants {A^ ^1} which are rat int. funcs. 
of A (oi commutants of the oommutants 
of A) 418, 461, 469, 483, 633, 586, 
640-8 

Commutants (general) • 

of equioan pairs of sq matrices, 436-9 ; 
of at oompartite matrices with sq. parts, 
489-40, 

of partiQularised or speoiahsed matrix-pairs, 
424-6; 

zero and non-zero, 440-2. 

Oommutants (general) of* 

simple can sq matrices, 456-61, 
sym or skew-sym., 461-3; 
unilat can sq. matrices, 466-9, 
sym or skew-sym , 469-78 ; 
st. can. sq matnoes, 477-8, 480-2 ; 
sq. matnoes with const, els., 474-80, 
sym. or skew-sym., 486-9 ; 
sq matnoes oontaimng arb els , 489-92 , 
a single sq. matnx whose els ore indep. 
arb parameters or whose Ffaffian dis- 
criminant IB not 0, (427-8), 640-8; 
non-amgulor, 427-8. 

Oommutants of the oommutants of a sq. ma- 
trix A . defined, commutative with every 
oommutant of A, 619-28 ; 
conjugates and inverses of, 623 ; 
identified with rat. int. funcs. of Af 621, 
636, 

number of indep. non-zero, 621, 582, 586 ; 
properties peculiar to, 418, 638, 668. 

Oommutants of the commutants (general) of : 
equioan. sq. matrices, 628-4 ; 
a st oompBJiite matrix with sq. parts, 
624-G; 

a simple can. sq matnx, 526-7 ; 
a unilat. can sq matrix, 627-80; 
a standard can. sq. matrix, 681-4; 
any sq matrix with const els , 686-9 ; 
a sq. matiix containing arb. els., 580; 
a sq. matrix whoso els. are indep. arb. 
parameters, 540-8. 

Commutative sq matrioes, 312, 416, 460. 

Oompartite matnoes : 

potent divisors of, 216-28. 
standard reduced forms of a matrix for . 
equigr. transfns., 666-70 ; 
equim. (isom.) transfns., 844; 
equipot. transfns. , 291. 

Oompartite matnoes (stajidard) with sq. parts : 
ohorao. pot divisors of, 810 ; 
oommutants of, 489-40 ; 
oommutants of the oommutants of, 524-6 ; 
equim. tronsfnB. of, 832-8, 
invar transfds of, 668-4; 
latent roots of, 810 ; 
rat. int. fanes, of, 366 ; 
transmutes of, 868 

Oomplete ehmmant, 106. 

Complete matnx of minor detauts. : 

irred. diYisors and max. factors of, 226-8 , 
rank of, 181. 
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Complete aets of . 

bilin. invananta, £90, 592, 594, 695, 596, 
608; 

invar. ti'anafcU., 674, 676, 682, 687 ; 
qnadratio invanants, 606^, 606. 

Oompoaition of: equim. tranafna., 382; 
eqnipot. tranafna., 265. 

Compound eontinuants and alternonta : 
defined, 445; 

interpreted aa oommutanta, 467-8. 

Compound matrix . olasa, index numbers, 
410. 

Compound slope: 

defined, clasa, type, general, ante-alope, 
oounter-alope, ruled, oontinuant, al- 
ternant, 445, 

standordiaed, pnnoipal paradiagonals, prm- 
oipal (paradiagonal) ela., quadrate, 
quasi- Boalario, 446; 
undegenerate, 462-8. 

Determmant of a quadrate slope, prime 
detanta, paradiagonal prune minora, 
465. 

Bank of a gen. (or gen. ruled) oompound 
slope, 460-2. 

See Simple slope, Standardised oompound 
slope. 

Oonoluaive paths and groups, 462, 652-61 ; 
augmented groups, 669. 

Oonditlona for the existence of * 
an equigr. tranafn., 887, 666-70 ; 
an equim. transfh., 887-41, 388-6, 490-7, 
an equipot. transfn., 254, 808; 
a rat. int. transfh , 804-5 ; 
a non-zero oommutant, 440-2 ; 
a non-zero invar, transfd., 
an undeg. oommutant, 477, 460; 

aym, or akew-aym., 486-9: 
an undeg. invar, tranafd., 622, 686; 
aym. or skew-aym., 626-80. 

Conditions that : 

a gen. oommutant {A^A} shall be a rat. 

int. funo. qIA, 488, 491; 
a sq. matrix A shall be reducible to a quasi- 
scalar matrix by isom. transfna., 846 ; 
n rat int. funotious ^all have 
a common root, 72, 80; 
a common infinite root, {pn+i=0), 116-6; 
a repeated common root, 118-4, 118 ; 
an infinite number of common roots, 
117; 

one rat. int. funo. shall be a factor of 
another, 61-2, 68-9; 
shall be a product of lin. factors, 140, 
163; 

two rat. int. funcs. shall have 
a common root, 88-4 ; 
an mflnite number of common roots, 
127-8; 

no finite common root, 49. 

Conjugate: of a oommutant, 428; 

of a oommutant of oommutanta, 628; 
of an invar, transfd., 550; 
funos. of the els. of two sim. sequences, 
691-2. 

Ooujngate reciprocal and inverse of the charao. 
matrix of a sq. matrix tp, are rat. int. 
funos. of fpi 816-22, 401-9. 

See Beoiprocal. 


Connection, minimum degrees of, 663-4. 

Primitive one-rowed matrices connected 
with the long rows of an undeg. 
matrix, 259-78. 

See Construction 

Construction of : 

a can. sq. matrix having given charao. pot. 
divisors, 344 , 

a matrix having one given pot. divisor and 
no minimum degree of connection, 310 ; 
a matrix having one connection of given 
minimum degree and no pot. divisor, 
209-10, 

all sq matrices satiafTing a given rat. mt. 

eqn., 848—9, 368 ; 
gen. commutanta, 442, 476 , 479, 
gen. invar, transfds,, 419, 428. 

Law of oonatruction of Invar. tranafdB. of sim- 
ple bi-oan sq. matrices, 562, 661, 666. 

Contmuantal * oommutanta, oo-commutanta, 
oontra-oommutants, 416. 

See Oommutanta. 

Continuants (simple and oompound), 44-5 ; 
interpreted as oommutants, 466-^8, 467. 

Contra- com mutants : 

416, 418, 424, 483-4, 4B8-9, (461-3, 
472-8), 484-8, 490, 492-4, 601, 604-6, 
610-8, 636-7; 
non-singular, 424, 428; 
aym. or akew-aym., 434, 488, 439, (461-8, 
472-8), 486-8, 492-4, 610-8, 686-7; 
undeg., 424, 477-8, 482-3, 490, (492-4, 
608-18) ; 

aym . 484, 489, 486-6, 536, 628, (492-4, 
610-8); 

akew-aym., 486-8, (492-4, 610-8). 

See Oommutants, Conversion. 

Oontra-^odlent substitutions, 670. 

Conversion of one given * 
matrix into another by 

equigr. tranafns., (197-8, 664), 887, 
666-70; 

equim. tranafns., 880-41, 888-6, 40C-7; 
equipot. tiansfns , (264), 803-4; 
rat. int. transfns., (216-6, 269), 804-6; 
aym. or akew-sym. matrix into another by 
aym. aemi-umt tranafna., 617-8; 
nndeg. aq. oommutant into another by 
equigr. oommutantal transfns., 600; 
undeg. sym. or skew-sym. oonti'a-oom- 
mntant into another by sym, equigr. 
oommutantal transfns., 611, 514. 

Conversion of a given rat. int. matrix into one 
whose leading minors are all reg. by 
unitary equigr. tranafne,, 228-40. 

See Beduotion and sub-heads. 

Correlated: oommutants, 468, 464-6, 475; 
Invar, transfds., 660, 612. 

Correspondences due to an ordinary homog. 
lin. transfn.: 

corresponding functions, 32-6 ; 
matrices, 240-4; 

regularisation of functions, 25-6 ; 
due to a non-homog. Im. transfh. : 

corresponding funotlons, 85-7 ; 
due to homogenisation by a lin. transfn. : 
corresponding funotioDB, 26-84 ; 
matrices, 244-7; 
roots, 66-4; 
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OorreBpondenceB due to an ordinary homog. 
lin. trajLBfn icont^y 

due to bomogeniBacion by a new vanable 
oorreeponding funotione, 32-6 ; 
matrioes, pot. diviBors, 247 ; 
due to eq.uim tranefuB. 

oorreeponding scalar invars , 893, 689, 
606; 

oommutantal transfus, , 499 ; 

Rizoilar substitutionB, 333. 
Gorresponding sets of values of the variables in 
an ordinary lin. transfn., 21, 85, 87. 

Degeneracy of a given sq matrix 0, 846, 
any given rat. int. funo of 0, 855-68 , 
the succesaive powers of 0, 867“8 ; 

negative powers, 818-4 ; 
the powers of a Im. funo. of 0, 368-0 ; 

simple can. sq. matrix 0, 849-50 
See Ba^. 

Degree . of a monotypio sym. funo., 183; 

lowest^ of a rat. int. eqn. satisfied by a 
given sq. matrix, 821, 418. 

Degirees (actual, assigned, totsil) * 

of a rat. mt. function, 6, 8, 10, 88-90 ; 
of a rat. mt. matrix, 182-4. 

Minimum degrees of connection, 664. 
Degrees of a: resultant, 72, 61 ; 

disonminant, 95; ehmmant, 107, 115 
Derangements: of a ooxnmntant, 48^7, 489; 
of a Gommutant of oommutants, 624 ; 
of a compound slope, 462, 661-8 ; 
of an mvar. transfd., 568 ; 
symmetno, are isom. transfus., 834 
Determinant of a quadrate slope, prime deter- 
minants, 458. 

Every gen. detoid or detant is irresol , 19. 
See Ohuactenstio determinant. 
Determmation of : oommutants, 418, 4B4r42; 
oommutants of oommutants, 528-6 ; 
ehminants and common roots, 169-78 ; 
mvar. transfds., 551-62; 
resultants, 165-9. 

Diagonal lines (parametno) of a simple slope, 
443. 

See Parametno, Paradiagonal. 
Difference-weight of an el of a simple slope, 
448. 

Discriminant : 

of a smgle funo,, 60, 65, 94^6, 99, 102; 
degrees, weights, 96, 
efieot of a homog. lin. substitution, 95 , 
of several funos., 118-4, 119-21 , 

Pfafdan, of a sq. matnx, 541-4. 

Distinct: irresol. or irted. fanes , 18, 19; 
roots, 67, 62, 68 

Divisibility of one rat. mt. function: 
by another, 87, 48, 61-2, 68-9; 

^ by 0, 8-11 

Division matrix analogies to, 182-4. 

Divisors (scalar) of a rat. int. matrix . 
irresol., iired orlin divisor 184-6 , 

max. index of order i, 185; 

properties of max. indices, 185-98 ; 
pot. index e^ of order i, 204-6 ; 
max. and pot. divisors of order 205. 

See sub-beads. 

Domains of rationality: 4-5, 58-6 ; 
of scalar functions, 6, 8; 


Domams of ratlonahty (cent.) : 

of transfus. reduomg a sq. matrix to a can. 

sq. matrix, 345 ; 
extended by adjunction, 63-6. 

Dominant aooeBsaiy els., 696-7, 661. 

Eieenatein, (irred. funos.), 20, 

Elementary eqmpotent transformations 
defined, 255-6, 

reduction of an x-matrii by, 291-6 
Elementary matnoes : defined, 411; 

treated as hyper-nnmbera, 412. 

Elementary symmetriG fanotions (monotypio of 
demee 1, the ot’b) . 184-44, 149, 162-4 ; 
defined, 184 ; homogeneons, 162 ; 
mdependent, 138, 139, 158. 

Relations between them, 138-44, 149, 152-4 ; 
standard relations, 140 ; 

InteipretationB, 140, 158, 162. 

Relations between them and the monotypio 
sym funos. of order 1 (the cr’s), 186. 
Elimmants: of rat. int. funos., 105-29, 169- 
79, 

complete, 106; 
partial, 106, 109, 118 ; 
unreduced, reduced, 118 ; 
of n gen. homog. funos. of u-i-1 variables, 
106-18; 

of 71 gen. funos. of n vanables, 114-8 , 
descriptions, degrees, weights, 106-B, 
116-7; 

determmation of, 169-79 ; 
effect of a lin. substitution on, 124 ; 
of one general function, 119 , 
of two general functions, 126-9 ; 
of Imear funotiouB, 119 ; 
of funos. which are products of lin. factors, 
119-21, 

of other special fanotions, 122-6, 127-8. 
Equal functions (scalar), 6, 8. 

Equations (scalar) : roots of, 6, 8, 57-66. 

See Roots, Oommon roots, Eliminants. 
Equations (rat. mt.) satisfied by; 

a sq. matrix 0 of order m, 811, 816-22, 860-8 ; 
(0)=O, (Cayley’s Eqn.), 318-9, 868; 
Em (0) = O, (lowest degree), 320-1, 861; 
a matrix which is not square, 682-4, 
Oonstmotlon of all sq. matnoes which satisfy 
a given rat. int. eqn., 843-9, 358. 

See Matnx equations. 

Eqaioanonioal (isomorphlol sq matrices, 844. 
Equi-oharaotenstio sq. mairioes, 846. 
Eqoigradent transformations : 

necessary conditions for, (181, 254-5), 664, 
between matrices which are homog. and lin. 
m two variables or hn. in a single 
variable, 387, 665-6; 

commntantal, converting one given undeg. 
sq. oommutant mto another, 481-9, 606- 
18; 

commntantal, converting one invar, transfd. 

into another, 650-8, 619-81 ; 
nmtary, converting a given rat. mt. matrix 
into one whose leading mmors are all 
reg., 228-40. 

See Oommutantal, Eqnimutaut, Synimetrio. 
Eqnimntant sq. matnoes: 889-40, 844; 
satisfy the same rat. mt. eqns., 848; 
have the same transmutes, 884 ; 
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Eqmmutant sq. matriaea {cant.) 
have an nndeg. oommntant, 406; 
ocouiTing m sun. subatitntionB, 333. 
Eqnimutant transformationa’ 880^409; 
defined, 380-2; oomposition of, 332; 
of a et. coinparidte matrix with aq. parts, 
832-8; 

neoessary and anlfioieut conditions foi, 337- 
41, 883-6, 496-7; 
regai'ded as commutontal, 494-6 , 
sym. (Bemi-unit), 382, 439, 617-8, 658; 

sym. derangements, 884; 
oommutantal, oonvertmg one oommutant 
into another, 437, 496-6, 601, 506-8, 
617-8, 

oommutant^, oonverting one oommntant of 
oommutants into another, 628-4, 
686-9. 

See Eeduotions. 

Eqnipotent matiicses: defined, 229, 248 

Conditions for equipotenoe of ^•matrices, 
808-4. 

Eqnipotent transformations. 248-805; 
defined, 264 ; oomposition of, 266 ; 
of a oomportite matin, 266-7 , 
elementary, 256-6, 291-8; 
unitary, 266, 264-87. 

Derivation of any given lat. int. i;-matnx 
from an nndeg sq. matrix by, 287-01. 
Beduotion of on a;-matnxby, 291-8, 299-301 , 
an nndeg. aq :i;-matnx, 278, 286, 
a qnasi-soalar ^-matrix, 800-1 
Corresponding leduotions of any rat. int. 
matrix, 803. 

Equivalent funotiona of oommon roots and 
ooeffioientfi, 160, 164. 

Evaluation of sym. funos , of common roots, 
166-66. 

Extensions of : a domain of rationality, 68-6 ; 
a standardised compound slope, 661-2. 

Eaotors ; of a rat. mt fnno. 7-21, 87-58, 68-70 ; 
non-zero, defined, 7, 10, zero, 8, 10-11; 
Irresol . irred., 18-21, 37-49, 51-3, 68-70, 
repeated, 18, 19, 62-8, 69-70; 
of a fnno. of a single variable, 21; 
of a homog. funa , 16, 14, 21 ; 
of a zero fnno , 10-11. 

An irred fnno. has no repeated factor, 62-3. 
OondltiODB that one fnno. shall be a factor 
of another, 7, 10, 61-2, 68-9, (8, 10-11). 
Eeaolution of a fnno. into irresol. or irred. 
factors, 40-1. 

See Highest common factor. 

Footers (sealar) ; of a rat. int. matrix, 205-15. 

See Maximum factors, Potent factors. 

First transmutes of a sq. matrix ; 865-76 , 
are Isom, with one another, 368 ; 
can. reduced forma of, 369-70 ; 
oharao. pot. divisors of, 370-6; 
of a can. sq. matrix, 870 ; 
of a st. oompartite matrix with sq parts, 366 ; 
of a real sym. matrix, ore nndeg., 872. 
in nndeg. sq. matrix is a first transmute of 
itself, 367. 

Frobenius^s : 

solations of the egn. = when ^ is an 
undeg. sq. matrix, are rat. int funca. 
0, are sym. when 0 is sym., 828-9, 688 , 


Frobemus^s {(i07it ) : 

reductions of a aq. matrix to a at. compar- 
tite matrix with umlat. sq. ports, 408. 
FuuctionB (scalar) : 

rational integral, defined, 6, 8, rat., 0, 37 ; 
geneiul, particular, special, 67 ; 
homogeneous, 11, 18, 14; 
iiresol. and iired., 18-21; regular, 10, 
symmetric, monotypio sym., 180, 591-2; 
zero, 6, 8, 10-11. 

See Factors, Boots, and sub-heads. 
Functions (matiix) ■ 

homog. lin , or similar matncea, 411-12 ; 
rat. mt., of a single aq. matnx, 306-29; 
properties pecuIiEir to, 418, 636; 
of a matrix which is not sq., 632-4; 
proper functions, 682, 
rat (of an undeg sq matrix), B14-6. 
Fundamental laws and operations of Algebra, 2. 

General, function (scalar), 67, 80-2, 114-8, 
homogeneous function, 67, 72-4, 106-9 ; 
matrix, 411 

Sec Besultants, Elumnauts. 

General oommutants, defined, 414, 428 ; 
oommutants of oommutants, 519 ; 
invariant transformonds, 649 ; 
simple and compound slopes, 443, 446; 
solutions of a matrix eqn., 416, 424. 

See Commutants, Invariant transformands. 
General oommutant (or oommutani; of the com> 
mutants) of a gen. sq. matrix, 640-8. 
Greatest oommoil oanonioal of two sq. matrices, 
464-6, 477 

, definition and properties, 564-8. 
Hemipteno demngements of a compound slope, 
462, 661-2 
Hcnael^ v. 

Highest common factor (h.o.v.) : 

defined, 17-18, of zero fnnotions, 18, 
of two rat. mt. functions, 37-8, 43-7 , 
of in rat mt. functions, 48-9 , 
uniqueness of, 40-1 ; 
of minor detants, 206. 

Belations between given functions and their 
u.o.ip., 44, 47, 48. 

Hilbert, 70. 

HomogoneouB linear 

functions of sim matrioes, 411-2 ; 
substitutions, 388, 608-73, 

(see transformations, Invariants} ; 
transformations of scalar variables in scalar 
funotiona, 21-4; 
regularisation, 26-6; 
m a rat. int. matrix, 240-4 
See Linear. 

Homogeneous rat. int functions: defined, 11; 
can only have homog. factors, IS, 14 ; 
symmetric (mono-^io), 188, 150-5, 156-68 ; 
elementary, 16^-4; 
of common roots, 156-68. 

Homogeneous variables, 63. 

Homogenisation of a sealar function : 

by a lin. tranafn. of the vanahlea, 26-82 , 
by a new variable, 32-6 ; 

roots of the homogenised funo., 68-6 , 
of a monotypio sym. funo., 160-2; 
an elem. sym. funo., 162. 
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Homogemsation of a rat int, matii^ 

by a lin tranafn. of the vanables, 244-7; 
by a new variable, 247. 

Hyper-numbers . elein matiioes treated as, 412. 

Identical relations, (see Belations). 

Impotent matrices . 260-4 ; 
one-rowed, 260, 262, 268-70. 

Inverse of undeg impot. a;-matnz, 269. 
Independent : 

elem sym. funoa , of the els. of aim. se- 
gnenoes, 138-9; 
homogeneona, 153; 
matrices of a given simple class, 410 , 
powers of a given sq. matrix, 413 
Independent particular 
oommatants, 414, 428, 

total number of, 469, 468-6, 469, 477 ; 
aym. or akew-sym , 461-3, 471-3, 
486-8, 

commutants of oommutoute, 619 , 
total number of, 521, 635 , 
mvanont tianaformands, 549; 

total number of, 678, 610, 621, 626; 
aym , 678, 614, 620 ; 
akew-sym., 583, 616, 629. 

Index numbers of a compound matnx, 410 
Indioea, max. and pot., of the irresol or irred. 

divisors of a rat. int matrix, 186, 204-6. 
Properties of max indioea, 184-204 
Infinite numbers, 9 ; roots, 62-4, 66 ; 

common mfimte roots, 116. 

Invariant tranaformands. 

defined, paiticular and general, 549-50, 
conjugates of, 660 ; related, 550-1 ; 
derived from oommutants, 658, 568, 
612-3; 

of equioan. pairs of sq. matrices, 552-3; 
of st oompartite matrices with sq. parts, 
563-4; 

of sq. matrices with arb els , 561. 
Invariant transformonds (determined by solv- 
ing scalar equations) > 
of simple bi-oan sq. matrices , 667-8,669-64 ; 
of unilat. simple sq. ante-slopes, 665-6 , 
of unipot simple sq. ante-slopes, 566-8 
Invariant transformonds (general] - 
zero and non-zero, 654-6; 
of nnipot. sq. matrices, 673-86 ; 

sym , 677-83, akew-sym , 588-8, 
of u^at. sq. matrioes, 610-8 ; 

sym., 613-6; skew-sym., 616-8; 
of sq. matrices with const, ris., 61£^1; 
aym., 626-8, skew-sym., 620-81. 
Invariant tranaformands (particular) ; 

of simple bi-oan. sq. matrices, 574-7, 579- 
88, 584-8, 

575 - 6 ; 

Mj!, eym, 682; 

skew-sym , 688, 

law of oonstruotion, 562, 681, 586. 
Invariants (scalar) of homog. Im. substitutions : 
888, 568-78, 688-610, 628, 628. 

See Bilinear, Qua^atio. 

Inverse of: 

on undeg pimple can. sq matrix, 861, 


Inverse of (coni.) . 

an undeg. sq. oommutant, 428; 
an undeg. impotent x-matrix, 260 ; 
the oharao. matrix of a sq. matrix 0, la a 
rat mt. funo. of 0, 316-22, 401-9. 
Latent roots and charao. pot. divisors of the 
inverse of an undeg sq matnx with 
const, els., 354 
Irrational numbers, 3 
Irresoloble and irreducible : 

diviBors of a rat. int. matnx, 184-6, 197, 
254; 

of a oompartite matnx, 216 ; 
of a complete matnx of minor dotants, 
227, 

of a product of matnces, 215 ; 
factors of a rat. int function, 16-21, 87-49, 
61-3, 69-70 , 

repeated, 18, 19, 62-8, 69-70; 
functions, 18-21 ; distinct, 18, 19. 

Irred. functions: 

have no repeated irresol. factors, 52-8 ; 
Eisenstein’s Theorem concerning, 20. 
Irresol, functions include ; 
gen. detauts and detoids, 19 , 
gen. resultants, 72, 81; 
gen. elimmants, 107, 116, 
the oharao. detants of gen. sq. matrices, 
810. 

Besolution of a rat. int funo. into irresol. 

or irred. factors, 40-1 
See Divisors, Factors. 

Isomorphic (equican.) sq. matrioes, 844. 

See Equimutant. 

Isomorphic transformations* 831, 339, 
oonvertmg a given sq. matrix into 
a oan. sq. matnx, 341-5, 
a simple sq. ante-slope, 386. 

Sym. derangements ore Isom transfns., 334. 
See Equimutant transfns., Beduotions. 

Kronechei^e reductions of a matrix which is 
homog. and hn. in two vanables or 
Im. in a single vanable, 666-9. 

Linear 

oharao. pot. divisors, 343, 868-5, 378, 388; 
divisors of a rat. int matnx, 165 ; 
functions of a sq. matrix, 809-10, 818 ; 
functions (scalar), resultants of, 88; 

elimmants of, 119 ; 
BubstitutionB, {see transformations) , 
transformationa of scalar variables 
in a rat. mt. matrix, 240-7; 

homogenisation, 246, 
m scalar functions, 21-87, 63-5 ; 
effect on a resultant, 87-8 ; 
on a discriminant, 95, 
on an ehminant, 124; 
homogemsation, 26-6; 

of sym. functions, 150-2 ; 
legulansation, 26-34. 

See Homogeneous linear 

Hatnx equations (solutions of) : 

AX=XB, AX= 410- 

508, 

{eee also Oommutants, Oo-oommutants, 
Oontra-oommutants) ; 
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lone (aolations of) (cont ] : 

U, 478, 488, 486, 491, 619-48, 
lommutaDts of oommutaatB) ; 
zX,AXA=± Z, A'XA = ± Z, 649- 


nvarianti transformandB) ; 

823-9, 630, 683, 638, 

0, 348-9; 0J>=O, 858; 

7 =0,386,401; 

(0-idr)»^.7 =0,886-9. 

ilonn. 

TiBors of 

matrix, downed, 205, 212 ; 

1 from poli diTisors, 207, 248-9 ; 
alsed matrix, 244-7 ; 

106 B conneotod by an eq[uisr or 
pot. traiiR&i., 197, 254; 

Loes oonvGiiiible Into one another 
LomoR hn. Bubatitntiona, 241-4. 
mini faotora, Maximum indloes 
stoifl of* 

matiix, dedned, 205-6, 212 ; 
i from pot. diviBors, 207, 248-0 ; 
e matiix of minor detonts, 226-8 , 
nised matrix, 244-7 , 
ofmatrioos, 212-6; 

. of an undog. sq matrix, 228 ; 
looB oouneoted by an eq^iugi* or 
pot. trauarn., 107, 264; 
loBB convertible into one another 
Lomog. lin. subsiltntions, 241-4. 
t factors, Potent divisorB. 
dices of an irresol , irrod. or lin. 
lor of a rat int. matnx : 

1, 185, 204; 

Bed in terms of pot. indioee, 207 ; 

; of, 184-204 

num divlflOTB, Potent divisorB. 
jroeB of ooimaotion, 287, 008-4. 
having one connection of given 
imum degree and no pot. divisorB, 
• 10 . 

mmetrie funotiona, 180-66 , 

I, 180; degree, order, weights, 
4; 

Ejfld m terms of j‘b, 144-7 ; 

Hod in terns of tjr'B, 147-60; 
eueoua, 188-4, 160-6 ; 
treased in terms of homog. nj’s, 
64-6; 

u roots, 166-66 ; 

funoB, of the ooefFs., 100, 104; 

1 {the 07*fl, elementary), 184 ; 

(the ff*B), 164 ; 

CB between the and tit’b, 136-8 ; 
QB between the izr’B, 188-44, 149, 
4. 

intory Bymmetrio fimotions. 

)arB, 2. 

Bi’B of an undeg. sq. matnx, 818-4. 
607. 

ant rat. int. fanoB, of a sq. matrix, 
6 . 

agonal of a Bimple slope, 444, 
Qommutants, 424, 619-20; 

}£ a matrix equation, 424. 


Non-zero general: commutants, 441-2; 

invariant transformands, 664-6. 

Number of arb parameters in a gen. . 

oommutant, 458-9, 464-6, 467, 474, 477, 
aym. or akew-sym., 461-B, 469-74, 484-8 ; 
oommutant of oommntantB, 636 ; 
invar iransfd , 573, 610, 621, 626; 

Bym , 678, 614, 628; 

Bkew-sym., 588, 616, 630. 

Numhai of common roots of: 

71 homog. funcs., of n+1 variables, 108-9; 
n non-homog. fanes., of n vanables, 117. 
Number of terms in a gen. or gen. homog. rat 
int. function, 9, 11, 666. 

Numbers, dasslfioation of, 1-4. 

Onc-rowed mati'icea connected with the long 
rowB of an undeg rat int. matrix, 
269-04; 

a-matnx, 264-73. 

Operations of Algebra, 2. 

Order of a . 

greatest common canonical, 464-0, 477 ; 
monotypio sym. function, 138. 

Ordinary: numbers, 3; roota, 68-70; 

values of ooefOe. or variables, 68-70. 
Ordinary (reversible) linear transfns. , 21-87 

Paxadiagoual. of a simple slope, 444; 

prime minors of a quadrate slope, 463, 463. 
Pai'adiogouala of the constituents of a oomponud 
slope, principal paradiagonala, prin- 
oipal paradiagonal els., 440-7, 642-3. 
Parameters peculiar to a gen. eommutant, 428. 
Parametric diagonal lines of a simple or com- 
pound slope, paramotno els., 443, 446. 
Part-reversanta, 480, 464, 476, 603, 688, 612 
Partial . ehminants, 106, 109, 118, 126 ; 
resultoiiits, 97-106, 127; 

of special funotiona, 100-6, 127. 
Partioulai’ . commutants, defined, 414, 428 ; 
number of, 404-6, 467, 474, 477 ; 
commutants of commutants, defined, 619 ; 
number of, 685; 

invariant transformands, defined, 649 ; 

number of, 610, 621, 626; 
invar, t ran sfds. of simple bi-oan. sq. matnoes, 
568, 676-7, 682, 687-8. 

See Number of arb. parametora. 
PartioolariaationB and BpooioliBationa of a : 
oommatant, 416, 428, 426, 620; 
rat. int. function, 67. 

PaitionloriBod and speoialised matrix-pairs: 

Qommutants of, 424-6. 

Pfafllan discriminant of a eq matrix, 641-8 
Gen. oommutant of a aq. matrix whose 
Pfaffian discriminant Is not 0, 548. 
PoisBOfi’s ElimmantH,106 , (see also BUminants). 
Poles of a sq. matrix, 806, 884, 898; 

number of unconnected poles, 898. 
PostoluBive paths and groups, 462, 646-62; 

augmented groups, 061-2, 669-60. 

Potent diviBors of : 

a rat. int. matrix, defined, 206, 212; 

repeated pot. divisors, 206 ; 
a oompartite matrix, 216-28 ; 

quasi-Boalar matrix, 211, 
a homogenised matrix, 244-7 ; 
a special simple eq. ante-oontinuant, 288-6; 
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Potent divisors of (coTit.) • 

the oharaa. matrix of a sq. matrix with 
const, els., 307, 310, 845, 862-4; 
two matnces connected by an equigr. or 
equipot transfn., 197, 264; 
two matnoes convertible into one another 
by homog hn. substitutions, 2%0-4. 
Oonstruotion of matrices having one given 
pot. divisor and no connections, 210. 
See Characteristic pot divisors, Equipotent. 
Potent factors of i 

a rat. int. matrix, defined, 205-7, 212 , 
a homogenised matrix, 244-7, 
a product of matrioes, 212-6. 

See Maximum factors, Potent divisors. 
Potent indices of an irresol , irred. or hn divisor 
of a lat int matrix, 204-5. 

See Maximum indices, Potent divisors. 
Powers of a sq. matrix, 811, 313-4, 867-8; 

negative (of an undeg. sq. matrix), 818-4 ; 
ranks of, 368; degeueraoiea of, 867; 
of a matrix which is not sq., 6S2-8 
See Oharaoteristio potent divisors. 
Preclusive paths and groups, 462, 640-6 ; 

augmented groups, 646, 660-60. 

Prime detants of a quadrate slope, 468, 662. 
Primitive : degrees, matrices, 664, 669 ; 
one-rowed matrices, 259, 262, 268 , 
sets of connections, 288. 

Principal els , principal paradiagonols of a 
standardised compound slope, 446, 
642-3. 

Products of two uudeg sq. matrices each of 
which is sym. or skew-sym., 492-4. 
Potent factors of a matrix product, 212-6. 
Proper functions of a matrix, 632-3. 

Quadrate oommntants, 467. 

Quadrate slope : defined, 446 ; 

determinant of, prime detants, 453; 
rank of gen , 461. 

Quadratic invariants : 570-3, 604-10, 628-9 ; 
methods of determining, 672-8, 688 ; 
ranks of, 605; 

of substitutions by simple bi-oan. sq matnoes 
or their conjugates, complete sets, 
604-10. 

Quasi-floalar matrices * 

Qommutants of, 416-7, 427, 428; 
equipot. transfuB of, 801; 
invar, transfds. of, (668) ; 
pot. divisors of, 211. 

Qaasi-soalano oompound slopes, 446, 471-2, 
472-8, 688, 588. 

Bank of a ; 

bilinear invanant, 689 ; 
complete matnx of minor detants, 181 ; 
gen. oommntant, 427, 469, 464-6, 477, 480 , 
sym. or skew-sym., 461-8, 471-4, 486-8, 
gen, (or gen. ruled) oompound slope, 461 , 
gen. invar, transfd., 678, 610, 631, 626, 
628, 680; 

sym., 677, 614, 628, 
skew-sym., 683, 616, 630; 
quadratic invanant, 606 ; 
rat. mfc. matnx, defined, 161. 

Bonk (or degeneracy) of : 

a sq. matrix </> with const, els., 848 , 


Bank (or degeneracy) of (cent.). 

a given rat. int. funo. of </>, 365, 368; 
the successive powers of 0, 357-8; 
powers of a hn. func. of 0, 369, 

(simple can sq. matrix 0, 349-60) 
Bational : numbers, operatLons, 3 ; 
domam, 5 ; 

functions of a sq matnx, 814-5, 
functions of soalar vai'iables, 9, 413. 
Bational integral equation (scalar) 
roots of, 67-66 , 

infinite, zero, 62-3, 66 , • 
lepeated, 68-60, 66, 94 
Conditions for a repeated root, 94-6. 

See Rational mtegral function. 

Rational integral equations (scalar) * 

Conditions for a common root, 70-94 
Existence of common roots, 96-106 
Properties of common roots, 106-29, 166- 
65. 

See Oommon roots, Resultants, Eliminants. 
Rational mtegral equations satisfied by • 

a sq. matrix 0 of order tji, 311, 816-22, 360-3; 
D„j(0)=O, (Cayley's Bqn.), 818-9, 363, 
E,n(0) = O, (lowest degree), 320-1, 361, 
a matnx which is not sq. , 682-4. 
Construction of all sq matnoes satisfying a 
given lat int. eqn., 348-9, 368. 
Rational mtegral function (scalar) 

defined, domain of, 6, 8 ; degrees of, 6, 8-9 , 
factors of, 7, 10 , regular, 10 ; 
homogeneous, 11, IS, 14; zero, 6, 8, 
10 , 11 , 

irreaoluble, 18, irreduoible, 19; 
roots of, 6, 8, 67-66; infinite roots, 68; 
symmetric, monotypio sym., 130, 691-2; 
expressible as a product of powers of irresol. 
or irred factors, 18, 39-40 ; 
in one way only, 40-1 
See Paotors, Boots, and other sub-heads. 
Rational integral functions (scalar) : 
general properties of, 6-21, 37-63. 

Highest common factors, 7, 18, 37-8, 
43-9. 

Resultants, 70-94, 166-9. 

Eliminants, 106-20, 169-79. 
DiBoriminants, 94-0, 118-4. 

See Oommon roots and sub-heads. 

Rational int. funos of a sq matrix : 806-80 ; 
latent roots of, 816-6. 

Lmeor funos , 809-10, 318 
Powers, 311, 813-4, 368. 

Bat. int. funos of any matrix, 632-4. 
Rational integral matnx 

defined, degrees, rank, homog., 180-1; 
irresol., irred. and Im. divisors of, domain 
of rationahty, 184-6 ; 

max. and pot. divisors of, max. and pot. 
factors of, 204-7. 

Rational integral matnces . 180-806, 663-70 ; 
commutants of, 428-4, 429-42, 489-92, 
622-3, 639, 640-8. 
equigr. transfns. of, 197, 668; 
equipot. transfus. of, 254, 248-806 ; 
pot divisors of, 180-247 ; 
rat. mt. transfus. of, 3Q3-4; 
a;-matrioeB, 181-^, 204-806. 

Matrioes homog. and hn. m two variables 
or hn. in one variable, 887-8, 668-9. 


r 
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Beal ' uumbera, 3 , domBin, 5 , 
symmetrio matrix, 372 

Reciprocal of an nndeg. aq. matrix* inaxiiuum 
factors of, 228. 

See Conjugate reciprocal 

Reduced . resultant, 88-94 ; 

diaoriminant, 114; eliminant, 118. 

Canonical reduced form of a sq.- mHtnx 
with const els., 844. 

/See Eeduofcious, 8 tan dEU'd reduced foriiiH. 

Reducible function, 19. 

Reduotiona by eiiuigrodont tronaformabioiiH: 
a oommutsntal tranafn. by 

mutantal BubatitutiouB, 494:-'f50H ; 
a given sym. or eliew-aym matrix by Byin. 

aemi-unit ti*anBfna. , 517-8 ; 
a given rat. int. matrix to one wlioBO load- 
ing minora aie reg by unit, otiuigr. 
tranafns , 228-40 ; 

a given ondeg aq commutant by eciuigr. 

commutantal tranafna., 608—18 ; 
a given undeg sym. or akew-syn'i* csoin- 
mutont by aym. equigi*. cortiraii tunljiu 
tranafna., 610-8, 

a matrix bomog and bn. in two vn»x*iiU)lcH 
. or lin. in one variable to standard 
oompartite forms, 387-8, 6615 — 9. 

See Conversion. 

Reductions of a rational integiol a:-raatrix by 
equipotent tiauaformations ; 
any a:-matnx bo standard form by oloin. 
equipot. tranafna., 291-6; 
m other ways, 290, 299-801 , 
any tc-matrix to a minimum mati'ix, 29 D , 
quasi- scalar .T-matiix to atandai’d fonn, RUl ; 
undeg. sq. matrix to standard form, 27 B , liBO. 
Unitary equipot. tranafna. of an ir-iniitrlx 
whose leading minora are reg., 27*1 -HO. 
Oorreapoudlng reduotiona of any x'n»t. iut. 
matrix, 803. 

Reductions of a matrix with const, a Is. by 
iaomorpmc (equim.) tranafns. to u: 
can, aq. matrix, B41-6, (888-4, 60G) ; 
oompartite matrix with unilat. sg,. purLu, 
406; 

quosi-Bcalar matrix (when possible), ; 

simple aq. ante-alope, 866 
Reduction of the aonlar eqns of cl boinug. 
lin. Bubstitntion, aim. aubstitutloiia, 
832-3. 

Regular functions (scalar), 10. 

Regulansabon of funotions, 26-6. 

Regular minora of a rat. int. matrix ; 

196-204, 228-40. 204-87 ; 
defined, 106, 

unitary equigr. tranafna. oonvertiiag ^ into 
a matrix whose leading mm ora ax'o oU 
reg. with reapeot to 
one irred divisor, 198-204 ; 
every irred. divisor, 228-40 ; 
unitary equipot. tranafna. of an or-iuatrix 
whoaa leading minora are all rog., 
272, 274-86. 

Related commutants, 4BQ-4; invar, ti’anafds., 
660-1. 

See Oorrdated. 

Relations between . 

elem. sym. funca. (the ar^s), 188— 44^ 146; 
interpretations, 140, 


Rfilationa between {cant.) 
lioinogeneous ar’s, 152-4 , 
iiiterpretationa, 163, 162 ; 
nionotypio aym. funca. of degree 1 and 
order 1 (the w’a and o-’a), 186-8; 
roots of a non-homogeneous funo. f and a 
lioinogoniBad funo. p, 63-4 ; 
sym. funca. of common roots and funcs. of 
ooemoiunts, 160, 164 
llolatiuiiB (identical) between* 

VI rat. lilt funca. and then* h.o.f., 48; 

VL rat. int. funca , 49 , * 

two rat. mt. funca, and their h.o.p , 44, 47; 
two rat. int. funca., 49, 60, 84. 

Repeated 

factors of a rat. mt. funo., 18, 10, 62-8, 
09-70; » » . 

potent diviaoia, 206; 
roots, 68-61, 66, 04; 

common roota, 112, 118, 118. 

RoHolublQ fuuotiou, 18 

Resultant (scalar) of two sq. matrices, 419-20, 
441. 

Roaultanta of rat. int. funca., 70-106, 106-9; 
actual, reduced, unreduced, 88-94; 
partial, 97-106, 127, 

of n gen. homog. funca. of n variables, 
70-80; 

of 71 gen. funca. of ?i- 1 variable a, 80-88; 
desoriptiona, degrees, weights, 72-4, 
80—1 ; 

cileob of a lin. substitution on, 86-7 , 
of two gen. or gen. liomog. funcs., 83-6 ; 
of linear functioua, 88; 
offnncfl, which are pi oduota oflm factors, 86; 
of other special functions, 87, 91-4 
Rovoi'flantB: simple, part-ieverBauts, 489. 

Roots . of a smgle rat. mt function or equation, 
defined, 0, 8, 67-60 ; 
infinite, 62-4, 66; zero, 68, 60, 66, 
repeated, 58-01, 66-6, 94-6; 
of a homogeueouB function, 57-8 ; 
of a nou-homogeneouB function, 61-3 ; 

and its homogenisation, 63-4 ; 
of a funo. whose coefis. involve an arb. 
parameter t, 66 ; 

of a funo. with infinite ooefls , 05; 

with only zero coefla., 66-6 ; 

Homog. and non-homog. variables, 63. 

{See Common roots ) 

Ruled compound slopes . compound continu- 
ants and compound alternants, 446 ; 
mtorproted os commutants, 467. 

Ruled simple slopes: simple oontinuants and 
simple altornanta, 442-6 ; 
iuloiqiroted os oommutonta, 458-9. 

Hoalar invarianta of homog. lin. aubstitutions . 
888-4, 50B-73, 688-610, 028, 028-9. 
Seo Bilinear, Quadratic. 

Hoalar ; mati’ioes, gen. commutants of, 416-7 ; 
numbers, 1, 3; 

resultant of two aq. matrices, 419-20, 441. 
Semi-unit, matxioes (square), 865, 408-9; 

tranafns. (aym.), 884, 439, 617-8, 668. 
Similar . 

sequences, sym. funcs. of the els. of, 180-68; 
substitationB, 838-4. 

See Symmetrio funetions. Scalar mvariants. 
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Simple bi-oanoDioal sgnare matrioeB : 
defined, 668-9; 

mTar. transfda. of, 667-8, 669-64, 674-7, 
579-88 , 

law of conetruotioD, 662, 581, 586; 
Boalar invariants of substitationfi by, 588- 
610; 

bUinear invanants, 688-604; 
quadratic mvanants, 604-10. 

Simple canonical sqnara matrices : 

defined, 842, 346 , properties of, 849-63 ; 
gen. oommntanta of, 466-63 

Simple: class, matrix, 410; 
reversant, 439, 468. 

Simple slope; de^ed, 442-6; 

types, apex, base, ante-slope, counter-slope, 
parametno els., parametric diagonal 
lines, general, ; 

paradiagoneJ, apical distance and apical 
excess of an el., ruled simple slope, 
simple oontinaant, simple alternant, 
symbolic oommutants, 444-6. 

Simple square ante-slopes de^ed, 443 ; 
oommutants of, 427 ; 

reduction of sq. matrices to, by isomorphic 
(equim.) transfns, , 336 , 
unilatent, invar, transfds of, 655-6; 
unipotent, invar transfds. of, 656-8. 

Singular: oommutants, 424, 619-20, 
solutions of matrix equations, 424. 

Skew-symmetric : oommutants, 488, 461-3, 
471-4, 486-8, (492-4), 606, 611, 614, 
617-8; 

functions, 691-2; 

mvar. transfds , 683-8, 616-8, 629-31; 
matnoes, 290, 364^^, ^9, 492-4, 617-8. 

Slants (ruled complex shears), 88-4, 126, 129 

Slopes. See Simple slope, Oompound slope, 
Standardised oompound slope. 

Solutions of the matrix equations ; 

/(^.T =0,386-401; 

I— itn 

^=0, 328-9, 630, 688, 688; 

/(0) = O, 348-9; 0^=0, 368. 
Oommutantal solutions, 499. 

See Matrix equations. 

Spaoelets sfinihilated by/(0h 868, 392-6. 
Normals to the matrix /(0), B97. 

Special scalar eqn s. (common roots) , 108 , 119-29. 

Speoiahsations of oommutants, 416, 420, 428, 
426. 

Specialised: matrix -pairs, oommutants of, 
424-6, 

scalar functions, 67-70 ; 
resultants of, 88-94. 

Square matrices . rat. int. fanes, of, 306-80 ; 
rat. mt. eqns. satisfied by, 816-22 ; 
satisfying a given rat mt. eqn., 348-9, 358. 
Derivation of any given rat. int. matrix 
from an undeg. sq. matrix by equipot. 
transfns , 287-91. 

See Oommutants, Invariant transformands, 
Equimutant transfns.. Transmutes. 

Standard ^reduced forms of : 

a matrix homog. and hn. m two variables 
for equigr. transfns , 667 ; 
a sq. matrix with const, els. for isomorphic 
(equim.) transfns., 842-4; 
an a-malrix ror oqnipot. transPno., 291. 


Standard relations between elem. sym. fanes, 
of the els. of sym sequences, 140. 

See Belations. 

Standard typical term of a monotypio sym 
fane , 183 

Standardised canonical sq. matrix, 44G. 
Standardised compound slope 44^0, 685-03 ; 
accessary rows, dominant accessary els., 
636-40; 

extensions, 661-2; 

hemipteric derangements, 462, 601-2; 
preclusive, postolusive, conclusive paths and 
groups, 640-60. 

See Compound slope, Simple slope. 
Sticleelherger, (expansions of the mverse of a 
oharaotenstio matrix), 403. 
Substitutions* similar, 888; 

oo-gredient, 669; oontra-gredient, 570, 
oommutantal, 602-3, 606-6, 607-8. 

See Homog. Im. transfns , Lin. transfns., 
Scalar mvariants. 

Sucoessive transmutes of a sq. matrix, 375-88. 

See Transmutes, First transmutes. 
Super-algebraic and super-rational numbers 
and domainB, 4, 66. 

Super-parts (unilat ) of a can sq matrix, 847 
Sylvester, v, vii, 94. 

Symbolic oommutants, 444. 

Symmetne * 

oommutants, 488-9, 461-3, 471-4, 485-9, 
606, 614; 

nndeg. oontra-oommutants, 434, 480, 
(463, 471-3), 486, 487, 636, 623, (492- 
4, 610-8); 

derangements, of oommutants, 489 , 
of invar transfds., 633 , 
are isom. transfns , 334 ; 
functions, of the els. of sim. sequences, ISO- 
SB; 

homogeneous, 150-6 ; 
two Bim. seqnenoes, 691; 
of the common roots of n homog. funos. of 
71+1 variables, 155-68; 
equiv. funos. of ooefis., 160; 
of the oominon roots of n non-homog. funos, 
of n vanables, 168-6 ; 
equiv. funos of ooeffs., 164; 
invar, transfds., 662-8,677-88,818-6, 626-9 , 
of simple bi-oan sq. matrices, 579-88 ; 
tranafns., oommutantal, 488, 600, 604-6, 
610-8, 662-8; 
equim , 882, 617-8; 
equipot., 288, 290; 
unit, equigr., 203-4, 286-40; 
unit equipot., 283. 

See sub-heads, and Monotypio symmeti'io. 
Symmetric matnoes : 199-204, 286-40, 268, 200, 
364, 872, 429, 492, 617-8; 
products of, 492 ; 
real, transmutes of, 372; 
regular minors of, 199-204; 
sym equipot. reductions of, 288, 290, 298; 
sym. umt. equigr. transfns. of, 204, 236- 
40 

Total* degrees of a scalar function, 8-9, 
weight of a monotypio sym. funo., 188. 

See Number. 

Tran Roen dental, numbers, 8; domains, 6. 
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T»w,.fnrTO«iiaa,; aowmutaYitol, equifirndent, 
^utmuUnC, ^quipotant, liomogeneous 
. , .Hk nymiuiitiio, unitary. 

T*-h mHi"' Oouvernian, It^uotiona. 

ttw'nfi* ■ *''*'^^* 

•^N •»! maltlx, «7fli 
nmtrh, H7a; 

»wiiwmwuuji! are jHwnwphio, 800, 875, 
iij-'tr eliatftn. pol, aiYiw)r», 870, 877-8, 
rmwiiaiia, projwrbioB of, 87-40, 48- 

47^^51, HH 4,04, l*27.fl. 
ifp^ ui cmumiiuinu (tleUiuti), 414- 0 , 
•wwittuunial produolB, mine,, trftnHi:na.,4aO; 
ww aompound hIoikjh, 448-4. 

Tnw of a uwootypin Byra. inno, , 131 ; 
■•whW lyploil tan, 188, 


TJnllatent aq. matnoea: deflneA, 346; 
oommutanta of, 463-74; 

QOzniD.Qta'ntB of the oominutaiits of, 627— ol, 
6S6, 

invar, transida, of, 610-B; eec a 

unllat. simple aq. ante-alopea, odo-o. 
XTiiipotent aq. matricea defined, 346 ; 
oommutanta of, 466-63; 
mvat. tranBfdB. of, 673-88; 

unipot. simple aq. onte-alopea, 66b-o. 
Unitary equigradent transfne. oonveitmg a rat. 

int matrix into one ■whose leading 
minora aie all regular, 226-40.^ 
Unitary equipotent tranaftia. ; defined, 366-6; 
of an .T-matnx whoae leading minora are all 
legular, 272, 274-86. 

Unreduced reaultanta, 88-90 , 

Unreatrioted domain, 6. 


raitf! 

•"WWftUwti. 417, 424, 420, (468-9, 461, 
m, 4 b 0, 490, 60fl-lB; 
liWnmlmg oo-wminutantR, 4B2-B; 

*ym. tir uliew-iiym., 488-9, (462, 
472^); 

■iiflfnaVing oonira^oommutantB, 482-8 ; 
■jfH rtf ikew-sym., 187-8, (462,478), 
402^4, SIO-M: 

ffitilinuuiUll oO'OQxnmutantB, 47B, 540-8 ; 
•jfw or idiuw-ftyin., 48B-'6, (401, 
47l-aj; 

itmi'BlttgtilAr, 417, 427-8; 

MMillnosflUi osntra-oommntants, 47B, 
490' 

■yw. wr riujw.Rym., 486, (461-2, 472), 
19^4,010 S; 

4^., 424, 484, 686, 628 ; 

MChtatoiir, 424, 427 8 ; 
iMUBiiUinl iloDOii. 462-8 : 

SSTlnlSd^^ 69B, (678, 010, 621); 

r .ett, (677-8, 689,688,014); 

.«3rm.. WO. 807, 6H8, 010); 
fi. Mlrti MpYMud u a product of two aq. 
RUtriMi Moh of which ia aym. or 
*kow4Qrm., 493^; 

«L mMfU from which a given ^-matrix can 
be d«iv^ by gquipot. tronafna., 
887-91, 


Yanables, homog- and non-homog., 68. 

W^cifiTfltraaa’s reduction of an undeg. aq. matrix 
■which ia homog. and linear in two 
variablea, 664-6. 

Weight or weighta of : 

the ooeffa. of a rat. int. fonotion, 67 j 
a monotypio aymmetno function, 182; 
areaultont, 73, 81; 

diBorinunant, 96; elinunant, 107, llo. 
Whitehead^ v. 


us 


-matrices: 182-6, 190, 264-B06, 887-8, 664-9; 
equigr. tranafns. of linear, 887-8, 664-70 ; 
oquipot. transfna. of, 904-806; 

standard reduced forma, 201 ; 
irresol. diviaoxa of, 185. 

See Equipotent transformations. 


Zoro : domain, 6 , 

elements of a gen. aimple slope, 44o ; 
factors, funotiona, 6, 8, 10 ; 

degrees of zero funotiona, 9, 10 ; 
n.o.jr. of zero funotiona, 18 ; 
gen. oommutanta, 417, 419, 427, 441-9; 
gen, invariant transformands, 654-6; 
latent roots, 810, 884, 841; 
roots of a rat, int. function, 68,t60, 66. 
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